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Further details of instructions to authors can be obtained from the Secretary-Editor at the offices 
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Precision Measurements of Ionization Coefficients in 
Uniform Static Fields 


By R. W. CROMPTON t+,-J. DUTTON anp S. C. HAYDON ¢ 


Department of Physics, University College of Swansea 


Communicated by F. Llewellyn Jones; MS. received 28th July 1955 


Abstract. Recent work has shown that the growth of ionization currents in air 
and nitrogen up to high values of the parameter pd (where p is the gas pressure 
and d the gap distance) follows the well-known generalized ‘Townsend equation 
and that the observed breakdown potentials are in agreement with those calculated 
from the Townsend breakdown criterion. Having established the nature of the 
general mechanism the next stage is to determine the ionization coefficients 
a and w/x as accurately as possible. ‘The present paper gives an analysis of the 
errors in the coefficients arising from experimental errors in the measurement 
of the ionization currents, and on the basis of the analysis defines the experimental 
conditions necessary for the accurate determination of the coefficients at high 
values of pd in hydrogen. ‘The apparatus designed to satisfy these conditions 
is described, and the values of the ionization coefficients, determined for a range 
of pd from about 200 to 900mm Hgcem in hydrogen, are given. Investigation 
of the effect of the state of the cathode surface on the secondary ionization 
coefhicient showed that even at the comparatively high value of pd~350 mm Hg cm 
in hydrogen, the cathode played a significant role in the growth of ionization 
currents and thus in the setting of the breakdown criterion. 


§ 1. INTRODUCTION 


HE elucidation of the mechanism of the electrical breakdown of gases in 

uniform fields at high values of the parameter pd (p=pressure, d= gap 

distance) is of intrinsic and technological importance, and has aroused 
considerable interest over a number of years (Llewellyn Jones 1953, Meek and 
Craggs 1953, Raether 1949, Loeb and Meek 1941). The essence of the problem 
is the explanation of why at a certain minimum critical potential V,, called the 
breakdown or sparking potential, a gas ceases to be an insulator and becomes 
a good conductor in which, if circuit conditions permit, large currents can develop. 
For convenience, two separate stages of the problem may be considered. First, 
it is necessary to explain in terms of fundamental physical processes why the 
transition of the gas from an insulator to a conductor occurs at a given minimum 
critical voltage V,. In other words it is necessary to elucidate what mechanism 
sets the breakdown criterion for static uniform fields. Secondly, it-is necessary 
to consider how the ionization current in the gas increases to its final glow discharge 
or arc value when a voltage equal to or greater than that given by the breakdown 
criterion is applied and maintained for a certain interval. The breakdown 
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criterion is determined entirely by the electrical properties of the gas and electrode 
surfaces, whereas the subsequent development of the ionization current to high 
values depends also on the circuit conditions. This paper is concerned entirely 
with the growth of ionization currents at voltages V less than V, (the so-called 
pre-breakdown ionization currents) and with the mechanism which sets the 
breakdown criterion in static uniform fields. 

Experiment (Llewellyn Jones and Parker 1950, 1952, Dutton, Haydon and 
Llewellyn Jones 1952) has shown that in air and nitrogen the growth of pre- 
breakdown ionization currents at a constant value E/p (E=field strength) at 
high pd is given by the same Townsend equation as that found to hold at 
low pd, viz. 


T= Ihe4/{1—(wfal(e@—1)}, eee (1) 


where J) is a constant externally generated cathode current, d the distance between 
electrodes, x the primary ionization coefticient and w/x a generalized secondary 
ionization coefhicient. ‘This generalized secondary coefficient can be approxi- 
mately expressed (Llewellyn Jones and Parker 1950, 1952) as the linear sum of 
coefhcients representing separately the action of photons 6, positive ions y or 
metastable atoms « at the cathode, or of positive ions £ or photons y (under certain 
conditions) in the gas; 1.e. 
w=B+oayt+d+e+7. 

It follows from equation (1) that the criterion which gives the value of the minimum 
potential for static spark breakdown is given when the denominator of equation (1) 
vanishes, i.e. when 


(ole (eet a1 Oe 7 ar 1 Pee ys (2) 
and this is in accord with experiment. In these conditions there is a continuous 
development of ionization in a field which is undistorted by space charge at least 
up to the setting of the breakdown criterion. ‘The general mechanism by which 
the breakdown criterion is set at the higher values of the parameter pd is the same 
as at the lower values of pd. In order to proceed with the interpretation of the 
ionization coefficients in terms of fundamental atomic data, or to help to determine 
which of the possible secondary ionization processes are predominant in any. 
given case, it is now desirable to determine the values of the coefficients themselves 
as accurately as possible for given conditions which include the state of the electrode 
surface as well as that of the gas. Since the coefficients are continuous functions 
of the field, an accurate knowledge of the values of these coefficients is also of 
importance in the study of the time rate of the initial growth of ionization current 
under impulse conditions when the applied potential is greater than the static 
sparking potential (Llewellyn Jones 1955). It is the purpose of this paper to 
describe the conditions necessary for the accurate determination of the ionization 
coefficients « and w/« at high values of pd in hydrogen, the apparatus designed 
to meet these conditions, and, finally, to give some of the results and data obtained. 

Hydrogen was chosen in the present investigation for the following reasons : 
It is a gas readily obtained in a relatively pure state; a great deal is known already 
about its electrical properties from experiments at low pressures (‘Townsend and 
Hurst 1904, Ayres 1923, Hale 1938, 1939a, b, Llewellyn Jones and Davies 
1951a, b, Rose 1954); it is of increasing importance in industrial applications 
(for which a knowledge of its electrical properties is required); and the cathode 
surface used in, the experiments may bercleaned by a glow discharge in the gas 
which is being investigated. “ag 
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$2. Previous DaTa AND PRELIMINARY RESULTS 


‘The first measurements of ionization coefficients in hydrogen were carried 
out by Townsend and Hurst (1904) who measured and w/x over the range 
of E/p from about 40 to 90vcem-!(mm Hg) corresponding to low values of 
pd, from about 4 to 12mm Hgem and gas pressures of the order of 20mm Hg. 
The next investigation was that undertaken by Ayres (1923) who measured « 
over a range of E/p from 5 to 3000 vem-!(mm Hg)! and w/a over the range of 
E/p from 30 to 3000 vem-!(mmHg)!. The range of the experiments did not 
permit the measurement of w/a in the interesting range of H/p less than 
30 vem !(mmHg)?. A more recent investigation of ionization coefficients in 
hydrogen was carried out by Hale (1938, 1939, b), who obtained values of x for 
E/p from 22 to 917 vcm (mm Hg)! at pressures of the order of 20 mm Hg and 
values of w/a for E/p in the range c. 30 to 917 vem! (mm Hg)! but insufficient 
data were given in his paper for finding w/x when E/p < 30 vcm '(mm Hg)t. 
Thus the primary coefficient « has been measured at the lower gas pressures over 
a range of E/p from 5 to 3000 vcm !(mm Hg)-}, but the values of the secondary 
ionization coefficient w/a at values of E/p less than 30 vem! (mm Hg) ! for values 
of pd, greater than 100mm Hgcm (especially at higher gas pressures) has never 
been fully investigated. The first purpose of the present investigation was 
therefore to establish whether it is possible to measure secondary ionization 
coefficients in hydrogen in the range of low values of E/p from 20 to 
25vcm !(mm Hg)! (corresponding to a value of pd, from about 200 to about 
1000 mm Hg cm) especially at high gas pressures. In order to do this, and also 
to obtain approximate values of «, preliminary experiments were first carried 
out using the ionization chamber and measuring technique previously used for 
experiments with air (Llewellyn Jones and Parker 1950, 1952) and nitrogen 
(Dutton, Haydon and Llewellyn Jones 1952). 

A value of 23 vem-1(mm Hg)! for E/p was first chosen with a pressure of 
150mmHg. ‘The hydrogen was obtained by passing B.O.C. tank hydrogen 
through a large palladium thimble and the usual liquid-air trap. The 
pre-breakdown tonization currents / were measured at various distances, and the 
results are shown in figure 1 in which the ionization current amplification 7//, 


Hydrogen 

108 E/p = 23 cm™ (mmHg)! 
P =150 mmHg 
Io =93x10%A 


! 
0 1-0 20 3-0 
d(cm) 
Figure 1. Curve of (log //Io, d) for hydrogen at high pressure ; 
E/p=23 v cm (mm Hg)~!, p=150 mm Hg, Jy =9-3 X 10-3. 
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is plotted on a log scale against the distance d; J, was 9-3 x 10 13.4 emitted from 
about 0-25 cm? of cathode. It can be seen that, as in the experiments with air 
and nitrogen, the (log //J,d) curve is initially a straight line, but later curves 
upwards as the sparking distance d, is approached. Results such as this are 
consistent with the operation of primary and secondary ionization processes in a 
uniform electric field. The value obtained for « is 2-77 and the value of w/z is 
1-2 x 10-3 (Crompton, Dutton and Haydon 1955). | 

The existence of a secondary ionization coefficient / in this region having 
been established it is now necessary to obtain values of « and w/« as accurately 
as possible. In order to design an apparatus to measure these coefficients to any 
required degree of accuracy, it is first necessary to know how the errors in the 
values of the coefficients depend on the experimental errors in the measurement of 
the pre-breakdown ionization currents from which they are calculated. An 
analvsis of this dependence will now be developed. 


§ 3. ANALYSIS OF ERRORS 


‘The coefhicients are obtained from the ‘Townsend relationship (equation (1)) 
in which there are in general three unknown quantities, viz. the coefficients 
x and w x, and (for reasons which will be discussed later) the value of J). In order 
to determine these three quantities, therefore, it is necessary to measure the 
ionization current corresponding to three suitable values of the electrode separation 
d. Even when considerable precautions are taken in experiments of this type, 
a difficulty arises in that the value of the initial photoelectric current J) may not 
remain absolutely constant during the course of the experiment: the measured 
values of J at the three different separations will then not correspond to an 
amplification of exactly the same initial current /), and errors will arise in the 
determination of x and w/z. For accurate determination of the coefficients 
small variations in J, must be taken into consideration. It is therefore important 
to measure /,, or some current which bears a constant relation to J), corresponding 
to each measured value of /. For reasons which appear later, it is the current 
I,=I,/C (where C is a constant) which is measured experimentally in this investiga- 
tion. Thus the three unknowns to be determined are now C, « and w. 

For the purpose of the analysis the following quantities are defined: J), 15, /, 
are the ionization currents measured at the distances d,, d,, d; respectively, and 
Teas Tea) Ing, are the corresponding values of J,. Also Ry=Lq/Iq, Re=1o/Ic2 
ho ig ie and hha) k,, angen 15/1, Cl.) 13: 

Using the measured values of J and /, the coefficients % and w/« are calculated 
as follows. 

Approximate values x, and C, of « and C are first calculated from the ratios 
R, and R, on the assumption that the contribution of the secondary effect «w/a to 
the currents may be neglected. Using these values of «, and C, an approximate 
value of w/z is obtained from R;. In practice d, may be chosen so small that the 
contribution from the secondary effect is in fact negligible. On the other hand 
d, — d, =d, say, must be large in order that errors in current and distance measure- 
ment should not themselves result in large errors in the calculated values of «. 


+ Note added in proof : Since this paper was written a letter by A. Wilkes, W. Hopwood 
and N. J. Peacock has been published in Nature, 1955, 176, 837, giving measurements of 
T/Ip for hydrogen up to a value of pd, ~2000 mm Hg cm showing that the Townsend 


relationships (1) and (2) apply in this range. 
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Thus «, may differ from the true value of « because the contribution from w/a 
to R, is not negligible. Let the true value be s=2,—Az, then 
eAad— 1/61 (w/a (EF — 1a eee (3) 

The true value of the correction Ax may only be obtained if the true values 
of x and w/s are known, but increasingly accurate values of « and w/z may be 
obtained by using the method of successive approximations. 1, x 

It is now possible to proceed to the analysis of errors in the coefficients arising 
from experimental errors in the measurement of currents. 

The error in determination of « is 

Ae a te ee (4) 

a Gane 
and it 1s clear that d must be made large if the percentage error in « due to errors 
in the measurement of currents is to be small. 

The error in determination of w/« arises both directly through the influence 
of errors in current measurement on R,, and indirectly through the influence 
of the errors on x. Considering these in turn it can be seen from the equation 
for w/x which is 


w/o={1—R.,, exp (ad;)}/{exp («d,)— 1} sca) 
that the error in w/% arising from an error in R,, is given by 
[| - | —R,, exp a | ARS Gee (6) 
(w/a) Jy 1— R, exp (ad;)_| Ry 
The error in w/e arising from an error in « on the other hand, is given by 
|e] fy | ad, exp («d3) (R,,— 1) | Aa (7) 
(w/a) |r, L{1—R, exp (ads)exp(ad,)—1}] «1° ~ 
Now when d; approaches the sparking distance d,, R,,<1 and exp (zd) > 1 so 
that equations (6) and (7) reduce to 


A(w/«) RRs WAV Gs. 4 

Sa a = == A 8 

[ (w/x) if | =| R; ; TR (5) 

and A(w/x) 4 —ad, Aw y Au (9) 
| (w/a) IR {l= Reexp (eds) iain) 6: ee eee 


In order to apply the analysis to a particular case it is necessary to know 
the approximate values of «, w/« and d, for the gas to be studied. In the case 
of hydrogen the preliminary experiments indicated that at an E)p of 
23 vem™*(mm Hg)"?, «~2°7, w/a~1 x 10-8 and d,~2-5cm. Using these values, 
the way in which the quantities Y and Y of equations (8) and (9) vary with distance 
is shown in figure 2. From this it can be seen that for distances d; within 10%; 
of the sparking distance the error in w/z, due to an error in the measurement of 
current, becomes much smaller than the error in w/z due to the error ing. Thus, 
since in practice it is possible to make measurements for all distances d, up to and 
including a distance which is 5°, less than the sparking distance, the principal 
cause of error in w/a arises out of an inaccuracy in the calculated value of x. 
For this particular case when d, is taken as 2-4cm it can be seen that 
A(w/a)/(w/a)ex —10Aa/x. Thus to reduce the error in w/x to 10% it is 
necessary to know « to within 1-0°, and equation (2) shows immediately that if, for 
example, d=1-4 cm, Au/x=}AR,/R, so that R, must be determined within 
4%. ‘Thus since R, involves the measurement of four currents, each current 
must be measured to 1%. This then is the accuracy to be aimed at in designing 
a measuring apparatus to measure « to 1% and w/z to 10°. 
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Figure 2. Graph of the factors X and Y (equations (8) and (9)) as functions of the distance. 


$4. APPARATUS 

The apparatus designed to obtain this degree of precision was essentially 
the same as that used in previous investigations in air (Llewellyn Jones and 
Parker 1950, 1952) and nitrogen (Dutton, Haydon and Llewellyn Jones 1952) 
except for important modifications in the current measuring technique. Since 
it is these modifications which have led to the high degree of accuracy now 
attainable in the measurement of ~ and w/« the technique of current measurement 
will be given in detail. 

4.1. Method of Measuring Ionization Currents 

The method adopted was to measure, by means of an electrometer valve, the 
potential difference developed across a high resistance through which the 
ionization current flows. ‘The advantage of this method is that it is possible 
to measure currents continuously and quickly. ‘The relevance of these two 
considerations will be discussed later. 

The circuit of the electrometer used was that described by Crompton and 
Sutton (1952). In order to measure currents in the range 10-¥ to 10-8, a set 
of high stability resistors (10" to 10’ohms) was mounted on a high resistance 
switch so that any one could be connected between the grid and earth. ‘The 
values of resistors with nominal values from 101! to 10°ohms were measured 
accurately by means of a Townsend induction balance method, and the resistor 
of nominal value 107 ohms was measured by comparison with a standard megohm 
by means of a bridge method. For reasons discussed below a set of four high 
insulation Suflex condensers (50 to 50 000 pr) were also arranged so that any one 
could be connected between the grid of the electrometer and earth. 


4.2. Stability of the Initial Photoelectric Current 


Since it was required to measure the ratio of the gas-amplified current to 
the initial current from the cathode to within 2%, it is clearly necessary 
that the cathode emission should be stable. Previous experiments (Llewellyn 
Jones and Parker 1950, 1952, Dutton, Haydon and Llewellyn Jones 1952) have 
shown that there are fluctuations in cathede emission which may be due either 
to a variation of the photoelectric sensitivity of the surface or to a variation in the 
intensity of the irradiation. In order to investigate the relative importance of 
these two processes a control phototube was constructed having electrodes of 
similar material to those in the ionization chamber, and both the phototube and 
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chamber were filled with the same gas at the same pressure. If bothare illuminated 
with the same source of ultra-violet light a change in light intensity should result 
in similar changes in the emission from each cathode. If, on the other hand, 
the emission from one of the cathodes varies while the other remains constant then 
this must indicate a change in the photoelectric sensitivity of the first cathode. 
‘To carry out this investigation it was necessary to obtain readings of the current 
continuously and for this reason the valve electrometer in conjunction with a high 
resistance described above was used. 

Simultaneous measurements of the emission from each cathode showed that 
both types of fluctuations were present in each apparatus. ‘The variations in 
light intensity were easily recognized in this way, and they were reduced consider- 
ably by adjusting the operating conditions of the light source. ‘The fluctuations 
which remained occurred very slowly, and it was therefore considered that the 
required precision could be obtained provided a measurement of the initial 
cathode emission was made prior to each measurement of the gas amplified 
ionization current. 

The value of the initial emission /, is usually obtained by measuring the current 
in the gap when the applied voltage is sufficiently large for the current to saturate 
but insufficient to cause appreciable ionization. However, the (V, J) 
characteristic for a given gap separation in hydrogen showed no definite plateau, 
so that the value of the voltage (or V/pd=FE/p) at which the current saturated 
could not be ascertained. It was therefore decided to obtain a measure of J, 
in these experiments by measuring the current /, flowing when E/p was 
5vcm (mm Hg)!. Under these conditions there would be no appreciable 
ionization and /, would be equal to some fraction of J. 

In order to eliminate any effects due to the variation of photoelectric sensitivity 
of the cathode over its area the distances chosen were always integral multiples 
of a complete turn of the screw thread on which the cathode was mounted, so that 


the ultra-violet illumination always fell on the same part of the cathode (Dutton, 
Haydon and Llewellyn Jones 1952). 


4.3. Stability Requirements of the High Voltage Supply 


‘There are two factors which necessitate the use of high stability power supplies 
in these experiments. Firstly, the current is an exponential function of «, and « 
itself varies rapidly with the field, so that the current is highly dependent on the 
field, and thus on the voltage. Secondly, the ionization gap and the current 
measuring apparatus are two condensers in series across which the potential is 
applied, so that any fluctuations in the voltage across the system as a whole give 
rise to corresponding fluctuations on the measuring apparatus. The second 
consideration imposes the greater stringency on the voltage stability, so this will 
now be considered in more detail. 

For a given fluctuation in the applied voltage the variation in voltage on the 
electrometer may be reduced by increasing the capacity to earth of the electrometer 
system. In the high resistance method, however, this capacity C, is limited by 
consideration of the time constant of the circuit. For example the highest value 
of resistance used in these experiments is 10" ohms so that in order to obtain a 


reasonable value of the time constant for this resistor, say 50 seconds, the value of 
C, cannot be greater than 500 pr. 
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Assuming the capacity A, of the ionization chamber is 10 pr then to obtain 
fluctuations of the voltage on the electrometer less than 5 x 10-4 v (corresponding 
to +0-5%, of the full scale deflection of the electrometer) AV must be less than 
0-025 vy. ‘The currents to be measured with the resistance of 10"! ohms necessitate 
voltages up to 2500 v. This means, therefore, that the power supply must be 
stable to 10-3 °,.. When currents greater than 10!’ 4 are to be measured, however, 
resistances of lower values may be employed, and it is clear that in these cases the 
value of the condenser AK, may be increased without making the value of the time 
constant inconveniently large. ‘Thus when R=10!ohms a capacity K, of 
5000 pF may be employed giving a time constant of 50 seconds. Fluctuations 
in the high-voltage supply which are ten times larger may now be tolerated. 

The voltage supply used in the experiments on air and nitrogen varied 
by about 5 x 10-2 °,.. Owing to fluctuations in the power mains in the immediate 
post-war period when this supply was first constructed, it was fed from a d.c. 
motor alternator run off large storage batteries. Improved regulation in the 
mains supply has now made it possible to replace this alternator by an a.c. constant 
voltage transformer. ‘This modification, together with an alteration in the means 
of voltage control from a Variac to a step-by-step transformer in conjunction 
with a resistance box, has improved the stability of the supply by a factor of 
five, i.e. to 10-?°,.. This was sufficient to enable currents 10-!? a to be measured 
to the required accuracy, but in order to measure currents less than this value 
a new power supply was constructed. ‘This supply consisted of a simple half- 
wave rectifier with resistance-capacity smoothing which was supplied from 
a constant voltage transformer and which fed a resistance in series with twenty 
150 B2 high stability voltage stabilizer tubes. ‘The output could be varied in 
steps of 150 v up to 3kv by means of a selecting switch, and a fine voltage control 
was obtained by a potentiometer connected across two of the stabilizer tubes. 
The short term stability obtained with this simple circuit was 1 part in 10°. 

This stability was still insufficient for the direct measurement of currents 
less than 10-124. These currents were therefore measured by a method similar 
to that used in the previous experiments on nitrogen. A dummy system was 
constructed, exactly similar electrically to the measuring system, and the sensitivity 
of the dummy electrometer adjusted to be the same as that of the measuring 
electrometer. Thus when acurrent in the ionization chamber was being measured 
as a deflection on the measuring electrometer, the dummy electrometer gave the 
deflection due to voltage fluctuations and hence the correction to be applied. 
The final procedure for the measurement of the ratio of ///, at any distance was 
to set a voltage on the gap from the 0-3kv voltage supply to give a value of 
E/p equal to 5 vcm-!(mm Hg) 1, and measure the current by the dummy system 
method. The voltage was then quickly changed to a pre-set value on the high 
voltage supply to give Ep in the range 20 to 25 vem -!(mm Hg)", and the current 
measured directly. 


§ 5. RESULTS 


In addition to obtaining precise determinations of the primary and secondary 
ionization coefficients at low values of £/p,.experiments were also carried out to 
ascertain whether secondary ionization processes at the cathode were playing 
a significant role in the growth of ionization current, and hence in breakdown, 
at these high values of pd,. The method used was to investigate the effect on the 
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coefficient w/% of a change in the cathode surface, by measuring the growth of 
ionization currents in the same gas but with different cathode surfaces. 

It was clearly essential in this work to obtain gas samples of consistent (although 
not necessarily absolute) purity. It was found that by repeatedly pumping the 
ionization chamber to a pressure of the order of 10° 4mm Hg, filling with hydrogen 
which had been passed through the purifying train of heated palladium and 
liquid air, allowing the gas to stand in the chamber some time, and then pumping 
out again, a consistent sample of hydrogen could eventually be obtained. 
Samples were judged to be of consistent purity when successive gas fillings gave 
values of «/p which agreed within the experimental error. When such consistent 
samples had been obtained, accurate measurements of ionization currents were 
made for E/p=23 vem-!(mmHg) +! and p=150mmHg with a silver-plated 
cathode. From these results the coefficients x and w/« were calculated by the 
method outlined above. A typical set of results is given in table 1 to show that an 


Table 1. Set of Results for E/p=23 vcm'4(mm Hg)+, p= 150mm Hg 
Silver Cathode 


d(cm) MO) IES NOs T/I,. Mean J/I, 
0-300 5-90 21-5 3-64) 
5-95 21-5 3-61) oe) 
1:5699 6:15 660 107 
6-70 705 105 : 
Bigs 585 105 1037 
6-68 710 106 
1-667 6-42 920 143) 
6-40 905 141 
6:25 885 142 142 
6°85 970 142] 
2-3515 6-60 10800 1636 ¥ 
ae 10650 1664 1650 
2-4492 747 22200 2972 
6:87 20400 2969 2970 


The mean values of « and w/a calculated for these results are x=2-61, w/a=1-15 x 10-3. 


error less than 2°, in the ratios of ionization current to initial current and of less 
than 1°, inw had in fact been achieved. ‘The cathode was subsequently treated 
with successive glow discharges at a current of the order of 150 ma in hydrogen at 
a pressure of a few mm Hg and the growth of ionization currents measured at 
intervals during the treatment. ‘The results, which are given in table 2, show 


Table 2. Values of « and w/x at E/p=23 vem (mm Hg)+, p= 150 mm Hg for 
a Silver Cathode subjected to a Glow Discharge : 


‘Treatment of Cathode a w/« x 108 
Polished before assembly; one spark and a large number 
of ionization current measurements 2-60 1-05 
One further spark and more ionization current measurements 2°61 ica) 
Low pressure glow discharge in Hy at about 150 ma for 20 min 2°61 1:29 


Low pressure glow discharge in Hy, at about 175 ma for 200 min 2-60 1:20 
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that consistent values were obtained for «/p throughout the measurements, 
indicating that the gas samples were of consistent purity; thus the variations 
observed in w/«, although small and showing no consistent trend with cathode 
treatment, were probably due to changes in the cathode surface. That such 
surface changes were occurring was confirmed by variation in the photoelectric 
sensitivity and the formation of surface layers during the treatment. 
Measurements were next made with the silver-plated cathode replaced by 
a nickel cathode. The coefficients were measured for the initial samples of 
hydrogen; several (~20) sparks were then obtained at a voltage of about 8kv 
and the coefficients remeasured. The apparatus was then dismantled, the 
cathode repolished, and the coefficients measured again in the first sample of 
hydrogen admitted after reassembly. The results, which are given in table 3, 
show that there is a strong indication that the secondary ionization coefficient 
had been altered by the effect of the sparks on the cathode surface. This is in 
agreement with the observation that the breakdown potential rose as the sparking 
proceeded. Measurements of the photoelectric current 7, can be used as an 
indication of any change in the photoelectric sensitivity of the cathode for radiation 


Table 3. Values of « and w/a at E/p=23 vem! (mmHg), p=150mm Hg 
for a Nickel Cathode subjected to High Pressure Sparking 


State of Cathode a w/a x 10? 
Cathode polished before assembly Deo) 2-08 
Cathode subjected to about 20 sparks at ~8 kv Bay} 1-42 
Cathode repolished 2:56 2:05 


from the mercury arc, and thus comparison of /, with the corresponding values 
of w % is of interest. In the above experiments the effect of the sparks was to 
reduce J, from ~2 x 10-17 to 2 x 10-84 when w/a was reduced from 2:05 x 10-8 
to 1-42 x 10-3, indicating that the sensitivity of the surface is changed much more 
with respect to the external ultra-violet radiation than to the processes giving 
rise to the secondary ionization. 

After repeated fillings with hydrogen, successive samples were found to 
give the same values of ~/p as were obtained previously in the experiments with 
a silver cathode. ‘The coefficients « and w/« were then measured for a range of 
E/p from 20 to 25vem1(mmHg)!. Since the purpose of the investigation 
was to obtain numerical data as exact as possible the actual values obtained are 
given in table 4 rather than in the form of a curve. It will be noted that with 


Table 4. Values of « and w/« for E/p from 20 to 25vcm '(mmHg)? for a 
Nickel Cathode 


E/p (v cm (mm Hg)7?) 20 21 Op DE 24 25 

p(mm Hg at 20°c) 360 220 150 150 100 100 
a/p < 10? (cm-! (mm Hg)7?) ORT 1-04 {he3}3) 1-74 2°20 2-80 
w/a xX 10? 0-89 (logs) 1-90 1-88 Bee] 2-79 
pd, (calc.) (mm Hg cm) 934 636 470 361 260 210 


E p=23 vem !(mm Hg) ! the same value was obtained for «/p as when the silver 
cathode was used, but that the value of w/z was about 50% greater than for the 
silver cathode. This result is significant since the difference in w/% is well outside 
the experimental error, and indicates that the nature of the cathode had a definite 
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influence on the value of w/%. These results therefore show that the change in 
the nature of the base metal of the cathode from silver to nickel and the treatment 
of the nickel cathode with high pressure sparks had more effect on the secondary 
ionization process than did the glow discharge treatment given to the silver 
cathode. 

Since the occurrence of a spark discharge in the ionization chamber can 
significantly change the cathode surface, no spark was allowed to occur during 
the set of results shown in table 4 until the measurements of x and w/« had been 
completed. However, after this was done, a single but very careful determination 
of the static breakdown potential when £/p was 20 vem (mm Hg) 7 was made by 
slowly increasing the separation d during measurement of a (log/,d) curve, 
from which « and w/z had already been found to be 2:71 and 0-89 x 10? 
respectively. Substitution of these values in the Townsend criterion (2) gave 
d,=2:596cm and V,=18-69kv. The experimentally measured value of V, 
was within 0-1°%, of this value at d=2:596cm. 

It is of interest to note also that the results obtained for «/p in these samples 
of hydrogen, which were not necessarily of a high degree of purity, are in good 
agreement with the results recently obtained by Rose (1954, 1955) using extremely 
pure gas. The range of E/p was the same in both cases, but Rose used low gas 
pressures compared with those used in the present work. ‘This agreement in 
values of ~ pat the same / p but different pressures is direct experimental evidence 
that the similarity principle v/p=f(E/p) holds for primary ionization over a wide 
range of pressures from a few mm Hg to 350mm Hg in hydrogen. It follows 
that the mechanism of primary ionization is the same over this range of pressures 


and that the applied field is not appreciably distorted by the electron avalanche 
in this range. 


§ 6. CONCLUSIONS 


‘The following summarizes the conclusions drawn from these experiments: 

1. ‘The mechanism of the growth of pre-breakdown ionization currents in 
hydrogen up to a value of pd of the order of 1000 mm Hgcm is the same as that 
at the lower values of pd less than 50mm Hgcem, being characterized by the 
operation of primary and secondary ionization processes in a uniform field. 

2. Cathode secondary ionization processes play an important role in the 
growth of ionization currents, and thus in setting the breakdown criterion at 
high values of pd, in uniform static fields in hydrogen. 

3. Agreement between results for the coefficient «/p at low and high pressures 
gives direct experimental evidence for the similarity relationship «/p=/f(E/p) 
in hydrogen, 


4. A method has been developed which enables the ionization coefficients 
to be measured to the order of accuracy sought. 
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Abstract. In removing an electron from a metal, work has to be done against 
image-type forces. The classical image potential outside projections on an 
irregular surface is less than outside a plane surface but it is shown that the resulting 
lowering of the work function is entirely compensated by a patch field. Exact 
calculations cannot be made even for the single idealized surface projection for 
which image calculations are available. However, the axial patch potential for 
this case has been evaluated using an electrolytic tank and this shows that the form 
of the surface barrier is not affected by surface microgeometry. 


§ 1. INTRODUCTION 


T is well known that, due to the variations of the work function over the surface, 

the characteristics of electron emission from real metals in high accelerating 

fields are considerably different from those of ideal metals. Such variations 
are usually associated with adsorbed layers or the multicrystalline structure of the 
metal. As electron emission is very sensitive to small changes of work function, 
it is important to consider whether the microgeometry of the surface can influence 
the height or shape of the image barrier and so cause localized variations of the 
work function. 

An electron at a distance x from a conductor induces a distributed charge of 
+eonthe surface. If this is plane over an area large compared with w the attrac- 
tive force between the electron and the induced charge is given by the classica 
image law 

FS earn | i) Seer (1) 
This law obviously fails for small values of x and it has to be replaced, at distances 
below x), by quantum mechanical calculations of the interaction energy of the 
electron and the metal (Bardeen 1936 a, 1940, Sachs and Dexter 1950). Estimates 
of x9 may also be obtained from the theory of the surface contribution to the work 
function. A calculation of this type for sodium has been given by Bardeen (1936 b) 
and slight improvements have been suggested by Juretschke (1953). It is reason- 
able to assume that the main features of the surface potential barrier of sodium are 
the same as for other metals for which detailed calculations cannot yet be made. 
Bardeen showed that the surface barrier was largely accounted for by the variation 
of the exchange-correlation potential of the electron gas in the surface region. 
‘This potential is of the same general type as image potentials and, for an electron 
vith the Fermi energy, it is asymptotic to the classical image potential at a distance 
vy of the order of 2A for sodium. This is in good agreement with the value 
obtained from the other calculations mentioned above. To calculate the work 


fh 
| 
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function it is necessary to consider electrons having the Fermi energy, although 
such electrons cannot be emitted from the metal. The exchange-correlation 
potential depends on the electron momentum, so that the surface barrier for an 
electron having a finite probability of escaping from the metal is slightly different. 
By extrapolating Bardeen’s results it may be shown that x) ~3-3 A for an electron 
passing over the barrier. 

The work function of an uncharged metal may be identified with the total 
work required to remove an electron from the metal to a large distance. The 


portion of this work contributed by classical image forces for a smooth plane 
surface is 


ooh hea d= e/4x, 


Jip, 

Seve Oren kgs aaah Vk Mee isle ake (2) 
The image force depends on the distribution of the induced surface charge, so that 
for a plane surface having microscopic irregularities, equation (1) does not hold 
for all distances x. At large distances from the surface the image force is not 
affected by the microgeometry as the charge is induced over an area large compared 
with the individual irregularities. Similarly, at sufficiently small distances 
equation (1) should be a good approximation since the atomic structure limits the 
smallest surface irregularity. It therefore seems unlikely that the image force 
can be modified within 2 of a surface : the failure of the classical law at x, also 
confirms this. At intermediate distances from an irregular surface the classical 
image force differs from that of a smooth surface. An electron outside a surface 
projection experiences a reduced image force because of the increased mean 
square distance to the surface charge; opposite a surface hollow the image force 
isincreased. In these cases there is respectively a decrease and an increase in the 
image potential (equation (2)) for an electron moving from x, and leaving the 
surface. 

The reduction of the image potential energy (e?/4x, for an electron) due to a 
surface projection has been calculated by Lewis (1954) for an idealized model 
consisting of a single Dae spheroidal boss on an infinite plane. Lewis shows 
that a reduction of up to 34% (0-61 ev for x) =2 A) is possible for the sharpest pro- 
jection, roughly of this shape, likely to be found in practice. It is shown below 
that even with this reduction of the image potential, the work function of the metal 
ata surface projection is unaffected. 


§ 2. THE WorK FUNCTION AND PaTcH FIELDS 


It may be shown that the work function of a metal has both volume and surface 
contributions. The volume components are determined entirely by the poten- 
tials of electrons in the interior of the metal, and include the total work dori¢ 
against all the image-type forces : the surface shape can only affect the rate of the 
change of this potential on moving away from the metal. ‘The true surface com- 
ponent of the work function is the change of potential e) due to a surface double 
layer of D volts. In a real metal the largest contribution to the surface double 
layer is due to orientation of the molecules of an adserbed gas or to a surface layer of 
ions, but there is also an inherent double layer on an ideal metal surface due to the 
extension of the electron gas beyond the surface cells of the metal. ' Bardeen (19365) 
showed that this accounted for about one sixth of the work, function. of 
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sodium. ‘lhe second possible component to the natural double layer of an ideal 
surface is due to the lateral spreading of the electron cloud from projections of the 
surface cells of the metal (Smoluchowski 1941). Both of these components may 
be assumed to be independent of the surface microgeometry including irregulari- 
ties made up of several atomic cells. In particular, the calculations showed that 
the spread of electrons is insensitive to the shape of the potential barrier even at 
small distances. ‘The change of image potential outside a surface irregularity 
only occurs at distances of several times x). From this it can be seen that the 
surface barrier of a uniform metal comprises a dipole layer and other short range 
forces within about xy and the image force alone at greater distances. 

The potential barrier of a non-uniform surface includes another long range 
electrostatic force. The non-uniformities usually considered are due to large 
patches of adsorbed gas changing the dipole moment, and so the work function, of 
regions of the surface. ‘The total work required to remove an electron from the 
metal to a very large distance must obviously be independent of its path through 
the surface, and to compensate for variations of work function on the surface, long 
range ‘ patch fields’ are setup. These may be thought of as the contact potential 
fields linking regions of high and low work function on a single surface. Like 
contact potentials, they are associated with a surface charge distribution. ‘The 
complete surface potential is shown in figure 1. ‘The potential of the patch field 


Patch Field 
Region 


| 
Figure 1. ‘Typical surface potential barrier for a metal having large non-uniformities. 


depends entirely on the distribution and size of the surface patches: usually it is 
only appreciable far outside the range of image forces (at 100A the image poten- 
tial is 0-036 ev and negligible for many purposes). It is then possible to define 
approximately a ‘local work function’ ¢; as the work required to move an electron 
far enough from the metal for the image potential to be negligible. Then it may 
be shown that the work required to move an electron to infinity is 


b= > tibin 0 aphaaeictnee (3) 


where /; is the fraction of the surface covered by patches of type 7 (Herring and 
Nichols 1949). 

‘The non-uniformity to be considered in the present case is the surface geometry. 
As shown above, it is reasonable to assume that for a clean surface the micro- 
geometry affects only the image potential. As shown by Lewis (1954) this is less 
for an electron moving from xy to about 100A outside a surface projection than it 
is fora plane surface. ‘The lowering of the surface barrier is compensated, for an 
electron moving to larger distances, by the patch field of the projection. If this 
patch ficld extended much more than about 100A from the surface it would be 
possible, as in figure 1, to speak of a local work function which would be less than 


The Work Function of an Irregular Metal Surface (7) 


the work function of a smooth surface. It is shown below, however, that in fact 
the patch field is so close to the surface that it compensates for the lowering of the 
image potential within the range of image forces. 


$3. THE PatcH FIELD OF AN IRREGULAR SURFACE 


The method of calculating the patch potential for an irregular surface follows 
the same principles as for a surface having large-area changes of double layer (e.g. 
Becker 1935). ‘There are, however, the following complications : (a) the patch 
field is much more concentrated and largely within the image region, (b) the factor 
modifying the work function (the change of image potential) occurs only at dis- 
tances larger than x) from the surface, (c) the geometry is necessarily complex. 
The stages in the calculation are as follows: 

(1) The image potential (corresponding to equation (2) for a smooth surface) 
for an electron moving from xp to infinity, has to be found for each point on the 
surface. Near convex parts of the surface the value would be less than that of 
equation (2) and at concave parts, greater. The mean value would be e/4xy, 
indicating that the average work function is the same as that of a smooth surface. 
This follows from equation (3) and the fact that the true surface component eD 
cannot be affected by microgeometry. 

(11) The electrostatic potential of each surface element follows from the differ- 
ence of the image potential calculated at (i) and the value e/4x, for asmooth surface. 

(111) ‘he shape of the patch field can, in principle, be found by setting up the 
surface potentials of (ii). 

(iv) The comparison of the change of image potential with the patch potential 
relative to the surface gives the net change of potential at all points in the space 
outside the surface so that the shape of the surface potential barrier can be found 
for all paths through the surface. 

The distribution of electrostatic potential (and so of charge) over any irregular 
or non-uniform surface is necessary for the Fermi level to be the same everywhere 
in the metal. It may be shown that this corresponds to the correct equilibrium 
condition, i.e. that the electrochemical potential for electrons is constant. ‘This 
is more general than the classical electrostatic requirement of a conducting surface 
being an equipotential. It is for this reason that electrostatics does not account 
for contact potentials. ‘The charge distribution giving rise to the patch field can 
only be in the surface, although the change of image potential occurs at larger 
distances than x). This is the only way in which the potential energies of electrons 
can be constant at all points in the metal and at all distant points. 

The patch potential arising from a change of image potential must be regarded 
as a volume component to the work function of an irregular metal since the total 
work done against patch plus image potentials is the same as for a smooth surface. 


§ 4. DETERMINATION OF PATCH POTENTIAL 


The procedure outlined above is far too difficult to carry out even for the 
idealized model of a surface irregularity as used by Lewis. An analytical solution 
for the image potential can be found only along the axis of the spheroidal boss 
representing a surface projection. Even if the correct surface potential could 
be sct up, the calculation of the patch field would not be casy with this geometry. 
Accordingly, an approximate solution has been obtained for the model using an 


electrolytic tank. 
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Figure 2 shows the approximate shape of the patch field due to a surface 
charge distribution based on the probable change of image potential for each point. 
The electrostatic potential at the vertex of the boss is + Vp corresponding to the 
lowering of the image potential calculated by Lewis. The largest increase of 
image potential occurs where the boss meets the plane, and it gives a potential 
—V there. As the available calculation is for the image potential along the axis 
of the boss, it is only required to find the patch potential along the same line. It 
is found that this varies approximately as 1/x and that it depends very little on the 
potential distribution on the sides of the boss. 


Figure 2. Approximate shape of patch field for the model of a surface projection. 


The experimental determination of the three-dimensional patch potential was 
carried out in the electrolytic tank for a model of a typical spheroid used by Lewis. 
Due to lack of information about the image potential away from the axis, the 
potential distribution had to be estimated as in figure 2 except for the vertex of 
the boss. A further approximation on the model was the replacement of the 
continuous potential distribution by a stepped distribution fixed by a series of 
equipotential foils as shown in figure 3. This distorts the field only near the 


Axis of Symmetry 
gyre 


Potentials: A 100% of % 


B 52% ww » 
C 23% » » 
D 0% » » 


Figure 3. Surface potential distribution for electrolytic tank model of projection. 


gaps between foils and scarcely at all along the axis. The axial field shown in 
figure 4 was obtained for foil potentials (figure 3) giving a more gradual potential 
distribution on the sides of the boss than would be expected, so that it probably 
underestimates the axial field. ‘The potential at the base of the spheroid should 
ideally be negative to allow for the increased image potential, but this require- 
ment also does not affect the axial field. 

‘The modification to the image potential, giving a lowering e!’p of the work 
function, for the axis of a boss of the same size was obtained by interpolation 
from Lewis’ paper and compaied with the compensating effect of the patch 
potential. ‘The result, figure 4, shows that the two effects exactly cancel for all 
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but very small distances from the surface. Thus the work required to extract 
an electron 50 A from a surface projection is the same as that to extract it from a 
plane surface. Within this distance the accuracy of the solution falls, but it is 
possible that there is a small resultant hump added to the surface barrier of the 
projection. 


2° 
(ae) 


due to Surface Geometry (ev) 


Reduction of Potential Energy 


Distance from Tip of Projection (A) 


Figure +. Components of change of potential energy along the axis of a surface projection 
60 A high and of 30 A base diameter: A, reduction of image potential; B, com- 
pensating patch potential; C, net change of potential energy. 


§ 5. CONCLUSIONS 


It has been shown that the intensity of the patch field of an irregular metal 
surface has hitherto been underestimated (Lewis 1954). The lowering of the 
image potential for an electron outside a surface projection is compensated well 
within the image region, by a patch field, so that the shape of the surface barrier 
is unaffected. This result has been proved explicitly only for a particular model 
of a surface projection. ‘The specific calculation is for a surface irregularity 
giving a moderate lowering (0-29 ev) of the image potential, but since the result 
appears to be conclusive it has been thought unnecessary to repeat it for 
projections at different sizes. It has been shown that the major assumptions 
involved in the calculation of a patch field within the range of image forces are 
connected with the choice of the charge distribution on the sides of the surface 
projection. However, these scarcely affect the result for the potential outside 
the vertex of the boss for which detailed calculations of image potential are 
available. 

Electron emission from a non-uniform metal surface in accelerating fields 
is well known to show large deviations from the ideal Schottky form because of 
the change of surface barrier with patch fields (Herring and Nichols 1949). When 
the differences of work function over the surface are due to surface microgeometry 
the patch field is concentrated so close to the surface, and it so exactly balances 
the lowering of the image potential, that the shape of the surface barrier is the 
same as for an ideal surface, and electron emission should obey the Schottky 
equation. Indeed, if this were not so, it is unlikely that Schottky plots agreeing 
with the theory for ideal surfaces would have been obtained except with extreme 
precautions, because surface projections even 10A high have a reduced image 
potential, and changes of work function over a very small area can be detected by 
electron emission. ‘There is thus experimental evidence that the patch field 


for surface irregularities is concentrated within the image region. 
B-2 
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The main effect of surface geometry on electron emission is the enhancement 
of an applied electric field. ‘This is unlikely to affect the characteristics of 
Schottky emission in fields of less than 10¢vcm™ (Morant 1955), although for 
higher fields (particularly in the field emission range) it becomes increasingly 
important, so that most of the emission then comes from surface projections. 
Changes of surface double layer over such a projection enable the surface struc- 
ture to be studied in the field emission microscope, as the applied fields are locally 
much stronger than the patch fields due to the surface geometry and variations 
of double layer. 
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Abstract. It is shown that already at fairly low electronic densities (of the order 
10% cm) an electron exchanges energy with other electrons quicker than with 
lattice vibrations, mainly because collisions with the latter are nearly elastic. 
The notation of an electronic temperature 7, which in an external field is higher 
than the lattice temperature, is then introduced and it is shown that a stationary 
state becomes impossible if the field is above a critical strength F’, the breakdown 
strength. For nonpolar and for polar substances Ff, can be expressed in terms 
of the electronic mobility in weak fields, and of other measurable quantities. 


§ 1. INTRODUCTION 


1.1. General 


HE application of moderately strong electric fields to solid insulators leads 

usually to non-ohmic currents. Rose (1955) has shown recently that 

often these currents can be interpreted as space charge limited currents; 
the electric field between the electrodes is then not homogeneous even under 
excellent geometrical conditions. With increasing field strength occurrence 
of internal ionization should lead to the formation of temporary electron avalanches 
whose aspects have been discussed by Seitz (1949; for their relation to breakdown 
see however Frohlich and Seitz 1950). In certain circumstances this process 
may, at sufficiently strong fields, lead to a breakdown of the solid. It must be 
emphasized that in this type of breakdown the critical field strength must depend 
on the thickness of the sample. It differs, therefore, from the so-called intrinsic 
breakdown in which the critical field strength F, is independent of thickness 
(e.g. Whitehead 1951). In this case of intrinsic breakdown, therefore, the 
electric field F should be homogeneous (assuming appropriate geometry) even if 
F is slightly below the breakdown strength F’,. One may expect that in this 
case the actual occurrence of breakdown is subject to much smaller fluctuations 
than avalanche breakdown and it is of interest, therefore, that Kawamura and his 
collaborators (1954) seem to have been able to observe experimentally these two 
types of breakdown. 

The present paper is solely concerned with intrinsic breakdown. Although 
here, too, the actual breakdown of the lattice occurs through a narrow channel, 
the independence of F, of thickness must mean that in this case the condition 
for the instability is not connected with the formation of avalanches. Let /(F) 
be the electric current density at the field strength F’, and assume that the heat 


+ Partly based on reports L/'T 277, 285, 307 of the British Electrical and Allied Industries 
Research Association. 
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conductivity of the lattice is sufficiently great to conduct away from each volume 
element dz the energy Bdr transferred from the electrons to the latticef. Hence 
the condition 


AF)=B, AR=(DE, if Fa ee (1.1) 


implies that in each volume element dz the electrons receive energy from the held 
at a higher rate than they can transfer it to the lattice. When this condition 
is fulfilled a stationary state becomes impossible. The condition does not, 
however, indicate the way in which the unstable situation develops until breakdown 
occurs. Condition (1) was first introduced by Frohlich (1937) for a special 
model; it is essentially different from breakdown conditions in gases or from 
non-intrinsic breakdown in solids which usually deal with non-homogeneous 
situations. 

For an appropriate theoretical treatment of dielectric breakdown it would 
be desirable to calculate the electronic momentum distribution in the presence 
of a homogeneous external field, and to derive the conditions on which a stationary 
state is impossible. It has been shown previously (Frohlich 1947 b) that the 
simple model of free electrons interacting with the lattice vibrations only can 
never lead to a stationary distribution, mainly because the mean free path of the 
electrons increases with energy. If other processes, like inelastic collisions 
with bound electrons or collisions with other free electrons, are included then 
stationary conditions can be obtained in sufficiently weak fields. Several 
attempts have been made to introduce internal ionization and recombination 
processes but they are all open to objections (in some of the papers ionization 
processes are introduced without consideration of the inverse processes !). 

A possibility for a fairly simple way of finding a solution arises when the density 
of electrons is so high that the rate of energy exchange between electrons through 
mutual collisions is large compared with the rate of energy exchange between 
electrons and lattice vibrations. In this case it may be assumed that the electrons 
are in thermal equilibrium (though displaced in momentum space) at a temperature 
T which may be higher than the lattice temperature 7. This assumption was 
first introduced by Fréhlich (1947 a) for the case of imperfect crystals containing 
many shallow electron traps. In the present paper it is intended to investigate 
the case of pure crystals containing a negligible number of traps. 


1.2. Range of Validity of the Model 

At first sight it might seem that a very high density of free electrons. 
(i.e. electrons in conduction levels) is required to make interelectronic collisions 
more effective than collisions between electrons and lattice vibrations. That 
this is not true is mainly due to the small energy exchange for the latter collisions. 
Thus in a non-polar lattice with sound velocity s, momentum conservation 
requires that the average energy exchange per collision (i.e. the energy of a lattice 
quantum), is of the order pso(Ems?)'2 where p is the momentum and FE the 
kinetic energy of the electron. Also the ratio of the probabilities of emission 
and of absorption of a lattice quantum by an electron is (1+m)/n where 
n=kT,/(Ems?)? is the average number of excited quanta of a normal mode 
which can interact with an electron of energy E (provided n>1 which holds in 


t If this does not hold then yet another type of breakdown (through thermal instability) 
may occur (cf. Whitehead 1951). 
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a wide range). If now 7(E,7)) is the average time between two collisions, only 
one in 1 + 2n collisions leads to a net energy loss so that 
(=)  _ Ems*)N* (Ems?) E ms 1 
Hijo teks) eee D.C ENT) a Vs ve) 
represents the order of magnitude of the rate of energy transfer from electrons 
of energy F to the lattice, provided that the average E is larger than kT. Thus 
electrons which have gained energy beyond their equilibrium value lose it to the 
lattice at the very low rate of about ms? per collision (provided E is of the same 
order as k7)), as is quite well known (note that ms?/k=1°K). 


The rate of loss of energy of such an electron due to collisions with other 
electrons is of the order (e.g. Pines 1953) 


dE 4mne*4 
(=). =— > log en nrsn nS. (173) 


where e* is an ‘effective’ electronic charge differing from e through effects of the 
dielectric constant of the material (e*? usually decreases with increasing velocity). 
The logarithmic factor depends on the density » of electrons and on their velocity ; 
in the range of values required here it is of order unity. From (1.2) and (1.3) 
it follows that the density m) at which the two rates of energy transfer are equal 
is of the order 


1 FE 3/24)3/252 
POOR. ane ome 77 


For n greater than my) the assumption of an electronic temperature 7’ should be 
valid. If # is larger than, but of the same order as, kT, then at room temperature, 
with s~10- second, e*4/e+=10 and m equal to the electronic mass, n is of the 
order 10cm’. Though ny increases with the average electronic energy EF 
which of course increases with field strength, the assumption of an electronic 
equilibrium at a temperature 7 greater than 7, should reasonably well be valid 
in many cases, in particular if the electronic density at breakdown is of the order 
10% cm? as estimated by O’ Dwyer (1954). 

In typical ionic crystals it is usually assumed that the electrons interact with 
the optically active vibrations only which have all approximately the same 
frequency w (e.g. Frohlich 1954). If RT! <hw most electrons can not emit 
quanta. Scattering is then best described as elastic in terms of a two-stage 
process, absorption and re-emission of quanta hw. Clearly no energy transfer 
at all takes place in this approximation. The only remaining energy transfer 
is then due either to electrons with energy FE greater than Aw or due to interaction 
with acoustic waves which is assumed to be very weak. Hence if the treatment 
of ionic crystals described above is a good approximation, then interelectronic 
collisions should already be of importance at very low electronic densities. ‘Their 
value would probably depend on the strength of the interaction between electrons 
and the acoustic vibrations. 

If the condition discussed above for rapid energy exchange amongst electrons 
is fulfilled then it can be assumed that interelectronic collisions essentially 
determine the electronic distribution function f(p) which must thus be a Maxwell 
distribution which may be displaced in momentum space, 1.€. 


f(p)=aexp(—|p—po|?/2mkT), Jf(p)dp>=N  ....-. (1.5) 
where a is independent of p but is determined by the total number N of electrons. 


Ny 
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This function /(p) contains two parameters py and 7 which will be determined 
from the rate of momentum and energy exchange with the lattice. The 
momentum displacement py will be found proportional to the electric field, and 


the condition Po? f 
a ee iW 

ny Os) 

will hold throughout this paper. Hence if f(p) is developed in spherical 


harmonics with the field direction as axis, 


F(R) =fol PD) hy D) Pale0s 2) = ee ee (1.2) 
where @ is the angle between p and the field, and approximately (f,(~) = — Po®fo/¢P 
is an exact relaticn) Apywacp (Pe) (1.8) 

of PP 
AlD)=~ py TP) cw Pe fp), ane (1.9) 


It must be mentioned that the condition n>n) for strong interelectronic 
energy exchange justifies the form (1.8) of fo(p) only. ‘To obtain (1.9) for f(p) 
requires that the rate of momentum exchange amongst electrons be large compared 
with that between electrons and lattice vibrations, a condition which requires 
much higher electron densities than 7). Nevertheless (1.9) is always a reasonably 
good approximation for /,(p), because the usual method in which interelectronic 
collisions are neglected makes f, proportional to 7(p)0fo/0p. ‘The electric current 
calculated in this way then differs from the one obtained from (1.9) only by the 
way of averaging the relaxation time 7(p) over p. ‘This leads to a slightly different 
numerical factor which is not significant for the purpose of the present paper. 

Clearly the method discussed here can be generalized to include other modes 
of loss of energy from the electron system than collisions with the lattice vibrations. 
Amongst these emission of quanta by capture of electrons into shallow traps has 
been treated previously but is excluded from the present paper, perfect crystals 
being assumed. A possible recombination with vacancies connected with 
simultaneous emission of many quanta cannot be treated at present because 
very little is known about this process. Internal ionization processes by fast 
electrons, no doubt, are connected with absorption or emission of single quanta. 
Both these processes are unlikely, however, to be of importance for the total 
energy balance. ‘The present treatment, therefore, should hold in a fairly 
general manner if 7 >n,. ‘This condition is almost certainly fulfilled for break- 
down in semiconductors (e.g. Ge, Si). It is difficult to say in which range 
(of temperature, crystallinity, etc.) it holds in the case of insulators but, as 
mentioned above, this might be decided experimentally by measurements of 
fluctuations. Whenever the condition n>mn, is not fulfilled then a theory in 
which interelectronic collisions are neglected (e.g. Frohlich 1937) should hold. 
This leads, in general, to a lower breakdown strength than is found in the present 
model. The latter, therefore, should always give an upper theoretical limit. 


§ 2. CALCULATIONS 


Consider the electrons in the conduction band as free (with effective mass m) 
except for mutual collisions and for collisions with the lattice vibrations. Then 
the distribution function f(p) in momentum space satisfies the kinetic equation 


oY (2) 7 (2) +(Z) cee (2 
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where the terms with suffixes F, L and e respectively denote the rates of change of 
f due to an external field, to collisions with the lattice vibrations, and to the 
interelectronic collisions. In the stationary state 


Since interelectronic collisions conserve energy and momentum it follows that 


2 p(x) =i and > EE. (F) = 1 renee: (2.3) 
e Pp fe 


where = Pal Meae Mane me op. nexqeeaes (24) 


Hence from (2.1)-(2.3), SP rf{(Z) + (3) }=0 eee (2.5) 
and Se AZ) + (3) } =o Ln seats (2.6) 


Moreover as discussed in §1 the distribution function is of the form (1.5) 
and thus contains two parameters py and T which can be obtained from the two 
equations (2.5) and (2.6). 

Let the field F be in the z direction so that 


dp. Ap,  Epy | 
at kG ata, eee ee (2.7) 
Then of of dp, _ OF 
a (3). ee ee (2.8) 
and hence with pee | @p, 
ae: 
jp. (5), a 2 ~eF | pax dp=eFN seen (2.9) 
making use of (1.5). Also 
0 ia 0 eF 
|2, (3) dp=- > |? “ dp — | p,fa'p EEN Ne i eee (2.10) 
which with (1.7)-(1.9) becomes (p, =p cos @) 
[E, (7) d%p = - "po Fe cost dlp = oe ee (2.11) 


In order to calculate (df/dt),, the processes of absorption and emission of 
quanta of lattice vibrations by the electrons must be considered. Let q/h be the 
wave vector of a quantum, and let /iw(qg) be its energy. Then conservation of 
momentum requires that electronic transitions from a state with momentum 
p are possible only into the state p+q in the case of absorption, and p—q in the 
case of emission of a quantum. Let pa(p,p+q) and p,(p,p— q) respectively 
be the probabilities per second for these transitions. ‘Then clearly 


(SP). =— > {f(P)palp, p+ 4) —/(P + 4)p(P +4, P) +S(P)po(P, P—4) 


—f(Pp—q)pa(P—9,P). se es (2.12) 
The transition probabilities p can be calculated by standard quantum mechanical 
procedure leading to a ' 
fa= > Bq oa) Aten ts (2:13) 
au ZO ENG een (2.14) 
pe= BNI +m)(%) nee 


with Va B PSE ila); yet be Ey + hcg). nes (2.15) 
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Here B(q) is the square of the interaction matrix element, E, and E; respectively 
are the energies of the initial and final electronic states and 


n,=[exp (hw(q)/RT))— 14, Le. Ltng=n exp (hw(g)/RkTo)  «-..-- (2.16) 
Now in a system of polar coordinates with p as axis 
Ve wliess 
= aww, | GdgqdcosBdb sees PRG) 
2 =o (2.17) 


where y is the azimuth, f is the polar angle and V is the total volume in confi- 
guration space. Integration over f can then be used to eliminate the 6-functions 
This enforces energy conservation, 1.e. 


+q? 2 
A =F + ho(q) re (2.18) 


so that the angles between p and q are given by 


ng mhw(q) 
cos (pq), = + 2p + he ee ee (2.19) 


Thus after integration over B, and making use of (2.13)-(2.19), equation (2.12) 


becomes 
of(P)\ _ Ve mid , 
(“ar ), =~ warm 5 |G PeeBn 


x {Lf(P) —f(p + 4) exp (hw(q)/RT)] 


+[f(p) exp (2a(q)/RkT)) —f(P—4)]}- . +06. (2.20) 


The vectors q appearing in (2.20) have polar angles given by (2.19). 
Now making use of (1.5) with (2.18) and (2.19), 


f(P + 4)=f(p) exp (F heo(g)/kTy)exp (+ PyQ\RT) vee (2.21) 
or (cf. (1.6)) developing up to terms of first order in py, introducing (1.7)-(1.9), 
fe+a)=ip)( Ha) aPC a hea(q)ikT) 

220) 


Clearly (2.20) vanishes if T= 7, and p, =0, i.e. in the absence of an external field. 
It will be noticed that cos Gey is the only quantity depending on %, and that 


i COS (Poq), db = | {cos # cos (pq), + sin @ sin (pq), cos} di 


=2n(+ fe EO cose, Ree OA 
Thus from (2.20), using (2.22), (2.23) and (1.7)-(1.9), 
d 
Zz (3). = §o(P) + Po cos 6g,(P), veeeee (2.24) 


where 


gol) = 75 fol) | 949 BQ) 


{{r-an( 0). [orf 00) 1) 


poeeee (22D) 
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and Vf, 3 
si(p)= Oaht i | qdq B(q)n, 


{Laer ae), * Lo Gat) -e Fin) | 
: a _ mhe(q) - ho(q) _ hw(q) 
(oF p° P( kT, kT 


g mhw(q) hw 
=F & a5 s He exp Gasle Eee (2.26) 


The integration limits are partly determined by the fact that |cos(qp),,. | as given 
by (2.19) must be smaller than unity. This involves, in general, different upper 
and lower limits q., and q,, for the two cases denoted by + or—. 

It now follows from (2.14) that 


| 2. ), dp= Fl pep seen (2.27) 

one | es (#). dp = ic PACS) Lipman, aw Leen (2.28) 
Hence, introducing (2.27), (2.28), (2.9) and (2.11) in to (2.5) and (2.4) leads to 

eFN = | Re(e\dipd , l ewek tore. (2.29) 

and eF Np, =34 | Pee D\ apa heres, (2.30) 


The first of these equations shows that fy is proportional to F, as is to be expected. 
The second equation can then be used to calculate the electronic temperature T 
in terms of Forpy. It will be noticed that g) vanishes if T= 7), but g, does not 
vanish in this limit. It must be pointed out here that (2.29) is of the first order 
in py but, using this result, the left-hand side of (2.30) is of the second order. 
Now in the derivation of (0f/dt);, terms which are of second order in py have been 
neglected. ‘These terms would make an additional contribution to the right-hand 
side of (2.30). While the term with g, represents the rate of transfer of electronic 
energy to the lattice due to the temperature difference 7—7), the missing 
terms represent the transfer due to the displacement of electronic distribution 
in momentum space. ‘To neglect these terms would be wrong for some models 
in the case of intermediate fields where T— 7, is not large, but is significant. 
For fields near breakdown, however, T'— 7, is so large that it is correct to neglect 
Po? terms on the right-hand side of (2.30). For details of the proof the reader 
is referred to two papers by Paranjape (1953, 1954). 

In order to calculate the electronic temperature, py can be eliminated from 
(2.29) and (2.30) leading to 


FN? =} | pgo(p)d% | pe(p)d®. vane (2.31) 

This equation expresses that the electronic temperature T must be such that the 
rate of transfer of energy from the field to the electrons must be equal to the rate 
of transfer from the electrons to the lattice vibrations. From (2.25) and (2.26) 
it can be seen that the right-hand side of (2.31) vanishes for T= 7, (because then 
% vanishes) and for T—-oo (because then gy and g, vanish). ‘Thus this quantity 
has a maximum for a certain T= 7, which defines the maximum value F’, of the 
field for which (2.31) has a solution. For larger fields, therefore, a stationary 
state becomes impossible. 
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§ 3. SPECIAL CASES 
Further development of (2.29) and (2.30) requires a knowledge of the functions 
B(q). It will be necessary to separate the cases of polar and of non-polar crystals. 
Non-polar crystals. Were for simple lattices hw(q)=qs, and as for metals 
(cf. Bloch 1928) 2 2 C%qs 
(q)= 3 iietuve a er 
where C is a constant energy of the order 1 ev, Mis the ionic mass, s is the velocity 
of sound andx; the number of ions per unit volume. The largest value which q 
can take 1s 
Ges Gre) Vt ee ee (oi0) 
The integration limits for g are obtained from (2.19) as indicated after (2.26). 
Since in all practical cases hw(q) = qs <p?/2m, 


Gai=9, Gan=Min(Z2P,gy) twee (3:3) 
meaning that the upper limit is the smaller of the two quantities 2p or qo. 
High and low lattice temperatures 7 will now be introduced and denoted 
by cases a and 6 respectively. ‘These are temperatures 7) satisfying (© is the 
Debye temperature) 


RL gs=kO (3:44) or RTs =ROs O40) 
Hence Noah Ligs: (30a) or A, exp(=gs/k1,). (G00) 


Near breakdown it will be found that the electronic temperature 7 is so high that 
kT is of the order lev. It is possible, therefore, to neglect T)/7 against unity 
even in the high temperature case. Carrying through these approximations 
in a systematic way one finds from (2.25) and (2.26) with (3.1) and (3.3), 


a C2m ae {fer if 2p>4qo 
sg ee DONE ge ge OR ae 3.4.a,b 
£0(P) 124M kT 16p3/qy? if 2p <4% pi 
5 (Ge Blasi i Dee 
mith ae, LUN ee US ae Sine ty ee nod 
£i(P) 12 iMs? go T \16p?/q.2 if 2p<aq oe 


and Ne aC ee if 2p>qQ 2 

S\P)— 15 AMs kT | 3208/q,° if 2p<d 
These formulae show that the rate of energy and momentum transfer to the 
lattice has a maximum for electrons with momentum q/2, 1.e. with an energy 
go-/ 8m which is of the order 1 ev. 

The calculation of the integrals in (2.31) is now straightforward. It is found 
that the right-hand side of (2.31), 1.e. also F?, has a maximum for a temperature 
T=T, for which 2:5kT,~q)"/2m in the high temperature case (a), and for which 
about 0-9kT',=q,?/8m in the low temperature case (b). These values of T= 7, 
lead to the highest possible fields /, for which a stationary state is possible. 
It is found that (using kO = qs) 


4n C2m (ms?*\12 (T.\12 
eH = 0-4 = Ms (3) (3) if Ty) > So picmore, 6 (3.6 a) 

and 47 Ce OV Ee 
eF 02> ran 5) if Ps cOn" Meee (3.6 b) 


The factors 0-4 and 0-2 respectively were obtained by numerical evaluation of the 
integrals. 
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Tonic crystals. As usual (cf. Frohlich 1954) interaction with the optical 
branch of the lattice vibrations only will be considered. Then w(qg)=o is 


independent of g, and re 
ere roy | 
Bq) = (= ) rr, (3.7) 


Ex. € 


where « and e«, are the static and the high frequency dielectric constants 
respectively. From (2.19) the integration limits for g in (2.25) and (2.26) are 


found to be Q.1=p—(p? + 2mhw)"? 
SPP Pp emn@ ye “a, (3.8) 


provided the square root is real. If.it is imaginary (the case with p?<2mhw) 
both limits must be equal, i.e. there is no contribution to the integrals. This 
is obvious because an electron with energy less than fw cannot emit a quantum. 
The upper limit must not exceed gj; this is insignificant in the present case 
because it will be found that at breakdown kT is not much larger than hw, 1.e. it is 
much smaller than g?/8m, in contrast to the case of non-polar substances. 

The integrals (2.25) and (2.26) with the use of (3.7) and (3.8) now lead to 


hw hw 
Lol (p)= ee eF yn fol?) aa ) E exp & 7) | 
hw hw 
+ (p?—2mhw) | exp (ar) —exp (=) |} Ch ib B Are (329) 
0 
and Ee hw hw hw 
ee ee 


sy ha / mhw hw 
+¢4(p —2mhw) | exp (a) = 6 = “) exp (| 


‘ (p? + 2mhw)* a ( hos oT) (p?—2miw)'? a (rr) 


> Pe Nee eT p kT 
oer (3.10) 
= CBE rot ARNE) 
Here Pr pen madd at oe (3.11) 


(p?+2mhw)?—p 


and (p2—2mhw)' has to be replaced by zero if p?<2mhw. F is an electric 
field defined by 


eFy= ( -) Br (3.12) 
h Ey € 
and Bie Wesay Hi) eg) cme fete yo Ee") al acer (3:13) 


Calculation of the integrals in (2.31) is straightforward now, though it requires 
some numerical work. The value kT, of RT at which the right-hand side of 
(2.31) has its maximum, is found to be larger than 4w though of the same order. 
Thus if kT) =fw, then kT, 3hw; if Ty>0 then AT, =2-5hw. 

The breakdown strength can be expressed as 


eG ET iy (3.14) 


where the function G(x) ranges from G(0)=2/3 to G(«)=1. 
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Finally it should be mentioned that condition (1.6) is extremely well fulfilled 
in the case of non-polar crystals where at breakdown p,?/2mkT, is of the order 
10-8. For ionic crystals the value of this quantity is about 0-15 if RT) = hw and 
about 0-3 if 7,0. 

§ 4. Discussion 

The results obtained in this paper depend on the possibility of rapid inter- 
change of energy between conduction electrons through interelectronic collisions 
as discussed in §1. It has been shown there that this condition is likely to be 
fulfilled for electronic densities met at fields near breakdown strength, mainly 
because energy transfer to the lattice vibrations is a slow process because their 
collisions with electrons are nearly elastic. ‘The energy content of the electrons 
can then be described in terms of an electronic temperature 7 which increases 
with increasing field strength F. A critical field F,, exists, such that for F greater 
than F, the electrons can no longer transfer energy to the lattice at the same rate 
at which they receive it from the field, 1.e. equation (1.1) holds. It will be noticed 
using’ (137), (1.9); (2.11), (2:6), (2:29) and (2730), that “since 700) ep, Nal 
equation (2.31) is identical with A(F)=B as discussed in (1.1), if j(F)=cF is 
introduced, where o(7) is a conductivity which depends on the electronic 
temperature. ‘The right-hand side of (2.31) is therefore essentially equal to B/c. 
Its maximum value defines F, by (2.31), and for F>F, therefore A(F)>B. 
The increase in electronic energy with time, in this case, must lead to a breakdown 
but the theory does not describe the manner in which it takes place. The electronic 
temperature at which this occurs is such that the magnitude of electronic energy 
kT is of the order 4w=0-1ev for ionic crystals and q9?/8m<1 ev for non-polar 
crystals. 

The absolute magnitude of the breakdown} strength as is calculated in §3 
depends on the interaction between electrons and lattice vibrations only. It 
should be possible therefore, to express it in terms of the mobility which can be 
measured directly. Thus let (7) be the electronic drift mobility at temperature 
7, 1n weak fields. ‘Then in non-polar crystals 


Cee @ \3/2 
Ht) = at <ro(7) aPeae. (4.1) 
where (e.g. Seitz 1948) Oe Sens 
T — (277) hM(kOP? eT Lf i Oiaaiok ere: oiter= (4.2) 
Hence if a field F, is defined by (3.6 a, b) through 
F.=F,(7,/0)!2 if TyS0; Pak Ey alt Se) eer ae (4.3) 
then using (4.2), (3.2) and RO = qs, 
Pa ae aie k@ /2\12 1 Ans 
Cla) 4 B hM(kO)y2 == = (5) TBS =(0-4 nt (4.4) 
or hn i? 
F,=0-4 miilD). Yapi Moaaieen ees (4.5) 


t+ The present paper deals with pure crystals only, but the effect of impurities can be 


taken into account in a similar way, as has been done previously (for a summary cf. White- 
head 1951). ia 
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F, 1s obtained in v cm! if pu is expressed in cm? y-! sec-!._ If, for example, the 
density of ions is 10? per cm’, and if «(#)=100 then F105 v cm“, provided 
the effective mass is equal to the actual electronic mass. 

For ionic crystals the breakdown strength according to (3.14) and (3.11) is 
(w= (€/€..)""w,, «4/27 = frequency of residual rays) 


mew { 1 1 hw 
es ee yee ; =o 
fideo | Es he (= ) ify < i 
a as (a 
eF 0:8 <= GS = :) iwsex Ok. . Pan (4.6) 


The result is similar to that obtained by Callen (1949) but about 40°% lower. 
To show the reason for this difference it should be remembered that the collision 
probability between electrons and the lattice vibrations is a function of electronic 
energy & with a maximum for a certain electronic energy. Hence an electric 
field F(Z) can be defined, such that the average rate of energy transfer from the 
field to electrons with energy E is equal to the rate of energy transfer from these 
electrons to the lattice vibrations. Like the above mentioned collision probability, 
this F(£) has a maximum at an energy E, and Callen assumes F,= F(E,). In the 
present treatment, owing to the required interchange of energy between electrons, 
it is the energy balance of all electrons that matters, and not that of electrons with 
a given energy. 

Expression (4.6) can also be written in terms of the mobility using (4.1) with 
(cf. Frohlich 1954, eqn. (7.18)) 


1 e2 (2m\l2/1 1\_ " 
(T>) ft a) (— - -) Wag) it Rig hor (4.7) 


One then finds with (4.6) 


F205 (2) RTD eT Shes (4.8) 

0 \ Im) pl Toya To) aes oe | 
Redfield (1953) found experimentally ~=250+50cm? v1sect at 7T)=82°K 
on NaCl. Using hw/k=340° and putting the effective mass m equal to the 
electronic mass, one has F.~}x10%vcm™!. This compares favourably with 
0-8 x 106®v cm which according to R. Cooper (personal communication) 1s 
the most likely experimental value. It must be emphasized in this connection 
that, as Cooper and co-workers have shown (e.g. Calderwood, Cooper and 
Wallace 1953), the electric strength is very sensitive not only to impurities but 
also to crystal imperfections, which can be removed by careful annealing. ‘This 
treatment reduces the electric strength which, theoretically, is understandable 
in terms of the scattering of electrons by imperfections. 

Equation (4.6) is theoretically not very reliable because it involves the use of the 
perturbation theory which, for alkali halides for example, can not be justified 
as discussed in detail by Frohlich (1954). Equations (4.3) and (4.5) for non-polar 
crystals, however, should be theoretically reliable because the interaction between 
electrons and lattice displacement is, in this case, much weaker than for ionic 
crystals. ‘Together with (4.3) it offers for the first time a possibility of calculating 
the breakdown strength in terms of measurable quantities (ionic density 7, 
mobility 1, Debye temperature © and effective mass 7m). 
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Abstract. ‘The hypothesis is made that in ultra-high-frequency breakdown 
where the drift movement imposed on an electron by the field is very restricted, 
the localization of the electron contributes to breakdown. An experimental 
system is described in which an auxiliary unidirectional or relatively low- 
frequency field is imposed at right angles to a microwave field to destroy the 
localization. When the auxiliary field is unidirectional, or of relatively low 
frequency (0-86 Mc)s) its application raises the breakdown stress, but when the 
frequency is raised to 9-7 Mc/s the two fields appear to act quite independently 
in producing breakdown. A partial explanation is advanced. The gases 
studied include air, oxygen, nitrogen, hydrogen and neon. 


§ 1. INTRODUCTION 


LTRA-HIGH-FREQUENCY breakdown is conveniently defined by the 

condition that even at breakdown stress an electron in the test gap has an 

amplitude of movement shorter than the gap length, i.e. electrons can 
survive in the gap without being captured by the electrodes. It is evident that 
electron multiplication can proceed by collision ionization in such circumstances 
without any need for a secondary process. Whether or not a given gap will 
break down under a given stress will depend on whether or not an indefinitely 
continued growth of electron population can occur. ‘This may be limited by 
recombination, diffusion or attachment, but attachment need only be considered 
in electronegative gases and any general theory of breakdown must be based 
on the balance between collision ionization on the one hand and recombination 
or diffusion loss on the other. 

In the most highly developed theory of ultra-high-frequency breakdown 
the general picture is that there exists a particular equilibrium stress E, at which 
generation of new electrons by collision ionization just balances the removal of 
electrons out of the test gap by diffusion (Herlin and Brown 1948, Brown and 
McDonald 1949). If the applied stress F just exceeds F, the gap will eventually 
break down. The greater the value of E—E, the less will be the time taken for 
the establishment of any given electron population in the gap, 1.e. the shorter 
will be the formative time lag between the application of the stress and the break- 
down of the gap. If the stress is applied for a limited time ¢ shorter than that 
taken by an electron in diffusing out of the gap, the breakdown stress will increase 
progressively as ¢ decreases. 

This situation was observed (Labrum 1947) in the breakdown of neon by 
pulscs at microwave frequencies: the results agreed with the hypothesis that 
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electrons were not removed during a short pulse. Oscillographic records of the 
breakdown of neon by individual pulses at microwave frequencies (Prowse and 
Jasinski 1952) are in quantitative agreement with Labrum’s hypothesis. The 
breakdown stress of neon in sustained ultra-high-frequency fields, measured by 
Gill and von Engel (1949) was always less than that measured in pulsed fields, 
for the same gas pressure. 

Observations on polyatomic gases, however, have shown an entirely different 
pattern. In measurements on air, pulses at microwave frequencies gave the 
same values of breakdown stress as sustained oscillations in the hundred- 
megacycle region (Cooper 1947, Pim 1949). But air is an attaching gas and the 
results might be affected by this. Oscillograms of microwave breakdown in 
hydrogen and nitrogen have been recorded in sufficient number to make possible 
a statistical analysis which showed a normal statistical lag but a formative lag 
shorter than the resolving time of the apparatus (5 x 10-8 sec). The time intervals 
employed were in the range 0 to 2:5 microseconds, i.e. over this time interval 
the breakdown stress was independent of pulse duration (Prowse and Jasinski 
Whey 

It is thus implicit that at microwave frequencies the processes determining 
whether or not breakdown can take place in polyatomic gases are operative in 
times short compared with one microsecond. Moreover the oscillograms 
showed that the breakdown is exceedingly abrupt. It appears that at a certain 
stress there is a sudden transition to complete instability, not preceded by the 
gradual accumulation of a large electron population. 

A distinctive feature of pre-breakdown conditions in ultra-high-frequency 
fields is the localization of the group of electrons whose multiplication eventually 
constitutes breakdown, for example in nitrogen at 760mm Hg, at a frequency of 
2800 Mc/s the amplitude of oscillation of an electron for a field just capable of 
producing breakdown is 1:6 10-%cm. Diffusion contributes a comparable 
movement and a concentrated group of electrons would spread into a nebulous 
spherical cloud of radius 0-06cm during a one-microsecond pulse (Prowse and 
Jasinski 1951). Even at breakdown stress each electron makes many more 
exciting than ionizing collisions, particularly in polyatomic gases, so that the 
group of electrons moves not in a pure gas but in a gas containing excited mole- 
cules. Independent evidence exists that the presence of excited molecules 
facilitates breakdown (J. J. Thomson 1928). 

An electron in a microwave field, apart from producing ionization, delivers 
energy to the gas and if this process contributes to breakdown an explanation of 
the onset of instability is evident—as more electrons are produced by collision 
1onization, so the rate of supply of energy to the gas in the neighbourhood is also 
increased, with a corresponding increase in the rate of collision ionization. The 
reversion of excited states is one of the few processes rapid enough to fit in with 
a formative time less than 10-7 second. 

These suggestions are not intended to do more than indicate a possible 
physical ground to the specific hypothesis that the localization of the initial 
electrons may facilitate breakdown at ultra-high frequencies. 

Applying a unidirectional electric field at right angles to the microwave 
field would cause the electrons to drift through the gas and on the view stated 
this would increase the microwave stress required to produce breakdown. This 
paper is concerned with an attempt to test this possibility (Prowse and Lane 1953). 
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§ 2. EXPERIMENTAL 


The microwave field which is regarded as the main field was produced in a 
cylindrical resonator operating at 10000 Mc/s in the H,,, mode, in which the 
electric component takes the form of a closed ring (the E ring), the magnitude 
of the field falling off towards the boundaries of the resonator and towards the 
centre. In this mode the current flow in the resonator walls is entirely circum- 
ferential SO that it is possible to insulate the flat ends from the curved cylin- 
drical surface without materially impeding the oscillations (figure 1). 
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Figure 1. The resonator and tapered section of waveguide, showing the coupling holes 
the method of applying auxiliary fields and the form of the microwave field. 


The auxiliary field can be generated by applying suitable direct or oscillatory 
fields to the ends of the resonator: the cylinder itself can be regarded as a third 
electrode contributing to the uniformity of the field pattern. The relation 
between the field at any point and the applied potentials was determined by 
means of electrolytic tank tests on a model of the resonator. 

A pulse-operated magnetron was employed to give one-microsecond pulses 
of oscillation frequency 10000 Mc/s usually at a repetition rate of about 400 per 
second. In order to control the input of energy to the resonator a section of 
waveguide was equipped with a pair of tuning stubs and obstacles (figure 2). 
The combination produced standing waves of adjustable amplitude in the section 
of guide between the stubs. Coupling to the resonator was effected by means 
of two holes in the waveguide wall and end-plate of the resonator, a method 
giving preferential excitation of the desired mode (Bleaney, Loubser and Penrose 
1947). In this mode the magnetic field at the end-plate of the resonator is 
radial and this was readily examined using a magnetic pick-up loop. 

Apart from mode purity and from amplitude control, a chief requirement 
of the feed system was the production of a strong field in the resonator. This 
was limited chiefly by the total energy input and by the damping produced by 
the introduction of the glass vessel used as a gas container. ‘To reduce this 
damping it was desirable to have a resonator neither too narrow nor too flat, 
and to achieve optimum energy transfer it was desirable that the half-wavelength 
in the guide 3A, should be equal to the diameter of the E ring in the resonator. 
\,, could be increased by reducing the longer guide dimension, and this in turn 
would increase the longitudinal component of the magnetic. field, which was 
the actual component feeding the resonator. 
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Calculations of sets of resonator and waveguide dimensions were made and 
a design was chosen giving a resonator of diameter 4:72cm fed from a rectan- 
gular waveguide of longer dimension 1:90cm. The feeding section of wave- 
guide was made in the form of two tapered channels, fitting together so that the 
join lay in the zero-current plane (Labrum 1947). This design gave access to 
the coupling holes, which had to be adjusted for critical coupling by step-by- 
step enlargement. 

The main constructional features of the resonator are shown in figure 1, from 
which it will be seen that the base (attached to the waveguide), the cylindrical 
wall and the adjustable outer end-plate were insulated from one another so that 
auxiliary fields could be applied. The insulation also helped to suppress un- 
wanted modes, a process which was supplemented by an absorbing block behind 
the end-plate. Two further holes were made in the base plate, one for the inlet 
tube to the gas vessel, the other for the pick-up loop which was used in conjunction 
with a rectifier, amplifier and oscilloscope for the microwave measurements 


(figure 2). 
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Figure 2. Block diagram of the electrical system, including the means adopted for 
producing standing waves in the section of guide feeding the resonator. 


‘The gas chamber and associated equipment could be pumped out hard by 
means of an oil diffusion pump and cold trap, but baking out was not possible 
because of the location of the gas vessel inside the resonator. Mercury vapour 
was completely excluded from the system and all pressure measurements were 
made by means of reflecting differential gauges. 

The arrangements for display and measurement are shown in figure 2, An 
output corresponding to the envelope of the magnetic field in the resonator was 
obtained from the crystal rectifier and was amplified for application to the 
oscilloscope. Provision was made in the pulse-forming circuits for generating 
a pulse to trigger the time base. Relative amplitude measurements were made 
by applying backing-off voltages to the work plates. 

After some experience with this apparatus it became evident that frequent 
standardization would be desirable. Provision was accordingly made for 
supplying electrolytically generated hydrogen to the gas vessel so that all values 
of breakdown stress could be referred to that of pure dry hydrogen at a standard 
pressure. 
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In order to reduce the long statistical lag associated with the wait for a casual 
electron to appear in the strong field region, radiation from an auxiliary spark 
was passed into the test chamber immediately before the onset of the pulse. 
Some details are shown in figure 3, where it will be seen that the spark gap was 
connected between two cylindrical liners in a long tube aligned with the gas 
inlet. Capacitative connection was made to these by means of a pair of sleeves 
surrounding the outside of the tube. A high-voltage pulse applied to the sleeves 
produced an impulsive spark in the gap. The distance between the spark and 
the test chamber could be adjusted with a magnet. At the test chamber end 
of the tube an opaque plug with a narrow hole restricted the radiation from the 
auxiliary spark to a narrow pencil aligned with a segment of the E ring, so as to 
provide some photoelectrons in the gas in the strong field region. 


Resonator 
Outer Sleeves /Tky Pulse Wave Guide il 
——— Irradiater Spark Gas Vessel 


Figure 3. The irradiator system. 


The efficacy of this method of irradiation had been established in earlier 
experiments (Prowse and Jasinski 1951) both for microwave breakdown and for 
unidirectional pulses. It has the advantage of providing electrons in the 
body of the gas and it has been shown that the breakdown streamers charac- 
teristic of microwave breakdown at moderate pressures develop from the track 
of the irradiating beam. It weuld seem at first sight that this form of irradi- 
ation simply provides a few casual electrons conveniently placed to avoid 
electrode effects, but in fact when the irradiating spark is within a few centi- 
metres of the test vessel a slight lowering of breakdown potential occurs. ‘This 
has been the subject of a separate study (Prowse and Lane 1956), but in the 
present experiments the distance has been kept fixed at 19cm, at which distance 
the breakdown stresses agree closely with those observed using a radio-thorium 
source to provide the casual electrons. Without irradiation the statistical lags 
were so long as to make observations impracticable, except perhaps in hydrogen. 


§ 3. OBSERVATIONS USING A UNIDIRECTIONAL AUXILIARY FIELD 


A sustained unidirectional field would tend to produce a sheath of ions on 
the inner surfaces of the end walls of the gas vessel, so that the magnitude of 
the field applied to the gas in the region of the microwave E ring would be 
uncertain, particularly after the first discharge. In order to reduce this effect a 
separate auxiliary unidirectional pulse was produced for application to the end 
plates of the resonator, and the pulse-forming circuit for the magnetron was 
modified so that the beginning of the auxiliary pulse initiated the magnetron pulse. 
A potential divider network was used to control the fraction of the auxiliary 
pulse applied to the resonator end-plates. 


Sleytr 


In general the application of the auxiliary field caused an increase in the 
microwave onset stress for breakdown. Above a certain value of auxiliary field 
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the character of the breakdown showed a change. When breakdown was 
produced by the microwave field alone, it was shown on the oscilloscope as a 
sudden collapse of the pulse envelope and every subsequent pulse in a train 
showed the same collapse. But in the presence of a sufficiently strong auxiliary 
field a second type of breakdown occurred in which only an occasional group of 
pulses in a train showed collapse, giving a flickering effect on the screen. The 
two types, referred to for convenience as A (absolute) and F (flicker), appeared 
at sharply defined amplitudes as separately shown on the graphs for hydrogen 
(figure 4). In breakdown of the A type the discharge continued when the 
irradiating spark was switched off, but in F type breakdown it did not. 
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Figure 4. Typical graphs showing breakdown stresses for crossed fields of various 
frequencies. The microwave stress is plotted vertically in kv cm~! (peak). Broken 
lines correspond to F (flicker) type breakdown. 


3.2. Hydrogen 


The hydrogen used in most of the experiments was obtained from the electro- 
lysis of barium hydroxide solution: it was stored over phosphorus pentoxide 
before use. Although repeated tests were made, no difference was found in 
breakdown stress between this electrolytic hydrogen and commercial cylinder 
hydrogen. It is thought that gas purity is of less importance in pulse work 
than in work with sustained fields because of the relatively small number of 
collisions made by a given particle during a pulse. The results are shown in 
figure 4 where it will be observed that an increase of microwave breakdown stress 
generally occurs when the auxiliary field is applied. At the lower pressures 
the sharp dip for the highest auxiliary stresses may simply indicate an approach 
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to the region at which the auxiliary pulses alone would produce breakdown. 
‘Two types of breakdown were again observed. 


3.3. Other Gases 

Generally similar experiments were made using oxygen and neon. In both 
these gases an increase in the microwave breakdown stress was observed when 
the auxiliary field was applied. With neon it was possible at some pressures 
to trace the complete curve to the point at which the auxiliary field alone would 
initiate breakdown. The two types of breakdown were manifested in oxygen, 
but in neon only the A type was observed. 

Although the results of the experiments described tend to support the hypo- 
thesis they were designed to test, more than one interpretation could be offered. 
Starting from the assumption that a critical minimum number of electrons must 
be produced before breakdown becomes apparent, the inhibiting effect of the 
auxiliary field might be explained in two ways. First, direct clean-up to the 
walls could remove electrons and ions from the strong field region in the early 
stages, producing screening layers of charge on the walls of the vessel. (This 
is not really likely so far as microwave fields are concerned: detuning of the 
resonator would occur with an observable fall in amplitude, contrary to obser- 
vation). Second, a uniform electron population drifting through a localized 
strong field region will not show the same increase by collision as a non-drifting 
population. 

Calculations based on considerations given later (§6) showed that over the 
greater part of the experimental range, in all of the gases used, an electron would 
drift a distance comparable with the length of the gas vessel under the action 
of the auxiliary field for one microsecond. ‘The oscillation amplitude produced 
by the microwave field would not exceed a fraction of a millimetre. 

In all of the measurements sufficient time was allowed between observations 
for the vessel to become clear of products of previous discharges: this was 
checked by frequent refilling with fresh gas. It may be noted that breakdown 
stresses could be observed either by means of step-by-step increases in field 
strength, with the irradiating spark on, or by starting with the irradiator off 
at a field strength above breakdown value and seeing whether applying the 
irradiator started a discharge, thereafter bringing the field streagth down in 
steps with suitable pauses between adjustments. ‘The two methods gave 
identical values, but the first was quicker and was generally used. 


§ 4. OSCILLATORY AUXILIARY FIELD 


Let the microwave field be represented by )#,sinw,f and the auxiliary 
field by ,£,sinw,t, where ,£, and y£, are complex. ‘Then the instantaneous 
value of the field is (,F,? sin? w,t+ )£,2sin?wot)!”. But w,>w, and the random 
velocity of the electron will not follow instantaneous values of the microwave 
field (Compton 1923). In the experiments to be described the frequency of 
the auxiliary field did not exceed 10 Mc/s, which is quite slow enough for the 
random velocity to follow the pattern of the oscillations, so that over any short 
interval of time the effective value of the field is [)£,?2 sin? wf + (gL? sin? @4f)ay]"” 
where ‘av’ indicates the mean value over a microwave cycle. ‘Thus the value 
of the field deciding the random velocity is (£,2+ £,?sin? wst)'”, wherek, 
refers to the r.m.s. value of the microwave field. 
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‘To apply an oscillatory auxiliary field, a simple power oscillator was loosely 
coupled to a resonant circuit, in which the end plates of the resonator were placed 
in parallel with the tuning condenser. A twin diode voltmeter was used to measure 
the voltage developed across the end plates of the resonator (Gill and von Engel 
1949) and the actual field was calculated with the aid of information given by 
the electrolytic tank experiments. Frequencies of 0-86Mc/s, 2:66 Mc/s and 
9-7 Mc/s were employed. 

It was not feasible to apply fields of this type as pulses coinciding with the 
magnetron pulse: at the lowest frequency the pulse duration was less than that 
of one complete cycle. The pulse repetition frequency was fixed by a relaxation 
oscillator and so would not remain constant enough for each pulse to select the 
same part cf the wave form of the auxiliary field: the various pulses could be 
considered to provide all possible combinations of the auxiliary field and the 
microwave field. Since these fields were at right angles in space the combined 
field would always be greater than the microwave field acting alone, except for 
the instants when the auxiliary field passed through its zero value. ‘These 
instants are of importance: momentarily only the microwave field is acting, 
the formative time for microwave breakdown is very short in polyatomic gases, 
so there is always a possibility of breakdown at that value of the microwave field 
which acting alone would produce breakdown. ‘This would mask any increase 
in microwave breakdown stress caused only by the drift of electrons in the 
auxiliary field. 

In the figures showing the results of the crossed-field experiments the micro- 
wave stress is plotted vertically and the auxiliary stress horizontally. ‘Thus if 
breakdown were determined by the combined fields only, the points for a given 
pressure would lie on an elliptical arc joining the points on the axes, i.e. those 
for which breakdown is produced by the microwave field alone in one case, and 
by the auxiliary field alone in the other. It may be noted that the maximum 
value of the combined fields for any point on the graph is given by the length 
of the line joining that point to the origin. 


4.1. Auxiliary Field Frequency 0-86 Mc/s (Hydrogen and Neon) 


In hydrogen the application of the auxiliary field produced an increase in the 
microwave breakdown stress (figure 4 (b)) the increase continuing over the range 
of auxiliary voltage available except at pressures below some 20mm Hg, where 
the graphs tended to turn over as they approached the region where the auxiliary 
field alone would produce breakdown. ‘The discharge produced by the auxiliary 
field was weak in character and did not noticeably damp the microwave oscil- 
lations in the resonator. When the microwave amplitude was raised in the 
presence of this discharge a sudden bright glow appeared with collapse of the 
oscilloscope trace. On the graph the corresponding microwave stress ap- 
peared to lie on the continuation of the ordinary breakdown curve. This effect 
was observed at all frequencies. In the presence of the auxiliary field both the 
A and F types of breakdown were observed in hydrogen, but only the A type in 
neon, 

In neon the application of the auxiliary field at the lower pressures produced 
a marked increase in the microwave breakdown stress to begin with, followed 
by a flat portion and a turn over as the auxiliary field breakdown was approached. 
The initial rise was missing at the higher pressures. If this absence were 
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associated with the shorter electron ambits at the higher pressures, the use of 
a higher frequency auxiliary field might be expected to result in an extension of 
the simpler form of curve to lower pressures. Calculation of the electron 
ambits, by a method described below, showed that in the region of the initial 
rise these ambits were small compared with the length of the gas vessel. 


4.2. Auxiliary Field Frequency 2:66 Mc/s (Hydrogen, Neon, Nitrogen, Oxygen 
.and Air) 

With all of these gases (figure 5) the same general feature was very noticeable, 
namely that the microwave breakdown stress was independent of the magnitude 
of the auxiliary field except at the lower pressures. Also in hydrogen, nitrogen 
and oxygen it was observed that at the lower pressures, where the microwave 
breakdown stress showed a slight increase with increasing auxiliary field, the 
two types of discharge again appeared. 
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Figure 5. Typical graphs showing breakdown stresses for crossed fields. Auxiliary 
field frequency 2°66 Mc/s. Microwave stress plotted vertically in kv cm (peak). 
Open circles are used for pressures below that for minimum breakdown stress. 
Dotted lines correspond to F type breakdown, vertical broken lines to breakdown 
by the auxiliary field alone. 


In neon at all pressures it was possible to produce breakdown by the auxiliary 
field alone. ‘The microwave field appeared to, act independently of the auxiliary 
field right up to this boundary for pressures above that corresponding to minimum 
microwave breakdown stress (figures 5 and 6). Compared with the auxiliary 
field breakdown stress, the microwave breakdown stress in neon was relatively 
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high. ‘This was not unexpected as the ultra-high-frequency breakdown stress 
in neon is known to increase with decreasing pulse length. 


4.3. Auxiliary Field Frequency 9:7 Mc/s (Hydrogen, Neon and Air) 
At a frequency of 9-7 Mc/s, in all three gases examined, the microwave 
breakdown stress was independent of the auxiliary stress within experimental 


error (figures 4(c), (d)). 


§ 5. MicROWAVE BREAKDOWN STRESSES—No AUXILIARY FIELD 


Figure 6 shows microwave breakdown stress as a function of pressure, for 
zero auxiliary field, for several gases. Even when the microwave field alone is 
considered it cannot safely be assumed that there exists a true breakdown stress 
independent of electrode configuration (Herlin and Brown 1948), but for this 
very reason it is desirable to record tentative values for comparison with other 
data as they accumulate. For this purpose the breakdown stresses were all 
determined in terms of the breakdown stress of hydrogen at 50mm pressure, 
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Figure 6. Microwave breakdown stresses (peak values) for various gases, no auxiliary 


field acting. The later measurements were made after the lapse of several months. 


given by earlier work as 790 vcm~! (Prowse and Jasinski 1952)... Uhe pressure 
range of the present experiments only extends into the lower portion of the 
range of the earlier experiments. ‘Taking the single value of breakdown stress 
in hydrogen to establish the scale, the new curve for hydrogen formed a linear 
continuation of the curve of the earlier experiments, but the new curves for 
other gases did not quite join the old; that is, fitting the old and the new hydrogen 
curves together for one point also fitted them for slope: hydrogen gave a 
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unique scale factor. This was not true of air, where a given scale factor caused 
the old and the new curves to intersect at a finite angle. Naturally the numerical 
results for microwave breakdown stresses determined in this way are to be 
accepted with more reserve than the relative values, with which this paper is 
chiefly concerned. 

The measurements on the polyatomic gases were repeated after several 
months and the new values agreed with the old within the precision of observation. 


As in the earlier experiments, oxygen does not seem to conform to so simple a 
pattern as the other gases. 


§ 6. DiscussION 


When the microwave field £,, alone, is under consideration, i.e. when there is 
no auxiliary field, approximate values for the quantities needed to describe the 
electron movement can be calculated from the data given by Townsend (1947), 
assuming that the random velocity is that appropriate to the r.m.s. value of the 
applied field (Margenau 1946, 1948). Collision frequencies have been calculated 
from this velocity and the values of the electronic mean free path. Amplitudes of 
drift movement have been calculated on the assumption that where W, (cm sec!) 
is the peak value of drift velocity, W,/(F,) may be treated as a true mobility 
(Gill and von Engel 1949). 


peak 


Table 1. Electron Movement in Hydrogen and Nitrogen at Breakdown Stress 
under Microwave Field F, alone 


(1) (2) (3) (4) (5) (6) (7) (8) (9) (10) 
S102 SOS O24 <10" 
H, 90 13-4 4-6 9-3 1-6 2:3 ley (Heil 5 3:3 
N, 90) 16-8 6:8 11-4 2:4 3-0 1-9 0-28 2-7 
H, 30 1S27) 917 18 2-4 Ts 2:0 0-09 1:2 
N, 30 93-3 20 19 3-0 9-0 2:0 0:16 0-9 


(1) Gas; (2) p, gas pressure (mm Hg); (3) (E1/P) peak (4) D, coefficient of diffusion 
(cm? sec—!); (5) r, distance moved as a result of diffusion in one half-cycle (cm); (6) q, 
amplitude of drift movement of the electron (em) (= W,/zv where v is applied frequency) ; 
(7) A, mean free path of electron (cm); (8) w,, energy of random movement of the electron 
(ev); (9) we, energy expended per electron per half-cycle (ev) (=47q(Fy)peak); (10) me, 
electronic collision frequency (sec 1). 


It will be seen that the electron makes only a few collisions in each half-cycle, 
that the average amplitude of drift movement is less than the mean free path or 
than the movement by diffusion, and that several cycles are required to bring 
the average random velocity to its terminal value. Because of scattering, the 
chance that an electron wil] collide with a molecule which it has itself previously 
excited is small, assuming that the collision cross section of the excited molecule 
is of the same order as that of the neutral molecule. 

The values of E,/p corresponding to the minima in the curves of figure 6 
have been used, in conjunction with Townsend’s data, to calculate the electron 
collision frequencies for these minima, giving the following values: hydrogen 
5-6 x 10! sect, nitrogen 2-7 x 10!°sec“!, oxygen 4-1 x 10" sec=, air 3°5 x 102° sec“, 
neon 4:1 x 10!°sec-!. These may be compared with the angular frequency of the 
applied field, namely 6-3 x 10!sec!. It is recalled that there are theoretical 
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erounds for expecting maximum ionizing efficiency when the applied angular 
frequency is equal to the electron collision frequency (Townsend and Gill 1938, 
Margenau 1946). 

When the auxiliary field #, is applied it causes electrons to drift to and fro 
parallel to the axis of the resonator. ‘The amplitude of this movement 1n the 
absence of the microwave ficld is readily calculable from published data on 
electron drift velocities, assuming that the random velocity V and drift velocity 
W take values corresponding to the instantaneous values of E,/p in the cycle. 
When £, is applied as well as F, it is to be expected that the random velocity of 
the electron will be determined by the combined field, viz. (E,? + £3? sin? w.t)"”. 
This will somewhat reduce the drift velocity because, in the present experimental 
range, the drift velocity is inversely proportional to the random velocity (Townsend 
1947). Let W’ be the corrected value of the drift velocity. 

Complete graphical integration of the (W’, t) curve over a half cycle was tried 
and was compared with the result obtained by taking the value of W’ corresponding 
to (E2/P)peax and assuming a sinusoidal variation of drift velocity during the cycle. 
The difference was small enough for the latter method to be considered satisfactory. 

It has already been suggested that when an auxiliary field is superposed on 
the microwave field, breakdown may be initiated when the auxiliary field is 
momentarily zero. This agrees with the observed condition that over most of 
the experimental range the microwave field is independent of the magnitude of 
the auxiliary field. But if the amplitude of axial movement of the electrons is 
greater than half the inside length of the gas vessel, those electrons which are in the 
strongest part of the microwave E ring when the auxiliary field is zero will strike 
the glass wall in the next half cycle and may be trapped there. This condition 
should correspond with the beginning of an increase of microwave breakdown 
stress with increasing auxiliary field. ‘The observations in hydrogen at 0-86 Mc/s 
are not satisfactory for testing this possibility because the electron ambit exceeds 
half the capsule length over most of the experimental range, and at 9-7 Mc/s the 
ambit is always less than this critical length; it is seen however, that at 0-86 Mc/s 
the microwave breakdown stress increases with the auxiliary stress whereas at 
9-7 Mc/s the microwave breakdown stress is entirely independent of the auxiliary 
stress. 

The beginning of a rise of microwave breakdown stress with increasing 
auxiliary stress occurs as given in table 2. 

The beginning of the rise is in no case sharply defined; for neon it occurs 
below the lowest value of the auxiliary field, viz. 33 voltcm—!. 

For the polyatomic gases the calculated electron ambit is sufficiently nearly 
equal to the halt-length of the gas vessel, in agreement with the suggestion that 
breakdown can be initiated when #, is momentarily near zero provided that the 
electrons in the strongest part of the microwave field are not trapped by the walls 
in the next half -cycle. 

In neon the formative time of breakdown is too great for such a mechanism 
to apply and the data of table 2 indicate that a rise of breakdown stress occurs for 
quite a small movement of the electrons at right angles to the microwave field. 
At 9:7 Mc/s the drift movement of the electrons is inappreciable, even for the 
strongest auxiliary field. At 2 pressure of 207 mm Hg the maximum value of Ey 
used was 180 vcm"!, giving a drift amplitude less than 3-4 x 10-2em (using an 
uncorrected value of W) and a diffusion movement in 1 jxsec of 1-7 x 10-1cm, so 
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Table 2. Values of Auxiliary Stress BE,’ at which rise of Microwave Breakdown 
Stress begins. Inside length of gas vessel 2:2 cm 


Gas Freq. 1D p Calc. elec. 
(Mc/s) (v cm~—) (mm Hg) ambit (cm) 
es 2-66 < 500 9-5 SS 
2-66 < 600 14°5 1-9 
N, 2-66 430 5-0 0-62 
2-66 190 Leds 0-68 
2-66 240 14°5 0-71 
2-66 380 21-0 0-85 
or 2-66 160 4.5 0-74 
2-66 150 5-8 0-80 
2-66 500 13-0 0-92 
Air 2-66 E55 5-0 1-07 
2-66 200 10-0 0-88 
2-66 300 15-0 0-90 
2-66 500 DAES 1-16 
Ne 0-86 33 50 0-19 
0-86 33 98 Onl 
0-86 33 145 O-11 
0-86 33 190 0-08 


that the movement caused by the field £, is much less than that caused by diffusion. 
This explains the absence of a rise of microwave breakdown stress, but it does 
not explain the apparent independence of action of E, and £, in producing 
breakdown. 

The appearance of two separate forms of breakdown (A and F) in polyatomic 
gases occurs when the auxiliary field is great enough to produce a rise in micro- 
wave breakdown stress, and is probably caused by clean-up of ionization to the 
walls of the vessel between pulses. ‘Thus the F type breakdown stops when the 
irradiating spark is stopped. It seems likely that at a somewhat higher value 
of the microwave field the space-charge fields at the walls of the vessel become 
strong enough to prevent further trapping, giving a transition to A type break- 
down, which does not stop when the irradiating spark is switched off. 

According to the views expressed, when the auxiliary field is applied (in 
polyatomic gases) breakdown is only likely to be initiated when the auxiliary 
field is instantaneously near zero, 1.e. the effective duration of the pulse is much 
less than its actual duration. ‘This was examined as follows. With zero 
auxiliary field, the microwave field was adjusted to the least value giving break- 
down, next the microwave field was increased by a measured amount and the 
average time lag between switching on and breakdown was recorded. ‘This was 
repeated until a curve could be plotted relating time lag and overvoltage. An 
auxiliary field of 900 vcm™! at 2-66 Mc/s was next applied and the process was 
repeated. It was found that at a given percentage overvoltage the time lag was 
much greater when the auxiliary field was applied, implying that the effective 
duration of the pulse had been reduced by the action of the auxiliary field. 
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Abstract. ‘The production of ring cracks in silicate glass, by the impact of steel 
balls and by the application of a static load to spherical indenters, has been 
studied for a large range of indenter curvature. It has been found that in impact 
tests a greater height of fall is required to produce ring cracks than predicted by 
a critical stress criterion of fracture. In static experiments, two different 
relations between the force required to produce fracture and indenter size have 
been found. Below a radius of curvature of approximately 3-5 cm the force is 
proportional to the radius and above this value to the square of the radius. 
Impact tests have also been carried out on a specimen of an organic glass-like 
material, with results similar to those of the impact experiments on silicate glass. 


§$ 1. INTRODUCTION 


HE formation of ring cracks on glass by the static pressure of a spherical 

indenter and by impact has been studied on many occasions and the 

results used in several cases to measure or define the strength and hardness 
of glass (Auerbach 1891, Raman 1926, Andrews 1930, Longchambon 1934, 
Bailey 1937). ‘This paper reports further experimental work on the production 
of Hertzian ring cracks but the range of indenter radius covered was larger than 
in previous work and certain new results have been obtained. Experiments in 
which a hydraulically applied load has been slowly increased to the point of 
fracture (static measurements) and experiments involving the impact of freely 
falling steel balls have been perforrmed on a single sample of silicate glass. 
Impact tests have also been carried out on a brittle organic glass (glycerol sextol 
phthalate). 

If it is assumed that glass cracks when the tensile strength is exceeded at 
some point, the Hertz stress distribution for spherical indenters predicts the 
formation of circular cracks at the rim of the area of contact. ‘The normal 
stress to produce such a tension may be calculated (see ‘Timoshenko 1934 for a 
summary of the Hertz equations). However, it has been known for a long time 
from static measurements that with indenters of small radius of curvature, the 
tensile strength calculated from the observations in this manner is very much 
greater than the value obtained from measurements involving uniform tension 
(Auerbach 1891, Powell and Preston 1945). Griffith (1920) first put forward the 
idea of the existence of submicroscopic flaws in glass and it has been suggested 
by several authors that the various values obtained for the strength of glass, when 
measured under different conditions, may be due to the flaw distribution. 
Fisher and Holloman (1947) and Gibbs and Cutler (1951) have considered the 
value of the strength of glass on the basis of flaw statistics. 
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During work to investigate the use of impinging steel balls to measure the | i 
dynamic tensile strength of glass, it was found by the author that the height of 
fall to produce a ring crack varied systematically with the radius of the ball. | 
It would at first sight appear normal that glass should break more readily under | 
the impact of a large body but in this case, where the glass plate is rigid and 
bending cannot take place, the Hertz stress distribution predicts that the height 


should be independent of the ball radius. The actual relation that was obtained ||} 


has been shown by Roesler (1956) to be equivalent to two other empirical laws | 
governing the production of ring cracks found by Longchambon and Auerbach. 

The growth of fracture was considered by Griffith to depend on the relative 
value of the strain energy density in the material and the energy required to | 
form new surfaces. For spherical indenters, Roesler has shown that the ||} 
empirical laws seem to agree with this basic law, and they are apparently due to | 
the amount of strain energy available for the particular relation between force 
and area of contact in the Hertz stress field. 

The results of the experiments described below indicate the limit of applica- 
bility of this energy criterion of fracture. ‘They also show in what circum- 
stances fracture by spherical indenters may be used to compare the strength 
and hardness of glasses. 


§ 2. EXPERIMENTAL 


‘The experiments on silicate glass were carried out using specimens cut from ij) 
a sheet of 1 in. thick plate glass manufactured by Pilkington Bros. Ltd. With 
the largest indenter in the static experiments, the initial results indicated that the 
specimen was not sufficiently thick. A specimen made up of two 1 in. thick 
pieces of glass, cemented together with ‘ Araldite’ was therefore used instead. 
‘The surface of the glass was not specially treated but the specimens were handled 
as little as possible. ‘The quoted strength of this glass at 1%, risk was 1050 


to 1500 Ib for a sustained load and 2500 to 3000 lb for a momentary load. 


2.1. Impact Measurements 

The height of fall to produce ring cracks was measured for different sized 
ball bearings which ranged from 3/64 to 3/4 in. in radius. The ball was released 
from an electromagnet mounted above the specimen and the height of fall 
measured to the nearest millimetre. ‘The mean value of the height to produce 
a ring crack was obtained and 5 to 10 determinations made for each ball size. 

Subsequently, a very thin layer of grease was rubbed on to the ball and the 
size of the cracks that were produced when it fell from the critical height and 
above was measured by means of a travelling microscope. If the cracks were 
viewed by light reflected off the surface at an angle, the contact area was easily 
observed as a dark circle of grease and its diameter measured. 


2.2. Static Measurements 

The force between the indenter and glass specimen was increased slowly 
using a hydraulic press, until a ring crack was produced and the value of the 
force at which fracture took place was measured for indenters ranging from 4 in. 
to 5 in. in radius of curvature. ‘The apparatus is shown in figure 1. The fores 
was determined from the reading of the pressure gauge, which measured the oil 
pressure on the piston. In order to cover the large range of load in these experi- 
ments different pressure gauges were used. Between 1 in. and 1-in. radius the 
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indenters were steel balls but above this the indenters consisted of short cylinders 
of silver steel, 1 in. in diameter, having hardened, polished, spherical caps of 
known radii of curvature. 


-| Reservoir 


Figure 1. The hydraulic press used for applying a force between the spherical indenter 
and glass specimen. 


The face of the glass in contact with the indenter was viewed through one 
side face and, when a pressure was applied, the area of contact was visible as a 
black disc. ‘The force was increased until a ring crack was seen to start and 
run round the area of contact. ‘The larger the indenter, the more violent was 
the initial cracking. Near the critical load, the force was applied at a constant 
rate of 7 lb sect after an initial load, which depended on the indenter size, had 
been applied more rapidly. Measurements were made at half and double this 
rate of loading with no significant change in the mean value of the force required 
to cause cracking. 

Because of the scatter in the results, especially with the indenters of large 
radius, each experiment was repeated at least twenty times. ‘The diameters of 
the cracks were measured using a travelling microscope. 


2.3. Measurements on Glycerol Sextol Phthalate 


Glycerol sextol phthalate is an organic glass (a mixed glycerol-cyclohexanol 
ester of phthalic acid) which softens at about 50°c and at 20°c has a viscosity 
of 10!! poises and a Young’s modulus of 2 x 10!° dyn cm’. Static measure- 
ments were not possible with this material because plastic flow rather than 
fracture took place as the pressure was increased. ‘I'he specimen was cast in the 
form of a thick plate, 6 in. square and 2 in. thick. Dynamic measurements were 
possible for balls ranging from 3/32 in. to 1/2 in. in radius but outside this range 
ring cracks were no longer formed. 


2.4. Measurements on a Scratched Surface 

In order to examine the effect of surface scratches, the static measurements 
were repeated on silicate glass the surface of which was covered with a network 
of fine diamond scratches approximately 3mm apart. ‘The indenters were 
placed so that the circumference of the area of contact when fracture took place 
was within } mm of ascratch. The force was increased until the flaw which 
developed along the diamond crack started to run in a circle around the contact 
area. In most cases an incomplete ring crack was formed. 
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§ 3. RESULTS 


If a ring crack is produced when the tensile strength is exceeded at the 
circumference of the area of contact, the relations that would be expected from 
the Hertz equations, between the radius of curvature 7 of the indenter, the static 
force P required to produce a ring crack, the height of fall h to produce a ring 
crack and the diameter of the area of contact d are 


Impact loading / independent of Fos ses (1) 
air =constant eee (2 

Static loading P/7* =constant” =| |) a) ee (3) 
@3/Pr. =constant_.——""_\ 5 J) =) See ee (4) 


The results of the impact experiments are shown in figure 2, which is a 
logarithmic plot of the height of fall to produce fracture against the radius of 
the ball. The best line through the experimental points for silicate glass has a 
slope of — 1-65, suggesting a relationship of the form 


hr = constant ~ |, =) y0 eee (5) 


within the range covered. ‘The area of contact was equal to the value, corre- 
sponding to the critical height, calculated from the Hertz equations but there 
was a variation in the size of the cracks produced in similar circumstances. 
Sometimes the crack started on the edge of the area of contact; occasionally its 
diameter was 13 times that of the area of contact, but in the great majority of 
cases the crack diameter was 12°, greater than the contact diameter. The 
variation in size is probably due to the flaw distribution but the reason for the 
crack displacement is not understood. If the relation between / and r in (5) 
is combined with (2), and allowance is made for the fact that the crack diameter 
D has been found to be proportional to the contact diameter d, the resulting 
expression is D/r?/?=constant. In fact, the slope of a logarithmic plot of the 
crack diameter against radius of the ball was found to be 0-62. 

The results of the impact experiments on glycerol sextol phthlate are also 
shown in figure 2. With this material the best line through the experimental 
points has a slope of —1-90 but the relation between crack diameter and ball 
size was the same as for silicate glass. 

Figure 3 shows the results of the static experiments on silicate glass and the 
two different relations between the force to produce fracture and indenter radius 
which have been obtained. For small indenters, the force P to cause fracture is 
proportional to the radius of curvature of the indenter, as found by Auerbach, 
and as predicted by a critical energy criterion of fracture. However, for 
indenters larger than 3-5 cm in radius of curvature, the relation is more nearly 
P/r?=constant as required by the critical stress criterion of fracture. The two 
lines which have been drawn through the experimental points have the theoretical 
slopes of 1 for small radii, and 2 for large radii of curvature. 

In the static fracture, too, the cracks form slightly outside the area of contact 
and the crack diameter is approximately 16°, greater than the diameter of the 
contact circle, as calculated from the equations of Hertz. Since the crack 
diameter is proportional to the contact diameter, if P/r? is constant D should 
De nec proportional toy, and if Py is constant D should be proportional to 
7°. ‘The crack sizes obtained from the static experiments are shown in figure 4. 
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The lines through the experimental points have been drawn with a slope of 3 


for the small and 1 for the large indenters. 
of the cracks produced by balls less than } 


It was possible to measure the size 
in, in radius although the force to 


produce such cracks was too small to be measured with the apparatus described. 
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Figure 3. The effect of indenter curvature 
on the force required to produce a 
ring crack. 


I Root mean square deviation 


0 0-5 1-0 


log Indenter Radius (cm) 


° 
tS 
E 
— 
» 
<= 
ao 
‘os 
== 
Do 
eo 1-0 ]- 
Silicate 
Glass 
\ 
Organic ~ 
ost Glass AS 
\ 
\ 
WN 
ot t =i 
-10 =0:5 0 0S 
log Ball Radius (cm) 
Figure 2. The effect of ball size on the 
height of fall required to produce a 
ring crack, 
o= 
et 
Ee 
& 
ie 
2 tn 
2 
i=) 
x 
vo 
pe 
= “15 
eet! 
Lat 
-20 “15 “10 
Figure 4. 


The variation of the crack diameter with the radius of curvature of the indenter. 
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The suddenness of the appearance of the cracks and the size of the cones 
produced increased with the radius of curvature of the indenter. For example, 
with a 1 in. radius indenter only a faint ring was formed, whereas with one of 
3 in. radius a cone rapidly extended to a depth of approximately 1 mm into the 
glass and the crack tended to become a spiral. For small indenters, the crack, 
which could be seen to start at one point just outside the contact area, ran round 
in a circle relatively slowly in comparison with crack velocities of 1500 m sec? 
reported by Schardin and Struth (1938). ‘Times of the order of 3 second for 
the crack to run into a complete ring were not uncommon, especially if the 
pressure was increased near the critical value rather more slowly than in the 
normal experiment. For a ball of 1 in. diameter, this corresponds to a crack 
velocity of the order of 10>? m sec~!. If the growth of fracture depended only 
on the chance occurrence of flaws, it would be expected that for small indenters, 
which have a much smaller area of contact, the scatter of results would be greater. 
‘That this is not so is shown in the magnitude of the root mean square deviation 
plotted in figures 3 and 4. 

From the static results, (P/R)critica; for silicate glass has a value 62:3 kg cm. 
‘The constant g,,R!!3, where q,, is the critical normal pressure at the centre of the 
circle of contact, was termed the ‘ hardness’ of the glass by Auerbach. (q,, is 
actually equal to 6P/7d? and it may be shown that g,,R!!° is proportional to 
(P/R)'*.) ‘The hardness constant has a value 15500 kg cm~*? from the static 
measurements and 19900 kg cm~°? from the impact measurements. ‘The value 
from the impact experiments on glycerol sextol phthalate is 2000 kg cm~*. 
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Figure 5. The variation of the critical tensile stress with the radius of curvature of the 
indenter. 


In figure 5 is shown the variation of the critical tensile stress with indenter 
radius. ‘This stress has been calculated, using the Hertz equations, from the 
value of the applied force when the glass breaks and is in fact equal to q,,(1—2v)/3 
where vy is Poisson’s ratio. As can be seen also in figure 3, the experimental 
points for the largest indenters do not fall exactly on the lines which indicate a 
constant critical stress for large radii of curvature. 

When the surface was scratched with a diamond, there was again a difference 
in the results for small and large indenters. For indenters of radius 1 in. and 
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less, the force to produce fracture was the same as for unscratched specimens but 
for larger indenters the force required was less. This reduction increased with 
indenter size and was, for example, 30°, with a 4in. radius indenter. The 
results, in fact, fell between the values required by the critical stress and critical 
energy criteria of fracture. 

§ 4. Discussion 

The results of both the static and dynamic experiments support the theory 
of the energy criterion of rupture for indenters of small radius of curvature. In the 
static measurements, the transition from the critical energy to critical stress 
criterion is shown in figure 3. For small indenters, the strain energy is insuffi- 
cient to allow fracture even when the applied force is great enough to produce the 
critical tension at the rim of the area of contact. For indenters with a radius 
of curvature above 3-5cm, however, the energy condition is satisfied before the 
critical stress value is reached. The value of the radius of curvature at which 
the change from the critical energy to the critical stress criterion takes place is a 
little lower than that deduced by Roesler from Auerbach’s results. However, it 
should be noted that the stronger the glass used, the lower will be the size at which 
the transition takes place and it is possible that the glass obtainable today is 
considerably stronger than that used by Auerbach. 

The fact that the impact tensile strength is one-third greater than the static 
value for the same size indenter is probably due to the difference in the time of 
application of the stress. ‘There is a time factor of 15 between the slowest and 
fastest impact experiments or static experiments but the mean static and impact 
loading times differ from one another by a factor of the order of 10%. In fact 
it is perhaps surprising that the apparent dynamic tensile strength is not greater 
since, for example, in the experiments of Baker and Preston (1946) a time 
factor of 10° produced a strength factor of 2-4. In the present impact experi- 
ments, if a ring crack is to form during the time that an § in. diameter ball is in 
contact with the specimen, the crack must run in the circle with a velocity of 
140 msec. It is to be expected that a larger stress would be needed to produce 
a crack so rapidly. 

The results of the experiments on glycerol sextol phthalate show that this 
material behaves in a manner similar to glass. ‘Theory and experiment do not 
agree quite as closely as in the case of silicate glass but this may be due to the 
greater time and temperature sensitivity of glycerol sextol phthalate. Neverthe- 
less, for small indenters, the organic glass definitely does not fracture at a critical 
stress independent of indenter size. his is significant in that it indicates 
that results obtained with silicate glass for the variation of strength with indenter 
size are not due solely to the flaw distribution in that material, as has been 
previously suggested. 

Thus it may be seen that if indenters are used of such size that the force to 
produce a ring crack is proportional to the radius of curvature, then the production 
of this type of fracture provides a convenient method of obtaining results to 
compare the hardness of glasses. 
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Indentation Hardness of Glass as an Energy Scaling Law 
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Abstract. A number of independently found empirical laws for the occurrence 
of Hertzian ring cracks are all equivalent and can be put in the form of an energy 
scaling law. It is suggested that this is the true explanation of the observed size 
effects, which would then lie in the dynamical similarity relations of geometrically 
similar stress fields and fracture surfaces. 


§ 1. AUERBACH’s LAw 


NDER the pressure of a spherical indenter, applied either quasi-statically 

or by impact, glass breaks first by a ring crack encircling the area of con- 

tact, mostly at some small distance from its boundary. The fractures 
caused by indenters of varying radius are geometrically similar. Very extensive 
experimental work has been done, by many investigators from Hertz (1882) to 
‘Tolansky and Howes (1954), on the generation of such cracks, and it has long 
been recognized that the condition for cracking is not that of a constant critical 
stress. There is a size effect, in the sense that the smaller the indenter is, the 
higher is the critical stress. Some empirical relations between the indenter 
radius and quantities which measure the critical stress, directly or indirectly, are 
listed below. P is the total force acting between indenter and specimen, 7 is 
the indenter radius, D is the diameter of the crack, gm is the critical normal 
pressure at the centre of the circle of contact, H is a constant (Auerbach hardness), 
A is the area enclosed by the crack, i.e. A = D?7/4, W is the kinetic energy of the 
indenter (steel ball) in an impact experiment, / is the height of free fall of the 
indenter (steel ball) in an impact experiment. The type of experiment and the 
author are given for each relation. 


CE = constant ees (1) 
(Auerbach 1891, quasi-static ; 
Tillett 1956, quasi-static). 
Wega = constant-$ 0 ee UB OS a (2) 
(Auerbach 1891, quasi-static). 
Dijis= constants | lM pe Pm Oe Se (3) 
(Auerbach 1891, quasi-static ; 
Andrews 1930, impact ; Tillett 1956, 
both quasi-static and impact). 
CA) er Comstanit Pr a east (4) 
(Longchambon 1934, impact). 
CIS CATES Se | pe A Sa een eee re (5) 


(Tillett 1956, impact). 
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Relation (2) is a reformulation of (1), with the stress qm given by 
Hertz’s theory from P, r and the elastic constants. Relation (3) would follow 
from (1) by Hertz’s theory, if the crack were located at the boundary of the 
contact area, or if its distance from this boundary were assumed proportional 
to the diameter of the contact area. Since this geometrical similarity might not 
exist, and since there is some scatter in the crack location, the validity of (3) 
for the average values does add information. The relations (1), (4) and (5) 
have not been brought together before the present paper, and therefore it has 
gone unnoticed that they are all equivalent, in the sense that they describe the 
same scale effect. 

Hertz’s theory of the stress field under a spherical indenter is summarized, 
for instance, by Timoshenko (1934) and from this source one has, with some 
changes in notation : 


a= yPUsflig Se (6) 
y2PPByA8 (7) 

|| = Dy, = Bing IP 
Om = B ; Im = y) ; an ek ivi (8) 
vic |e ( Ky aig) ee 0 1 ay) Geet Ee (9) 
|) =e 1l-v ‘ \ 
Ky= E Ko = és een Va eee ES (10) 


Here a is the radius of the circle of contact, x is the indentation depth (distance 
of mutual approach from contact to the state considered) and oy is the maximum 
value of the tensile stress in the specimen, which occurs at the boundary of the 
circle of contact. P, 7 and qm have the same meaning as before, E is Young’s 
modulus and v is Poisson’s ratio. ‘The indices 1 and 2 refer to indenter and 
specimen respectively. y and « are abbreviations defined by (9) and (10). It 
is not obvious that equations (6) to (10), derived initially for a system of static, 
time-independent stresses and strains, are applicable to the stress field which 
exists momentarily during the impact. However, Hertz has made it plausible 
in his ‘theory of impact’ (cf. Love 1944) that the stress field does obey the static 
equations approximately, provided the impact lasts long in comparison with 
the time in which elastic waves travel across the highly stressed regions near the 
contact area. This condition is fulfilled in the experiments under discussion. 

The total strain energy of specimen and indenter is, by definition, 


Ui is PGR, gull re (11) 


‘To evaluate this, P is expressed as a function of x by means of (7). The result 
of the integration can be written as a function of P by using (7) again, and then 
becomes 


Ue Sy Pee te. sod0ad (12) 


This result shows the equivalence of Longchambon’s relation (4) with Auerbach’s 
relation (1), provided U differs little from W and A is proportional to a2z. The 
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first condition is satisfied since the ball is observed to rebound to very nearly its 
initial height ; the second condition is satisfied since (3), in addition to (1) and (4), 
is valid empirically. 

The kinetic energy of the ball is related to the height of fall by 


W =4npghr? 3, 


with p the density and g the acceleration of gravity. Using (14), W=U, (12) 
and (6) it may be shown that T'illett’s relation (5) is equivalent to (4) and thus 
also to (1). One may conclude that all the independently found empirical laws 
come to the same thing, and one may perhaps refer to them all as to Auerbach’s 
law, after the first discoverer. 

In the work done by all the different investigators, the validity of Auerbach’s 
law has been established for about 15 different kinds of silicate glass. This 
number would include the samples used by some authors who have checked on 
Auerbach’s work and found results compatible with (1), though their figures 
do not follow (1) quite accurately (see the reviews of Haward 1949 and Stanworth 
1950). The range of indenter radii covered in the work prior to Tillett’s was 
from }mm to 15mm; Tillett has extended this up to r= 12-5 cm and confirmed 
the existence of an upper limit in r to the validity of Auerbach’s law, which is 
suggested by an argument given below but was not discovered in the earlier 
experiments. 


§ 2. INSUFFICIENCY OF THE EXPLANATION BASED ON FLAW STATISTICS 


The size effect concerning the indentation hardness of glass would seem to be 
connected with the brittleness of this material. Metals follow the criterion of 
a critical stress independent of the indenter radius, both in quasi-static and in 
impact tests, although the yield stress measured by impact 1s higher (Davies 1949). 

The explanation suggested in the literature for the size effect occurring with 
glass is based on the idea of flaws. Glass is not homogeneous with regard to its 
mechanical strength, and fractures start at some weak spot in the material. Often 
this is pictured as a sub-microscopic crack present in the glass before the load is 
applied (Griffith 1920), but not much is known about the nature of the flaws, 
though the evidence for their existence (in some form) is strong. Incidentally, 
the scatter in the crack location which occurs in the indentation experiments 
must be attributed to the varying distribution of inhomogeneities or flaws 
(Gibbs and Cutler 1951). As regards the explanation of the size effect itself, 
on the basis of flaw statistics, it runs like this. If flaws are comparatively rare, 
then the smaller the part of the surface which is loaded, the smaller is the chance 
of this part containing a particularly weak spot. ‘Therefore, in testing the surface 
with small probes the average strength might be found larger than in experiments 
with wide-spread load. One should, however, also expect that for small probes 
the variation in the observed strength will be large, with the scatter increasing 
with decreasing probe dimensions. ‘This effect has not been found in any of the 
experiments quoted. As far as qualitative statements go, all observers agree that 
the critical load (or height of fall or whichever is the observed quantity) is as 
definite for the smallest as for the larger indenters. Quantitative data for the 
scatter have been obtained by Tillett and they show no increase with decreasing 


indenter radius. 


tm 
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A second reason for doubting the explanation of Auerbach’s size effect by 
flaw statistics is that it does not readily lead to the special power laws which are 
true empirically. These would have to be set down to a peculiar, special flaw 
distribution, and it seems improbable that this should have existed accidentally 
in all the samples of different types of glass which have been tested. 


§ 3. THE ENERGY CRITERION OF RUPTURE 


In the same paper in which he put forward the idea of flaws, Griffith (1920) 
also suggested a dynamical principle, according to which the growth of a brittle 
fracture is determined by the balance between the supply and the demand for 
energy. Energy is supplied if strain is released by the fracture, and if external 
forces do work upon the body during fracture; energy is demanded for the forma- 
tion of new surface. The principle of this balance, which is logically quite 
independent of the flaw hypothesis, can by itself explain size effects, when 
combined with the scaling laws of geometrically similar stress fields. 

The strain energy U of the Hertzian stress field as given by (12) may be 
re-written, so that U is expressed in terms of aandop. ‘The result is 


ae ; Laan \\ 2 £ 
[pa ? Si 3 
U= 5 (7@) | PN Detle ite fox (15) 


U is of the form U=ea%oy,?, with « independent of a and om, as one might expect. 
Since the cracks caused by indenters of varying 7 are geometrically similar, 
the change of the strain energy during fracture will be a certain constant fraction 
of U, say 7U with 7 a small factor independent of «, aand om. If specimen and 
indenter are rigidly supported while the fracture occurs, so that no work is done 
upon the system, then the change in strain energy is a decrease and the amount 
7U becomes available. It is simplest to consider this ideal experiment involving 
rigid supports. (Other assumptions could be chosen, for instance, that a constant 
force acts between indenter and specimen, but eventually the fracture criterion 
would come to the same condition.) In the energetically isolated system 7U must 
just balance the surface energy of the crack. Since the cracks are geometrically 
similar, the crack surface is a constant multiple of a?z, the contact area, say it is 


Ga’. ‘The surface energy of the crack is then V=0a?7T, with T the surface 
tension (a constant). The fracture condition is 

Oe ee eee (16) 
or EO Ie 7 

Tinie Fe kleh hee ennn (17) 
or me D\ a2 

on= (- ) 2 ees 2 ty (18) 
nea 


The right-hand side of (17) is a product of constants; comparing with (13) 
and (4) one recognizes (17) as a form of Auerbach’s law. The condition (18) 
in terms of the stress resembles that derived by Griffith for the growth of a straight 
crack of length 2a, although the constant in (18) is different from that in Griffith’s 
formula and the length is not that of the crack but the characteristic length 
associated with the inhomogeneous stress field. Equation (17) is essentially 
the form of Auerbach’s law found by Longchambon, so that this is probably the 
form which most nearly expresses the physical meaning. 
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‘The above argument is speculative and at best gives only the form of Auerbach’s 
law, but not the value of the constant in it. The determination of this constant 
would depend on a theoretical evaluation of the factor 7. Also, to make the 
argument rigorous, it would have to be shown that the integral balance condition 
(16) adequately represents the differential energy balance, throughout the growth 
of the fracture. Regarding this last point, there is some favourable evidence in 
the observed propagation speed of the ring crack. In the quasi-static experi- 
ments this is sometimes so low that the crack can be followed by eye, and so far as 
has been established it is low compared with the velocity of elastic waves whenever 
Auerbach’s law holds. This shows that the system is not far from mechanical 
equilibrium. 


§4. Limits To AUERBACH’s Law 


Even if the energy balance combined with similarity relations is the true 
cause of Auerbach’s law, there are also other factors which control the deformation 
and fracture process. It might therefore be expected that Auerbach’s law has 
only a finite range of validity. 

Those forms of the law which are bound up with Hertz’s theory of the stress 
field cannot be valid for indenters so small that a becomes comparable with ,, 
since Hertz’s equations, which are based on small deformations, then cease to 
apply. For steel indenters with r=1cm used on glass, the crack diameter is 
approximately 1mm. From this fact and equation (3) one finds that the minimum 
indenter size down to which Hertz’s theory can reasonably be applied is 7 of the 
order of 0-l1mm. ‘The minimum size of Hertzian fractures found by Tolansky 
and Halperin (1954) on diamond was of the order of 504 =0-05 mm. 

Similarity relations like those of the preceding section would exist for many 
types of inhomogeneous stress fields, independently of whether the deformations 
are small or not. ‘This suggests, tentatively to ignore the limitations given by 
the condition ry >a and to extrapolate (18), which does not involve r, to very small 
dimensions. Adjusting the constant in (18) to the critical stresses found with 
large indenters (where Hertz’s theory applies; see below for some numerical 
data), and taking a=1,p, one finds predicted critical stresses of the order 
100 000kgcm-?, i.e. the strength of the molecular bonds. Apparently under 
tools fine enough to produce such extremely small dents, the fracture might 
cease to be brittle, since the stresses demanded by the energy balance condition 
of a brittle crack would suffice to destroy the cohesion of the material. It is 
perhaps possible that this speculation gives the explanation of the phenomenon 
of superhardness and micro-plasticity, discovered by Smekal and co-workers 
(Smekal and Klemm 1951, Smekal 1953, where earlier references are given). 

An upper limit in r to the validity of Auerbach‘s law must exist because the 
tensile strength of glass has a finite value, o* say, when determined in experiments 
involving large specimens and homogeneous stress fields. Auerbach’s law in 
the form (2) predicts a decrease of the apparent tensile strength for increasing r ; 
this decrease must ultimately conflict with the existence of o*. Since the value 
of c* is governed by the flaws in the material, these determine the upper limit 
of the range. (The more the material is weakened by flaws, the wider the range 
of r within which the supply of energy is the controlling condition for the fracture.) 
For a numerical estimate one may use some of Auerbach’s results. He used 
glass indenters made of the same material as the specimen. For one of his 
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glasses(‘ Glas I1’) he found (P/7).:itica = 49 kg em! and he took = 675 100kgcm-* 
and v=(-225. (This last figure is perhaps a little low, but the error, if any, 
does not matter for the results below.) Using these figures and (6) one finds 
for r=1cm a value a=0-47 mm at the critical load and by (8) the hardness 
constant is H=10500kgcm~*3. From (8) and (2) the critical tensile stress is 


then 
Om=1930744 eee ee, Bees (19) 


with r incm and om inkgcem-?. Auerbach quotes o* = 880 kg cm? as the tensile 
strength of ‘Glas II’ as determined by engineering procedure. Equating this 
figure with om in (19) and solving for r one findsr=10-5cm. For 7 greater than 
10-5 cm it cannot be the energy condition which controls the onset of fracture, but 
the condition of a constant minimum stress o* required to start a crack from a flaw. 
For r greater than 10-5 ¢m, the critical load and the crack diameter will therefore 
follow the laws Por? and Dor. With regard to the energy, the system must 
now be unstable when fracture occurs, and the crack will develop catastrophically, 
running very fast once it gets started. ‘The expected changes in the laws for 
P and D and the increase in the crack speed have all been confirmed by Tillett; 
with her glass, and with steel indenters, the upper limit of the range of Auerbach’s 
law appears to lie a little lower than r=10 cm. 
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Abstract. By means of the electro-optical Kerr effect, distortion by space charge 
of the uniform potential gradient between electrodes in purified chlorbenzene 
has been observed. Evidence is presented suggesting that the conduction 
process occurs in filaments. The modified distribution of field strength is in 
qualitative agreement with a previous theory. 


$ 1. INTRODUCTION 


THEORY of electrical breakdown in liquid dielectrics (Goodwin and 
A Macfadyen 1953) suggests that field distortion is produced in a liquid at 

high field strengths as a result of electron emission from the cathode and 
the movement of ions between the electrodes. One important prediction of this 
theory is that the cathode field strength becomes enhanced in comparison with 
the anode field strength as the applied field strength is increased to that value 
required to produce breakdown. It is the purpose of this paper to describe 
investigations into such an increase in cathode field strength and to compare its 
magnitude with the predicted value. 

Space charge effects in liquids have been observed previously (Dantscher 
1931, Vafiadis 1939) using the Kerr electro-optical effect under conditions of 
continuously applied fields. In the experiments to be described space-charge 
effects, resulting from the application of rectangular voltage pulses, have been 
revealed using the Kerr effect. ‘The use of pulsed voltages has been shown 
previously to overcome experimental difficulties associated with liquids under 


high electric stress. 
§ 2. APPARATUS AND EXPERIMENTAL METHOD 


2.1. The Experimental Method 


The application of a strong electric field to an insulating liquid will make it 
doubly refracting. If now light, plane polarized in a direction at 45° to that of 
the electric field, passes through the liquid it will be elliptically polarized. ‘The 
phase difference A between the two components is given by Kerr’s law 

Sad 3! eau: oan On ie al Re 3, (1) 
where / is the distance the light travels through a field of strength £; B is known 
as Kerr’s constant. ‘Transmission can then occur through an analyser crossed 
with the polarizer under zero field strength conditions. Differences in trans- 
mission across the gap can be correlated with space charge phenomena 
(Dillon 1930). The phase difference A can be measured with a Rayleigh 
compensator (Rayleigh 1902), a strip of photo-elastic material under cantilever 

+ Now at the Radar Research Establishment, Great Malvern, Worcs. 
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strain placed before the analyser (figure 1). The phase difference in the 
compensator due to mechanical strain is proportional to the distance from the 
central axis and balances that produced in the liquid. ‘The extinction fringe, 
normally coincident with the neutral axis, moves accordingly. The fringe 
displacement at any point between the electrodes gives a measure of the field 
strength at that point (equation (1)). 

The experimental technique involves the establishment of a momentary 
electric field between the electrodes immersed in the liquid under observation. 
During this time the field distortion is observed by recording the fringe shape. 
The Kerr cell is illuminated with a flash tube, the period of illumination being 
short compared with the voltage pulse duration. 


2.2. Apparatus and Experimental Method 


A block diagram of the apparatus is given in figure 1. On closure of a 
mechanical switch a rectangular voltage pulse was produced by the artificial 


Per Coe. 6 |! Pulse Formi 
Switch = Saar rp yratron— Network | 
[Delay | 
(circuit 
[ s atk | ‘Aten? 
oi s 
| Photo- 
muti 
| Flash | {Concenser| | [Pear ale igh! =a 
ee Lens | (Slit | (llimator Polarizer | a | Icroscopd lepiagt Analyser comers 
= = Optical Bench eae 


Figure 1. Block diagram of apparatus. 


transmission line generator, with a voltage controllable up to 20 kv and a pulse 
duration controllable up to one millisecond, and applied to two plane parallel 
electrodes immersed in liquid. A delay which could be varied up to one milli- 
second was included in the flash tube circuit, so that the tube could be triggered 
at any time during the application of the voltage pulse. The flash duration 
was approximately 50 microseconds. Both the voltage pulse and the light 
flash could be monitored by means of a cathode-ray oscillograph. ‘The optical 
components were mounted on an optical bench fitted with transverse slides. 
Accurate collimation of the incident light was essential to ensure that each part 
of the light beam passed through a region of uniform field strength. It was 
essential that the electrode faces were parallel to the direction of the light beam. 
Failure to be so would result in a misrepresentation of any space charge pheno- 
mena. Plane parallel electrodes were used whose edges were shaped to the 
Rogowski profile (Rogowski 1923) to prevent non-uniform fields over the 
electrode length. Auto-collimation of light reflected from facets accurately 
machined at right angles to the electrode faces ensured that the electrode faces 
were parallel to the direction of incident light. 

The two highly polished electrodes were supported in a glass cell fitted with 
fused-on optical windows. ‘The electrode separation was controlled externally 
and measured with a microscope having a calibrated eyepiece. 
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The procedure for purification of the liquid adopted was similar to that used 
for conduction measurements (Goodwin and Macfadyen 1953). 

An image of the electrodes was produced coincidental with the Rayleigh 
compensator plate and illumination of the compensator by the flash tube 
recorded photographically on Ilford 5G91 film. In normal operation the 
separation between two adjacent extinction fringes was greater than the 
width of the compensator plate. Doubly refracting plates of known phase 
difference were used therefore to’ calibrate the compensator. These plates 
were calibrated then by using a photo-elastic resin as the compensator plate 
for which the separation of adjacent fringes was less than the plate width. This 
calibration was carried out in monochromatic light. 


§ 3. EXPERIMENTAL RESULTS 


3.1. Preliminary Measurements 


Measurements were made of the fringe displacement with applied field 
strength for a number of non-polar liquids. In all these measurements a fixed 
pulse duration of 0-7 millisecond was used. Phosphor bronze electrodes of 
lcm diameter were used with a separation of 0:015cm. The light beam was 
restricted to a depth of 0-1cm, so ensuring that the optical path length in the 
electric field (equation 1) was equal to the diameter of the electrodes. The 
fringe displacement was found to be proportional to the square of the applied 
field strength for all the liquids used up to their respective breakdown strengths. 
This exhibits the validity of Kerr's law (equation (1)). Values of Kerr’s 
constant (in e.s.u.) for these liquids are as follows: n-hexane, 5-4+40-1 x 10-°; 
Benzene, 1-90 +0-O5:< 10-"> xylene, 7-80-05 10-=; toliene, 7-9 40-05 x10. = 

No space charge effects were observed for applied field strengths approaching 
the breakdown strength of the liquid. ‘These measurements are therefore 
important in that Kerr’s law has been verified for them at field strengths up to 
1:0mvcm~! under conditions in which no space charge existed in the liquid. 

Previous calculations based on conduction and breakdown measurements 
(Goodwin and Macfadyen 1953) suggest that space charge phenomena should 
have been observed for field strengths of 1-2mvcm'}!. 

In the next section a possible explanation of this lack of field distortion is 
offered which is later supported experimentally. 


3.2. Filamentary Processes in Liquids 


When electrical breakdown occurs between the electrodes under the experi- 
mental conditions described above, their surfaces are marked by the are dis- 
charge which follows the initial breakdown process. Only one such ‘ pock’ mark 
is observed on each electrode for each application of a voltage pulse capable of 
producing breakdown. This was always found to be less than 0-05 cm diameter 
and usually occurred on a part of the electrode surface away from the light beam. 
Observations made by Washburn (1933) suggest that spark channel widths in 
liquids are approximately 0-02 cm diameter. It is therefore likely that the break- 
down process occurs within a filament of maximum diameter 0-05 cm which need 
not be near the electrode centre. 

Further evidence for a filamentary process is offered by a consideration of 
conduction in liquids. The variation of the conductivity of a liquid with electrode 
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spacing and applied field strength has been given previously (Goodwin and 
Macfadyen 1953). 
Simple theory of ionization by collision in a liquid gives 
i=1,exp (ol) eee (2) 


where « is the ionization coefficient of the charge carriers and 7, the density of 
electron current leaving the cathode. A logarithmic plot of current against 
electrode separation should be a family of straight lines for different field strengths. 
Their curvature has been attributed to recombination of carriers (Nikuradse 
1930). A more detailed calculation is given in terms of the known recombination 
coefficient. 

The general conduction equations are 


aN ao 

OE =av,N — ae —BNP | 

et ee : 
. | 

Sp sat + : pNP | 


where N, P, » and p are the concentrations and fluxes of negative and positive 
charge carriers respectively; 7, and wv, are their velocities and 6 the recom- 
bination coefficient. Although collision ionization processes probably involve 
electrons, it will be assumed that values of « and f are those involving negative 
ions (Goodwin and Macfadyen 1953). Under equilibrium conditions, assuming 
the boundary conditions 


i=, at =) a Cathoue) i 
p=0 at see) (anode) Ge eek an (4) 


the total current is given by 


Ip BI. Ip 
Aeav,v, =a (1 ae ana) +I. exp Ee es |i = (0) Ainoant es (5) 


where 4 is the cross-sectional area in which the current flows and « the permit- 
tivity. ‘This equation can be solved for different values of J and / to give values 
of A, «, and J, for different applied field strengths. For small values of a 
approximations can be made, equation (5) being finally solved by successive 
approximations. Measurements given previously (Goodwin and Macfadyen 
1953) have been analysed assuming mobilities and a recombination coefficient 
for negative and positive ions (Adamczewski 1937). The effective emitting area 
is found to be approximately 3 x 10-6cm? corresponding to a filament diameter 
of 0-002cm, for an electrode separation of 0-01cm. This diameter increases 
linearly with increasing electrode separation and decreases slightly with 
increasing field strength. 

Further evidence for a filamentary process is provided by an analysis of the 
field emission current density into a liquid from a cathode surface. The cathode 


current density 7, varies with a cathode field strength E, as given by the Fowler— 
Nordheim relationship 


1, = 0b exp(—b/E.)) a 00 eae (6) 
For n-hexane, a and 6 are respectively 10-8 and 10-2 of their theoretical values 
for a metal-vacuum interface. Even larger deviations occur for electron emission 
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into a compressed gas (Young 1950). Grey Morgan and Harcombe (1953) have 
suggested that these discrepancies can be overcome by assuming that emission 
occurs from an oxide film of work function 0-lev and from an emitting area 
of d0™cm?. A theory of Llewellyn Jones and Grey Morgan (1953) can also 
explain the discrepancies by assuming emission from a thin tarnish film across 
which an intense electric field is maintained by the presence of positive ions at 
the film—liquid interface. The effective emitting area is found to be 5 x 10-4 cm? 
assuming a cathode metal work function of 4-5 ev, a film of thickness 10-7cm 
and work function 0-11 ev, and a cathode field strength magnification of 10 due 
to surface irregularities. If the conduction process in a liquid is filamentary, 
the area of emission should correspond to the filament area at the cathode, 
Calculations based on a theory of spark channels in gases (Llewellyn Jones 1950) 
suggest that the effective cathode emitting area is 10-> cm?. 

There is therefore reasonable evidence to suggest that at field strengths near 
to the breakdown value, the conduction process will take place in one or more 
filaments whose diameters may be as large as 200 . It is now obvious why no 
field distortion was observed using electrodes of 1cm diameter. As shown in 
figure 2, if the effective filament diameter is /,, in which the space charge field is 


OF, 
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Figure 2. Filamentary conduction. 


E, and if, in a length /, equal to L—4,, the space-charge-free field is equal to the 
applied field strength Z,, then the phase difference A between the two components 
of the light resolved at right angles is given by 
Ae Bikar je . me Oe 8 ies (7) 

For the same phase difference to be observed with and without filamentary 
emission, E, must be very much greater than £, for the typical values of /, and /, 
quoted above. Breakdown would occur before any appreciable shift of the 
Rayleigh fringe was observed. 


3.3. Investigation of Filamentary Processes 


The most direct methods for observing the true space-charge field FE, is by 
the reduction of /, so that the phase difference A (equation (7)) is that due to bire- 
fringence in the filament. A search for field distortion was made therefore using 
electrodes whose diameters were comparable with the expected filament diameter. 
In order to compensate for the reduced path length (equation (1)) it was necessary 
to use a liquid having a larger Kerr coefficient than benzene so as to retain sufficient 
sensitivity. Measurements were made therefore using chlorbenzene, which has 
a dielectric strength comparable with that of the paraffin hydrocarbons. Highly 
polished and degreased brass electrodes were used. Photographic recordings 
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of the Rayleigh fringe position as a function of field strength for two different 
electrode separations and for many different electrode diameters were obtained 
and analysed, using a travelling microscope. ‘The fringe edges were well defined 
and accurate estimations of the centre of the fringe could be made. A typicakset 
of results is shown in figure 3, for an electrode separation of 106 and an electrode 
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Figure 3. Fringe displacement in chlorbenzene. 


diameter of 126. The square root of the fringe displacement y!? is shown as a 
function of the distance between the electrodes for differing field strengths. The 
intensification of the cathode field strength as predicted (Goodwin and Macfadyen 
1953) is clearly shown. ‘The space charge distortion observed with pulsed field 
was independent of the time of application of the field for values greater than 0-1 
millisecond, the shortest time that could be measured due to the pulse rise time. 

As y is proportional to the phase difference A, a plot of y" against E (equation 
(1)) should be linear if Kerr’s law holds. In figure 4, the average value of y¥2, 
obtained by planimetric analysis is plotted as a function of the applied field 
strength. Deviations from Kerr’s law are evident at high field strengths. It is 
necessary to extrapolate this curve to higher field strengths in order to convert 
the higher values of y!? into field strengths. ‘This is done in the following manner: 

Langevin (1910) and Raman and Krishnan (1927) have shown that the Kerr 
constant of a liquid should be proportional to (e—1)/(e +2) where « is the static 
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dielectric constant. It has also been shown (Bottcher 1952) that the dielectric 
constant Ae is given by 
4rnu* (e,+2)4 
45(kRT)® 81 


Ae = als Qtech (8) 
where m is the number of molecules per cm’, their dipole moment, Rk Boltzmann’s 
constant, 7 the absolute temperature, ¢, the static dielectric constant for zero 
applied field strength. Kerr’s constant B will be related to the value at weak 
fields By by the relationship 


B _ (e—1)(e+2) (9) 
By (<- I)(eo 79, 0 1) a ee 
where «(=«,) +e) is given by equation (8). 
An estimate of By is made from figure 4 and from this ¢ can be calculated 
from equation (9) for various field strengths. As shown in figare 5, Ae us 
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Figure 4. Kerr’s law at high field strength in Figure 5. Dielectric saturation 
chlorbenzene (broken portion extrapolated). in chlorbenzene. 


proportional to £® in agreement with equation (8). The dipole moment of 
chlorbenzene as calculated from this equation is 2x 10~1® e.s.u. in agreement 
with other determinations. Equations (8) and (9) enable B to be calculated for 
applied field strengths greater than those used and values are shown in figure 4. 
All values of y¥? can now be converted into field strength values. ‘The average 
value of y'/? is no longer proportional to the applied strength due to the failure of 
Kerr’s law at high field strengths. The true field strengths are therefore 
averaged to check with the applied field strengths. If any deviations occur, the 
whole analysis is repeated and successive approximations made until agreement 
is obtained. . 

This analysis has been carried out for several electrode diameters and for two 
different electrode separations. Figure 6 shows the apparent increase in cathode 
field strength AF, as a function of applied field strength £ for three electrode 
diameters and an electrode separation of 106. Other curves have been omitted 
for clarity. The apparent cathode field strength is related to the phase difference 
A (equation (7)) by Kerr’s law. This can be expressed in the form 


peers = Ve TT (10) 
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where L=/,+/, and E,,is the true cathode field strength modified by space 
charge. A plot of E.2— £,? against 1/L gives a linear relationship until L becomes 
equal to /, (figure 7). For L equal to /,, E, becomes the true cathode field strength. 
The filament diameter varies from 120 » for an electrode spacing of 106 uw to 180 u 
for a spacing of 150 4. Equation (10) enables the cathode field strength to be 
calculated and its variation with applied field strength and electrode spacing is 
shown in figure 8. The breakdown strengths of chlorbenzene for electrode 
separations of 150 and 100 wu respectively are indicated as F* 150 w and F* 100 p. 


§ 4. Discussion OF RESULTS 


A previous theory (Goodwin and Macfadyen 1953) showed that for large 
values of x, the ionization coefficient, the change in cathode field strength with 
applied field strength £ is given by 
27,1 exp(a/) 

— ee Sirei.@onelia (11) 
where 7, is the cathode emission current density (equation (6)), / is the electrode 
separation, « the dielectric constant and k, the positive ion mobility. It is 
supposed that a stable field distribution is possible only so long as the self- 
consistent solution of equations (6) and (11) has a real root. The largest applied 
field strength which gives a stable field distribution, designated by the break- 
down strength, is given by the condition that the solution of the equations has 
equal roots. Since the relevant constants for chlorbenzene are not known, it is not 
possible to estimate the validity of this theory or to suggest the effect of confining 
the space charge to a thin filament. Evidence is presented, however, which 
suggests that the increase in cathode field strength above the applied field strength 
is in qualitative agreement with the theory. It is also estimated that if this theory 
is valid the variation of ~ with field strength may agree with that found to be: 
operative in highly compressed gases (Young 1950). 
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The Measurement of the Energy Gap of Semiconductors from their 
Diffuse Reflection Spectra 
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Communicated by E. Billig; MS. received 25th August 1955 


Abstract. The diffuse reflection spectrum of a powdered semiconductor 1s 
characterized by an increase in the diffuse reflectivity as the individual particles 
become relatively transparent. This increase has a definite linear region of 
greatest slope which is attributed to an exponential drop in the absorption 
coefficient. The onset of this exponential drop is suggested as a more universal 
method of determining absorption edges, and when applied to the interpretation 
of diffuse reflection spectra gave the following energy gaps (at room temperature) : 
amorphous selenium 1-86ev, metallic selenium 1-74 ev, silicon 1:-20ev, and 
germanium 0-69 ev. 


§ 1. INTRODUCTION 


r ‘we simple picture of the distribution of energy states in a semiconductor 
on the two sides of the forbidden energy gap suggests the existence of a 
well-defined edge to the absorption curve. In reality, the edge is masked 

by a tail extending into the energy gap due to the influence of lattice vibrations 

(e.g. Cheeseman 1952), and consequently most estimates of its position are 

usually made on a somewhat arbitrary basis. A more logical method of deter- 

mining the edge is to fit the adjacent short wavelength region of the edge to a 

theoretical absorption curve based on a particular distribution of energy states 

and then extrapolate to zero absorption (Seiwert 1949, Smith 1954, 

cf. Macfarlane and Roberts 1955). 

An alternative approach is to study the tail of the absorption curve, since 
this might be expected to have a simple exponential drop with decreasing photon 
energy &. Experimental evidence is provided by Urbach (1953), who found 
that the slope of the absorption curve, d(log«)/dE where « is the absorption co- 
efficient, was equal to 1/R7T for AgBr over a range of temperatures, and was within 
a factor of two of 1/RT for AgCl, Ge, TiO, and CdS; similar slopes are found in 
absorption curves for germanium and silicon (Dash, Newman and Taft 1955) 
Thus, it seems very probable that most semiconductors have this characteristic 

_ exponential drop in absorption coefficient, provided that it is not masked by 
impurity or free-carrier absorption. The onset of this drop is therefore suggested 
as a more universal method of deducing an absorption edge from such curves 
without being dependent on the actual shape of the main absorption band. 

Accurate measurement of the tail by the transmission method is, however, 


difficult, due in part to the requirement of comparatively large perfect crystals, 
up to lcm thick. 
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The purpose of this paper is to show that the measurement of the diffuse 
reflection spectrum of the powdered material is particularly suited to the deter- 
mination of absorption edges, since it enables much of the general character of 
the tail to the absorption curve to be brought out in a single run with much less 
material (~2x 10-?cm$) and the minimum of specimen preparation. The 
original crystals can therefore be much smaller which is a distinct advantage 
in the preliminary study of new materials. 


§ 2. EXPERIMENTAL 


The crystalline material was ground in an agate pestle and mortar, and then 
put through one or more sieves to restrict somewhat the size distribution of the 
particles in a given sample. ‘The powder filled a simple container made from a 
28BA washer and a glass cover slip, though the specimen thickness (1:2 mm) is 
not in fact important provided the transmission coefficient is negligible. The 
powder was placed at the focus of a normally incident convergent beam cf mono- 
chromatic radiation. Approximately 25° of the diffusely reflected radiation 
was collected by an aluminized concave mirror of N.A.0-5, and refocused on to 
the detector; the powder and detector were placed as close as possible to the 
centre of curvature of the mirror in order to minimize the various aberrations. 
Vacuum photocells and a balanced electrometer unit were used as the detector 
for the region 0-22 to 1-1, while a PbS cell and homodyne amplifier enabled 
measurements to be extended to about 3u. A Hilger large-aperture mono- 
chromator was the basic dispersing system throughout this range, while to 
minimize the scattered radiation in the ultra-violet a double monochromator was 
set up by the addition of a Hilger—Barfit monochromator. Although compara- 
tively wide slit widths were used (0:2 mm), they had no significant effect on the 
actual spectra. 

The reflectivity of the specimen was measured relative to a suitable ‘standard’, 
which clearly should not superimpose its own characteristic spectrum on that of 
the specimen. Thus, CaF, or LiF was used for the ultra-violet region, MgO 
for the visible, and silver dust or the specular reflection from an aluminium mirror 
for the near infra-red. (The silver dust was inferior beyond about 2:5 but this 
may have been due to the very small particle size.) No attempt was made to 
measure absolute reflectivities, since it was found that the reflectivity of both the 
specimen and the ‘standard’ may easily vary by several per cent, due to ageing 
of the powders, water content, packing factor, etc., and the resultant correction 
factor does not in general materially affect the shape of the spectra. 


§ 3. RESULTS 


Typical reflection spectra for five semiconductors are plotted on a reciprocal 
wavelength scale in figure 1. Each curve possesses a region of relatively con- 
stant reflectivity at the shorter wavelengths due to the surface reflectivity of the 
material, since, provided the particles are completely absorbing, the absorption 
coefficient has little effect until the centre of the main absorption band is 
approached. : 

At longer wavelengths, the decreasing absorption coefficient results in the 
individual particles becoming relatively transparent, leading to multiple re- 
flections and refractions in the powder and a net increase in the diffuse reflectivity. 
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Subsequent increases are largely dependent on the value of the absorption 
coefficient, and when this is very low the reflectivity approaches unity. 

All five curves in figure 1 have a distinctly linear region of greatest slope and 
the actual slopes agree within +25% of their mean value. Considering the 
experimental conditions, this suggests a very close correlation with the obser- 
vation that the slope of the absorption curve in the energy gap is probably the 
same in such materials. Thus, the onset of the linear increase in reflectivity 
may be correlated with the onset of the tail of the absorption curve and, from the 
suggestion in the Introduction, the onset of the linear increase may therefore 
be used to obtain an absorption edge from such spectra—provided, of course, 
that it can be clearly resolved from the other characteristic regions of the spectra. 
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Figure 1. Diffuse reflection spectra. 


Applying this ‘definition’ to figure 1 the following absorption edges can be 
deduced: amorphous selenium at about 6650 A (=1-86ev), metallic selenium at 
about 7100A (=1-74 ey), silicon at about 1:03 (=1-20ev), and germanium at 
about 1-80 (=0-69ev). A discussion on the existing data will be given later. 

The effect of using smaller particle sizes in silicon is to bring out detail in 
the region of higher absorption coefficients at the sacrifice of detail in the lower 
absorption coefficient region, since the curves are in fact dependent on some 
function of the product of absorption coefficient and particle size (Johnson 1952). 
Thus, in figure 2, curve A, the linear increase in reflectivity tends to be absorbed 
in the upper portion of the graph (cf. figure 2, curves B and C). With larger 
particles, the surface reflectivity region extends to longer wavelengths and tends 
to mask the absorption edge (curve C); also, the initial increase in reflectivity, 
due to multiple reflections, becomes more pronounced. (The higher surface 
reflectivity in curve C arises because the actual number of particles irradiated 
is considerably reduced and thus the scattered radiation is no longer sufficiently 
diffuse. ) 

The spectrum of germanium (figure 1, curve E) is characterized by two pro- 
nounced increases in slope at about 1:53 and 1-74,., followed by an absorption 
edge at about 1:80. (=0-69ev). The first increase in slope bears a strong 
resemblance to the increase obtained with the larger silicon particles in figure 2, 
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curve C. In germanium, however, the use of smaller particles has only served 
to emphasize the presence of this abrupt increase at about 1:53, and it must 
therefore be regarded as evidence of a distinct ‘knee’ in the actual absorption 
curve. Independent evidence of such a knee can be seen in the actual measure- 
ments of Briggs (1952) and in the recent absorption curve of Dash, Newman and 


Taft (1955). 


Photon Energy (ev) 
2-0 s 1-0 05 


A a Particle size «40 
B a Particle size < ll0« 
C o Particle size N04-270 4 


Reflectivity (2,24) 


0-6 0:7 0-8 0-9 1-0 1S 20 25 
Wavelength (i) 


Figure 2. Effect of particle size in silicon. 


In the case of CdS (figure 1, curve A) the material used was in the form of 
precipitated powder, and it was not possible to determine an unambiguous 
absorption edge with the above definition. An alternative method of deducing 
an edge from the intersection of the two linear portions of figure 1, curve A, 
has been used for ZnS (Bube 1953), but it is clearly limited in its applicability 
and is difficult to justify theoretically. 

Added impurities do not significantly affect the characteristic spectra of the 
host material, although clearly as the proportion of impurity is increased, so does 
its own reflection spectrum become more pronounced. On the other hand, if 
the impurity is taken up in the lattice, then the reflection spectra are sensitive 
to much lower impurity contents. This is illustrated by three curves (figure 3) 
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obtained in the ‘ history’ of a silicon single crystal grown by the Czochralski (1917) 
technique: curve A represents the raw material with known impurities totalling 
about 0-002°%, B a slice of resistivity 40 ohm cm p-type, and C the expansion 
pip. As expected, B has the lowest absorption in the infra-red, while C has the 
highest due largely to segregation of various impurities in the raw material to 
the last part of the ingot to form. It is hoped to correlate the diffuse reflectivity 
with known concentrations of impurities in the near future. 


§ 4. DISCUSSION 


A direct comparison of the above absorption edges is limited by the lack of 
accurate values for energy gaps of most semiconductors (cf. Smith 1954) because 
the two main methods of measurement are more complex than their simple theory 
suggests. Thus, the interpretations of conductivity and Hall data are subject 
to revision as more reliable data on the effective masses of the holes and electrons, 
and on the temperature variation of the mobilities, become available. Similarly, 
the latest measurement of the optical energy gap in germanium (Macfarlane and 
Roberts 1955) required an accurate set of absorption curves as a function of tem- 
perature and the evaluation of two constants to obtain the best fit between theory 
and experiment; (although the general agreement is good, the theory does not 
adequately represent the measurements on the long wavelength side of the 
absorption edge or at low temperatures where the complex nature of the 
absorption curve is apparent). 

The recent analysis of conductivity and Hall data by Morin and Maita (1954) 
for germanium gives a value of 0-68ev for the energy gap at 300°K, while 
Macfarlane and Roberts’ data give 0-655ev. ‘Thus, the value found from the 
above measurements (0-69 ev) can be considered to be in reasonable agreement 
with the existing data. 

Morin and Maita (1954), in a similar analysis of the conductivity and Hall 
measurements on silicon, obtain an energy gap of 1-10 ev (300°K). An average 
figure for the optical energy gap is also about 1-1 ev (Moss 1952). Thus, in this 
case, the value obtained above is about 0-1 ev higher than the existing data. 

In both varieties of selenium, the above results are well within the spread of 
the available data. For amorphous selenium, Moss quotes energy gaps varying 
from 2-5 ev from photoconductive measurements to 1-7 ev from simple resistivity— 
temperature plots; however, the former figure should be regarded as an upper 
limit due to the dependence on film thickness (Smith 1954). Dowd (1951) 
deduced a gap of 2:05 ev by assuming that the absorption coefficient rises linearly 
with increasing photon energy on the short wavelength side of the edge (cf. 
Seiwert 1949); since other authors (Macfarlane and Roberts 1955, Smith 1954) 
prefer a square or even a cube law in particular cases, one tends to view the method 
with certain reservations. For metallic selenium values for the energy gap vary 
between 1:5 and 1-9ev from photoconductive and photovoltaic measurements 
respectively. 

Although it was not possible to deduce an unambiguous value for the absorp- 
tion edge in CdS from the above method, it may be noted that existing estimates 
of the edge vary from 5025 A (Gobrecht and Bartschat 1953) to 5200 A (Gottesman 
and Ferguson 1954), 
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Measurements on a number of different silicon and germanium specimens 
have shown that the diffuse reflection method gives reproducible results within 
+ 1%, and that it is not critically dependent on particle size. It was, however, 
found necessary to use larger particle sizes for the materials of lower energy gap 
in order to bring out the actual absorption edge most clearly, because the absorp- 
tion edges did not correspond to a constant absorption coefficient in the various 
materials. For example, the absorption coefficient in germanium is only about 
6cm™! at 0-69 ev (Macfarlane and Roberts 1955), while in amorphous selenium 
the coefficient is in the region of 650cm™! at 1-86ev (Moss 1952). Thus to a 
first approximation the particle size for germanium should be 100 times that for 
selenium. 

The actual evaluation of absorption coefficients from these spectra is difficult, 
although by restricting the particle size distribution, and with various simpli- 
fications, approximate values of the coefficients can be obtained; Johnson (1952), 
for example, successfully measured absorption coefficients of the order of 
PO? cor *. 

§ 5. CONCLUSIONS 


The determination of the absorption edge from the onset of the linear increase 
in the diffuse reflectivity spectrum has given values for the energy gap in good 
agreement with existing data. ‘The measurement of the reflection spectrum of 
the powdered material does not in principle yield any more information than 
could be obtained from the accurate measurement of the actual absorption curve. 
In practice, however, it enables one to explore the regions of very low absorption 
coefficients more readily with much less material. 


ACKNOWLEDGMENTS 


The author is indebted to J. B. Willis and D. B. Gasson for preparing the 
germanium and silicon crystals respectively, to Dr. E. Billig for his advice, and 
to Dr. T. E. Allibone and the Admiralty for permission to publish this paper. 


REFERENCES 


Bricecs, H. B., 1952, 7. Opt. Soc. Amer., 42, 686. 

Buse, R. H., 1953, Phys. Rev., 90, 70. 

CHEESEMAN, I. C., 1952, Proc. Phys. Soc. A, 65, 25. 

(ZOCHRALSKI, J., 1917, Z. Phys. Chem., 92, 219. 

Dasu, W. C., Newman, R., and Tart, E. A., 1955, Bull. Amer. Phys. Soc., 30,53. (The 
absorption curves referred to in this paper were kindly sent to the author in a 
personal communication.) 

Down, J. J., 1951, Proc. Phys. Soc. B, 64, 783. 

GoBRECHT, H., and Bartscuat, A., 1953, Z. Phys., 136, 224. 

GortrTEsMaAN, J., and Fercuson, W. F. C., 1954, 7. Opt. Soc. Amer., 44, 368. 

Jounson, P. D., 1952, %. Opt. Soc. Amer., 42, 978. 

MacrarLane, G. G., and Roperts, V., 1955, Phys. Rev., 97, 1714. 

Morin, F. J., and Marra, J. P., 1954 a, Phys. Rev., 94, 1525; 1954 b, Ibid., 96, 28. 

Moss, T. S., 1952, Photoconductivity in the Elements (London : Butterworths Scientific 
Publications). 

SEIWERT, R:, 1949, Ann. Phys., Lpz., 6, 241. 

Smit, R. A., 1954, Physica, 20, 910. 

Ureacyu, F., 1953, Phys. Rev., 92, 1324. 


76 


Impurity Scattering in Semiconductors 
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Abstract. ‘The theory of impurity scattering in semiconductors has been 
developed, and the combination of impurity and lattice scattering has been con- 
sidered for the general case of any degree of degeneracy of the charge carriers. 
A comparison is made between theory and experimental results obtained with 
germanium and indium antimonide. 


§ 1. INTRODUCTION 


HE theory of impurity scattering in non-ionic semiconductors has been 
discussed by Debye and Conwell (1954) and a formula has been given, which 
was derived by Herring, for the case of scattering by impurity centres having 
a screened Coulomb field, when the charge carriers are not degenerate. Mott(1936) 
has considered the scattering of electrons by a screened Coulomb field in the 
case of metals when the electron gas is degenerate. Similarly, the combination 
of impurity and lattice scattering has been considered for the limiting cases of 
degeneracy. Frequently, however, impurity scattering has to be considered when it 
cannot be assumed that the charge carriers are either degenerate or non-degenerate. 
The object of this paper is to consider the general case of arbitrary degeneracy and 
the combination of lattice and impurity scattering under these conditions. 


§ 2. "THEORY 


2.1. Impurity Scattering 
The expression for the conductivity o is as follows : 
164/2e?7m*1? fee exp (n —*) dy 
Gis (FNP Re is a a Le il 
3h (RT) | oy fexp (y—y*) +12 (1) 
where 7 and 7* are the reduced energy and reduced chemical potential of the 


electrons. Following the theory derived by Mott (1936), the relaxation time is 
given by 


CO Leto 


Ie eae 
ee | (1 — cos 6) [(9) 27 sin 66. 
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a 
N is the concentration of impurity centres. For scattering by a screened Coulomb 
potential given by 


where « is the dielectric constant 


e2/e 2 2he 
1's) | 
(9) ee a | Te Si?m* 
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hence 
2. \2 
— =Nv2r 
ae tare) f(x) 
where 
I (x) =log (1+ Dea ee 
7 1672m*2v2 
- 
and Pctat:: (2m* )e(nkRT)3? 
a aNe*f (x) ; 


Substitution of this value of 7 in equation (1) gives 
_ 32e?m*(RT)F 6? * F exp(n—*) dy 3 
"= ayer J, Expr HO) 
To evaluate the integral it is necessary to assume that, since f(x) is a slowly 
varying function of 7, it may be taken outside the integral and calculated from the 
value of 7 which makes the integral a maximum. Equation (3) then becomes 
after integrating by parts 


eon 


32e mel 5 n® dy 
N eh? f(x) | 0 exp(n—7*) +1 
where 7, the value of 7 to be used to calculate f(«) is given by the equation 
G—3)expij—y =o, =  ~ ~ 9) VaaeEe (5) 
This equation may be solved graphically. 
Equation (4) is similar to the expression derived by Johnson and Lark-Horovitz 
(1947), who have considered scattering by a Coulomb field for any degeneracy. 
In order to calculate the potential field near an ionized impurity centre and 
hence to determine the screening constant g in equation (2) it is necessary to solve 
Poisson’s equation. For the conduction band, let x, be the concentration of 
electrons in the unperturbed lattice and the concentration of electrons in the 
perturbed lattice, then, since my 1s also the density of positive charge, Poisson’s 


equation becomes 
47re 


Vg)=— = (ny—n). 


If F(®)=n, and F(®+¢)=n assume that F(0+¢)=F(®)+¢ F’(®) where 
e® = maximum energy of the electrons=7*RT and 


An(2m*RT)32 (2 W2dn (2m * RTO 
A eal Spo=ryT ful) 
47(2m* kT 
ee ri yy) 
then 47e 


V°(¢)= — ¢F(®)=9'. 
The solution of Poisson’s equation then becomes 
e 
ae 


1672e2(2m* )324/(RT F 
where g= Mee ee fap! (7*). 
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Limiting case 7* >0. 
When 7* >0 
ees Hae 2m* kT 7* \ 22 8m 
fie Oe m= } 3 
and 
o_ L6n?m*e? (319 \¥8 
Y ammaumee y= Fae Vc 
<*h? ta 
This is the value obtained by Mott (1936) except for the introduction of the 
dielectric constant. If 7*>6 and m)=WN then 


(co) 2 a *3 
nat 7? dn oye 
a Resegc ares 
The equation for the conductivity becomes 
3hFe2n, 
OT == 1672e2m*2/(x) Skexevellecs (6) 


with 


h\? « (3m 9\"8 
c= (=) = le 
CC), Noam 


This equation shows that for complete degeneracy, the mobility becomes 
dependent on the concentration of scattering centres only through the term f(x). 
This arises because although the number of collisions between charge carriers and 
impurity centres is increased, the energy of the charge carriers also increases, 
resulting in a greater amount of small angle scattering. 


Limiting case n*< 0. 


— \/ 7% 2(27m* RT )3? 47 
Fue (9*) = aXe y= h2 expy*, g= hie °: 
ah 
to (9*) =2 exp y*  ComteT 
and equation (5) gives 7 =3. * 


Hence the mobility 
Z 272 RT)? 
n,@ Nam * Re (x) ; 
6m*e(RT)? ; 
Wanye 


‘This is the expression derived by Herring (Debye and Conwell 1954). 


where 


General case. 


The general equation for the conductivity due to impurity scattering can be 
written as 
_ 32e?m*(RT)*f,(*) 
or= Ne R(x) se eeee (7) 


where 
f(#)=log(142) = pe 


ms (a v\2 (RT )Hch 
gh) &(2m* Fy a(n*) 
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2.2. Combination of Impurity and Lattice Scattering 
The expression for the total conductivity can be written as follows : 
as OL ie exp (7 —7*) dy 
log{L+expy*}Jo (n° +){exp (n—7*) + 1? 
where oy is the conductivity which would arise if lattice scattering only occurred 
at the appropriate value of »*, and 
oy 3h? Ne? 
a icniesen*) SS eee (x) 
og (1+exp *) 32e2m*(RT) 
- 3f2(7*) OIG 
log (1+ expy*} ay 


Assuming that / (x) can be treated as a constant, « was calculated from equation 
(9), and the integral in equation (8) determined, for different values of 7* and 
oy/o;- Figure 1 illustrates the correcting factor #=(p,+py,)/p which has to 
be applied to the sum of the resistivities p;, due to lattice scattering and p,; due to 
impurity scattering, to obtain the total resistivity p. When 7* $0 the total 
resistivity is given by the sum of the resistivities and when 7*< 0 the theory of 
Jones (1951) and Johnson and Lark-Horovitz (1951) can be used. 


Figure 1. Combination of lattice and impurity scattering. 


In order to apply these results it must be remembered that o; should be 
calculated from equation (7) using the value of 7 =7 which makes the integrand of 
equation (8) a maximum. The appropriate value of 7 1s given by the solution of 


the equation ° 
ok Oy ptt 
ila = =tanh(? z ip sate (10) 
ne + OH 2 

The solution of this equation for the various values of * and o,,/0, which have been 
considered is given in the table and is illustrated in figure 2. 

The error introduced by assuming that f(x) can be treated as a constant in the 
integral was investigated by determining the value of the integral for a few values 
of 7* and o;/0;, choosing the special case of x= 107. The difference between the 
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true values and the approximate values was less than 3 The error, however, 
becomes appreciable if the value of 7 determined from equation (5) instead of | 
equation (10) is used. 


Values of 7 satisfying equation (10) 


Ce 9 6 3 1-5 0 

0,/0, 
oO 9-643 6-928 4-572 3-725 3-244 
9 9-600 6-878 4-464 3-575 3-044 
4 9-558 6-804 4-366 3-446 2-885 
2 9-502 6-726 4-245 3-292 2:703 
1 9-433 6-630 4-099 3-112 2-494 
6:5 9-364 6-533 3-950 2-927 2-281 
0-25 9-306 6-452 3-820 2-760 2-082 
0-111 9-263 6-388 3-708 2-607 1-888 
0 9-218 6-320 3-575 2-391 1543 


Figure 2. Solution of equation (10). 


§ 3. COMPARISON WITH EXPERIMENTAL RESULTS 


For a comparison with experimental results it is useful to consider samples 
in which the impurities are all ionized over a considerable range of temperatures, 
then the concentration of scattering centres is the same as the concentration of 
charge carriers and scattering by neutral impurities can be neglected. If the 
residual conductivity is known for the limiting case 7* $0 then it is possible 
to calculate the effective mass of the charge carriers using equation (6), provided 
the dielectric constant and concentration of charge carriers is known. The 
latter quantity can usually be calculated from the Hall constant and the former 
determined from the refractive index, if a direct measurement of the dielectric 
constant has not been made. Having determined a value of m*, it is possible to 
calculate 7* using the expression 


7. tl2m* TY” fe m2 dn 
wo he Jo exp(y—n*)+1° 
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F(q*) and f,/2'(7*) may then be determined from tables of these functions (Johnson 
and Shipley 1953, McDougall and Stoner 1938). Hence the conductivity 
arising from impurity scattering for any temperature may be calculated. 

Over the temperature range in which impurity and lattice scattering are 
comparable it is necessary to calculate o;, using the expression 


2(2am*RT 32 
= seat et eu log (1 + exp 7*) 


CT 
where wu is the lattice mobility at temperature 7 when the charge carriers are 
not degenerate. ‘The ratio o,/0,; may then be determined, and hence the appro- 
priate value of » obtained and a new value of o, calculated. It is generally 
unnecessary to redetermine a value of 7 using the new value of o,;. The correcting 
factor F can now be determined from figure 1 and the value of the total resistivity 
obtained. 

This procedure was adopted in the case of germanium and indium anti- 
monide. Debye and Conwell (1954) have reported measurements on an impure 
n-type sample of germanium (specimen 58) in which the conductivity is constant 
over a considerable range of temperatures. Agreement is obtained between 
thecry and experiment if it is assumed that «= 16-1 and m*/m=0-29. 

In the case of indium antimonide a direct determination of the dielectric 
constant has not been made, and although the refractive index has been measured, 
the values obtained by different authors differ appreciably (Breckenridge et al. 
1954, Avery et al. 1954, Oswald and Schade 1954). For a comparison with 
experiment, values of the dielectric constant of 12-5 and 16 were chosen. Barrie 
and Edmond (1955) have reported values of the Hall mobilities at room temperature 
of n-type specimens having a range of impurity content. Figure 3 illustrates 
the theoretical variation of the mobility with concentration and gives the 
experimentally determined values of the Hall mobilities, assuming a lattice 
mobility of 80000 cm? v-! sec"! at room temperature for a non-degenerate sample 
and that all the impurities are ionized. A comparison in this case is complicated 
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Figure 3. Variation of mobility with concentration of electrons in InSb. 
The experimental points are those of Barrie and Edmond (1955). 


by the uncertainty of the relation between the Hall and conductivity mobilities 
ind also in the actual value of the concentration of charge carriers. For the purer 
specimens the concentration of scattering centres is less than the concentration 
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of charge carriers, since at room temperature the contribution of intrinsic electrons} 
will become important for 7 less than 10!7cm~. In this case the calculated value} 
of the mobility assuming ”)=N will be too small. When the values of « andl 
m/m* used in figure 3 are applied to the n-type specimens studied by Madelung 
and Weiss (1954) reasonable agreement is obtained. It is seen that the con-} 
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| Abstract. Magnitude and mass distributions are deduced from radio echo 
»data for sporadic meteors and for various meteor showers. The frequency 
_ of sporadic meteors is found to increase by 2-5 times per unit increase in magnitude 
-over the range 0"-10™. This corresponds to an inverse square law for the 
differential mass distribution. Results obtained for shower meteors in the 
“magnitude ranges 0™ to 2™ and 5™ to 7™ cannot in general be represented simply 
'by an inverse power law of meteor masses with constant exponent s. The 
» Arietids are found to have s >2 over the whole range of magnitudes investigated 
‘whereas the Perseids, Quadrantids and Geminids appear to have s<2 for the 
faint and s>2 for the bright meteors. We conclude that the greater part of the 
jtotal meteoric mass is contributed by the following ranges of magnitudes: 
»Arietids, fainter than 7™; Perseids, Quadrantids and Geminids, 2™ to 5m. 
Inthe case of the Geminids, the concentration of meteoric mass into this magnitude 
srange appears to increase during the course of activity of the shower. Good 
jagreement is found between radio, telescopic and visual data. 


§ 1. INTRODUCTION 


HE series of papers of which this forms a part was planned originally 
| | by Lovell and Clegg who dealt in Part J (1948) with the mechanism of 


radio reflections from meteor trails (subsequently extended by Herlofson 
£1951, and Kaiser and Closs 1952). Part III by Greenhow (1952) discusses the 
{behaviour of the meteor trails subsequent to their formation and the factors 
twhich determine the duration of the transient echoes. Part IV (Billam and 
/Browne 1956) discusses the effects of plasma resonance on meteor echoes. The 
jpresent paper, as Part II of the series, is concerned with the deduction, from 
‘the radio echo data, of the distributions of meteor magnitudes and masses. 


§ 2, PARAMETERS OF THE MAGNITUDE AND Mass DISTRIBUTIONS 


According to the theory of evaporation of meteors, which assumes that the 
iparticle makes individual impacts with air molecules, the luminous intensity / 
and electron line density « at the brightest and most heavily ionized point on 
a meteor trail are related to the meteor mass m by Imax © Km, %maxJm where 
‘K and J are the luminous and ionizing efficiencies respectively, assumed to be 
esendent of m. The visual magnitude MV, is usually taken to be 


M,=const.—2:5logiglmax, tree (1) 
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Levin (1953, 1955) suggests, however, that the magnitude given by a visual 
observer may characterize some average luminous intensity, /oc/max*, where x 
is a constant assumed to lie between 0°5 and 1:0. Thus 


M, =const. — 2:5x logy) Imax \ aay 2) 


= const. — 2:5x logy) m. j 


The radio echo observations measure the electron line density in the vicinity 
of the intersection with the meteor trail of the normal from the observer (specular 
reflection). Following the suggestion of Kaiser (1955) a quantity called the 
“radio magnitude’ may be defined by 


M,=35—2:5 log ig Amax | 
= const. — 2:5 logy) m. J 


‘The numerical constant has been chosen to give the best fit with the visual scale 
for Perseid meteors (velocity 60 km sec“). 

It should be noted that if K and J are subsequently found to vary with meteor 
mass, the conclusions in this paper remain unaltered except that they refer to the 
distribution of the quantities Jmax and «max rather than to the meteor mass. 

Following previous practice the frequency distribution of both radio and 
visual magnitudes will be assumed to have the form 


iy CO Ae > ee (4) 


where v,,dM is the incident flux of meteors with magnitudes between M and 
M+dM. From equations (2) and (3) the corresponding flux of meteors with 
masses between m and m-+dm is found to be 


v,,dmam “dm 
where 


S=1-25aloe,,¢2 5" = eee (6) 


x=1 for radio meteors (by definition of radio magnitude) and, according to 
Levin, 0-5<x<1 for visual meteors. 

It is obvious that laws of the form (4) and (5) cannot hold over an infinitely 
wide range of magnitudes (or masses). They do, however, constitute useful 
definitions of the magnitude and mass distributions in terms of simple parameters 
aand s provided these latter do not vary too rapidly with M and m. 


§ 3. Rapio Echo MeETHOops 


Equation (3) defines the radio magnitude in terms of the maximum electron 
line density along the meteor trail. Existing radio echo techniques measure 
the electron line density in the vicinity of the specular reflection point which, 
of course, is not in general at the point of maximum ionization. It has been 
established that when « <10!cmr! the echo amplitude A is directly proportional 
to , and the echo duration 7 is proportional to Ap where A is the wavelength and 
p the pressure in the vicinity of the reflection point (a characteristic value is 
t~0-lsec for A=8m); these are referred to as short duration or decay type 
echoes. When z is in excess of a few times 10!2cm~1, we find A cca"/4 and T OCA*De 
these are referred to as persistent echoes. 


Three kinds of data are available for the determination of radio magnitude 
distributions. 
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3.1. Totel Echo Rate versus Equipment Parameters; Echo Amplitude Distribution 


It is assumed that the sensitivity of the equipment is such that the majority 
of echoes are of the decay type. For a given aerial directional diagram the echo 
rate can be defined in terms of an equipment sensitivity factor F given by 


F=(P/e)l2 (7) 


where P, \ and « are the transmitted power, wavelength and receiver sensitivity 
(detectable echo power) respectively. On the assumption of an inverse power 
law for the mass distribution the echo rates N,, N, corresponding to sensitivity 
factors F,, F, are related by (Kaiser 1953) 


N,/No=(F,/ F)>"[1 — }(H/h) In (F,/F,)} 8-2. (8) 


where / is the mean height of the reflection points on the meteor trails and H is 
the atmospheric scale height. In fact, putting H~7km, h~100km, the 
logarithmic term has a negligible influence on the values of s deduced from 
(8) and hence the total echo rate is given by 


ee as sp Sead == Bone. (9) 


The echo amplitude distribution for a given equipment is obtained by putting 
«xd*, hence the differential echo amplitude distribution is likewise given by 
an inverse law 


dtc Agi Ase = | ke (10) 


Echo amplitudes were measured on a frequency of 55 Mc/s, using a vertically 
polarized steerable Yagi, which was directed to an azimuth and elevation differing 
by 180° and 90° respectively from the radiant position of the meteor shower 
under observation. ‘This geometry ensured that plasma resonance effects did not 
complicate the echo amplitude measurements (Billam and Browne 1955, 1956). 
A pulse repetition frequency of 600 per second was used, while the receiver gain 
was switched between two preset values at half this frequency. In this way, 
a wide range of echo amplitudes could be measured accurately without producing 
off-scale deflections on the display. ‘The range-amplitude display is photo- 
graphed by an automatic recorder triggered by the meteor echoes. The 
equipment sensitivity was maintained throughout runs by frequent checking 
of the transmitter power, the receiver noise factor and the recorder triggering 
level. The amplifier was calibrated and found to be linear for signal amplitudes 
less than 100 times the r.m.s. noise voltage. 

The sensitivity of the equipment can be estimated either from a knowledge 
of the various parameters of the transmitter, receiver and aerial, or directly from 
analysis of the observed amplitude distribution. Kaiser’s theory summarized 

above predicts that if the logarithm of the number of echoes Ny of amplitudes 
greater than A is plotted against log A, the slope will change from s— 1 to 4(s—1) 
at an amplitude corresponding to a line density which depends only slightly 
ons, and is given by 5 x 10" electronscm™! for s=2. A typical plot is shown in 
figure 1, and it can be seen that its general form is in good agreement with 
prediction. The two methods of estimating ,equipment sensitivity agree to 
within 15°, and show that echoes of amplitude 3 x r.m.s. noise voltage are given 
by meteor trails of «=6x10electronscm! at a range of 200km (radio 
magnitude = 8-1™ at 200km). 
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For the analysis echoes were selected on a range basis, to exclude meteors 
appearing in the side lobes, while echoes from trails twisted into the specular 
condition by turbulence were eliminated by selecting only echoes showing the 
Fresnel velocity—diffraction pattern. ‘The sporadic meteor rate at the time of 
each shower was measured and an appropriate correction made to the observed 
amplitude distribution. 


i 2 4 6 8 lO 20 40 
Echo Amplitude A (volts) 


Figure 1. Typical double-logarithmic plot of N4, the number of echoes of amplitude 
exceeding A, against J. The measurements were made during the 1954 Perseid 
shower. The portion of the curve A,A, has a predicted slope s—1, while A.A, 
has a predicted slope of 4(s—1). Ag indicates the echo amplitude corresponding 
to trails of density 5 x 101! electron cm7. 


3.2. Radio Echo Height Distribution 


A theory of the meteor height distribution obtained from radio echo 
observations has been developed by Kaiser (1954) who has shown that the width 
of the height distribution for a homogeneous velocity group of meteors depends 
significantly only on the atmospheric scale height and the mass distribution 
of the incident particles. ‘The r.m.s. deviation, 5h, from the mean height has 
been evaluated as a function of the exponent s (6/ increases for decreasing 5). 
‘The theory has been applied by Evans (1954) who has taken the value s=2:-0 
for sporadic meteors (see § 4) and deduced the atmospheric scale height as a function 
of altitude (over the range 85-105km) from measurements of the height 
distribution of meteors in selected velocity intervals. 

A major meteor shower itself comprises a homogeneous velocity group, 
hence no velocity selection is necessary and a satisfactory height distribution 
can be obtained from a few hours’ observations. ‘The danger still exists that 
extreme observations, due to sporadic meteors with different velocities from 
that of the shower, may influence seriously the determination of 54. We have 
therefore measured the difference between the heights at which the echo frequency 
is equal to one half its maximum value and applied a correction to obtain Sh. 
An additional small correction is applied to take account of the estimated height 
scatter due to experimental errors. 
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The mass distribution for the various showers has been deduced from the 
theory, using the scale height values of Evans. ‘Thus the values of 52 are compared 
with those for sporadic meteors of the same velocity, taking s = 2-0 for the latter. 

Meteor heights have been measured on two equipments which operate 
at frequencies of 69 and 36-6 Mc's respectively. The former, which has been 
described by Clegg and Davidson (1950) radiates pulses of 50kw peak power 
from a dipole-plus-reflector aerial. Echo signals are received alternately on 
similar aerials at heights 0-5A and 0-75A above a level reflecting surface and the 
angle of elevation of the reflection points calculated from the ratio of the two 
signals. This, with the range, enables the height of the reflection point to be 
determined. The 36:6Mc/s equipment is similar, except that the receiving 
aerials are at heights 0-25 and 0-5A, are portable, and hence may be set up to 
face different azimuths (for measurements on meteor showers with different 
radiant declinations). 

The accuracy of a single measurement on either equipment lies between 
1 and 2km and their sensitivities are such that the smallest detectable electron 
line density in a meteor trail is of the order 2 x 10cm! (i.e. M,=6°8). The 
observations therefore relate mainly to meteors in the range 5™ to 7™, 

It has been noted (§ 3) that +ocA?p for the decay type echoes. ‘Thus at great 
heights the rapid radial diffusion of the ionization may result in a failure to record 
echoes. This limitation is most serious for the short wavelength (69 Mc/s) 
equipment and is noticeable at 100-105km height. On 36 Mc/s the duration 
at a given height will be longer by a factor of 4 and the results should be reliable 
up to about 110 km. 


3.3. Distribution of Persistent Echo Durations 
According to Kaiser (1953, 1955), the predicted maximum echo duration 
7 max Which can be produced by meteors of given velocity and angle of incidence 
p is related to «max by 
Teeuwen Ge) 


where A is the radio wavelength. From this it follows that the differential 
distribution of persistent echo durations is given by 


UAE re I 7k oe by ety eet) 63 Baiseiet (12a) 


| However, Billam and Browne (1956) have shown that measurements of echo 
amplitude and duration for meteors of line density greater than 10" electrons cm? 
) suggest a relation of the form 


DEC Tat) eS ee en 2 ae iy er (i 1 b) 


If this relation rather than the predicted (11a) be used, the differential 
_ distribution of persistent echo durations 1s modified : 


var COT me Oe i eee (126) 


| In this paper (124) has been used to obtain values of s from observed duration 
| distributions, but it should be remembered that the predicted and observed 
relations between echo durations and amplitudes are not in agreement, and that 
there is some ambiguity in the results. 

The theory of duration distributions makes the assumption that all echoes 
are caused by meteor trails formed in the specularly reflecting condition. Browne 
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(unpublished) has considered the effect of ‘drifting’ trails—the twisting of 
meteor trails by winds after formation—and shown that, in general, the observed 
duration distribution will yield values of s lower than the correct value unless 
only those echoes are selected which show the Fresnel velocity—diffraction pattern 
and so arise at trails formed in the specular condition. Unless a range-amplitude 
display is used as well as the usual range—duration display, it is difficult to select 
echoes on this basis, so that values of s obtained from duration distributions are 
likely to be too small unless the echoes analysed have been very carefully selected. 
This is illustrated in figure 2 where differential duration distributions obtained 
during 1954 Perseids are shown for (a) all echoes observed, () selected echoes, 
reaching maximum amplitude within 0-1sec, with amplitude never exceeding 
double the initial maximum. The values of s obtained are, respectively, 1-1 
and 1°8. 
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Figure 2. Differential duration distribution at 36 Mc/s during the 1954 Perseid shower- 
The plot is double-logarithmic, showing the number of echoes of duration between 
7 and 7+1sec. The solid circles represent echoes specially selected to exclude 
those due to trails distorted by wind, while the open circles represent all the echoes 
observed. The slopes of the two lines are 1-95 and 1-17 respectively, leading to 
values of s of 1-8 and 1:1. 


The duration distributions given in this paper were obtained with three 
equipments : (i) The meteor radiant survey apparatus (Aspinall et al. 1951) 
operating on a frequency of 72Mc/s. The echo durations are recorded on a 
range-time display with continuously moving film. Echoes have not been 
selected to exclude meteor trails ‘drifting’ into a reflecting condition, so that 
the values of s obtained with this equipment are probably under-estimates. 
(1) ‘The meteor polarization equipment (Billam and Browne 1955, see also 
$3.1 above) operating on a frequency of 55 Mc/s. Echo durations on a time- 
amplitude display are measured to the nearest second by counting the number 
of frames on which each echo is recorded, the recorder triggering rate being 
set to one frame per second. Echoes were selected as described above. 
(i) A special apparatus operating at 36 Mc/s, using a horizontally directed Yagi 


| 
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aerial. Echoes are recorded on continuously moving film in a display which 
includes range-time and amplitude-time tubes, as well as one second marker 
pulses. Echoes are selected for analysis as described above. The durations 
in general relate to meteors brighter than + 3™. 


§4. MAGNITUDE AND Mass DistRIBUTIONS FOR SPORADIC METEORS 


The theory of $3.1 has been applied by Kaiser (1953, 1954) to the 
experimental values of McKinley (1951) who found N,/N,=2-53, 3-69, 45 
respectively for values F\/F,=2-5, 4-0, 43 (covering the magnitude range 
5™to 10™). ‘The values obtained for s are 2-02, 1-97, 2:02 and the value adopted is 
s=2-00 + 0-02, 2=2:51+0-05 for 10™>M>5m, Using the equipment described 
in § 3.1 and plotting logarithmically the number of echoes N., exceeding amplitude 
A against A, we have found for 140 echoes on 20th—21st, 21st-22nd August 1954: 
s=1-98+0-02, @=2:47+0-05 for 8™>M>5™ and s=2:-4+0-6, a=3-64+1-4 
for 5™>M>—0™. The greater probable error for the brighter meteors is due 
to their relative scarcity. 

The method of §3.2 can be used only to compare the magnitude and mass 
distribution of different groups of meteors, unless a value is assumed for the 
atmospheric scale height. In fact, the measured height distributions for selected 
velocity groups of sporadic meteors have been used, together with the mass 
distribution obtained above, to determine the scale height (Evans 1954). The 
agreement obtained with rocket measurements may be accepted as confirmation 
of the value of s given above, and also of the assumption that the value of s is 
substantially the same for the selected velocity groups between 20 and 60 km sec 1. 

The method of $3.3 which uses the radio echo duration distributions has 
been applied to measurements by McKinley (1954) on a wavelength of 9-22m 
during June and August 1950. The results for non-shower periods during 
these months lead to a value of s of 1-61 (using formula (124)) for the magnitude 
range 2™ to 4™, but these echoes were not selected to exclude ‘ drifting’ meteor 
trails, so that this value of s represents a lower limit. 

The agreement between the values of s found for different ranges of radio 
magnitudes and from independent data is fair, and it seems reasonable to adopt 
the values s=2-0, a=2-5 for radio meteor magnitudes between 2™ and 10™. 


§ 5. MAGNITUDE AND Mass DIstrIBUTION FOR SHOWER METEORS 
5.1. Quadrantids 

A Quadrantid height distribution obtained on 2nd—3rd January 1953 on 
36 Mc/s is shown in figure 3. ‘Treatment of these data as described in §3.2 
gives h=8-45km and s=1:78+0-06, a=2-05 +0-11. The distribution of 
echo durations for the Quadrantids obtained with the 72 Mc/s equipment is given 
in figure 4 and suggests the values s=1-67, a=1-85, but this is certainly an 
under-estimate, for the reasons given in § 3.3. 

The period of the shower activity is short and the radiant equipment observa- 
tions are limited to approximately 1} hours near transit; it is thus not possible 
to determine whether there is a systematic variation in the mass distribution 
during the period of activity. On 3rd January 1953, however, when the echo 
rate rose to several times that normally experienced, the well-defined subcentre 
of the radiant contained a relatively greater proportion of small meteors than 
the surrounding radiant area (Bullough 1954). 
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Figure 3. Height distributions, Quadrantids, Figure 4. Echo duration distributions, 
~ -2nd-3rd January 1953 (36 Mc/s). Quadrantids 1951-52-53 (72 Mc/s). 
The echoes used were not selected 

to exclude ‘ drifting ’ echoes. 
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Figure 5. Perseids 1954. Values of s obtained with 55 Mc/s amplitude analysis method, 
plotted against solar longitude La. The top figure shows values of s from 
Mp=~-3™, the centre figure values of s for Mp=-+7™, the bottom figure the 
mean hourly rate of echoes, corrected for sporadic activity. 


5.2. Perseids 


Figure 5 shows a plot of the values of s for magnitudes between +8™ and 
+6™ obtained each night during the Perseid shower of 1954 by the method of 
§3.1, using the 55 Mc/s polarization equipment. It can be seen that for this 
magnitude range, s reaches a maximum of 1:55 +0-05 at the shower maximum. 
Using the same method for brighter meteors, a mean value of s= 1:96 + 0-17 is 


obtained for magnitudes between +4™ and 0™, while there is no detectable 
variation of this value with time. 
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Figures 6 (@) and (4) give the heights of meteors observed on 36 Mc/s during 
the periods 8th—-10th August 1952 and 10th—14th August 1953 respectively, 
The difference between the two distributions is not great, although figure 6 (a), 
which relates to the earlier part of the shower activity, has a noticeably flat top 
which may be due toa deficiency in faint meteors (relative to the numbers predicted 
by an inverse power law of meteor masses). From figure 6 (+) the mean height 
is found to be 102-5km and §4=12:5km. This corresponds to a mean value 
of s=1:59+0-03 over the period: 10th—14th August in the magnitude range 
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Figure 6. Height distributions, Perseids (36 Mc/s). (a) 8th—-10th August 1952; 
(6) 10th—-14th August 1953. 


Duration measurements obtained with the 36 Mc/s equipment are shown 
in figure 7, which shows the number of echoes exceeding a certain duration 
plotted against the duration. ‘The echoes have been selected as described in 
§3.3 to exclude meteor trails which have ‘ drifted’ in. ‘The values of s obtained 
from these plots refer to the magnitude range +3™ to 0™, and show insignificant 
variation with solar longitude, giving a mean value of s=2-:00+0-02, in good 
agreement with the result obtained from the echo amplitude analysis. The 
grouping of durations between 20 seconds and 50 seconds (about + 1™) for 
11th—12th-13th August is remarkable. A more detailed analysis shows it to 
be spread evenly over 11th—12th and 12th-13th August. ‘The grouping also 
appears in the duration distributions obtained with the 72 Mc/s equipment 
_ between durations of 5 seconds and 10 seconds, again corresponding to + 1™ 
(duration oc wavelength?). The 72 Mc/s durations, however, were not selected 
to exclude ‘drifting’ echoes, and are averaged over the whole Perseid period, 
so cannot be used to obtain a reliable value of s. 


5.3. Arietids © 


Figure 8 gives the results of height measurements made on 69 Mc/s during 
3rd—9th June 1952 and 1953. The echoes have been divided into 2km height 
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groups (instead of the 5 km grouping used for the other showers), and the extreme 
narrowness of the height distribution for this summer daytime meteor shower 
is at once apparent. The mean height is 92-5 km and 8=4-7 km corresponding 
tos=2°5 44-0: 
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Figure 7. Duration distribution, Perseids 1954 (36 Mc/s). The plot is double- 
logarithmic, and shows the number of echoes N, of duration exceeding 7. The 
echoes were specially selected to exclude ‘ drifting’ trails. (a) Lo =135°—138°; 
(6) Lo =138° 140°; () Lo =140"— 142. 
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Figure 8. Height distributions, Arietids, 3rd—9th June 1952-53 (69 Mc/s). 


In actual fact the observations made using the height-finding equipment 
with its low-gain aerials will refer to a mixture of Arietid and ¢-Perseid meteors, 
since both showers are active at the periods concerned and their radiants are 
separated by only one hour in right ascension. The velocities are 29 and 
38 km sec"! for the ¢-Perseids and Arietids, respectively (Davies and Greenhow 
1951), hence according to Evans (1954) the difference in mean heights of the two 
showers will be about 3km. If we assume the ¢-Perseids to have a similar mass 
distribution to the Arietids (see below) but about one half of the hourly rate, 
we obtain the corrected value 54 = 4-3 + 0-4 kmand hence s = 2:7 + 0:3,a=5-0+ 1-4 

The duration distributions in figures 9(@) and (b) were obtained on 72 Mc's 
and refer to the ¢-Perseid and Arietid showers respectively, it being possible 
to resolve these two showers with the radiant equipment. For the Arietids 
the values s=1-8, @=2-1 were obtained, while for the (-Perseids the values 
s=2-2,a=3-0. ‘The durations were not specially selected, so that the values of 
s and a represent lower limits, for the reasons discussed in § 3.3. 
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Figure 9. Differential echo duration distributions, showing the number of echoes observed 
in 1:5 second intervals (72 Mc/s). ‘The echoes used were not selected to exclude 
‘ drifting’ trails. (a) C-Perseids 1951-53; (6) Arietids 1951-53. 


5.4. Geminids 

Figure 10 shows a plot of the values of s obtained each night during the 1954 
Geminid shower by the method of § 3.1 using the 55 Mc/s polarization equipment. 
The amplitude distribution has been corrected for sporadic meteors. At 
M= +7, s steadily decreases from 1-53 (Lo =256°) to 1-25 (Lo =263°) with 
a mean value of 1-45+0-01, the mean being weighted according to the echo 
rate. At M= +3™, onthe other hand, s rises from 1-7 (Lo = 256°) to a maximum 
of s=2-7 (Lo =259°) and then falls again to reach 1-7 (Lo = 263°), the weighted 
mean value being 2:24 + 0-04. 
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Figure 10. Geminids 1954. Values of s obtained with the 55 Mc/s amplitude analysis 
method, plotted against solar longitude LQ. (a) s for Mp = +3™,(b)s for Mp— + 7™; 
(c) Mean hourly rate, corrected for sporadic activity. 
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Figure 11 shows the results of Geminid meteor height measurements made 
in 1951 with the 69 Mc/s equipment and in 1952 with the 36 Mc/s equipment. 
During the period 9th-12th December the height distribution is of the form 
predicted by Kaiser (1954) for an inverse power law of meteor masses, with 
s=1-62+0-04. Toward the end of the shower activity (12th-14th December) 
the height distribution appears squarer than predicted, indicating a departure 
from the power law of meteor masses probably in the direction of a relative 
deficiency of fainter meteors (see §6.2). The height distributions apply to 
magnitudes in the range +7™ to +5™, 
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Figure 11. Height distributions, Geminids, 1951 (69 Mc/s), 1952 (36 Mc’s). 
(a) 9th-12th December; (6) 12th—14th December. 


Geminid echo duration distributions obtained with the 55 Mc/s polarization 
equipment are shown in figures 12 (a) and (6), for the periods of shower activity 
corresponding to solar longitude 256°—260° and 261°—263° respectively. The 
echoes have been selected to exclude ‘drifting’ meteors. Over the magnitude 
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Figure 12. Duration distributions, Geminids 1954 (55 Mc/s). The plot is double- 
logarithmic, and shows the number of echoes N, exceeding duration t. The echoes 
were specially selected to exclude ‘ drifting’ trails. (a) Lo =256°-260°; 
(6) Lo =261°-264°. 


range +3™to + 1™, the values of s are 2-0 + 0-2 and 1-7+0-2 respectively for the 
two periods, while over the magnitude range +2™ to 0™ they are 2-6+0-2 and 
3:7+0-3 respectively. A weighted mean for the whole shower for M<3™ is 
e1ven DY 233.0323: 
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For the same two periods unselected duration distributions made with the 
72 Mc/s radiant equipment lead to mean values of s of 2:2 and 2:5 respectively 
for meteors brighter than +3™, these values being lower limits (§ 3.3). 


§ 6. Discussion 


Observations of the visual meteor rate as a function of limiting magnitude 
have been made by many observers. Unfortunately, the proportion of the 
meteors seen by a visual observer decreases rapidly for fainter meteors by an 
amount which is determined partly by subjective factors. The conversion of 
the observed into the true meteor distribution thus involves large corrections 
for the fainter meteors (7 > +3™) (Opik 1922 a, Ceplecha 1950). The situation 
may be better for telescopic observations since the field of view is well defined. 
The radio measurements do not suffer such defects, but it should be noted that 
strictly speaking they indicate distributions of electron line densities, while the 
visual measurements indicate distributions of luminosity. Kaiser (1955) has 
indicated how measurements of meteor rate and mass distribution can be used 
to obtain values of the true incident meteor flux per unit area. 


Sporadic Meteors 

The radio echo measurements indicate that an inverse square differential 
mass law is followed over the range 2™ to 10™. This corresponds to an increase 
of 2-5 times in frequency for each fainter meteor magnitude, which is precisely 
the result obtained by Watson (1941) for telescopic meteors down to magnitude 
+10™ and by Soviet workers (Fedynsky 1955) for meteors brighter than + 11™. 
We are thus led to conclude that the ratio K//J is independent of magnitude over 
the above range and that x= 1, in other words the magnitude given by telescopic 
observers characterizes the maximum light intensity produced by a meteor. 

Millman (see McKinley 1951) has attempted to overcome the difficulties 
referred to above in connection with the sporadic meteor visual magnitude 
distribution. His team of six observers devoted their attention to different 
areas of the sky and hence, down to some limiting magnitude, all meteors were 
seen by at least one observer. ‘The logarithm of observed rate as a function of 
limiting magnitude could be fitted by a linear relation for —3<M,<+2; 
beyond this the number falls more rapidly. Millman’s results obtained in this 
way give a=2:-7 for the brighter visual meteors. McKinley (1951) has also 
deduced the true visual magnitude distribution from a study of the fraction of 
visual occurrences coincident with radio echoes. In this way he gets a=2:4. 
Substituting the above values for a, with s=2-00, into equation (6) we obtain 
x=0-93 for a=2-7, x=1-05 for a=2-4. Levin (1955) has adopted the value 
a=3 for visual and telescopic sporadic meteors up to 10™, leading to a value 
x=0-83, i.e. significantly less than unity. However, using Millman and 
McKinley’s results, we conclude that in general visual magnitudes characterize 
the maximum luminosity of meteors. 


6.2. Shower Meteors 


Table 1 exhibits the general features of the radio results and also visual 
results, where appropriate. In each case, the value of s is a weighted average 
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Table 1. Values of s for Shower Meteors 


(corresponding values of a are given by log) @ = (s—1)/2°5) 


ae (1) (2) 3) (4) (5) 

: Mp=+7 +7>Mg>t+5  Mp=+3 +2>Mg>0 M,<+3 
Quadrantids = 1:78 — 1:8 2:5a 
Perseids 1-38 1:59 2:0 2-0 2-1b 
Arietids — 27} -— ILS hp — 
¢-Perseids — — — Dai — 
Geminids 1-45 1-62 2-24 Dies 2°38 


(1) Echo amplitude method; (2) echo height method; (3) echo amplitude method ; 
(4) echo duration method; (5) visual observation. 

+ Results obtained from unselected durations, and so representing only a lower limit 
CONTROL Gs (Cha 91 3) 

a Visual results after Levin (1955). 

b Mean value from analysis of the visual results of Opik 1922 b, Levin 1955, Kresak 
and Vozarova 1953, Hruska 1954, Ceplecha 1952. 


for the whole shower. The faint meteors (7 >M, >5) studied by the amplitude 
and height methods have, with the exception of the Arietids, s<2. Thus for 
these showers (Quadrantids, Perseids and Geminids) the increase in frequency 
with increasing magnitude is less rapid than is the case for sporadic meteors. 
For the brighter meteors in all the showers observed with the amplitude or 
duration methods, s>2, suggesting that for the showers as a whole there is a 
departure from inverse power of meteor masses, the rate of fall off in numbers 
with increasing mass becoming greater for the brighter meteors. 

The Arietids and ¢-Perseids seem to be exceptional in having a large value of s 
for both faint and bright meteors. 

It can be seen that where visual observations are available, they are in good 
agreement with radio observations. By comparing the radio and visual values 
of s for meteors brighter than +3™, we can obtain values of the constant x 
(cf. equation (6)). This can be done for the Perseid and Geminid showers, 
and the results are shown in table 2. The Quadrantids have not been included 
because the value of s obtained for the brighter meteors by the radio duration 


‘Table 2. Comparison of Visual and Radio Values of s to find x 


Shower Radio s : s, Visual s : s, x#=(s,—1)/(s,—1) 
Perseids 2-00 Pel O29 
Geminids 23 e3} 1-00 


method is unreliable. It has already been shown that, for sporadic meteors, 
x=1 for Millman’s measurements of s for visual meteors, but x =0-83 for Levin’s 
measurements on visual meteors. Because of the errors involved, it would 
seem reasonable to adopt the value x= 1-0. 

In view of the considerable amount of data available, the Perseid and Geminid 
showers will be discussed in more detail. 

Perseids. In general, the mean value of s increases from about 1-4 for meteors 
of +7™ to 2-1 for meteors of 0™. This indicates that the total mass per magnitude 
range is concentrated around magnitudes +5™ to +3™. It is also interesting 
to note from figure 5 that when the shower rate is a maximum, the number of 
faint meteors (MW, >6™) rises relative to that of the brighter meteors, falling 
again towards the end of the shower. 
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Geminids. Like the Perseid meteors, Geminid meteors show a pronounced 
increase in s from +7™ to 0™. The changes of s during the shower indicating 
that not only do the meteors become progressively concentrated during the 
shower into a small magnitude range, but that the magnitude at which the meteors 
are most concentrated decreases from about +4™ to about +2m, 
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Abstract. Observations have been made of radio echoes from meteor trails 
at 55 Mc/s in order to test the theoretical estimates by Kaiser and Closs of plasma 
resonance effects. The aerial array consisted of two Yagis mounted with mutually 
perpendicular planes of polarization on a common axis. The polarization 
effects observed are in good agreement with prediction for both short and long 
duration echoes, but some unexpected results were obtained for meteor trails 
with line densities in the transition region of 10” electrons cm}. Some 
calculations have been made of the effect of the finite meteor velocity upon 
observed polarization effects, and are in good agreement with observation. 

In addition to the polarization measurements, the relationship between 
the amplitude A and duration 7 of long duration echoes was investigated. An 
empirical relation of the form Aoc7°? was found, in contrast to the predicted 
law AccT?16, It is suggested that the discrepency is a result of diffusion by 
turbulence in the atmosphere. 


§ 1. INTRODUCTION 


HEN a meteor passes into the atmosphere it is heated by the impact 

of air molecules. If the temperature rises sufficiently atoms evaporate 

from the surface, and, since they are moving with the velocity of the 
meteor, they have enough kinetic energy to become ionized by individual collisions 
with air molecules. ‘Thus a column of ionization which can scatter radio waves 
is formed in the wake of the meteor (see Herlofson 1948 and Kaiser 1953 for full 
reviews). ‘The ionized trails studied by radio echo methods generally occur 
between heights of 85 and 105 km, where the mean free path is of the order of 
a few centimetres. 

A comprehensive theory of the scattering of radio waves by meteor trails 
(‘meteor echoes’) has been given by Kaiser and Closs (1952), who assumed 
that the ionization is circularly symmetrical about the axis of the trail, with an 
electron density n(r) at radius r and time ¢ given by 


n(r)y=n(Oyexpil=(H7¢)5| ee eee (1) 
where n(0)=«/mry” and ry?=4Dt; « is the number of electrons per unit length 
of the trail (the ‘line density’) and D the diffusion coefficient. The case s=2 
is of special interest, as it represents a column of ionization diffusing outwards 
at constant temperature (Huxley 1952). Kaiser and Closs, following Greenhow 
(1952 a), show that meteor echoes can be divided broadly into two classes, 
‘long duration’ and ‘short duration’ echoes. 

t This paper forms Part IV of a series. Part I (Lovell and Clegg 1948) and Part III 


(Greenhow 1952 a) discuss the intensities of echoes from meteor trails, while Part IL 
(Browne, Bullough, Evans and Kaiser 1956) discusses meteor mass distributions. 
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(1) Long duration echoes occur when the incident radio wave cannot penetrate 
the column of ionization, which is said to be over-dense. This happens when 
the condition |7/« | >A/2z7 is satisfied throughout the trail, where x is the dielectric 
constant at radius r+ and A is the radio wavelength; this reduces to 
210" electrons cm™!. It should be noted that this condition is independent of 
wavelength. The radio wave can be considered as undergoing reflection at the 
critical radius where the dielectric constant is zero (‘ metallic cylinder reflection’), 
so that as the trail expands by diffusion, the echo amplitude rises, and then falls 
rapidly as the dielectric constant at the axis of the trail rises to zero. For these 
over-dense trails it is predicted that the echo amplitude should be proportional 
to the fourth root of the line density «, while the echo duration 7 should be directly 
proportional to «. The reflection coefficient should be independent of the 
polarization of the incident wave, except initially when the radius of the trail 
is less than A/27, when it is predicted that the reflection coefficient should be 
greater for longitudinally polarized waves, i.e. waves with the electric vector 
parallel to the meteor trail. 


(11) Short duration echoes occur when the radio wave penetrates the column 
of ionization, which is said to be under-dense (x<10!electronscm~). The 
echo amplitude decreases exponentially as the trail expands, because of the phase 
differences across the trail, the duration of the echo being independent of «. 
The reflection coefficient should be dependent on the polarization of the incident 
wave, since for transversely polarized waves (with electric vector perpendicular 
to the axis of the trail) space charge separation will occur, with the possibility 
of plasma resonance. ‘There will be no such effect for longitudinally polarized 
waves for which the amplitude of the echo should be proportional to x. Kaiser 
and Closs have made a detailed study of the polarization effects expected and 
reach the following conclusions. 

(a) As the trail expands by diffusion the axial dielectric constant increases 
from its initial highly negative value towards + 1-0, and for the case s=2 plasma 
resonance will occur as it passes through the value —1-4. Since the dielectric 
constant decreases with increasing wavelength it follows that the resonance will 
occur later and will last longer as the radio wavelength A is increased. 

(b) Near plasma resonance there is an increase in the polarization ratio p 
defined as the ratio of the amplitude reflection coefficients for transverse and 
longitudinal polarization respectively. ‘The increase is mainly limited by collision 
damping, which becomes important in the annular region where the dielectric 
constant passes through zero and where the electric field becomes infinite because 
of the condition of continuous electric displacement throughout the trail. It 
follows that the damping increases with the width of this region and is greater 
when the radial gradient of dielectric constant is small; that is, the polarization 
ratio increases withs. For s=2, the maximum predicted polarization ratio is 2-0. 
As the trail expands beyond the resonant condition the polarization ratio falls 
to unity. 

(c) Initially, the phase of the transverse reflection coefficient leads that of the 
longitudinal reflection coefficient by 180°, because before resonance the natural 
frequency of the trail is greater than the applied radio frequency. As the trail 
expands the phase lead of the transverse reflection coefficient falls to zero with 


the plasma frequency. 
G-2 
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It has been assumed above that the part of the trail which makes the major 
contribution to the echo is uniform, i.e. that the time taken for the meteor to 
cross the first few Fresnel zones is small compared with the duration of the echo. 
The effect of the finite velocity of the meteor is considered in § 4.3. 

Experimental studies of radio reflections from meteor trails have been made 
by Greenhow (1952a), who established quantitatively the classification into 
long and short duration echoes, but did not attempt to study polarization effects. 
Later Closs, Clegg and Kaiser (1953) attempted to measure polarization ratios 
at a wavelength of 4m, with linearly polarized radio waves, and using a broadside 
array of dipoles and complementary slots. ‘Their results show fair agreement 
with theory, but the observations were unsatisfactory because the gain of the 
slot array was unexpectedly much less than that of the dipole array, while at 
the same time it was difficult to check the performance of the two aerials. More 
recently Van Valkenburg (1954) has studied polarization effects in short duration 
echoes at a wavelength of 13-1 m using helical aerials giving circular polarization. 
His results do not disagree with prediction but the measurements suffer from 
two disadvantages. First, it was not possible to identify separately the two 
reflection coefficients. Second, the maximum polarization ratio as defined above 
was not measured directly, but a quantity was derived from the measurements 
which depends on the relative phase as well as on the magnitude of the reflection 
coefficients. ‘The value of this quantity which corresponded approximately 
to the maximum of the polarization ratio was obtained for each echo. It can 
be shown that this represents an upper limit to the maximum polarization ratio, 
but since the relative phase between the reflection coefficients was not measured 
it is difficult to establish a close correspondence between Van Valkenburg’s 
results and the predictions of Kaiser and Closs. Van Valkenburg estimates 
that of the echoes which were measured 80° had a maximum polarization ratio 
less than 4-0. 

The present paper is the result of another attempt at an experimental study 
of the scattering of radio waves by meteor trails, using linearly polarized waves 
at a wavelength of 5-4m, carried out mainly during the summer of 1954. 


§ 2. APPARATUS 


‘The same aerial is used for radiating pulses and for receiving echoes. It 
consists of two perpendicularly polarized four-director Yagi aerials on a common 
axis, which can be directed to any azimuth and elevation, giving horizontal and 
vertical planes of polarization for an aerial elevation of 0°. Observations are 
made during meteor showers when most of the meteors observed are travelling 
in parallel paths. It can be seen that, when the aerial is pointed in a direction 
differing from that of the shower radiant by 180° in azimuth and 90° in elevation, 
the vertically and horizontally polarized aerials give rise respectively to longi- 
tudinally and transversely polarized waves at the meteor trails. During 
observations the aerial is moved in steps of 10° in elevation and at half hourly 
intervals in azimuth. ‘The errors this practice will introduce into the measure- 
ments are considered in § 4.2. 

The Yagis each have a measured free-space beam width of 43° between 
half-power points, where the difference between the power gains is 0:5 dp (figure 1). 
‘The cross-coupling between the two aerials is less than —20dB. The polar 
diagram in the vertical plane is modified considerably by ground reflections, 
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as indicated in figure 2, which shows the calculated polar diagram for an 
elevation of the aerial axis of 30°. Reasonable values of the dielectric constant 
of the soil were assumed (« = 25 + 197e.s.u.). A common transmit-receive (TR) 
system is used to connect the aerials to the transmitter and receiver. Because 


, — E plane 
/ ’ ---H plane 


200 240 280 320 °#°0 40 80 120 160 
Angle off-axis (deg) 


Figure 1. Measured directional diagram of the aerial system (amplitude of electric field 
against azimuth). In the absence of ground reflections, the E-plane and H-plane 
polar diagrams correspond in the echo plane to transverse and longitudinal 
polarization respectively. 


—— Longitudinal polarization 
—-— Transverse ” oc 


Horizontal Plane 


Figure 2. Aerial polar diagram in elevation showing the effect of ground reflections. 
This is calculated for an aerial elevation of 30°. 


the transmitter power is divided equally between the two aerials, while the 

| receiver is switched alternately from one to the other, it is essential that the TR 
system should be symmetrical as seen from the transmitter while giving negligible 
cross-coupling between two halves of the system on reception. ‘The transmission 
line circuit used is shown in figure 3 ; it has a measured cross-coupling on reception 
of less than — 17 ds. 


to Aerial 1 


to Aerial 2 


to Receiver ea N 
x Spark gap -TR switches 
| —{ Reflector plate 


Figure 3. Transmission line system (common TR). 


102 E. R. Billam and I. C. Browne 


A frequency of 55:3 Mc/s is used (wavelength=5-4m), with a pulse length 
of 8psec anda pulse repetition frequency of 600 per second, every fourth pulse 
being doubled to facilitate range measurement. ‘The transmitter has a peak 
power of 50kw, which is divided equally between the two perpendicularly 
polarized aerials. The receiver, of bandwidth 150kc/s and noise factor 6 de, 
is switched between the two aerial pre-amplifiers at half the pulse repetition 
frequency, so that the echo pulses corresponding to longitudinal and transverse 
scattering appear alternately in the display, where they are identified by an 
automatic device. A photographic recorder of the type described by Davies 
and Ellyett (1949) is used, with a fast time-base for range measurement, and 
a slow time-base of ():1 second on which the time variation of the echo amplitude 
can be studied. 

Before each run, the transmitter power and receiver noise factors are measured. 
‘The recorder is set to trigger whenever the echo amplitude is more than double 
the noise amplitude. The balance of the TR system is checked by feeding 
a train of radio-frequency pulses into a point A of the transmission line circuit 
(cf. figure 3), and adjusting the pre-amplifier gains until the two signal levels 
at the receiver output are equal and are unaltered by interchange of the 
pre-amplifier inputs. 


§ 3. RESULTS 


1500 meteor echoes were observed in June 1954 during the daytime Arietid 
and ¢-Perseid showers and a further 200 long duration echoes were observed 
during the Geminid shower 1954 and the Quadrantid shower 1955. Many of the 
echoes observed in June 1954 were of the short duration type and of these the 
majority showed a polarization effect of the sort predicted by Kaiser and Closs. 

In order to eliminate most of the meteors which might be seen in the side 
lobes of the aerial beam and where the relative gains on the two polarizations 
are very unequal a method of range discrimination was adopted, only those 
meteors being accepted which lay within the range limits corresponding to an 
overall angle of acceptance of 40°. Of these only those echoes were considered 
for a general analysis which did not have an echo amplitude large enough to 
give an off-scale deflection on the display, for which the amplitude on both 
polarizations was greater than 3 x noise for most of the echo, which had a total 
duration greater than 30 msec, and for which the permanent polarization ratio 
(see below) was less than 3:0. Only for echoes satisfying all these requirements 
was it possible to make reliable measurements. The question of bias due to 
observational selection is discussed in §4.1. The range requirements were 
satished by 924 echoes, of which 112 were used in the subsequent analysis. 
The 112 echoes were divided into twe classes: those which showed a decay 
during the length of the slow time-base (0-1 sec) and those which did not. The 
classes correspond approximately to the short and long duration echoes discussed 
in § 1. 


3.1. Short Duration Echoes 


The echoes of the first class were subdivided into those which showed a 
polarization effect similar to that expected, i.e. a sharp rise in the polarization 
ratio to a maximum value shortly after the beginning of the echo followed by 
a decay to a constant value (the theory actually predicts a decay to unity, the 
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fact that the final value was generally greater being accounted for below), and 
those which showed an anomalous polarization effect in which the polarization 
ratio increased towards the end of the echo. ‘I'wo typical short duration echoes, 
plotted from the records, are shown in figure 4. 
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Figure 4. T'ypical echoes. (a) and (6) short duration echoes (a<10™) showing a polar- 
; ization effect similar to that predicted. The changing polarization ratio is plotted 
for both. (c) A transition echo (w~10”). (d) The beginning of a long duration 

echo (a>101*) (obtained with reduced receiver gain). 


‘The approximately constant values of polarization ratio, generally greater 
than unity, which were attained at the end of most short duration echoes were 
thought not t' cepresent a real polarization effect, caused by differences in the 
reflection cocflicients at the meteor trail for the two polarizations, but to be 
a consequence of the inequalities in the polar diagrams of the Yagis. A histogram 
of the values of these constant polarization ratios for the measured short duration 
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echoes is given in figure 5. The range of values is in fair agreement with that 
to be expected from the calculated power gain ratios of the Yagis (see figure 2) 
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Figure 5. Distribution of values of constant polarization ratio (p.,) for 
short duration echoes. 


In the general analysis of the short duration echoes the following procedure 
was adopted: each echo was plotted as in figure 4 and the mean polarization 
ratio, averaged over several pulses, was measured at the beginning, middle and 
end of each echo, the beginning and end being taken as those points at which 
the echo amplitude on vertical polarization was one sixth of the maximum 
amplitude. ‘These ratios are represented as py, pp and p, respectively. Because 
of the irregular triggering level and the sharp rise at the beginning of an echo, 
pa could not be measured as accurately as py, and p,. Histograms of the ratios 
PR/PA> Pa/Pc> PalPo for all echoes of duration less than 90 msec are shown in 
figure 6. ‘These results are in qualitative agreement with the predictions of the 
theories of Herlofson and Kaiser and Closs and indicate the existence of plasma 
resonance in the meteor trails. 
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Figure 6. Distribution of values of pp/p,, pp/pc, Pa/po for echoes of duration less 
than 90 msec. 


A plot of py/p¢ against the corresponding value of maximum echo amplitude 
on longitudinal polarization (corrected for the mean transmitter power and 
a range of 200km) is shown in figure 7. This shows that pp/p¢ decreases with 
increasing echo amplitude to a value less than unity. The sensitivity of the 
equipment, defined as the electron line density of a meteor trail at a range of 
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200km which will produce an echo amplitude of 3x noise, has been found 
experimentally to be «=10"% cm", this being in agreement with an independent 
estimate from the equipment parameters. _ If this value of line density is attributed 
to amplitudes of 3x noise in figure 7 and the direct proportionality between 
amplitude and line density assumed, then the abscissa of figure 7 may be replaced 
by a scale of line density. When this is done p,,/p.=1-0 is found to correspond 
tox=10"%cm'!. This is in good agreement with the theory of Kaiser and Closs 
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Figure 7. Values of pp/p¢ for short duration echoes against echo amplitude (corrected to 
200 km range and constant transmitter power). The abscissa is given a scale of 
line density. The chain line is fitted to the plotted values. 
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Figure 8. Values of p, against echo amplitude and line density. ‘The full line represents 
the variation of p, with line density predicted by Kaiser and Closs, neglecting the 
finite velocity effect. 


and gives a quantitative basis to the subdivision of the short duration echoes. 
It can be seen that the anomalous echoes (cf. figure 4) correspond to line densities 
in the transition between true short duration and long duration echoes. 

The maximum value of the polarization ratio pm was measured for those 
echoes which showed the expected plasma resonance effect and which had a 
duration, measured from one-sixth amplitude points, of less than 90 msec. In 
addition only those echoes were accepted for which the polarization ratio p, 
at the end of the echo had a constant ratio, which was reached before the echo 
amplitude on either aerial had fallen below about 3 x noise. For the 52 echoes 
which were used the effect of the inequalities in the two polar diagrams was 
removed by dividing pm by p., for each echo giving p,, the true maximum polariza- 
tion ratio at resonance. A plot of p, against echo amplitude is given in figure 8. 
The values of p, show no apparent decrease with increasing amplitude 
(line density); this is thought to be a consequence of the finite velocity of the 
meteor (see §4). A histogram of p, for the measured echoes is given in figure 9. 
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The theory of Kaiser and Closs predicts a maximum value of the resonant 
polarization ratio of p,=2, corresponding to «=10!cm 4, with pr decreasing 
to unity as the line density increases to 10!2cm™1. ‘Ihe minimum line density 
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Figure 9. Distribution of values of py. 


for which p, was measured was approximately 2 10!‘ cm™', for which the 
theoretical value of p, is 1-7. From figures 8 and 9 it would seem that the 
experimental values of the resonant polarization ratio are larger than predicted 
by a factor of about two. 

The spread in the values of p, and p,/p¢ is thought to be due to the following 
uncertainties: (i) The errors in the measurement of polarization ratios from the 
records; these errors, which are greatest when the echo amplitude is small, 
are estimated to be not greater than 20%. (ii) The uncertainties in echo amplitude 
which arise from an ignorance of the part of the aerial beam containing the 
reflection point of the meteor trail; the possible error in maximum echo amplitude 
from this cause is approximately 25°. The remaining spread in values of p, 
is thought to result from including a range of value of line density in the analysis, 
although the same effect would be achieved by the inclusion of a certain number 
of sporadic meteors. But since the aerial is always pointing in the most favourable 
direction for shower meteors and because of the range limitations imposed this 
number is not very large, the proportion of sporadic meteors being estimated 
as 15%. ‘The final source of error, which arises from the discontinuous movement 
of the aerial (causing a misalignment of the Yagis with respect to the meteor 
trails), is considered in § 4.2. 


3.2. Long Duration Echoes 


Of the 112 echoes which were selected only five showed no decay during 
the length of the slow time-base (0-1sec). This is not surprising, because 
most long duration echoes observed either originate at trails which have been 
distorted into a specularly reflecting condition by turbulence, and so lie outside 
the limits of acceptance in range, or else have amplitudes greater than full-scale 
deflection on the display. More long duration echoes were obtained during the 
1955 Quadrantid meteor shower, when observations were made with decreased 
equipment sensitivity. No long duration echoes were observed which showed 
the kind of polarization effect predicted for short duration echoes. Most long 
duration echoes had a constant polarization ratio over their duration, though some 
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showed a changing polarization ratio which accompanied the amplitude 
fluctuations caused by the atmospheric turbulence later in the lifetime of the 
echo. A representative long duration echo is given in figure 4: the 
characteristic slow rise in echo amplitude will be noted, together with the absence 
of a systematic change in the polarization ratio, with the exceptions noted above. 

During the Geminid meteor shower of December 1954, observations were 
carried out using only the Yagi corresponding to longitudinal polarization, and 
with the same geometry as before.- At the same time, the receiver gain was 
switched at half the pulse repetition frequency between two preset values differing 
by about 10ds. In this way the limitations set by off-scale deflections were 
overcome and a large range of echo amplitudes could be studied. The durations 
of long duration echoes were estimated from the number of times each echo 
triggered the recorder, this being equal to the echo duration in seconds, to within 
1-Osec. Only those echoes were analysed which showed a velocity-diffraction 
pattern (Davies and Ellyett 1949) and which thus corresponded to meteor trails 
formed directly in the specularly reflecting condition. Figure 10 shows a 
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Figure 10. Logarithmic plot of echo amplitude (corrected to 200 km range) in arbitrary 
units against echo duration. Each point represents a mean for several echoes, 
the standard deviation being given by the horizontal bar. The full line represents 
the ‘ best’ (centroid) fit to the points, while the broken line represents the expected 
fit. 


logarithmic plot of mean echo amplitude against duration in one second intervals 
for the 105 echoes of duration greater than one second which were accepted for 
analysis. It can be seen that the graph is fitted by a relation of the form 4 oc feu 
where A is the echo amplitude and 7 the echo duration. This agrees with an 
earlier estimate by Greenhow(1952b) who measured echo durationsand amplitudes 
at a frequency of 36Mc/s (8:2m). His measurements lead to the relation 
AxT*’, The significance of these results is discussed in the next section. 
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§ 4. Drscusslon 


4.1. Observational Selection 


As was stated in the previous section, only 12% of the echoes satisfying the 
range requirements were used in the final analysis. In such circumstances 
the possibility that the results have been influenced by the selection of data must 
be carefully considered. ‘The 812 unused echoes were initially rejected for one 
of the following reasons: (a) the longitudinally polarized echo was too weak to 
measure, (b) the transversely polarized echo gave off-scale deflections at some 
time during the lifetime of the echo, (c) both transversely and longitudinally 
polarized echoes produced off-scale deflections during the lifetime of the echo, 
(d) the echo showed evidence of having been produced after distortion by 
atmospheric turbulence of a meteor trail not initially formed in the specularly 
reflecting condition. 

The numbers of rejected echoes in each category were: (a) 33%, (6) 20%, 
(c) 15%, (d) 33%. Echoes falling into category (a) were caused either by meteors. 
appearing in the side-lobes of the aerial, or by meteor trails of line density less 
than about 10" electronscm ! (see previous section). ‘Thus the results in the 
previous section will apply only to trails of line density greater than this value. 
Echoes in category (b) might well bias the results, in that their rejection from the 
analysis might lead to the exclusion of echoes showing large polarization effects. 
The echoes in category (6) were re-examined and it was found that only seven 
did not fall also into categories (a), (c) and (d) or else were not short duration 
echoes. Of these seven, it was clear that one did not show resonance and that 
one was a transition echo. ‘Two of the remaining five were resonant echoes, 
of indeterminate ratio p,, while it was impossible to determine whether the other 
three were or were not resonant. Echoes in category (c) were caused by transition 
echoes or long-duration echoes, so that their exclusion from the analysis does not 
affect the results for the short duration echoes. Echoes in category (d) were 
usually long duration echoes, but in any case no observational selection is 
introduced by their exclusion, because the probability that a section of a meteor 
trail will be formed out of the echo plane is independent of its line density. 

Thus in spite of the severe selection of echoes, only five of the excluded 
echoes, all in category (4), might have shown resonances which should have been 
included in the final analysis. Since 112 echoes were used in the final analysis, 
it can safely be assumed that the polarization results in this paper are independent 
of the observational selection, except that they refer only to a limited range of 
electron line densities, between 10" and 2 x 10” electrons cm-!. 


4.2. Misalignment of the Aerial 


The assumption that the meteor trail was parallel to the plane of polarization 
of the appropriate Yagi was not in general justified as the aerial was moved at 
half-hourly intervals and was pointed approximately midway between the 
Arietid and ¢-Perseid radiants. 

It can be shown that if the plane of polarization of the longitudinal Yagi is 
inclined at an angle @ to the direction of the trail then the polarization ratio p,’ 
which will be measured is given by 


(sin® 4 + sin 6 cos @) + po’ exp (zhy’)(cos? 6 — sin 4 cos @) . 
(cos? # + sin # cos 8) + po’ exp (t/i9’)(sin?0—sin@cos@) ~~ **"*** ce 


Pe = 
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where py’ is the polarization ratio and yj,’ the phase difference between the signals 
which would be measured on transverse and longitudinal polarization if @=0°; 
po and yy’ differ from p and % because of the finite velocity effect. A plot of 
Pe against py’ for 6=20° and for several values of yp’ is given in figure 11. For 


4 


Figure 11. pe’ the polarization ratio measured for an angle of misalignment @ for 6=20 
as a function of po’ and xy,’ the ratio and phase difference respectively between the 
overall reflection coefficients for 9=0°, taking into account the finite velocity effect. 


small ys,’ and large py’, p,’ may in fact be greater than py’; this is because the second 
term in the denominator is negative for 0°<@<45°. From the values of py’ 
and ys,’ to be expected for a typical meteor showing the finite velocity effects 
(see figure 13), the changing polarization ratios which would be measured for 
6=0°, 20° and 30° have been calculated, and it is found that for values of 6 not 
greater than about 20° the effect of the misalignment on the observed polarization 
ratio is negligible. ‘The ratio for longitudinal polarization of the amplitude 
observed to that expected for 6 =0° is given by the denominator of expression (2). 
If typical values are used it is found that the error in the measurement of the 
maximum echo amplitude on longitudinal polarization is less than 10°% for the 
polarization ratios encountered and for @ less than 30°. Itis not expected therefore 
that misalignment of the aerial when the observations were obtained will introduce 
appreciable errors in the measurement of maximum echo amplitude or polarization 
ratio. 

An effect similar to that produced by misalignment would be produced 
by rotation of the plane of polarization of the wave on its passage through the 
D and lower E regions of theionosphere. Anestimate shows that for the directions 
in which the aerial was pointed during the observations discussed in this paper 
the rotation of the plane of polarization will always be less than 10° for meteors 
below 110km in height. Accordingly the effect has been neglected in this analysis. 
It should be noted that for aerial directions close to that of the terrestrial magnetic 
field, and for frequencies below about 70 Mc/s, the rotation can be of the order 
of one radian during the daytime, when the D regions have greatest ionization. 


4.3. Finite Velocity Effect 
When the time for the meteor to cross the first few Fresnel zones on either 
side of the specular reflection point is not small compared with the lifetime of 
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the echo, it is incorrect to assume that at any instant the same reflection coefficients 
characterize every part of the ionized trail. In particular, the variation with 
time of the amplitude and phase of the echo will not necessarily be similar to the 
variation with time of the amplitude and phase of the reflection coefficient of 
any portion of the trail. Thus the finite velocity v of the meteor will have an 
effect on the form of the echo unless 2(RA/2)!!2/v<A?/1672D where R is the range of 
the specular reflection point and (RA/2)"? is the length of the first Fresnel zone. For 
the typical values of meteor velocity 40kmsec!, diffusion coefficient 
3x 104cm?sec!, for a wavelength of 5 metres and for R=200km, ait can be 
seen that the finite velocity effect is not negligible. 

The effect of finite meteor velocity on echoes observed with longitudinal 
polarization only has been examined by Evans (see Kaiser 1953) who finds that 
the maximum amplitude of the echo is decreased, and that the depth of the 
Fresnel fringe pattern is increased, though their spacing is unaltered. 

The occurrence of plasma resonance complicates the effects observed on 
transverse polarization. The length of trail over which plasma resonance 
is occurring at any instant will be of the order of the first Fresnel zone only, so 
that in the absence of any phase changes in the reflection coefficient, the effect 
of the finite meteor velocity will be to diminish the observed polarization ratio. 
When the phase changes accompanying the resonance are taken into account, 
however, it is found that in some cases the finite velocity effect may actually 
increase the observed polarization ratio. 

The echo amplitudes expected from a meteor trail are given by 


E,, = constant x | exp { — kd(n) —n)} exp (2b) dn (longitudinal) 


—<¢ 


and 


Ye 
Ey, =constant x | p(n) exp { —Rkd(m) —2)} expt(p+y%)dn (transverse) 
where 7 is the distance in units of (RA)? from the specular reflection point, 
”y is the corresponding distance to the instantaneous head of the trail, v is the 
meteor velocity, k= 167?D/A?, 6 =(RA)?/v, ¢( =27n?) is the phase angle of the 
element dn with respect to the phase at n =0, % is the phase lead of the transverse 
reflection coefficient and p is the ratio of the transverse to the longitudinal reflection 
coefficients at the element dv. ‘The integrals can be evaluated numerically for 
a given value of m), and a phase amplitude diagram, similar to the well-known 
Cornu spiral, can be plotted. Although Kaiser and Closs did not calculate 
the way in which # varies with time, a sufficiently good approximation for the 
present purpose is given by assuming that decays exponentially from + 180° to 0°, 
passing through the value 45° when p passes through its maximum. Figure 12 
shows a phase—amplitude diagram for the values m)=1-0, c=40kmsec"!, 
D=3 x 10*cm?sec™!, and «=3x10"electroncm™ (p,=1:7 is predicted for 
this line density). It can be seen that the variation of ys along the trail tends to 
‘unwind’ the vector spiral for positive values of m, so increasing the echo amplitude. 
If the amplitude and phases of Ey and Ey evaluated from plots such as this for 
different values of mp) are themselves cisplayed on a phase—amplitude diagram, 
a plot is obtained which shows the variation with time of the amplitude and phase 
of the echo (figure 13 (a)). From this the variation of amplitude alone can be 

obtained (figure 13 ()). 
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From figure 13 (6), it would seem that the overall effect of the finite meteor 
velocity is to increase the observed maximum polarization ratio and to alter the 
velocity diffraction pattern observed with transverse polarization. It is thus 
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Figure 12. Phase—amplitude vector diagram plotted for the typical echo (no>=1-0). 
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(a) Phase—amplitude diagram showing the calculated variation of the amplitude and phase 
of E;, and Ep with time for typical echo. (6) Echo amplitude against time for the 


same echo (6=t/7). 


fairly certain that the finite velocity effect is responsible for the observed polariza- 
tion ratios being on the whole greater than those expected from the simple 
application of Kaiser and Closs’s theory in which it is assumed that the whole 
meteor trail is formed instantaneously. 


4.4. The Amplitude—Duration Relationship for Long Duration Echoes 
It has been shown (cf. figure 10) that the amplitude 4 and duration T of long 
duration echoes are related empirically by the expression 


eee FO ea (3) 
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For a constant diffusion coefficient, the predicted relation is 
Ach? eS (4) 


but because the point of maximum ionization should occur lower in the atmosphere 
with increasing maximum line densities «max, the relation (4) is modified (Kaiser 
1953): 
Actes. vO ee (5) 

It can be seen that there is considerable discrepancy between observation and 
prediction. Relation (5) involves three main assumptions: (a) A o«"* where « 
is the electron line density, (6) 7’<«/D where D is the atmospheric diffusion 
coefficient, (c) Pmax ©%max!® where Pmax is the atmospheric pressure at the point 
where a meteor produces its maximum line density %max. Assumption (@) seems 
well founded, so that the discrepancy must lie in (b) and (c). Assumption (c) 
rests on the theory of meteor ionization (Herlofson 1948) on which doubt has 
been cast by recent photographic evidence (Jacchia 1955), but even if the height 
of maximum ionization were independent of «max, the exponent of 7’ should 
be no greater than } (relation (4)). It seems unlikely that the height of maximum 
ionization would increase with &max. 

It is implied in assumption (b) that the effective diffusion coefficient is 
independent of time. If atmospheric turbulence plays any part in spreading 
the initial ionization, however, the effective diffusion coefficient would increase 
with time. Greenhow (1952 a) has already suggested that turbulence plays 
a part in shortening echo durations greater than about 10 seconds. But since 
the smallest turbulent eddies cannot be smaller than the molecular mean free 
path, turbulence can be important only after the radius of the meteor trail has 
increased to several mean free paths, that is, after two or three seconds. It can 
be seen that the results shown in figure 10 could be fitted quite well by a law of 
the form 4A oc T°? for durations less than 2 seconds and for greater durations by 
a law of the form Ac T®3,. More detailed measurements will be needed to settle 
this point. 

§ 5. CONCLUSIONS 

The maximum polarization ratios for short duration echoes are roughly 
double those predicted by Kaiser and Closs (1952) while the polarization ratios 
do not in general change smoothly with time. A simple consideration of the 
effect of the finite velocity of the meteor goes far to bring the theory into agreement 
with the observations, which thus support the assumption that the meteor trail 
can be represented by a gaussian radial distribution of electron density 
(cf. equation (1)). : 

Long duration echoes show a behaviour in good agreement with prediction, 
except that their durations are shorter than would be expected from the amplitude 
of the echoes. ‘This discrepancy can be explained qualitatively by the increase 
in effective diffusivity produced by atmospheric turbulence. The unexpected 
polarization effects shown by transition echoes (line density ~10!2 electrons cm!) 
have not been explained satisfactorily, but Kaiser and Closs did not make detailed 
calculations for this range of line densities. It should be noted that when meteor 
echoes are studied without distinction between the states of polarization, errors 
may be introduced by resonance effects into (i) the velocity measurements from 


the Fresnel diffraction pattern, (ii) the measurement of decay time of short 
duration echoes. 
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RESEARCH. NOTES 


Ion Oscillations in a Cathode Potential Minimum 


By K. G. EMELEUS anp N. R. DALY 


Queen’s University, Belfast 


MLS. received 13th Fuly 1955, and in amended form 25th October 1955 


ISCHARGES from hot cathodes through gas at low pressure may be 
sources of noise in the ke/s to Mc/s frequency band, with superposed 
oscillations possessing definite frequencies (Cobine and Gallagher 1947, 
Martin and Woods 1951). When the current is not saturated, it has been found 
repeatedly in this laboratory that the frequency v of the regular oscillations is 
nearly proportional to the square root of the current [J |. It is difficult to trace 
with certainty the origin of an oscillation in a complex system of space charges 
and plasma, but it is perhaps interesting to note that a relation of this type might 
be expected for the small amplitude oscillation of ions in the potential minimum 
in front of the cathode, when the current is small compared with the saturation 
current. 
In the plane case, we will assume that in the region of the plane, which we 
will call x=0, where the potential V has a minimum, a unit volume contains 
ny electrons each with charge — e, and relatively few ions. Then 


a2V 
De Ne =4rnge. Srila toeowe (1) 


If 7 is the temperature of the cathode and electrons, the current 7 flowing 
between cathode and anode per unit area perpendicular to x will be, under the 
conditions stated at the end of the first paragraph (cf. Weizel 1950), nearly 


i= —1,e(RI/2rin) See (2) 
Integrating equation (1) and substituting for 7) from (2) gives 
dV ee 5 
ss ae Ani 2am) ee ee (3) 


It follows that the frequency of small amplitude oscillations of singly charged 
positive ions of mass M about the minimum will be 


= {a =) (Gry be, cae (4) 


showing that for a constant cathode temperature and ion mass, v is proportional 
to (—2) and heneestor) a je. 
Writing equation (4) in the alternative form 
v=Singe aM, i eee (5) 


it is seen that v found in this way is identical with the upper limiting frequency 
of oscillation of positive ions in a plasma with concentrations , of ions and 
electrons. 
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The analysis for a cylindrical cathode will be less simple, on account of the 
variation of the area of the minimum potential surface with current. In many 
cases this is likely to be small (Wheatcroft 1940), and a relation of the form (4) 
still approximately true. If the amplitude of the oscillations and the contribution 
of the positive ions to the space charge become large, White’s experiments 
(1953) show that more complicated conditions result. 
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Photon-radiative Recombination in PbSe, PbTe and PbS 


By I. M. MACKINTOSH 


Department of Physics, University of Nottingham 
Communicated by L. F. Bates; VIS. received 6th June 1955 and in final form 29th August 1955 


HE increasing availability of pure single crystals of semiconductors of 
relatively small energy gap, such as InSb, PbS etc., has led to a more exact 
knowledge of the fundamental properties of these materials, and has made 
possible a closer investigation of their subsidiary properties. In particular, there is 
experimental evidence that in all the semiconductors of small energy gap so far 
investigated, the recombination lifetime of free electrons and holes is very short 
(of the order microseconds and less). One of the recombination mechanisms 
which may be of importance in such materials is direct electron-hole recombi- 
nation resulting in the emission of a single photon, and it is the purpose of this 
note to obtain an estimate of the lifetime due to this process in the semiconductors 
of the PbS group. 
van Roosbroeck and Shockley (1954) have treated photon-radiative recom- 
bination in germanium by applying the principle of detailed balance and equeting 
absorption and generation rates at thermal equilibrium. ‘They show that the 
total rate R of radiative recombination of electrons and holes per unit volume at 
thermal equilibrium and at 300°K, may be expressed in the form 


DUR EASECG AG eno heiviitrg tre (1) 


oo 3 
R=1-78x 102 [8K 
“0 eve 

where z is the refractive index, K is the absorption index, and u= hy /RT. 
Evaluation of R thus requires numerical integration of the product of n?K 
and the dimensionless quantity U=u*/(e”—1) which is the same for all materials. 
The lower limit of integration may be taken as the value of u which corresponds 
to the long-wavelength absorption limit, since photons of longer Wavelength are 


absorbed by other mechanisms, such as free-carrier absorption. 
H-2 
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‘The relation between the lifetime and the recombination rate has been ob- 
tained for the non-degenerate case by van Roosbroeck (1953), and for the degenerate 
case by Mackintosh and Allen (1955). The intrinsic photon-radiative lifetime 


- is given by ‘ 
ai pvr i Fy, Zak aitaycarnerhe ts) (2) 


where x, is the concentration of intrinsic electrons. tes 

The figure shows the variation of the factor U with wu, and the variation of 
mK with u for the compounds PbSe, PbTe and PbS at 300'K. Following 
experience gained in the analysis of InSb, a direct extrapolation of the ‘edge’ 
has been made, without attempting to compute the effect of long-wavelength 
absorption. ‘The values of n?K were calculated from the published absorption 
data of Avery (1954) and Gibson (1952). Avery uses reflection techniques to 


Dependence of n®K on u=hv/RT for PbSe, PbTe and PbS at 300°K. 


determine the absorption coefficient « in the short-wavelength range where the 
value is high (10*cm), and claims a resolution of + 0-1 14; Gibson determines the 
absorption coefficient on the long-wavelength side of the absorption edge by 
transmission techniques and claims a resolution of +0-2. In order to bring 
the two sets of measurements into approximate agreement at the absorption edge, 
it was found necessary to shift one or both curves along the wavelength axis by 
amounts not exceeding the resolutions claimed. ‘This procedure is much the 
same as that used by Avery in building up a composite curve of absorption 
coefficient against photon energy for PbS. Gibson’s values were shifted 0-1 ju for 
PbS, and 0-2 » for Pb'Te and PbSe, all towards the longer wavelengths ; Avery’s 
values were shifted 0-1. for Pb'Te towards the shorter wavelengths. 

The values of R found by subsequent numerical integration are shown in the 
table. No effect on the position of the absorption edge of varying impurity 
concentrations has been observed in these compounds, and it may therefore be 


assumed that these values of R represent the photon-radiative recombination 
rate in intrinsic material. 
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Calculation of 7; at 300°K followed the lines suggested by Smith (1954). Tf 
Eq is the energy gap at T°K, m, and m,, are the effective masses of electrons and 
holes respectively, and m is the mass of the free electron, then we have 


3/4 
n, = 482 x 1015 x 732 (=) ep (Slag lkD) wees (3) 
This expression is given by Shockley (1950, p. 245) and is accurate only for non- 
degenerate samples. The factor (m, m,/m*)' has been obtained for each of 
the compounds using the data on the temperature dependence of the mobility 
ratio 6, and on the dependence of (m, m,/m?)!? on b, provided by Smith (1954, 
fig. 3 and table ITI). 


The effective masses are also related ‘to the mobility ratio by the expression 


(Shockley 1950, p. 287), 

m 3/2 

o =p= ( ms) ay even (4) 
fe \Mn 

and combination of (3) and (4) enables values to be obtained for the respective 

effective masses 7, and m,. For the PbS group of semiconductors these values 


will necessarily be tentative due to the large uncertainty in 4, and to the probability 
that the scattering law on which (4) is based does not hold in these materials. 


R b (Mp My)# My My Eg Ny Ti 
(em=* seces) m m om (ev) (Gan) (psec) 
PbSe 2-0°x 1074 Neg 0-16 0-15 Osla= Wow ese 0-6 
PbTe 8-6 x 1074 1-8 0-19 0-17 0-21 ODO. alOEe 0:8 
PbS 4-8 «1019 125) 0-13 0-12 O14 10-3 0S 5s 055 40 


‘The values of Eg used (see table) are those arrived at by the comprehensive 
analysis of Smith. Although derived in part from the absorption curves of 
Gibson, which in this analysis have been shifted along the wavelength axis, it is 
thought that the values of F,, are sufficiently uncertain in themselves to warrant 
neglecting a small change on these grounds. If Ey and (m, m,/m?)!? are known, 
n, and hence 7; may be calculated. Values of b, (m, m,/m”)!?, m,, my, Eg, n,, and 
7,, at 300°K are also shown in the table. For comparison, 7; has been calculated 
to be 0:75 sec for Ge (van Roosbroeck and Shockley 1954) and 0-75 x 10~6 sec for 
InSb (Mackintosh and Allen 1955). 

Experimental results are available only for PbS, and Smith states that the 
longest observed lifetime in this material, using the light-spot method, was 8 psec. 
Comparison with the value 7; = 40 psec indicates that the assumption that photon- 
radiative recombination will be an important process in materials of small energy 
gap (Mackintosh and Allen 1955) is further supported by the results for PbS. 

Lifetimes in PbS in the range 10~!sec to 10sec have been measured by 
Moss using the photo-electromagnetic effect, although the interpretation of the 
photo-electromagnetic effect itself, and of lifetimes less than about 10°*sec, is 
uncertain (Allen and Mackintosh 1955). Moss gives a curve of lifetime against 
resistivity which suggests that for PbS the Auger effect is the predominant 
recombination mechanism. However, taking the values for PbS at 300°K of 
Hn + Hp ~80 x 10? cm? volt" sec“, and n,~3-5 x 10” cm-*, a simple calculation 
gives o,~0-5ohm!cm'!. Thus a resistivity of the order of 2-0 ohm cm 
corresponds to an intrinsic photon-radiative lifetime of the order of 40 sec, which 
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is significantly less than the lifetime obtained by extrapolating Moss’s curve for 
the Auger effect. This seems to support the view expressed by Smith that the 
Auger effect is unlikely to be the most important process in pure material. 

Decay times much in excess of these values of 7; have been reported for PbS 
and PbSe photocells, but in view of the impure and polycrystalline nature of the 
materials in these cells, it is likely that the decay times represent the etfect of 
trapping processes and give no information on the bulk properties. 

The final results for the intrinsic photon-radiative lifetime +, depend on the 
values of R and n,, in accordance with equation (2). The value of the numerical 
integral, from which R is obtained, depends both on the position of the absorption 
edge and on the short-wavelength values of »?K, for which experimental data 
are available. Although the latter are probably the more inaccurate due to 
difficulties in reflection techniques, the fall of the factor U is already predominant 
in the region where the 73K curves flatten out, and the result of any errors in these 
values is likely to be small. The position of the absorption edge, on the other 
hand, has been investigated by several observers and is known relatively accurately. 

The value of n; depends both on £g and the factor (m,,m,/m?), both of which 
are somewhat uncertain. However, by assuming an error of + 10% in the values 
of Eg and taking into account the inaccuracies in (m, m,/m?), the results for m; are 
estimated to be accurate to within factors of 2, 3 and 5 for PbSe, PbTe and PbS 
respectively. 

The possibility of any contribution by exciton states to the absorption spec- 
trum has been neglected in view of the evidence (Smith 1954) that the limits of 
photoconductivity agree reasonably well with the position of the absorption 
edge in these compounds. 

The results of this analysis thus indicate that in the absence of traps, 0-6, 0-8 
and 40 sec represent the maximum attainable lifetimes in the compounds PbSe, 
PbTe and PbS to within factors of 2, 3 and 5 respectively. 
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BETTERS TO THE EDITOR 


The Distribution of Impurity in a Semi-infinite Solidified Melt 


The distribution of impurity in a solid grown from the melt has been treated 
by several authors (Taller et al, 1953, Pont 1954). 

Tiller et al. made use of a simplifying assumption which greatly facilitated 
the actual calculation. Pohl carried out a straightforward solution of the 
mathematical problem. He assumed a diffusion region in the melt of infinite 
length. By means of Laplace transformation of the differential equation 
mentioned below, Pohl obtained a solution in which the impurity concentration 
Cs in the solid is given as an infinite series. 

It is possible however, as will be shown here, to derive an expression for Cs 
in closed form based on the same model. 

The solute concentration C, in the liquid is governed by the equation 

Jee eae a a ee, (1) 
ot One Ox 
if «=O lies in the solid—liquid interface which moves with a constant velocity V. 
Equation (1) is readily transformed into 


af OF 


ee et Set Js 
ot Ox (?) 
by substituting 
BG De cons Kexpd ee a ee (3) 
ye, 2) = const. x exp — ID 4D (CA Oe anes gece 3 
A particular solution of (2) hari a transient process 1s 
(x x — ox’)? D 
AX cn EER Se 4 
Gt app | fC f(x", O)exp { — 4D x (4) 


The zero condition f(x, 0) is known for x >0: 
C(x, 0) = Cy, and therefore f(x, 0) =0. 
In the region »<0 one has to find a function f(x,0) which after integration (4) 
and substitution in (3) satisfies the boundary condition 
dC 
x=0; (1—k)VC(0,t)= —D re FAD (5) 


The desired function proves to be: 
£ es pay a one = (1-28) x 
IBD) ie por {apt tery Bi ee xP 2D 
(iO) 0 comtiaes (6) 


As now the transient distribution in the liquid is known, substitution of x=0 
in (3) and multiplication of C,(0, t) by the equilibrium solubility constant k gives 
the transient concentration in the solid 
C=C (0m) Cl etl (a) le 2k) exp [ —4k(1 —)r] 
(1 + erf [(1 —2k)r™*]}]...... (7) 


where 7 denotes V2t/4D and Vt is the positional coordinate in the solid. 
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Mr. Penning (private communication) of this laboratory calculated the 
transient distribution Cs by separation of variables in equation (1). A series 
expression is obtained which may be applied to cases of finite as well as infinite 
regions of diffusion. There was good agreement of numerical values for the 
infinite case between Penning’s expression and equation (7). 

Very recently Hulme (1955) obtained an expression for Cs which 1s identical 
to (7), using Laplace transformation in order to solve differential equation (1). 

Details of our method of calculation and numerical values of Cs for 


0-01 <V2t#4D<1000 and 0-001 <k <10 


will appear in a forthcoming issue of the Philips Research Reports. 


Philips Research Laboratories, O. W. MEMELINK. 
Eindhoven, Netherlands. 
20th October 1955. 
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Radiation from Gaseous Arcs 


An expression for the radiation loss from the positive column was included 
in the energy balance equation for high pressure arcs stated by Champion (1953). 
Elenbaas (private communication) has suggested that the factor x, (the electron 
density) might be replaced by 1, (the concentration of atoms in the ground state) 
in this relation. From the following it will be seen that both forms of the 
expression hold, but over different ranges of conditions. 

When there is thermal excitation the number of atoms excited to various 
levels x is 


yy = >i & exp(—elV ,/RT). 
&0 


If R, is the transition probability from the level x the radiation (assuming no 
absorption) is 


7 Ra ra > eRpexp (—eV ,JRT)= BD ngexp(=eVIRT) “2. (1) 
0 


where B can vary appreciably with temperature, and hence, position in an arc. 
Vx denotes an effective excitation potential, which is a weighted mean of the 
individual excitation potentials V’,. 

When excitation is caused mainly by electron and ion collisions and absorption 
is negligible the radiation must equal the rate of excitation, which may beexpressed 
in the form 

. * 00 
) y y\ou een , 3 Ty. 
[ fe )nNoQex(v)v4arv* dv =n,no | exp (— mv? '2RT)O,,(v) 403 dv 
Mex 


= A(T)n.ny exp (—eV,, RT) on eee 
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where Q,,(z) is the total excitation collision cross section, and 4 varies only 
slightly with temperature. The variation of 1, with position in the arc is much 
greater than that of m). This expression will be accurate unless excitation by 
collisions of atoms is appreciable. However, in that case another term (including 
ny but not m,) can be added to include these excitations. 

Expression (1), deduced for thermal excitation, holds when conditions 
approach those for thermal statistical equilibrium. However, in the limit of 
complete equilibrium the principle of detailed balancing requires that as much 
radiation is absorbed as emitted. ‘Thus expression (1) holds over a range of 
conditions, but does not hold either too near or too far from thermal statistical 
equilibrium. 

Expression (2) should hold over a wide range of conditions when excitation 
by electron and ion collisions predominate and, when corrected by the additional 
term to take into account excitation by atom collisions, should cover the whole 
range of conditions except those where absorption is large, i.e. near complete 
thermal statistical equilibrium. Expression (2) (without the second term) 
probably holds at lower pressures than expression (1), i.e. in a region where the 
electron and ion temperatures are at least slightly above the temperature of the 
neutral atoms. It should be possible to investigate these radiation terms 
experimentally. 


Department of Physics, K. S. W. CHAMPION. 
Tufts University, 
Medford, Massachusetts. 
20th September 1955. 
CuHampPion, K.S. W., 1953, Proc. Phys. Soc. B, 66, 169. 


REVIEWS OF BOOKS 


Imagerie géométrique. Aberrations (‘Traité d’optique instrumentale), by A. 
Marécuar. Pp. xii+244. (Paris: Editions de la Revue d’Optique, 1952). 
1680 fr. 

‘This book constitutes volume 1 of the first part of a projected treatise on 
optical instruments. ‘The first section, comprising some 60 pages, gives a straight- 
forward account of the general laws of geometrical optics, some simple stigmatic 
systems, gaussian optics, and the functions of diaphragms in limiting the aperture 
and field of view. The second, and longer part, takes up the question of aber- 
rations, dealing with each aberration in turn and giving both the ray and wave- 
front interpretations—except for some reason in the case of chromatic aberration. 
The discussion of aberrations concludes with a treatment of the Seidel aber- 
ration coefficients for axially symmetrical systems and their dependence on the 
position of the pupil and the magnification, together with the aberrations of a 
slightly decentred system. A particularly good account of the experimental 
study of aberrations is given. ‘The final chapters deal with erecting and other 
prismatic systems, including their aberrations, the geometrical aberration of 
gratings, non-symmetrical astigmatic systems, and (very briefly) with electron 
optical systems. Little is said concerning the correction of aberrations, this 
being reserved for a future volume. 

‘The mathematical treatments are clear and direct, and the many diagrams are 
a useful adjunct to the text. As a basis for a course on applied optics it leaves 
little to be desired. H. H. HOPKINS. 


Mess- und Priifmethoden der optischen Fertigung, Vol. 1, by J. Pict. Pp. x+175. 
(Berlin: Akademie Verlag.) 

Professor Picht is best known in England as a theoretical physicist and the 
author of a standard work on the diffraction theory of optical image formation. 
It is, therefore, surprising to encounter a book of laboratory and workshop 
practice coming from his pen. We find, nevertheless, a ‘ professional ’ manner 
which clearly derives from both practising and teaching the subject-matter of 
the book. 

The first 73 pages form a comprehensive account of the methods used for 
the measurement of the optical constants of materials, the accuracy and 
curvatures of surfaces. The next 23 pages describe the testing of glass for 
defects such as bubbles and strain, and also photometric measurements on 
optical systems. ‘The final 72 pages are concerned with methods for the 
determination of the focal properties (excluding aberrations), aperture sizes, 
the field of view and resolving power of optical systems. 

In all cases full descriptions are given, and the text is adequately supplied 
with diagrams. The references constitute an extensive bibliography of the 
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subject. In short, this is an excellent book which will earn deserved praise 
from all those engaged in the production and testing of optical systems. The 
second volume will be awaited with interest. H. H. HOPKINS. 


Mathematics of Engineering Systems (Linear and Non-linear), by D. F. LAWDEN. 
Pp. viii+ 380. (London: Methuen ; New York: John Wiley, 1954.) 30s. 


‘ Engineering systems’ is far too broad a category to be carried by the title 
ot this book. In fact the book deals, from an electrical standpoint, with the 
mathematics of those electrical systems whose behaviour can be described by 
ordinary linear differential equations with constant coefficients under stated 
initial conditions. A final chapter provides an introduction to non-linear 
methods. 

‘The author assumes that the reader has the calculus and complex numbers to 
first year engineering degree standard, and has an acquaintance with electric 
circuits and electrical engineering. Accordingly the mathematics is not presented 
abstractly but in terms of the physical quantities and the problem considered, 
so that it remains vivid and interesting. Clearly many years of teaching 
mathematics to engineers have contributed to the author’s correct approach and 
his care in ploughing through, so as to clear the ground at points of real difficulty. 
Illustrated worked examples and the exercises set in each section of a chapter 
are also well chosen. ‘The book comprises five chapters. 

Chapter | is introductory, and as well as providing results required in later 
chapters is a useful revision course in the calculus and complex numbers to first 
year engineering degree level. ‘The mathematics is reasonably rigorous, but it 
is a pity to note that the author refuses to grasp the nettle of the e, 6 definition 
of continuity or limit. Complex variable is treated in a simple manner as far 
as elementary functions and is just sufficient for the later applications. ‘The 
student must look elsewhere for conformal mapping and contour integration. 

Chapters II and ITI constitute the heart of the book. Here the author shows 
how to solve those electrical circuit problems giving rise to an equation of the 
form 4(D)x(t)=(D)e(t), where ¢ and % are known polynomials in D=d/dt, 
and e(t) is a known input function. Chapter II presents the usual Comple- 
mentary Function and Particular Integral method using D as an operator 
(Heaviside). The matter is illustrated, as elsewhere in the book, by quite a 
variety of worked examples of both practical and theoretical utility. Careful 
attention is given to the question of stability including the Hurwitz criteria. In 
Chapter III the treatment becomes more advanced, and by using the super- 
position principle (Duhamel) the responses of a linear system to unit input, unit 
impulse, and to a sinusoidal input are obtained. ‘The effect of initial dis- 
continuities is treated at length, by finding sufficient of the initial derivatives of 
the required output and then using these to establish the arbitrary constants in 
the complementary function. The method is most instructive, but laborious 
in practice when compared with the Laplace transform technique, as the author 
well recognizes. ‘The Laplace transform method, however, is considered in this 
chapter as far as and including the convolution integral, without the use of the 
inversion theorem. Here a greater emphasis on the more powerful transform 
method and its relation to the classical approach would have proved more 
economical and supplied a better balance. The choice of the non-p-multiplied 
definition of the Laplace integral seems somewhat injudicious in a work where 
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the operator D performs a large and essential role. ‘Thus the close connection 
between the operational solution of ¢(D)x(t)=H(d), viz. x(¢)=(1/¢(P) ) H(t), 
and the p-multiplied transform solution x=1/(p) is not made apparent. ‘The 
Nyquist stability criterion is obtained in a careful and detailed treatment. 

In Chapter IV the essential features of Fourier series, the Fourier integral 
and associated transforms are considered and applied to various problems such 
as the relation between harmonic response and that of unit function. Rigorous 
mathematics can no longer be expected, but the author is careful to state sufficient 
conditions for the validity of the results. Here again more cohesion and insight 
could have been achieved had the relation been made apparent between the 
Fourier and Laplace transforms. ‘ 

The final Chapter V is a useful introduction to the more difficult subject of 
non-linear equations. ‘The basic analytic techniques are presented with special 
reference to Van der Pol’s equation and to Duffing’s equation. A little more 
use could have been made of the phase plane, especially the role of the singular 
points, while no attempt is made to discuss stability. 

The book can be recommended with confidence, particularly to those in the 
electrical and allied fields who require a textbook, intermediate in character 
between the elementary and advanced works, from which they can readily work 
on their own account. A. J. MAUTNER. 


Abstracts of the Literature on Semiconducting and Luminescent Materials and their 
Applications (1953 issue), compiled by the BATTELLE MEMORIAL INSTITUTE. 
Pp. x+169. (New York: John Wiley ; London: Chapman and Hall, 
1955.) 40s: 


‘The number of papers on semiconductors and related topics published each 
year is so large it is almost impossible for persons working in this field to be fully 
cognizant with all the important developments taking place. This book should 
be very valuable and the authors are to be congratulated on taking on such a 
noble task. 

‘The volume under review covers the period January to December 1953. 
‘The progress in this field is so rapid that some of the references are already of 
historical interest only. It is to be hoped that the next volume will appear more 
rapidly now that a year’s experience has been gained. There are 775 references 
and a short abstract is given of the majority. Classification is by Materials, 
covering the whole range from Germanium to Organic semiconductors. This. 
seems by far the best classification system that could be adopted in the circum- 
stances. In addition there is an author and subject index. 

A very real attempt has been made to include every relevant publication and 
the coverage is excellent, including as it does unpublished papers read at various 
Society meetings in the U.S.A. and a few (American) patent specifications. The 
latter source is not, however, used to the extent it could be. 

Some errors in abstracting are presumably inevitable in an undertaking of 
this sort and do not detract materially from the very real value of the work as a 
whole. Nevertheless, the accuracy of the abstracts is not up to the very high 
standard set by the established abstract journals. A. F. GIBSON. 


Reviews of Books 12 


eal 


Physices— A Descriptive Interpretation, by C. H. BacuMan. Pp. viii+ 497, 
(London: Chapman and Hall ; New York: John Wiley, 1955.) 44s. 
This book is intended to give students who are not specialists in science a 
connected account of what physics is about and what ideas physicists use in 
their investigations. ‘lhe scheme of the book depends on logical convenience 
rather than on conventional classification—the initial chapters on basic concepts, 
energy, momentum and the electromagnetic spectrum lead rapidly to atomic and 
nuclear physics. ‘This ‘ microcésmic ’ physics is followed by the ‘ macrocosmic ’ 
physics of heat, classical electricity and magnetism, geometric and wave optics. 
The second half of the book is concerned with the application of physical ideas 
to the world we know—there are long sections on the ‘ cosmic physics’ of the 
weather, the earth, the stars and the’ galaxies and on the physics of biology, 
particularly of various processes in the human body. ‘This is one of the most 
attractive sections of the book. ‘There are final chapters on historic development, 
stressing the accelerating pace of scientific progress, and on the present structure 
of scientific research—the latter from a distinctly American point of view. The 
book is written without mathematics other than arithmetic and elementary 
algebraic formulae. ‘There are a number of sets of discussion topics ; many of 
them would probably prove unreasonably difficult to a person with no other 
guide than the text. The aims and arrangement of the book are original and 
commendable : it was obviously written with American college courses in mind, 
but in this country might find its greatest appreciation in the sixth forms of 
schools and in adult education classes, for both of which it is eminently suitable. 
The reviewer detects no serious inaccuracies or misleading treatments though 
a few of the analogies seemed to him pointless and laboured. A few of the 
drawings seemed ill-chosen and some of them showed a comic-strip facetiousness 
which might repel the staider reader. H. J. J. BRADDICK. 


Light Calculations and Measurements, by H. A. E. Kerrz. Pp. xvi+413. 
(Eindhoven: Philips Technical Library ; London: Cleaver Hume 
Press, \1955,)) 525.-0d. 


‘This book is essentially a textbook on photometry in which the basic concepts 
are considered in Part I under the somewhat misleading title of Light Calcula- 
tions, while Part II covers the more practical side of the subject under the general 
heading of The Measurement of Light. It is a good book, excellently produced, 
the subject is at most points approached in an orthodox manner, and the treat- 
ment is clear and generally very sound indeed. 

Part I is on the whole more exhaustive than Part II, for the discussion of 
physical photometers is rather slight. ‘Then since the photometry of optical 
systems is considered in Part I, it is a pity that more account is not given in 
Part II of the measurement of the light transmission or the veiling glare of an 
optical system. No reference, for example, is given to the methods described 
by Guild and used at the National Physical Laboratory, or to the equivalent 
methods in use elsewhere. Another omission, both as regards principle and 
practice, is the photometry of flashing light sources. 

Heterochromatic photometry is quite correctly described as based on the 
international relative luminous efficiency function V, and it is perhaps 
inadvisable in a textbook of this kind to hint that in some quarters at least this 
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cornerstone of photometry is believed to be working loose. Summation of photo- 
metric quantities is also accepted, although it is recognized that equality of 
luminance does not necessarily imply equivalence in all respects. Whether the 
statement that far higher visual acuity is found in sodium light than in tungsten 
light of the same photometric value is either correct or a good example of the 
point at issue is, however, open to question. 

But these are, in the main, very minor criticisms and the author is to be 
congratulated on a fine book. Although it was written primarily for lighting 
engineers, it may confidently be recommended as a textbook on photometry 
suitable for undergraduate physics students and as a practical reference volume 
suitable for physicists who encounter problems of light measurement in their 
research. W. D. WRIGHT. 
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Principal Lattice Frequency of MgO 
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Abstract. The principal lattice frequency has been obtained at 25-26u from 
the observed dispersion in the region 0:36-5u. This frequency and the 
frequencies of the longitudinal and transverse modes of vibration of (1,0,0) and 
(1, 1, 1) planes against each other have been calculated on the Born model. 

Reflection coefficients and refractive indices have been calculated, in good 
agreement with observed data, on the usual dispersion formula and that of 
Blackman. ‘The lattice frequency lies at 25-1 in absorption and at 22 in 
reflection, the reflection curve between 17 and 22. being flat. The reflection 
maximum at 16, 1s interpreted as a combination frequency. 


§ 1. INTRODUCTION 
AGNESIUM oxide is a cubic crystal with NaCl structure and there is 
\ / therefore only one principal lattice oscillation which is active only in 
the infra-red. 

The infra-red spectrum of MgO has been investigated by a number of 
workers but this frequency is still undecided. ‘Tolksdorf (1928) observed a 
strong absorption at 14-2,.; Strong (1931), using reststrahlen, found a strong 
absorption in the neighbourhood of 23. Fock (1934) found a strong absorption 
maximum at 17-3. with minor maxima at 14-94 and 25y. Barnes, Brattain 
and Seitz (1935) were unable to identify the fundamental absorption band 
though they obtained two sharp reflection peaks 14:82 and 15-3. Burstein, 
Oberley and Plyler (1948) find a very broad band in reflection with a major 
peak near 22 and a minor one near 16yu. Willmott (1950) also finds the 
reflection maximum to be very broad extending from 17 to 21. He considers 
that the eigenfrequency is at 17-3 and subsidiary absorption maxima at 14-8 
and 24-34. Momin (1953) has investigated the region between 1 and 21 and 
finds the strongest absorption band between 18 and 19. 

In the luminescence spectra of MgQO(Cr) phosphors, Deutschbein (1932) 
observed a number of bands on either side of a sharp line at 6991 A which he 
interpreted as being due to the combination of the electronic transition at 6991 A 
(of Cr?+ ions) with the vibrational frequency of the MgO lattice. In this way 
he identified a frequency at 425 cm“ as the lattice frequency. 

Accurate data regarding the refractive index of MgO in the region 0-36 to 
5-3 are available from the work of Stephens and Malikson (1952). We have 
used this data to obtain the value of the lattice frequency and have also obtained 
its position in reflection and absorption from the infra-red studies of Willmott 
and of Burstein, Oberley and Plyler. 
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§ 2, CALCULATION OF THE LATTICE FREQUENCY FROM THE DISPERSION DATA 
; . . . . 2 2 e 
Stephens and Malikson give the following expression for n* where 7 1s the 


refractive index: 
; 0:0219577 1 
n? = 2:956362 — (0:01062387A? + 0-0000204968A4) + 20014283220 (1) 


The expression in brackets involving A? and A! can be put in the form a AA? — d”) 
with a=5-52 and Aj=22-7.. This gives a value 8-47 for the static dielectric 
constant (7,,”), the value obtained by Hojendahl (1938) being 9-8. Using the 
latter value we get a2=6°85. The value of A; may be calculated from expression 
(6) of the next section with r=0. Using \ij= 25-26 and a=6'85, the observed 
and calculated values of in the entire region differ by about 0-0001 only in a few 
cases (see table 1). 


Table 1 

r (1) 0-36117 0-36501 0-40465 0:43583 0:48613 0-54607 0:-58926 
Mayne 1-77318 1:77186 1-76099 1:75465 1-74706 1-74073 Lv3722 
Heal 1:77313 1:77186 1:76111 1:75480 1-74720 1-74083 1-73740 
A (2) 0:65628 0-66781 0:-70652 0:-76786 1:01398 1-12866 il 36728 
jthage 1-73330 MOWAT 1:73098 1:72868 1°72259 1:72059 IFAS 
Neal 1 -°73333 Ie HBAS) 1°73089 1-72864 1°72249 1-72049 1-71699 
mn (t) 1:52952 1-6932 1:7092 1:81307 1-97009 2:24929 2°32542 
idaiv 1:71496 1-:71281 1:71258 1:71108 1-70885 1-70470 1:70350 
Neal 1-71482 1-71264 1:71243 1-71102 1:70883 1-70469 1:70349 
A (2) 3°3033 3:5078 4-258 5:138 5°35 

Besos 1-68526 1-68055 1:66039 1-63138 1-62404 

Nea) 1-68499 1:68031 1:66041 1:63143 1-62323 


We are interested in the dispersion formula for the infra-red region. At 
A= Xj, the last term in expression (1) gives a small contribution of 0-000033 to n?, 
and therefore in the neighbourhood of A; the dispersion may be written as 


n= 2956 aie") Se eee eee (2) 
=G2 Cy(@r—wiy > ae eee (3) 
where <= 2c), g@=2:956 andi@=1Cy);7/ 47°C: > eee (4) 


Relation (2) is a Drude type dispersion formula and so we can regard a; as the 
observed resonance frequency (Krishnan and Roy 1953). Considering that 
this is the principal lattice oscillation, its oscillator strength will be defined by 


Born’s relation (1933) C= 4aNeln i a (5) 


where m is the reduced mass of the Mg and O ions, N the number of ion pairs 
per unit volume, e the charge on the ions which is here equal to twice the electronic 
charge. The values of Cj calculated from (4) and (5) agree closely, being 
381-0 x 10°6 and 389-7 x 1076 respectively. 

Expression (3) can be used to find the refractive index below 13-87, and 
above 30. ‘The values of n calculated by this formula from 6 to 13 j are shown 
in figure 1 and agree with the data of Willmott. We find that m diminishes from 
a value close to unity at 12 to a very low value at 14,1 which confirms the values 
of constants @ and A; used here. Also, in agreement with Strong we find that 
n=4-23 at 35. At 13-87, n® becomes zero and beyond it negative. There- 
fore, between 13-87 and 30 we have to use a modified expression such as (10) 
or (15). 
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§ 3. CALCULATION OF THE LaTTICE FREQUENCY ON Born’s THEORY 


According to Mott and Littleton (1938), the resonance frequency vj; of a 


cubic crystal is given by 2 19 
€E— Ny Ne? 


[larg Si ona ea (6) 
where « is the static dielectric constant and m, the refractive index extrapolated 
to zero wavelength. Since the dispersion of MgO is given by the Drude formula, 
the overlap factor r (for y= 1 there is no overlap between the ions) must be zero. 
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Figure 1. 


5, in this diagram should read 6. 


The polarization of the medium is therefore, wholly due to the relative displace- 
ment of positive and negative ions. Krishnan and Roy (1951) have found 
similar results in alkali halides. Now although MgO differs from alkali halides 
in that c,, is not equal to c,,, it may be instructive, as a first approximation, to 
calculate the principal lattice frequency by their method. ‘They assume, 
following Born, that the ions are held in their respective positions by electro- 
static forces between the charges and by short range forces of repulsion between 
the nearest neighbours. ‘Taking the energy of repulsion between neighbouring 
ions separated by a distance R as ¢(R)=Ae“? where A and p are constants, 
the potential energy U of the crystal per pair’of ions is given by 


U= —ae/R+p,Ae*? 


where « is the Madelung constant and p, the number of nearest neighbours. 
I-2 
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The values of A and p can be evaluated from the relations 


dU 2U 9 I 
dR oa Pie, — ery Pn oy OS 6 iA | 
Gale ae (sa). Npa (7) || 


where f is the isothermal compressibility of the crystal, NV the number of ion) 
pairs per unit volume, and d the value of R when the crystal is in equilibrium. |] 
Both d and f appearing in these expressions refer to absolute zero of temperature. | 


Assuming d/p =6 we obtain from (7) 


$2290? "1 ee eee (8) | 
The frequency of the principal lattice oscillation is obtained from the relation | 

2n?mv,2 =p Goe  %) | 1 Sie (9) 
where a,=«e?(5—2)/6d? and a,= —27Ne?/3. From equations (9) and (6) we 


get, using d=2-11 A, «= 9-8, m.2= 2-956, and r=0, the value of Aj to be equal to| 
25:26, 8=7:17 and 1/B=23-35 x 10" dyncm™?. The value of 1/8 according 
to Quimby, Balamuth, Rose and Durand (unpublished, referred to by Barnes 
et al. 1935) at 77-4°K 1s 20°2.™ 10" dynjcme | 
Another simple function ¢(R) = BR” has been used for the energy of repulsion 
between neighbours. Using expressions (7) and (8) we find m=6—1. Pauling 
(1928) has given the values of m for different types of ions, namely helium, neon jf 
and argon type (depending on the nearest closed shell configuration to which they 
correspond) as 5,7,9,etc. Since both the ions in MgO are of the neon type, the |] 
value of m for MgO is 7, and therefore 5 = 8 which gives vj = 493 cm! (Aj = 20-3 2). | 
It follows from these calculations that A; cannot lie as low as 14-2 or 17 p. 


§ 4. ANHARMONICITY OF THE LATTICE OSCILLATION 
The anharmonicity of this oscillation may be calculated from the expressions 
given by Krishnan and Roy (1951). The energy levels of an anharmonic 
oscillator are given by Wu (1946, p.48) | 
W,=hii[pt+o+(p?+p+3)f6], 8=3h/(32n4m;*) 
where f@ is a measure of the anharmonicity of the oscillator and f is the coefficient — 
of the 7* term in the expression of the potential energy U per pair of ions where r | 
is the relative displacement of the positive and negative ions. The anharmonicity | 
of the oscillation varies with direction but the mean value f@ is found to be 
0-8 x 10°? and the average value of f (i.e.f) is 5-29 x 102° which is of the same order | 
as the anharmonicity of the principal lattice oscillation in alkali halides. The 
anharmonicity of the vibrations has pronounced influence on the specific heat 
at constant volume at high temperatures (Born and Brody 1921); but we need 
to know the anharmonicities of all the other normal modes of the crystal for this 
purpose. We have no data on the variation of C, with temperature at high 


temperatures for MgO. Present calculations suggest that C, should decrease | 
by 1% for nearly 180° rise of temperature. | 


§ 5. PosITION oF SuBsripIARY Maxima 
We have found that the principal lattice oscillation occurs at 25-26), and 
therefore all the other maxima obtained by Burstein, Oberley and Plyler and by 
Willmott should be treated as subsidiary maxima. Both Willmott and Burstein 
et al. find two secondary absorption peaks at 10-5 and 11:8, in transmission. 
Besides these we have to treat the maxima at 14-8 and 17-3 observed by Willmott 
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as subsidiary maxima. It is probable that the broad maximum at 17:31 is the 
same as the broad band at 16 observed by Burstein and others in reflection. 
The following arguments support the suggestions made in this paragraph: (1) All 
the maxima lie on the short wavelength side of the eigenfrequency at 25-26 pu. 
This is consistent with the absorption spectra of other face-centred cubic crystals 
where a similar result has been obtained (Parodi 1937, 1938). (11) According 
to Blackman (1937), the secondary maxima on the short wavelength side of the 
main maximum fall usually in a region where the refractive index is very small. 
We may see from figure 1 that between 14 and 20, the refractive index is very 
small, and it would be justifiable to interpret the maxima in this region as secondary 
maxima. (ili) Blackman has interpreted the subsidiary infra-red maxima in 
NaCl and KCl as additive tones of frequéncies belonging to different branches 
_ but associated with the same wave vector k(=1/) of the (7/2, 7/2, 7/2) group of 
frequencies. ‘This group has six frequencies v,, v9, v; and v, (the first two being 
double) whose combinations are active in the infra-red. These frequencies are 
expressible in terms of the elastic constant c,,; and the principal lattice frequency 
yi For MgO (using c,,=29x 10% dynem-? (Durand 1936), d=2-114, and 
Ai = 25:26 4) we obtain the frequencies 271, 344, 327, and 404cm™! whose com- 
binations give six summation bands at 16-5, 15-7, 15-1, 16-7, 13-6 and 14-8 
which are in the close neighbourhood of the observed maxima at 14-8 and 16p. 
Similar closely occurring maxima have been observed in alkali halides, for example 
at 40 and 50 in NaCl and at 47 and 60 in KCl (Blackman 1937). 

It may be noticed that the ratio of the minor peak at 16. in MgO to the major 
peak at 22, is 0-73 (Burstein et al.). Other alkali halides show a similar 
behaviour (Hohls 1937). It is possible to regard the minor peak as due to sum- 
mation tones of the frequencies of the transverse modes of vibration of (100) or of 
(111) planes of the crystal, the former having a wave vector k= 1/2d, and the latter 
4/3/4d, (the successive (100) or (111) planes vibrating with a phase difference 7). 
These modes correspond to the (7/2, 0,0) and (7/2, 7/2, 7/2) groups of Blackman 
or to the p,,,,,,=(10, 0, 0) and (5,5, 5) modes of Kellermann (1940). The frequen- 
cies have been calculated on the Born model. ‘The modes of vibration and the 
explicit expressions for frequencies for the crystals of NaCl structure are given 
below (see also Lyddane and Herzfeld 1938). 

(1, 0,0) planes, longitudinal modes: vibration of (1,0,0) planes against each 
other along the x axis 


[{a.(8 — 2)/6 + 1-08} — 272(d?/e%)m,.4v7][{a-(8 — 2)/6 + 1-08} — 27(d?/e?)m, v7] 
= {4(5+2)/6—3-74}? 
(1,0,0) planes, transverse modes: (1,0, 0) planes vibrating against each other 
along y or % axis 
[{a(5 — 2)/6 — 0-54} — 277?(d3/e?)m,.4v7][{a(6 — 2)/6 — 0:54} — 277?(d3/e”)m,,v" | 
= {«6/6— 1-87}? 
(1, 1,1) planes, longitudinal modes: vibration of (1, 1, 1) planes of anions only or 
of cations only, along cube diagonal 
(€?/d?)[a(8 —2)/6 + 1-808] = 27? van /cat 
(1, 1,1) planes, transverse modes: vibration of (1, 1, 1) planes of anions alone or 
of cations alone perpendicular to the cube diagonal 
(e?/d®)[a(5 — 2)/6 — 0-904] = 27? v7 man jeat: 
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For MgO we use §=7:17 (see § 3), and for the alkali halides the value given | 
by Krishnan and Roy (1951). The frequencies, expressed in cm ™, have been 
tabulated in table 2. 


Table 2 


(1) (2) (3) (4) 
(a) (0) (a) (0) 
opt. ac. Vane leat Opt. ac. sum ¥,, Vea, sum 
Lik 385 HS SIs Cpl ae 358 209 567 276) 167 443 588 
NaF 278 334 243 315 347 225) “14992374 “1S 2 167 Bolg 400 
NaCl 163 DY NV) ss Ie 171 “947 265) 132" MOT 239 256 


(223 164 240 193 Ge Ge WY OP) = — 
KCl 140 158 146 164 172 13 ls 96 100 196 218 
NaBr 140 PY NSN) DA a 153° 62 215" "129" 695 195 = 


KBr 113 14 loom 109 16) 525 168 94 66 160 — 
MgO 396 800 526 673 830 462 340 802 286 354 640 625 


(1) Reststrahlen frequency v; (Barnes 1932); (2) v longitudinal modes, (a) (100) plane, | 
optical, acoustic, (4) (111) plane, Yan, Meat; (3) ¥ transverse modes, (a) (100) plane, optical, 
acoustic, sum, (6) (111) plane, v5, Yegt, sum; (4) observed infra-red maxima. 

It may be seen that the sum of the frequencies of the two transverse modes | 
in these vibrations is roughly \/2v;. This relation appears to be fairly accurate | 
for NaCl, KCl, NaBr, and KBr. Inthe Raman spectra of these crystals, Menzies 
and Skinner (1948) observed depolarized bands at 232, 122, 154, and 128cm™ 
respectively. It is quite likely that these frequencies correspond to the same 
mode of vibration. Since in the Raman effect the octave 2v, where v is the 
frequency of the normal mode, is active, the frequency of the given mode in the 
above crystals is 116, 107, 77, 64cm respectively. These values are very 
close to the values of (¥,,;),, (107, 100, 69, 66) in the spectra of these crystals. It 
would be interesting to find if the Raman spectra of MgO shows a depolarized 
band at 708 cm“. 

It is possible that the subsidiary maxima at 10-5 and 11-84 in MgO may be 
due to the combination of one transverse and one longitudinal mode belonging 
to the same wave vector. In this way we get summation bands at 10-1, 10-4, and 
11-6u. The corresponding summational modes for NaCl can be calculated as 
37-9, 29-4 and 27-0. It is interesting to note that maxima close to 30 and 
40. have been observed by Mentzel (1934) for NaCl. 

The frequencies given in parenthesis in table 2 for NaCl are those given by 
Kellermann for p,,,,,=(10, 0,0) and (5,5, 5) modes. 


§ 6. OpticaL Properties or MgO IN THE INFRA-RED 


The dispersion in the neighbourhood of a resonance frequency may be written 
as (Havelock 1912) 


n? =n? + Cj/[(wi? — w?) +jbo] 


where n’=n(1—jk) is the complex refractive index. ...... (11) 

The term 6 in expression (10) is called the damping term. We have 
n*(1 — k®) =n92 + Ci(wi? — w?)/[(o2—@?)? +B2w2] «0. (12a) 
2n*k = Cybw/[(wi®—w?)?+ be")  — ....., (126) 
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Here w is the angular frequency =27c/A. From equation (12) we can get n and 

nk for any wavelength A if 6 is known. ‘The reflection coefficient - 
R=[(n—1)? + n?k?]/[(n + 1)? + n?R?]. 

When w is very far removed from wj, the term jbw can be neglected and expression 

(10) reduces to (3). 

We may ask whether 6 is a constant or varies with the frequency w of the 
electromagnetic wave traversing the crystal. Since damping results from the 
frictional resistance offered by the medium to the vibrations, and also from the 
electromagnetic radiation damping, the damping factor is by definition a constant 
for a given oscillator. However, if there is a large number of simple harmonic 
oscillators in a medium, the damping factor may be altered due to mutual inter- 
actions. We do not know theoretically how 4 should vary with w, and so it is 
worth while to examine the experimental data in this connection. 


Since nk is the imaginary part of the refractive index in expression (11), the 
absorption coefficient uu, is given by 


fe=—(C/s) log G/L,)=4nk[A nes (13) 
where J is the intensity of the beam of light of wavelength A after it has traversed 


a length s of the crystal. When we are far away from the resonance frequency, 
say, between 6 and 12, the relation (125) can be written without any appreciable 


error as 

2H R= Cibo ((ay= =a) ewe (14) 
while relation (12a) reduces to expression (3) and gives n directly for various 
wavelengths. Knowing », one can study the variation of 6 with wavelength 


with the help of relations (13) and (14). ‘Table 3 gives the results for the region 
6 to 13u. 


Table 3 
nk x 10? b/w; 
d (1) n BOI, 1B IBS). W Mean from (13) & (14) from (15) 
6-0 1-595 0-05 = — 0-05 0-0015 0-007 
7-0 1-545 OF — -= 0-117 0)-0020 0-007 
8-0 1-487 0-35 — — 0-35 0-0038 0-012 
9-0 1-400 0:96 0-58 0-58 Oral 0-0050 0-014 
9-25 MES Ti, -_— _- 0-87 0-87 0-0053 0-014 
9-50 1-358 —- 0-91 11°33 1°12 0-0061 0-016 
9-75 1325 a — DIP) 2:22 0-0108 0-028 
10-00 1-297 5°25 3-29 4-26 4:27 0-0180 0-045 
10:25 1-268 _- — 3-88 3:88 0:0150 0-037 
10°50 1235 —- 4-29 3°52 3:95 0-0140 0-033 
10°75 1-200 — — 5-20 5:20 0-0160 0:037 
11-00 1-163 14-6 4°54 8-43 9-19 0-0250 0-057 
11-25 P24 — — 15-70 15-70 0-0370 0-083 
12-00 0-986 a — 15-90 15-90 0-0250 0-052 
12-50 0-857 = 13-9 — 13-90 0-0160 0-032 
13-00 0-699 65-0 — — 35-00 0-0290 0-056 


B.O.P., Burstein, Oberley and Plyler; B.B.S., Barnes, Brattain and Seize 
W, Willmott. 


Except for the wavelengths 10-0 and 11-25 where there is additional 
absorption due to subsidiary maxima, it is obvious that the value of 6 (see 7th 
column), instead of being a constant, increases nearly 20 times (from 0-0015 @; 
to 0-029 w;) between 6 and 13 4. 
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Blackman considers that, for a polar crystal, the expression jbw in expression 

(10) should be replaced by jbwi. We then have 
n'2 =n? +Ci/[(ai2—w?)tpbwi] wn ee es (15a) 
2n®k = Ciba;/[(wy2—w?)? +0777] tis ss ee (150) 

The difference between (12) and (15) lies in the fact that, whereas for (12) nk 
tends to zero as w tends to zero, according to (15) mk tends to a constant value 
(Ci/2\/)b/wi3 as w tends to zero. This means that the absorption coefhcient 
cannot tend to zero as long as 6 is finite ; in other words we can have combination 
vibrations which can absorb energy. We have also calculated 6/w; with the help 
of equation (15) using the experimental values of nk, and these values have been 
entered inthe last column. We find that there is still a variation of b/w; between 
6 and 13, though the variation is smaller (being only 8 times and not 20 times 
as found previously). 

We have found the values of the reflection coefficient R and refractive index n 
in the entire resonance region from 12 to 35 » with 6 constant, (i) with the help of 
dispersion formula (10) and (ii) with the help of dispersion formula (15). For 
comparison we have the values of the reflection coefficients due to Burstein 
and others between 12 and 35y and also due to Willmott between 14 and 25. 
The latter has also given the values of the refractive index between 7 and 24-5. 
There are, however, significant differences in the data of these workers regarding 
the value of reflection maximum and the reflection coefficients in the region 
251035 LL. 

Case (1): We have used two values for 6, viz. b=0-02w; and 6=0-005a, 
and have calculated the values of 7 (figure 1) and R and nk (figure 2). ‘There is 
good agreement between the calculated value of R (for both the values of 5) 
with those observed by Burstein and others between 25 to 35y. ‘The reflection 
maximum is flat and lies between 18 and 22. ‘The value of b=0-005a; gives 
lower values of x and higher reflection coefficients (99 °,) in the region of reflection 
maximum than the other value. Also it agrees better with the refractive index 
data between 20 and 24-2 though there are deviations between 14 and 18. 
On the other hand, the value b=0-02«; agrees better with the values of refractive 
index and reflection coefficients in the region 14 to 18, but it gives a reflection 
maximum of 96% and higher values of n between 18 and 25 p. 

It appears from these curves that the principal lattice frequency occurs close 
to 25-1. in absorption and close to 22 in reflection, the curve between 17 and 22 « 
being very flat. The flatness of the reflection curve is due to the fact that in 
this region the refractive index m has a very low value. Willmott reports an 
absorption maximum which he calls a subsidiary maximum at 24-34 but Fock 
reports the position of this maximum to be 25 which is very close to the value 
found here. 

The maximum of nk occurs slightly towards the short wavelength side of 
the resonance frequency while the maximum of x occurs slightly towards the 
longer wavelength side. The minimum of n occurs at 16 but according to 
Willmott its position is 20. 

It may be seen from figure 1 that whereas the calculated refractive index 
curves run almost straight (with a weak minimum at 16) between 14 and 20,, 
the curve given by Willmott shows a small maximum with two minima one on 
either side. This is probably due to the presence of subsidiary maxima in this 
region, 


Principal Lattice Frequency of MgO Loy 


Case (11): We have used 6=0-05 w;. The reflection coefficients between 
12 and 18 and beyond 26 4 agree with the data of Willmott and of Burstein and 
others, the values of R at 14, 16 and 18 being 0-66, 0-91 and 0:92 in good agree- 
ment with the values observed. The reflection maximum has a value of 0:93 and 
occurs close to 20, the curve being almost flat between 18 and 22y. The 
refractive index has a value of 0-11 at 14, drops to a minimum value 0-028 at 18 [L 
and then increases to 0-16 at 20 and 0-38 at 22. 


Reflection Curves 
| Willmott 
2 b= 0:02 w, 
3 B= 0-005 w, 
4 Burnstein et ad. } 
7 ' 25 
rk Curves | 
5 3 =0-005 w, 
6 3 = 0-02 w, | 
a | : 
80 nk 
15 
Se 60 
= 
= 10 
g 
S ; 
= 40 : 


» 12 4 16 18 20 22 24 26 28 8930 
d (microns) 


Figure 2. 
6, in this diagram should read 6. 


For the region 6 to 13 it is possible to write empirically an expression for 6 
which gives the same variation with w as shown in the 7th column of table 3, but 
due to the limited range it cannot be considered to hold for the entire resonance 
region from 12 to 35. The expression we have used is 

b= Aw) [(w/aj — wj/@)?” + B(w/wj + wi/w) 
with 4=B=2/3 and 2p=q=4. In general the results are similar to case (1), 
but the values of refractive indices are much higher and the reflection maximum 
is 90%. The minimum of 7 occurs at the same place, 1.e. 16 pu. 

It appears from this study that the entire reflection curve from 12 to 184 and 
beyond 26, due to Willmott and Burstein et al. is consistent with a value of 5 
greater than 0-02 ,, but the values of obtained by Willmott for the region 18 to 
22 are very much lower than those expected. ‘The reflection maximum is flat 
and the value consistent with the above value of b is 93°, obtained by Willmott 
and not 103% as found by Burstein and others. As already stated the absorption 
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maximum is close to 25 u and reflection maximum close to 21. The dispersion 
formula (15), due to Blackman, appears to fit the experimental results better than 
the dispersion formula (10) because it gives a minimum for m which is nearer to 
the experimental value of Willmott; also the variation of 6 with w is much smaller. 
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Abstract. Ina recent paper by Evison, the author describes an electromechanical 
wave source for use in geophysical investigations, and presents an analysis of its 
behaviour. Several errors in this analysis have since been noticed, and in 
particular the formula for the radiation impedance of the source has now been 
shown to be incorrect. In the present paper a new analysis is given, based on 
more accurate radiation formulae which have recently been published, and 
taking account of the mutual admittance of the elements of the source. The 
results are shown to be in agreement with an estimate of radiated power made 
by Evison on the basis of measurements of the received signal at points distant 
from the source. 

The present paper shows that much of the power from Evison’s source is 
radiated in the surface wave, and a method of reducing this loss is described. 


§ 1. INTRODUCTION 


HE use of an electromechanical transducer as a source of vibrations for 

geophysical investigations has been described ina recent paper (Evison 1951) 

in which the author analyses the behaviour of a Fessenden oscillator 
radiating square-enveloped pulses of energy into a medium composed of chalk. 
Similar radiation problems were encountered in an investigation of propagation 
in coal mines (Bradfield 1947), where use was made of a tentative formula for the 
radiation from an oscillating sphere immersed in an infinite solid. Doubts 
as to the validity of this formula (which was also employed by Evison) led to 
a re-examination of the general problem by the present writer, and the results 
of this work have been published in three recent papers (Pursey 1953, Miller and 
Pursey 1954, 1955). 

The Fessenden oscillator described by Evison is coupled to the ground 
by three rods, situated at the vertices of an equilateral triangle. Evison assumes 
that the area enclosed by the circumcircle of this triangle vibrates as a rigid 
piston, and it is fortuitous that with this assumption the tentative formula yields 
a value for the radiation impedance which is in fair agreement with the true 
value, obtained from the new formulae by regarding the three rods as separate, 
small radiating elements having both self and mutual impedance components. 
Further errors arise in Evison’s work from the use of a formula which was intended 
to apply to the case of a dipole source, and from neglect of the power radiated in 
the surface wave. ‘T'o take account of the medium being semi-infinite instead of 
infinite, the impedance value given by the original formula has been halved, 
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a procedure which ignores the stresses produced by the dipole source across the 
equatorial plane. However, it may be shown that the discrepancy between the 
values given by this method and by the rigorous analysis for the semi-infinite case 
is only of order two to one, and therefore not of great significance in comparison 
with probable experimental errors. The power radiated in the surface wave 
is a more serious source of error, since it comprises about two thirds of the total 
power, and may exceed this for certain configurations of the radiating elements. 

In the present paper the application of the new treatment to Evison’s radiator 
is described, and in particular the radiated power calculated by considering the 
input to the oscillator and the parameters of its electrical and mechanical com- 
ponents is shown to be in good agreement with the power estimated from 
measurements made by Evison of the field at a large distance from the source. 

It is to be understood throughout the present paper that values of time- 
dependent quantities, such as r.m.s. currents and stresses, and radiated power, 
apply during transmission of a pulse, and are not averaged over the total recurrence 
period. 


§ 2. CALCULATION OF THE RADIATION IMPEDANCE 


The radiator has the following associated parameters: a@=radius of coupling 
rods=3-18cm, s,;=distance between centres of the 7th and jth rods=34-6cm, 
f= frequency of vibration=600c/s, V;.=velocity of compressional waves in 
chalk=2-14x 10%emsec, p=density “of chalk=1-30gemr > “c— Poissons 
ratio for chalk =0-25. 

Now the self-admittance of each element is given by equation (30) of Miller 
and Pursey (1955); 


Vs Dhan” ( (C2 — 1)NAt I (CRa) ac (1) 
" TCgq J 0 Ck,a? fy(C) ee ea 


where w= Daf, ky = 2a] V. 1) [e? = 2(1 = o)/(1 = 20), C44 =pl orien and 
Fo(£) = (20? — p?)? — 402(02 — 1890? — pw), 


The integral may be approximated asymptotically for small values of k,a. 


Let 


2 00 ie ae 1j'esy (Ck a)}?dl 
O(k,a)= ( a Nae , 
(hut)= |, “Tao | 
Then ®(k,a)=®)*+ 0,” where 
oyi— COW Cha) deg _ f* (BaD Thre) at 
Ch,aF(C) ‘ ia Ck,ak((¢) 
and A is a large, positive number, independent of a. ‘To evaluate ®,’, we put 


J,(Ck,a)=3Ck,a, and obtain 
0,’ 


kia | A Ue — 1)'2dZ 
AGG ta GEOG) ae 


The value of the imaginary part of the above integral is independent of ), 
being due only to the portion of the integral between 0 and p, and the pole at 
C= p (u <p<A). The value of the real part of the integral is a function of A, 
and is of order a, so that for small a it may be neglected in comparison 


with the contribution of order unity from ®,”. Numerical quadrature gives 
JI (Do*) =0-1344k, a. 
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The term ®,” can be evaluated by expanding the factor (¢?—1)!2/F,(0) in 
inverse powers of ¢ and integrating term by term. We thus find for the dominant 
term (cf. Miller and Pursey 1954, formula (132)) 


0,” een veMin ss eyes eer sy ree 
A tk,a| 3 Le eee geome) ay ) 


where the argument of the Bessel functions is Ak,a. Hence, for small a, 
®,*~—1/37. We have therefore shown that ®(k,a)~— 1/37 + 0-13447k,a, and 
it follows from equation (1) that 


AL 2wkyp? 
YR~ Fa (0 1344+ =r) 
2m Jf. 47 . 
~ Var : (0 53744 a): teat (3) 


The mutual impedance of pairs of ees is obtained from the formula 


ee ite ar) tee (4) 


where /(x,) is the function defined in equation (45) and tabulated in table 1 
of Miller and Pursey (1955). For the present case, we find from the values listed 
above that k,}a=5-61 x 10-? and ks;,= 0-612. It follows from equations (3) and (4) 
that 


Qar TAT 


Yom a 


eat Ce I (0:5374 +7-565%) ee als 
SS ee (Peg 2 a / allay) = 
R pl 3 Vo 


The total radiation impedance of the radiator is given by 
Lol (Ya aZy,,) 


~ (0-4035 0407724). ...... (5) 


ja) 


7 pV 3 
~ Drpitf?(0-4481 + 2-4701) 
2(606==33:052) 010", <2! © eae (6) 


§ 3. THE MECHANICAL CIRCUIT OF THE RADIATOR 


Figures 1 and 2 show the mechanical and equivalent electrical networks of 
the radiator, using the direct analogy in which mechanical velocity is represented 
by electric current and mechanical force by electrical voltage. 


{% 


Figure 2. 


Figure 1. 
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The physical quantities have the following values : 


M,=mass of magnet = 2/2Ke, 

M,=mass of copper cylinder AYA 
C,=compliance of mounting rods =4:4x10-8cmdyn? 
C,=compliance of cylinder and clamping rod= 31-0 x 10° cm dyn“, 
C; = compliance of coupling system =0-9x 10-" cm dynr, 


V,=force between magnet and cylinder 
V,=force transmitted to coupling rods 
x, etc. are displacement velocities at the points indicated in figure 1. 


The mesh equations of the equivalent circuit are 


flen e : ae : ee ey ee 
V,=10M,x4+ TGs = —1wM,x,— ae | 
. 1 = ete os ee Ps Bs a Me 
PNIGC TY 108G. ' tw Cs 16G, 1Gs “OC.” ae eer (7) 
‘ 1 a 
ate te Z |e | 
c i= 3 ) 1wC's 
a A j 


Solving these equations for Vy in terms of V,, we obtain 
y gi w*(M,C,— M,C.) 
 \(1-0?M,C,)(1 —#?M,C,)) 


1, [ toM, iwM, _ PMC, ~ MAG, 
Volta aMe, * T2attlC, Ot = lesan Gee eran 


Inserting numerical values of the parameters in the above equation gives 
[al OSS. A 0 SR errs: (9) 

The value of V, may be obtained from the expression V,=10-'BLIJ, where B 
is the magnetic flux through the copper cylinder, L is the circumferential length 
of the cylinder, and J is the current in amps flowing in the cylinder. The figures 
given by Evison are B=7-25 x 10-* gauss, L=64cm, and the current in the 
cylinder may be deduced from the information that 7-3 amps r.m.s. flow in the 
a.c. coil of 520 turns surrounding the cylinder, giving a current of 3800 amps 
r.m.s. in the cylinder. We find that V,=1-76x108dyn, and therefore 
V,=7:89 x 10’ dyn. Hence, for the normal stress under the coupling rods we 
obtain 


Py =V/37a?=8-33 x 108dynem. i (10) 


§ 4. CALCULATION OF RADIATED POWER 


The total radiated power is obtained from the formula 


W= Pe > ALG, | ee (11) 
ye) 


where P, is the r.m.s. value of the stress under the radiator, A, is the area of the 
ith radiating element, and G;, is the real part of the radiation admittance component 
Yi; (Yi;= VY, whenz=j7). Since all the radiating elements are of identical size, 
it follows that 


Wa 7a’ Po (3 Gao 0G 50a). an ere: (12) 
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From equation (5) we obtain 


Dee 
3G44+6G,,= HE (4-033) = 4-698 x 10-9, 


AV ee ee (13) 
Hence, from equations (10), (12) and (13), 
W325 x 10%eresec *=0:325 watt.) aes (14) 


To calculate the power radiated in the surface wave, we use equation (41) 
of Miller and Pursey (1955): 


Ea ey X(k,2)d( hy: > > oo 2Ph b sin a, mene (15) 


W. 
pl Cc ~ 0 t=1 m=1 


Ste 


where p is the afhx of the pole on the real axis in the integral of equation (1), 
equal to 1-8839 for media of Poisson’s ratio 4, d is the radius of the circle on which 
the radiating elements are situated, 7 is the number of radiating elements, and 
X(k,z) = 1-5383 exp (— 1-4820k,z) — 3-1192 exp ( — 2:3376k,2) 
+ 1-8131 exp (—3-1932k,2). 
The additional factor of 2 in equation (15) takes account of the fact that r.m.s. 


values of alternating quantities are used throughout the present paper. The 
integral in equation (15) is readily evaluated, and we obtain 


651277774? 
pV 
Substituting numerical values for the parameters in the above expression 
gives for the power radiated in the surface wave 


We 20-208 watt ee | es (17) 


Wsy= 


SSeOIN(S263RD)\L 2 4 lee (16) 


su 
Subtracting the power in the surface wave from the total radiated power 
gives for the power radiated in the shear and compressional waves the value of 
0-117 watt. This is in good agreement with the figure of 0-071 watt, estimated 
by Evison from measurements of the received signal at a distance from the source. 
; Finally, to obtain the separate powers in the compressional and shear waves, 
we use equations (39) and (40) of Miller and Pursey (1955): 


274,,4 2 -n/2 n n on: 
ETE | Orr TH me “args “| sindd0, ..(18) 
j pV? 0 l=1m=1 n 
Ue Nel ag VA | aed - : 
we A Se ( cd J D k,b sin 6 sin ———— } sin 6d6, ..(19 
Won= avo le “10, (4) | > 09 Fahy sin @ sin —— s (19) 
where eee 
_ cos O(p? — 2 sin?G) : _ sin 20(y? sin? @ — 1)” 20 
©,(@) peer Goyee? (6) = = MnO Te) eos (20) 
Summing over the elements, we obtain 
4p2r alz z/2 
Wo= Paes E | {0,(0)}? sin 0d6 + 6 | {0,(0)}7J (4/32, sin @) sin ads | ; 
P CG / 0 “0 
aa (21) 
4,,9 2 7/2 *  n/2 ; ; 
ie a [3 [7 10200) Psin 6d9-+ 6 | [4(0) PJu(Skyb sin) sin ade | . 
Pane 0 : 


ae (22) 
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The integrals in the above expressions have been evaluated numerically |} 


for the case of w= 1/3 and k,b=0-3534, and we find that 

“70/2 
| {©,(0)}? sin 6d0 = 0:03700, 
“0 


| |©.(0) sin 60 = 0-008878, 


~ 0 


| {0,(8)}24,(0-6121 sin 8) sin 6d = 0-03557, 


~ 0 

* | 0,(8) |? Jo(0-0602 sin @) sin 640 = 0-007486. 

~ 0 

Substitution of these values in the expressions (21) and (22) gives 
W = 0-026 watt, We =0-090 watt.” ~ 2a. (23) 
We therefore obtain for the percentage of power in the three waves: 

Compressional wave 8% 
Shear wave 28% 
Surface wave 64.97, 


It may be shown (see Miller and Pursey 1955) that by so spacing the radiators 
as to give minimum value to the factor {3 +6J)(3-263k,b)} in equation (16) the 
percentage of power radiated in the surface wave will be reduced to 26%, and 
accordingly the efficiency of the radiator as a source of compressional and shear 
waves will be substantially increased. ‘The corresponding value of k,6 is 1-1743, 
so that the distance between elements is an appreciable fraction of the com- 
pressional wavelength; the polar radiation patterns will therefore no longer 
approximate to those of a point source, and in particular there will now be some 
variation of field strength with azimuth. 
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Abstract. Powder deposit patterns obtained by the authors on single crystals 
of 3%, silicon iron are consistent with a description of the processes of domain 
phase creation in terms of nucleation at inclusions in the surfaces. Domain 
nucleation is discussed in relation to various magnetic properties. 


§ 1. INTRODUCTION 


INCE Our earlier communication on powder deposit studies of domain 
nucleation (Bates and Martin 1953, denoted by I) interest in the subject 
has increased (Martin 1953, Goodenough 1954, Menyuk and Goodenough 

1955). Further information on this important topic and also a fuller description 
of the domain processes following upon nucleation are given below. ‘The powder 
deposits, produced by the technique described, for example, by Bates and Neale 
(1950), were obtained on a single crystal disc of 3% Si-Fe, 7-5 mm in diameter 
and 0-13 mm in depth, whose main faces were cut parallel to the (001) plane. 

The work of Néel (1944) and of Lawton and Stewart (1948) showed that 
domain structures of crystals are, in general, composed of finite numbers of 
domain phases each characterized by the common direction of magnetization 
of the domains comprising the phase. In iron, for example, the demagnetized 
state is normally a six-phase state, while the saturated condition is single-phase. 
In intermediate fields, two, three and four-phase ‘modes of magnetization’ 
may be stable. Whenever a domain structure changes from one mode to another 
characterized by a larger number of phases, the formation of the domains 
constituting the new phases must in general be initiated by nucleation processes 
of some kind. ‘Two such changes of mode, viz. one-phase to four-phase and 
one-phase to two-phase, were considered in our earlier communications. The 
first case, and a further new one—namely two-phase to four-phase—are more 
fully examined here. 


§ 2. EXPERIMENTAL RESULTS 


2.1. Single-phase to Four-phase Transitions 


Before being subjected to a progressively decreasing applied field, during 
which process the domain nucleation occurred, the specimen was saturated to 
achieve the single-phase state in the [100] direction, which was an easy direction 
of magnetization in the plane of the disc. As the applied field was increased to 
produce saturation, the domain walls in the surface moved to bring about annihila- 
tion of the domains magnetized unfavourably with respect to the effective field, 
until, in a relatively low field, the domain structure consisted only of ‘spike’ 
domains based on small pits in the surface and magnetized perpendicularly to the 
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main phase in which they were set. With further increase in field these spikes 
diminished in length, and for an effective field of about 150-200 oersteds, as 
measured by a magnetic potentiometer, the ‘spikes’ were too short to be 
distinguished from the clouds of colloid particles which collected at the surface 
pits or inclusions. They were then shorter than the diameters of the parent 
imperfections. ‘The process was very similar to that shown in figure 1 (Plates I, II) 
but in reverse. ‘The effective field was increased to some 800 oersteds and 
demagnetization by reduction of the field was then started. 

The progressive break-up of the single domain of the saturated specimen 
as the applied field was reduced, is shown in the compesite photographs, figure I(a) 
to (f), of the powder patterns on a chosen small region of the specimen’s (001) 
surface as the applied field was decreased from (a) to (f). For figure 1(a) the 
effective field which ran parallel to the edge of the picture was reduced to about 
200 oersteds. Small clouds of colloid particles are seen at numerous small pits 
in the surface and show them up clearly, but there is no sign of domain walls. 
For figure 1(b) the effective field was reduced to about 150 oersteds. At many 
of the surface pits ‘spike’ domains are evident in the photograph; some whose 
bases are at least as small as 5 microns can be seen, while the large spike in the 
photograph is based on a surface pit, of diameter about 50 microns, of which 
part is seen at the edge of the field of view in figures 1(6)-(f). ‘The spike domains 
are magnetized transversely to the surrounding phase, i.e. in the [010] direction. 
This is indicated not only by their direction, the [110], which is such that the 
normal component of magnetization is nearly continuous across the spike walls, 
but also, in the larger spikes, by the colloid striations which are always perpendi- 
cular to the underlying magnetization. ‘These spike domains will now be called 
transverse domains. (‘The surface was unfortunately stained by the colloid 
in one region to be noticed at the right edges of the photographs; this stain 
should not be confused with surface pits.) 

For figure 1(c) the effective field was reduced to approximately 70 oersteds, 
and new features appear. At several points domains can be seen whose walls 
lie in the up and down direction, 1.e. the [100] direction, and the one associated 
with the above-mentioned large transverse domain is especially clear. These 
domains are magnetized in the opposite sense to the main domain phase. We 
will now call them reverse domains, and their origins will be discussed later. 

Further decreases in the applied field brought about the changes illustrated 
in figures 1(d), (e) and (f). Figures 1(d) and (e) show how both the transverse 
and reverse domains grow, while others appear, although some eventually decrease 
in size. Finally, in figure 1(f) are seen large domains formed by the coalescing 
of several of the transverse or reverse domains, and these are bounded by straight 
walls. ‘Ihe specimen is now in a four-phase state. No field values are quoted 
for these composite photographs, because the small size of the specimen made 
effective field measurements difficult, and in any case the effective fields were 
probably not sufficiently uniform for the measured values to be reliably attached 
in those low field conditions to the structures observed in any particular region. 
The effective field for figure 1(f) may well have been negative, because of the 
demagnetization field, even though the applied field was itself small and positive ; 
the same statement may apply to figure 1(e). The mean intensity of magnetization 
in the surface layer, however, may be estimated from the relative volumes occupied 
by the several domain phases, as revealed by the powder patterns; it is about 
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0-7 x Is in figure 1(e) and 0:5 x J, in figure 1(f), where /s is the saturation 
magnetization. ‘The patterns therefore correspond to the steep portion of the 
(de)magnetization curve. 

The complicated barbs attached to the reverse domain nuclei should not be 
confused with the tree-type structures found on 90° and 180° walls in surfaces 
which are not exactly parallel to the (001) plane. The surface of the specimen 
was within $° of the (001) plane, as is manifest by the straight, clear boundaries 
of the large domains in figure 1(f): These complicated forms of reverse domain 
nuclei are features common to all the cases studied. 

A general description of the process of domain nucleation as observed in 
the specimen surface will now be given with reference to the photographs. The 
single domain of the saturated crystal first breaks down at certain of the micro- 
scopic pits in the surface, with the formation there of short spike domains based 
upon the pits and magnetized transversely to the direction of the magnetization 
of the surrounding phase. ‘These domains are first observed when their lengths 
are about the same as their widths, the latter being approximately equal to the 
diameters of the parent pits. The effective field at this stage is between 150 and 
200 oersteds, and there is no apparent systematic dependence of this threshold 
field upon the size of the imperfections. Figure 2 (a) (Plate III) shows a further 
example of a saturated portion of the crystal’s surface with the surface defects 
clearly revealed by powder deposits, and figure 2(5) shows the appearance of 
spike transverse domains at some of the pits when the field is reduced to about 
150 oersteds. Figure 3 (Plate III) shows numerous spike domains at a badly 
pitted part of the surface. 

The transverse domains expand markedly, especially in length, when the 
applied field is further decreased, and not until the effective field is about 
75 oersteds do the first reverse domains appear. ‘These domains are generally 
attached to one or other of the transverse domains, a point to be more 
fully discussed below. Figure 4 (a) (Plate III) isa further illustration of transverse 
domains and figure 4(b) shows how, for a small reduction in field, a marked 
rearrangement takes place with the appearance of reverse domains with walls in 
the [100] direction. Figure 5 (Plate III) shows the close association of reverse 
and transverse domains. Further reduction in the applied field brings about 
marked expansion of some of the transverse and reverse domain nuclei. ‘This 
process takes place at the knee of the (de)magnetization curve, where the crystal 
adopts a four-phase, mode I, structure. ‘The details of this part of the process 
are complicated, with some nuclei at first expanding and then later contracting, 
while by some process of selection certain of the nuclei of transverse and of 
reverse magnetization grow or combine to form the large domains of the four-phase 
state. 

The complete details of the whole process, from nucleation to the final 
demagnetized state, are never repeated in a subsequent run, not even when a few 
large pits of diameter about 50 microns are present. ‘This makes detailed study 
of the exact origins of reverse domain nuclei extremely difficult, and the situation 
is further aggravated by the fact that, although a slowly changing domain structure 
can be followed with a suitable colloid, a rapid change in the structure generally 
leaves the patterns behind. ‘The old patterns take time to disintegrate, about 
30 seconds, and the new patterns take time to form, and so a change in structure 
is not immediately revealed. In the early stages of nucleation the forms of the 
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reverse domains are very sensitive to field, yet very slow changes in the applied 
field are precluded because of the tendency of the patterns to become permanent 
if stationary for more than a minute or two, and also because of the eventual 
staining of the polished surface by the powder suspension. ‘The exact process 
of nucleation is therefore not easily observed and is even less readily recorded. 


2.2. Two-phase to Four-phase Transitions 


The same crystal as before was used, but it was now magnetized in the [110] 
direction which was in the disc surface between the [010] and [100] easy directions. 
When an effective field acts along the [110] axis of an iron crystal a two-phase, 
mode III, structure is stable. This is made up of domains, whose lengths lie 
along the [110] direction, and which are alternately magnetized along directions 
making equal angles, zero in small fields, with the [010] and [100] directions, 
respectively ; (cf. the Néel cut, Bates and Neale 1950). Figure 6 (a) (Plate IV) 
shows a fraction of the demain structure of the disc when subjected to a small 
field in the [110] direction. ‘The colloid striations indicate the directions of 
magnetization of the three major domains, which are illustrated diagrammatically 
in figure 6(h). In order that the specimen may enter a four-phase mode I state 
when the applied field is reduced, domains magnetized in the [100] and [010] 
directions have to appear. 

In the central and lower domains of figure 6(@) are seen several small spike 
domains at pits in the surface; one such is encircled in the picture. ‘They are 
each magnetized perpendicularly to their parent domains and in the senses 
favoured by the applied field, i.e. in the [100] or [010] directions. As the applied 
field was progressively reduced the photographs figure 6(6) to (g) were taken. 
For figure 6(6) the spike domains have grown, but no domain magnetized in 
the [100] or the [010] is yet present. In figure 6(c), however, two such domains, 
magnetized in the [100] direction, are seen attached to the largest spike in the 
central main domain, with their walls running parallel to the [110] direction. 
In figure 6(d) there appears a domain magnetized in the [010] direction, again 
attached to the largest spike and with its walls running at 45° to the horizontal. 
This domain expands considerably to give figure 6(e). Another domain 
magnetized in the [010] direction appears here, this time in the lower main 
domain, with its walls running in the vertical direction, and again apparently 
associated with one of the original spike domains. The specimen has now 
commenced to demagnetize itself, being at the knee of the (de)magnetization 
curve, and subsequently the domains of the new [100] and [010] phases grow 
rapidly to form a four-phase state like that shown in figure 6(g). The general 
process of demagnetization, as revealed by the surface domains structures, 
therefore resembles that described in §2.1. In particular, there occurs a sequence 
of creation and growth of spike domains followed by the appearance and growth of 
reverse domains. 

§ 3. Discussion oF RESULTS 

It is well known (cf. Kittel 1949) that there is a theoretical lower limit, given 
by 2K/Js, for the critical reverse field required to initiate nucleation in a perfect 
crystal by a rotation-of-magnetization mechanism ; K is the appropriate anisotropy 
constant and J; is the spontaneous magnetization. For iron 2K/I, is about 
500 oersteds, yet the coercivity is seldom greater than an oersted or so. It is 
therefore apparent that nuclei are not created in an ordinary crystal under the 
action of the applied field alone. 
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In a saturated specimen there must exist close to any non-magnetic inclusion 
additional fields of at least the order of Js, which exceed 2K/Jg in the case of iron. 
Nucleation by rotation close to inclusions is therefore possible. This is the 
process which occurs in the surfaces of our crystals where domain nuclei were 
first observed at surface pits, le. non-magnetic inclusions. Nucleation in a 
perfect crystal under the action of a uniform applied field would be irreversible ; 
the nucleus, once formed, would grow rapidly. In the present mechanism of 
nucleation by rotation at inclusions, however, the promoting field has only 
a restricted range, and, moreover, the onset of rotation serves to decrease the 
promoting field. It seems probable, therefore, that the rotation, which finally 
produces a recognizable, short, transversely magnetized spike domain, occurs 
over a large range of applied field and only over a volume comparable with that 
of the inclusion. 

The surface pits in the present work, and in I, provided numerous transverse 
domain nuclei in the manner just discussed. No observations were made, 
however, of a similar direct creation of reverse domains at surface pits. Rotation 
at an inclusion would not be expected to produce domains oppositely magnetized 
to the surrounding phase, except in uniaxial materials, since rotaticn beyond the 
transverse direction would generally serve only to increase the magnetostatic 
energy. The delayed appearance of the reverse domains, and their initial 
attachment to transverse domains in most cases, suggest that they may be produced 
as the result of encounters between inclusions and the moving 90° walls of 
transverse domains. A model of this process was suggested in I and receives 
support from many of the details observed during the present work, some of 
which are to be found in our figures, and also from recent observations by Martin 
(1954, see Bates 1954), of encounters between 90° walls and large surface pits. 
‘These latter observations showed that processes of the types illustrated in figure 7 
actually occur, each producing a small reversely magnetized domain which in 
favourable circumstances could grow to form a reverse domain nucleus. ‘Thus, 
in figure 7(a) the 90° wall WW moves under the action of a changing applied 
field from its initial position in figure 7 (a) (i) to pass through the inclusion, shown 
as a hatched square, to produce the reverse domain nucleus R of figure 7 (a) (iv). 
In figure 7(b) the domain system on the left of figure 7 (6) (i) moves across from 
left to right to strike the inclusion, forming in figure 7 (4) (iii) the reverse domain R. 


Figure 7. Illustrations of two types of interaction between moving 90° walls and inclusions- 
Reverse domain nuclei are labelled R. 
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Possible mechanisms, based on these processes, which would serve to produce 
. . : ie} 

reverse domains during encounters between the moving 90° walls of transverse 

domains and inclusions are illustrated in figure 8, and domain configurations 


(b) 


(c) 


Figure 8. Illustration of three processes, (a), (6) and (c), of reverse domain creation as 
results of encounters between expanding transverse domains and inclusions. 


like the end-products of these mechanisms can be found in several places in our 
photographs. Most of the reverse domains in our figures show strong circum- 
stantial evidence of having been initially created as results of such encounters 
between 90° walls and surface pits; that associated with the large spike domain 
in figure 1(6) and (c) may be especially mentioned. Connections between 
a few of the reverse domains and transverse structures are not obvious. However, 
this fact may be explained by the rapid movements of favourable nuclei when 
once formed, or the possibility of transverse structures being created below the 
surface or in the opposite face and growing until they met the surface under 
observation. 

No measurements of the magnetic field were made for the low-field conditions. 
However, a hysteresis loop for magnetization in the [100] direction of a single 
crystal of silicon iron in the form of a picture frame specimen, was published by 
Stewart (1951); and Dr. H. J. Williams of the Bell Telephone Laboratories 
kindly provided us with loops for similar specimens. The main features of the 
hysteresis curves are illustrated diagrammatically in figure 9; attention is drawn 
to the hump at b which is a feature common to all of them. ‘The applied field 
for these curves was controlled so that the rate of change of magnetization with 
time was small. A re-entrant portion of the curve therefore indicates an attempt 
to cancel the onset of instability in the domain structure. The shape of the 
curve receives an explanation in terms of the nucleation processes observed 
here and in I. Each leg of the frame specimens resembles the block crystal 
used in I, in which the nucleation process is similar to that recorded here in 
$2.1 except that, in the former case, a large reverse domain, which expanded 
along the whole length of the crystal, tended to form by the fusion of several 


Domain Nucleation 151 


reverse nuclei. Such a large reverse domain would provide the single 180° 
wall which has been observed (Williams and Shockley 1949) to move across the 
leg of a picture frame specimen, and whose movement corresponds to the portion 
ed of figure 9. ‘The region ab would therefore correspond to the nucleation and 


Figure 9. Diagram of re-entrant demagnetization curve for single crystals of silicon iron. 
For Williams crystal, H,=0-038 Oe, H),=0-005 Oe. For Stewart crystal, 
H,=0:050 Oe, Hy=0-035 Oe. (H.=coercivity.) 


growth of transverse and, later, reverse domains as recorded in our photographs. 
The pronounced re-entrant portion be indicates the onset of instability in one 
or other of the reverse domains with the consequent formation of the plane 180° 
wall. 

Doring (1938) studied the stability of an ellipsoidal reverse domain and 
concluded that the length of such a domain of fixed equatorial diameter 
a approached infinity asymptotically as the reverse field approached the value 
Hy, = ity Isa where y is the energy per square centimetre of the domain wall. 
If one makes a formal substitution in this equation, one obtains a=0-05 cm and 
a=(-1 cm for the Williams and the Stewart curves respectively, using H, = H,— A, 
since, in expanding, the nucleus may have to overcome the impedance to wall 
motion indicated by the field Hj, in figure 9. In view of the differences between 
the nuclei observed in this work and the ellipsoidal shape considered by Doring, 
and the neglect of the probable merging of domains before the onset of instability, 
these values, representing upper limits for the diameters of the largest nuclei 
present, appear to be of reasonable magnitude. 

In polycrystalline material the available inclusions within the grains would 
generally be smaller than the larger pits in the surfaces of a single crystal. 
Goodenough (1954) concluded, from comparisons of free energies before and 
after hypothetical nucleation, that grain boundaries should be the most important 
sources of nuclei. He did not consider actual mechanisms of nucleation, in 
particular those observed in I and those recorded here. Before nucleation can 
take place in a strain-free material the field at the point in question must at least 
be greater than 2K/J/,, and fields of this magnitude are more likely to be found at 
non-magnetic inclusions than at ordinary grain boundaries. Nevertheless, 
the additional stray fields due to random orientation of the crystal grains may 
materially assist nucleation at inclusions and the subsequent growth of the 
domains, especially those at inclusions at or close to certain grain boundaries. 
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On 


‘Transverse domains originated at the edges of the single crystal used in the present 
work and played a part in the demagnetization process similar to that of the 
transverse structures nucleating at pits within the crystal face. 

The additional local fields caused by a non-magnetic inclusion are of magnitude 
cl,, where the factor c may be about 10, except in materials of very low K in which 
the divergence of magnetization is distributed over a larger volume than that 
of the inclusion so that c is then much smaller than 10. If nucleation in a strain- 
free material is to take place in positive effective fields, i.e. those favouring the 
parent phase, then c/, must at least be greater than K/Js. ‘This is the case for 
iron, but not the case for some ferrites (cf: the ‘ Ferroxdure’ sample of Rathenau, 
Smit and Stuyts 1952), and it is tempting to attribute the rectangular hysteresis 
loops of certain ferrites partly to considerations of this kind. When nucleation 
is possible in positive fields, low values of remanence may be expected and are, 
in fact, found with some materials for which the ratio K//,? is low (Lee 1952). 

The expansion of the nuclei, with the consequent increase in total domain 
wall area so very evident in our photographs, may also contribute to the magneto- 
caloric effect, and preliminary calculations show that this feature may explain 
the anomalous effects reported by Bates and Marshall (1953). 

Centres of strain have been observed by Martin (1954, see Bates 1954) to 
provide subsidiary domains in iron similar to those associated with inclusions, 
and must therefore be regarded as potential nucleation centres especially in 
materials with a high magnetostriction constant. 

In conclusion it should perhaps be noted that a nucleation process, to be 
distinguished from the phase transition type discussed here, will occur when the 
domains of a given mode multiply as a result of a decrease in the optimum domain 
size. In these cases the new domains must appear in the surface whose magnetic 
energy density is reduced by the multiplication. Such a process has been 
observed by the writers when a field applied to a Néel cut crystal is increased, 
and a similar case has been reported by Dijkstra and Martius (1953) for silicon iron 
under tension. 
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Abstract. In order to obtain a-better understanding of the phenomenon of 
electrostriction, the particular case of a sphere of fluid dielectric, subjected to 
a uniform external field, is considered. The problem is discussed from both 
macroscopic and microscopic points of view. That part of the spur of the stress 
tensor 3AP which depends quadratically on the applied field is calculated for 
both non-polar and dipolar dielectrics. It is found that the Lorenz—Lorentz 
and Debye theories of dielectrics lead to the singular result that AP is zero. 
The reason for this is discussed, and it is shown that the more modern theories 
of Yvon and Kirkwood and of Onsager do not lead to such a result. 


§ 1. INTRODUCTION 


HE word electrostriction is used in this paper to refer to the change in 

pressure which occurs in a dielectric fluid when subjected to the influence 

of an electric field. Further, attention is confined to effects which depend 
quadratically on the applied field. 

Most discussions of this phenomenon (e.g. Abraham and Becker 1932, 
Bruhat and Pauthenier 1925, Guggenheim 1949) are given from a macroscopic 
point of view. ‘The case usually considered is that of a parallel plate condenser 
immersed in a very large volume of a fluid dielectric. However, from a micro- 
scopic point of view, this case is difficult to discuss because the number of molecules 
within the condenser plates is a function of the applied field. 

An attempt is made here to develop a microscopic theory of electrostriction. 
A very particular case is considered, namely that of a spherical specimen of a 
fluid dielectric. The reason for this choice is that it enables one to understand 
more easily the mechanism which is responsible for electrostriction. . 

It is shown in the later sections that the Lorenz—Lorentz and Debye theories 
(see Debye 1929) indicate that electrostriction should not occur in a spherical 
specimen but that more elaborate theories do predict such an effect. “The reason 
for the inadequacy of simple dielectric theory, in this instance, is discussed. 

It must be appreciated that the change in pressure due to electrostriction 
in fluids is extremely small even in the case of very strong applied fields. Frivold 
(1921) has carried out measurements of the effect in gases. The effect in liquids 
is more difficult to observe because of the very low compressibility. 


§ 2. Macroscopic ‘THEORY 


Consider a spherical specimen of a fluid dielectric subjected to a uniform 
external electric field E. The volume of the sphere will be denoted by V, its 
temperature by 7 and the pressure of the fluid by P. P is the mean hydrostatic 
pressure and is equal to one third of the spur of the stress tensor, P;;, thus 


3 
Bee eRe © fo feet (1) 


G1 


154 B.K. P. Scatfe 


The internal energy U, of the specimen satisfies the relation, 
dU =dO = Pdv — Ed eee (2) 


where dQ is the change in heat content of the system and y is the polarizability 
of the specimen. It is assumed that surface effects may be ignored. 
The Helmholtz free energy / is given by 


PSL, Se ee (3) 
where S is the entropy. For an isothermal process 
FAULTS OO ee (4) 
and since dO = TdS, we find that 
dF==PiV Hiya a See ee (5) 


Choosing I’, E2 and 7 as independent variables, we obtain 
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We now introduce the assumption that 


ay f 
(sh), 4 = a 0-3 (7) 


‘his condition implies that y depends upon F only as a result of a change of 
density. For an isothermal process, the introduction of (7) into (6) leads to the 
equation 


_p dy ey 2). 2 
d(yE)=E (Sr)... la (2) d(E 33 cna S (8) 
consequently (5) becomes 
dF = — PdV — EF? ay dV —Ayd( 7). > oa ores (9) 
OV Jo fll 
Because dF must be an exact differential, we conclude, from (9), that 
oP 1 (dy 
22\e es mn 
We may integrate (10) and derive the result that AP, the change in pressure, is 
given by 
oy 
AP=-—tF?|— of SONS Ges ae Rees 


§ 3. ‘THE EVALUATION OF (6y/0V) 2 7 ACCORDING TO THE THEORIES OF 
DEBYE AND ONSAGER 


The first step is to relate y, the polarizability of the sphere, with «, the dielectric 
constant of the fluid. A simple calculation shows that 


y= R[(e— 1)/(e+2)], 


were R is the radius of the sphere. It follows therefore, that 
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According to Debye’s theory (1929) of the dielectric constant, 


[(e—1)/(e+2)]V =(40N/3)[(Bu2/3) +a], sn naeee (14) 
On the other hand, Onsager’s theory (Onsager 1936) leads to the relation 
3[(e —n?)(2e + n?)/e(n? + 2)?]V =(47NBy2/3). sae vee (15) 


In equations (14) and (15), N is the number of molecules in volume V, ye is the 
vacuum dipole moment of a molecule, « the combined atomic and electronic 
polarizability of a molecule, » the refractive index and B=(RT) swhere -: is 
Boltzmann’s constant and T is the absolute temperature. 

When « =0, the Debye and Onsager theories coincide and yield the formula 


[(m?—1)/(m24+.2)|V=(4rNa/3), eevee (16) 


which is the Lorenz—Lorentz relation. 
From (14) we obtain 


de (c—1)(c +2) 
ee abd eee a Tate (17) 
and from (15) (Falkenhagen and Jacob 1951), 
{de e; e(e — 1)[2e + 4?(e — 1) —nn4] re 
lar eee is Be ean a sateke aS (18) 
When these values for de/AV are substituted in (13), we see that 
(Oy /2V page= 0 eee (19) 
and that 
oh iS eh |, a dine (20) 
0 V Onsager 2n(e == Ze = n*) 


We thus conclude, on referring to equation (11), that no electrostriction occurs 
in a spherical specimen of dielectric according to Debye’s theory. However, 
Onsager’s theory does predict that electrostriction should occur in such a specimen 
when the possibility of orientational polarization exists (i.e. 44 40). 


§ 4. A MORE ExacT EVALUATION OF AP 


The Helmholtz free energy F of a system is related to the partition function 


Z by the equation 
ee BIOS Fa aa =(2L) 
In general, Z has the form 


Z=const. T?? | ep aeUlden  . - ~~ tee (22) 


where U is the potential energy of the system for a particular configuration, 
and do is an element of volume in configuration space. 
From equation (9) we deduce that 


oF , (ey » 
av Se ee Near een (3 
(3 ae, T # . t V ). a (23) 


oF aes 24 
(sm), , => oY: ceeee ale? ) 


and that 
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Denoting the free energy of the system, in the absence of an external field, by Po, 


we find 
we MoV ena? tae area aa 2 


Since P= PeSAPt OP’ ae eee (26) 


then by equation (11), equation (25) becomes 


OF aF, 
pie cee pee! NP eh ne ee Da 
ee. Gat a Ce 


Our object now is to evaluate the left-hand side of equation (27), with the 
help of equation (22), and to investigate the nature of the approximations involved 
in equation (11) and also to indicate the reason why Debye’s theory predicts that 
NP, 

In order to calculate \P by means of equations (21), (22) and (27) it will be 
necessary to give an explicit form for U. ‘This entails the adoption of a particular 
model. Itis convenient to consider the cases of non-dipolar and dipolar dielectrics 
separately. 

4.1. AP for a Non-polar Fluid 

Consider a group of N molecules, of isotropic polarizability «. In the absence 

of an external field the partition function of the system, Zp, is given by 


N N 
7, const. ce [ exp[=— > 203) [ain ee (28) 
Ry i>Jj k=1 


where v(7;,;) is the interaction energy of a pair of molecules, z and j, distance 1,; 
apart and d7r,(=r,?sin0,,dr;,d0).d¢,,) 1s the element of volume occupied by 
molecule k. ‘The presence of an external field will change Z, to Z such that 


: N N 
Z=const. T#* | exp[—P{Up+ > or) [] are -20e (29) 


U,, is the increase in potential energy of the system for a particular configuration, 
resulting from the application of an external field. 
If f, denotes the total field acting on molecule 7, then 


Us=he > ft-a> f. E— 1S m,. Est Oe aeccie (30) 
Gan 
where m, the induced dipole moment of the molecule 7 is given by 
m, = af,. 
T,; 18 a dyadic such that 
T= = Wi Vi(1/4)=77 713K, iMag Vij 2) — Macon: (32) 
where i= ii+jj+kk) is the unit dyadic. Note that T,,=0 (Kirkwood 1936). 
T;;-m, is the field acting on molecule 7 due to a dipole of magnitude m,, induced 
in Groleeniey j. Thus it is seen that 
N 
m,=%E+a > T,;.m, Sate (33), 
j=1 
and therefore (Kirkwood 1936) 


N N 
mina {hte > Tytot > Ty Tet eoab Sse (34) 
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By means of equations (30), (31) and (34) we obtain 


Un — One ee a (35) 
where 
on + 8 ie 
C= {Nut Nat 2 e.T,,.e+ Na? Da e.7,,.T,,.e+ = ees (36) 
+t 


and where e is a unit vector parallel to E, the external field. In view of (29) 
and (35), equation (21) takes the form 


r : N N 5 
——— Blog j const T32 | exp f —Bf ( —tph?+ > ars) | ny dry) pies (OA) 
J >j k=1 


If terms involving powers of F greater than the second are discarded, then 


P>—Blogt7, 1 bor yy an, (38) 
‘The term (3S?) 1s defined by the relation 
: N N 
(18a? y= const: T72Z,-1 | LBpk? exp [ -B> o(r) | |G Cre esa hese (39) 
+ i>j k=1 
Consequently ; 
OF OF ONG) 
OTT ea eee (4¢ 
(a7) ; (3 an ot ( ar | on) 
and 
OF : 
Geel 2 — => (Dp). Pie sree « (41) 


From equations (24) and (41) it will be seen that y, the polarizability of a specimen 
of dielectric, is given by 


N N 
fe 1 {Na+ Nat > (e.T,;.e)+ No > (e.T,;.Tj,-e>+ ae ie (42) 
7 dk 


4 


This result is in agreement with the work of Yvon (1936, 1937) and Kirkwood 


(1936). 
Substituting for (OF/0V),. ~ in equation (27), from equation (40), we find 
KD, »f OY 
Sy eee 
DANY he ay pa (3 tie pyle (43) 


This shows that the expression obtained in §2, for AP, is correct as far as 
terms in E? are concerned. 
In the case of a spherical specimen of a fluid dielectric it may be shown that 


(e.g. Bottcher 1952) 


(eal ce) =Verlyey, @ » » peer (44) 
and so 
aes, 
AP=—}E°Nw > ap (Xe: Tis: Tin: ©): eer (45) 
jak 


In the Lorenz—Lorentz theory it is assumed that y is independent of the volume, 
and thus all except the first of the terms of equation (42) are ignored. Yvon and 
Kirkwood have shown that (e.T,,;.T;),.) differs from zero because the motions 
of the molecules are not statistically independent. In Kirkwood’s phraseology 
one may say that both Debye and Onsager’s theories neglect translational 
fluctuations. Kirkwood (1936) evaluated the expression 


N 
ce. Ly ae) 


j,k 
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on the assumption that the molecules could be treated as hard impenetrable 
spheres of diameter a; the result he obtained was 


8a. N  5a2N? 


a 
tees 46 
Pe. (e.T,,;.1;,-e) = 3437 ~ 32° (46) 
For this particular model, therefore, we obtain, by combining equations (45). 
and (46), 
EIN a? [| Ae aN 
= (= -—- elt ees A] 


4.2. AP for a Polar Fluid 
For simplicity the displacement polarization of the dielectric will be ignored, 
and it will be assumed that each molecule has a permanent dipole moment of. 
magnitude x. Z,» is now given by 


N 


Z,=const. T?? | exp [— Bld] a dd. ee (48) 
4 hed 


where 


‘The term 


is the dipole-dipole interaction energy of the system and dQ is an element of 
6(.N —1) dimensional orientational configuration space. 
In the presence of an external field E we have 


: N 
A= (2 ine const a 4 | exp[—B(Ug+U)] []/dr,dQsinOd® —...... (50) 
J k=1 
where 
a 
Uy = —MEcos@= — Se E: bimee (51) 


Adopting the same procedure as was used in $4.1 and noting that F can only 
contain even powers of E£, we obtain 


F==—8" logs Zolli 4B" V2 veh ee ecceelaee (52) 
(M*)» is defined by the relation 
: A 
(M2)»=const. Z ! 732 | M?exp[—BUo] T] dr,dQ. eee (53) 
é k=1 
From equations (24), (27) and (52) it follows that 
2 
AP=—16R (S22) or (54) 
OV EY, T 
and that 
vas BC VL? > = | OE ee eer (55) 


We may write (Frohlich 1949) 
IV) p= Ne ae le (56) 


where p,.,* 18 the dipole moment of a spherical specimen of dielectric when 
one of its constituent molecules is held in a fixed orientation. 
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According to Debye’s theory the molecules of a dielectric are, effectively, 
assumed to be statistically independent, and_ therefore Usp =e. This 
assumption leads to the result that \P=(), whereas Onsager’s theory leads to the 


expression 
eee Le 3e 57 
sph a et m0 ae in 1 U, ct eee. (és ) 


which, when substituted in equation (54), leads to a value of AP which is different 
from zero. 

It may be mentioned that the theory given by Frivold when applied to the 
case of a spherical specimen leads to a null result for AP, since he retained the 
Lorenz—Lorentz expression for the internal field (see § 5). 


$5. Discussion 
The failure of the Lorenz—Lorentz and Debye theories to predict the occurrence 
of electrostriction in a spherical specimen of dielectric is fairly easy to understand. 
Both theories use the formula 
Balle rZyiste, © -..  “aheeus (58) 
to calculate the local or internal field, ®. € is the potential gradient in the polarized 
dielectric. In the case of a sphere 


CSisie ZEB) «6 seine (59) 
where E is the external field. Consequently in this particular case, 
OSES! ON ay OES (60) 


‘This means that the field polarizing any one of the molecules is equal to the 
external field and is quite unaffected by the presence of the surrounding molecules. 
‘This result would only be correct if the dipole moments induced in the molecules 
were independent of the relative motions of the molecules. In other words 
the molecules are treated as though they were statistically independent. On the 
basis of this effective assumption of statistical independence, the result that 
AP=0 follows quite naturally. 

Since we are only concerned with effects which are quadratic in F it is 
permissible to ignore any change in shape which might occur. For the same 
reason it was possible to neglect the effect of saturation when considering dipolar 
dielectrics. 

We must now consider whether AP is positive or negative. It is possible 
to evaluate (Ay/0V),. ~ from experimental data. For liquids (dy/0V)m 7 is 
usually found to be positive (Danforth 1931). However, it is found that for 
gases the sign of (dy/0V)». , depends on the density (see Bottcher 1952). For 
high densities (dy/0V),». p is positive and for low densities it is negative. ‘This 
type of behaviour is predicted by the Yvon—Kirkwood theory. Equation (47) 
indicates that for sufficiently low densities an electric field gives rise to a positive 
pressure whereas at high densities the pressure 1s negative. 

It is possible to extend the calculations in §4.1 so as to determine the values 
of the individual elements of the stress tensor P,;; work to this end is in progress. 
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Sublimation Nuclei 
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Clarendon Laboratory, Oxfordt 


Communicated by G. M. B: Dobson; MS. received 25th July 1955 


Abstract. ‘The formation of ice crystals in cloud chambers generally takes place 
by the freezing of supercooled water drops rather than by the sublimation of vapour 
on to suitable nuclei. Fournier d’Albe found that particles of cadmium iodide 
possessed the unusual property of allowing ice crystals to grow on their surfaces by 
sublimation, under certain circumstances. Three other substances, CaCOg, 
CaSO,.2H,0O and sodium bentonite clay have now been found to behave similarly. 
An explanation is suggested. 


§ 1. INTRODUCTION 
LOUD chamber experiments on outdoor air show that ice crystals form only 
when expansions large enough to produce a water cloud are made (Fournier 
d’Albe 1949). Such crystals are thus formed by the freezing of water 
drops rather than by the sublimation of vapour on to suitable ‘ sublimation nuclei’. 
This was confirmed when aerosols composed of a wide variety of chemicals were 
introduced into the expansion chamber in place of outdoor air. 

- However, Fournier found that one salt, cadmium iodide, behaved differently 
from the rest. A dilute solution was sprayed into the cloud chamber and 
expansions were made to give cloud at a series of decreasing temperatures. 
The first ice formation occurred at approximately —41°c which is now considered 
to be the threshold temperature for spontaneous nucleation of water drops of 
the size formed in Fournier’s chamber (Mason 1952). When the chamber was 
allowed to warm up, it was found that very small expansions caused ice crystals 
to grow on some of the remaining particles; instead of appearing only at the dew 
point, crystals were apparently formed by sublimation. This effect continued 
as the cloud chamber was warmed up until a temperature of — 9-4°c was reached ; 
above this it was no longer observed. 

Fournier’s experiments on cadmium iodide have now been repeated and 
extended to other substances which display similar properties. 


§ 2, PRESENT WORK 


2.1. Cadmium Iodide 
Several experiments were made on cadmium iodide with Fournier’s cloud 
chamber (1949) and his findings were, in general, confirmed. Aerosols were 
formed both by spraying solutions (concentrations N/5 to N 250), and by heating 
a small amount of the salt on a platinum wire to give a visible smoke. 
When a cloud was made by condensation upon these particles at successively 
lower temperatures the threshold for the first appearance of ice crystals, in a 
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concentration of one crystal per thousand droplets, was approximately — 24°c. 
Below this there was sparse ice crystal formation down to approximately —41°c, 
where the usual spectacular increase in the number of crystals took place. ‘That 
Fournier did not observe any ice formation between —24 and —41°c indicates 
that he must have worked with a much lower concentration of aerosol particles. 

Once ice crystals had been formed below —24°c it was found that after the 
cloud had evaporated subsequent small expansions caused some of the brighter 
particles to grow into ice crystals. ‘These expansions were much smaller than 
that required to produce water droplets. The crystals could be kept in the 
field of view and the ice could be caused. to grow or diminish at will by small 
expansions or compressions. ‘The number of such ‘sublimation nuclei’ was 
greatly increased after expansions had been made past the —41°c threshold ; 
as many as 50 per 1000 cadmium iodide nuclei were then observed. 

The present observations confirm Fournier’s discovery that as the chamber 
is warmed up the ‘sublimation nuclei’ persist only until about —10°c, and 
thereafter they cease to act in this way. After such warming no ice crystals can 
then be seen, even with large expansions, until the cloud temperature is again 
reduced below — 24°c. 

The temperature above which this sublimation effect became inoperative 
varied from —9-1°c for N/5 solutions, to —9-7 for N/250 solutions and — 12-3 
for ‘smokes’. ‘The fact that smoke particles are, in general, smaller than those 
produced by spraying a solution, suggests that there may be some correlation 
between this temperature and particle size. 

It was found that a small but definite expansion was necessary for this type of 
crystal growth. At —14°c this minimum expansion produced a saturation of 
107% with respect to ice or 92%, with respect to water. At —27°c the percentage 
saturations were 110 and 84 respectively. 

If the chamber was warmed from — 14° directly to —6°c without making 
intermediate expansions, no ‘sublimation nuclei’ were then observed. The 
‘sublimation nuclei’ could not have been removed by sedimentation, but rather 
became inactive due to warming above a critical temperature. 


2.2. Other Instances of the Formation of ‘ Sublimation Nuclei’ 
In the course of investigations of the nucleating properties of other substances, 
a careful check was made for the appearance of similar ‘sublimation nuclei’. ‘The 


phenomenon appears to be quite rare and only the following cases were discovered 
out of more than 50 materials tested. 


(a) CaCO 3. A sample of Iceland spar of ‘analytical purity’ (certainly less 
than 0-1°, impurity) was tested by spraying a water-suspension into the cloud 
chamber and then cooling. ‘The effectiveness of the particles as freezing nuclei 
is illustrated in the figure. On warming up from —41°c, between 1°% and 5 
of the particles were found to act as ‘sublimation nuclei’. With a total of 500 
particles in the field of view, the ‘sublimation nuclei’ were last observed at a 
temperature of —3-7°c, when the expansion necessary for ice crystal formation 
gave rise to a faint cloud. In subsequent experiments with lower particle 
concentrations they disappeared earlier. 

It was noteworthy that an ‘Analar’ sample of CaCO , presumably made by 
a precipitation process, did not give rise to ‘sublimation nuclei’. 
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(5) CaSO,.2H,O (Gypsum). ‘ Analar’ material was used and its ice forming 
properties are indicated in the figure. ‘The concentration and behaviour of 
‘sublimation nuclei’ were generally as described for Iceland spar. The highest 
temperature at which they were observed was —5-3°c, the last expansion again 
being enough to produce faint cloud formation. In one experiment, after 
sublimation crystals had been observed at —9°c, the chamber was warmed to 
+1°c without intermediate expansions, and then cooled again to —11°. No 
crystals could then be seen on making expansions. 


(c) Sodium Bentonite Clay. A sprayed suspension of these particles gave 
freezing nuclei as shown in the figure. About 5% of the particles acted as 
sublimation nuclei from —41 to —6:5°c. 


§ 3. Discussion 

Fournier (1949) suggested that the cadmium iodide sublimation nuclei may 
have been small frozen particles of saturation solution, which melted on passing 
the eutectic point, though why they did not freeze during the initial cooling was 
not clear. 

Mason (1950) offered the more convincing explanation that warming up to 
temperatures below —9°c caused only partial evaporation of the ice crystals and 
that a microscopic oriented film of ice was retained on the surface of the Cdl, 
particles. 

This is supported by the results of the present experiments, particularly 
the facts, firstly that ‘sublimation nuclei’ are observed when, and only when, ice 
crystals have been formed by the usual freezing mechanism, and secondly that 
‘sublimation nuclei’ lose their peculiar property when warmed above 0°c and 
re-cooled. 

Usually when ice crystals are formed in a cloud chamber expansion, they 
will either grow large enough to fall to the bottom and be lost, or else the ice will 


evaporate in the subsequent recompression, leaving only the original freezing 
L-2 
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nucleus. Apparently the substances under discussion are singular in that some 
particles retain a small embryo of ice on their surfaces. A visible ice crystal can 
then be grown by making small expansions. 

The ability to retain such an ice embryo does not seem to depend upon 
closeness of fit between the crystal lattice of ice and the substrate. ‘Thus 
substances such as AgI and PbI, which have lattice parameters much closer to 
those of ice than any of the present substances and are able to act as freezing 
nuclei at much higher temperatures, do not give rise to ‘sublimation nuclei’ at all. 
Also the differences in behaviour of Iceland spar and precipitated calcite point to 
the importance of surface condition rather than crystal structure. 

It is possible that the behaviour of these particles is due to the retention of 
ice embryos in suitable cavities on their surfaces. ‘They will then no longer 
require a slight supersaturation in order to be stable with respect to the ice on 
the chamber walls. Turnbull (1950a) following a suggestion of Volmer (1939) 
has used a similar theory of the retention of embryos of frozen metal in cavities 
in a foreign surface to account for the repeated freezing of molten metals at 
reproducible temperatures and the destruction of this property by superheating. 

Turnbull (1950b) has derived expressions for the work of formation of 
embryos of a solid phase in both conical and cylindrical cavities in a foreign 
substrate. He shows that an embryo will be retained up to a critical temperature 
which depends on the dimensions of the cavity and the interfacial surface energies 
involved. Unfortunately we have no knowledge of the interfacial energies 
involved in the present instances, otherwise it would be possible to calculate 
the size of the cavities assumed of simple shape in our ‘sublimation nucle’. 
However, ‘Turnbull’s theory does give a plausible explanation for the disappearance 
of their ice-forming ability after the temperature has risen past a certain point. 

In the case of cadmium iodide, there is another possible explanation for the 
melting of the ice embryo, since it will be unstable above the eutectic point of 
Cdl, (—8-5°c for bulk materials) and a droplet of solution will result, as Mason 
has pointed out. 

The meteorological importance of this phenomenon is probably slight. No 
observations on outside air either by Fournier or the present author have disclosed 
any ‘sublimation nuclei’ and they are likely to be of rare occurrence. ‘Their 
singular property might occasionally enable ice particles from cirrus clouds to 
persist under conditions where they would normally disappear by sublimation, 
and then to grow again on entering air saturated with respect to ice. 
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Abstract. A cooled expansion chamber was used to form water clouds upon 
aerosol particles of a variety of chemical substances of low solubility. The 
proportion of ice crystals to water drops in the clouds was observed at a series of 
decreasing temperatures. In this way the ice-forming ability of the various 
chemicals could be assessed. In general it was found that for the particular 
substances chosen, the chemicals which caused water to freeze at the highest 
temperatures were those in which the lattice spacing approached most closely 
that in the ice lattice. Some exceptions to this rule show that geometrical 
considerations alone are insufficient to account for nucleating ability. 


§ 1. INTRODUCTION 

T has long been realized that the freezing of supercooled liquids can be initiated 

by impurities. The reasons for this action are not fully known. ‘The 

purpose of the present work is to investigate the nucleation of supercooled 
water by a number of chemical substances, and to attempt to relate their 
‘effectiveness’ to other physical and chemical properties. Here one substance 
is designated a more ‘effective’ or ‘potent’ nucleating agent than another if it 
causes supercooled water drops to freeze at a higher temperature. 


§ 2. Previous WoRK 

When a cloud of water drops formed in an expansion chamber is cooled below 
approximately — 40°c, there is a vast increase in the number of ice crystals present 
(Schaefer 1946, Cwilong 1947). Because this threshold temperature 1s the same 
for drops formed upon many different types of condensation nuclei, this transition 
is regarded as a property of the water itself, i.e. it is considered that spontaneous 
nucleation takes place (Mason 1952). If droplets of similar size containing 
a foreign substance are found to freeze at a higher temperature when cooled at 
the same rate, then one is justified in assuming that the impurity has assisted 
freezing by the provision of a ‘freezing nucleus’. 

Many materials have been found which assist the nucleation of supercooled 
water to a greater or lesser degree. Investigation of the effect of various chemicals 
on the freezing points of water drops have been made by Vonnegut (1947), 
Fournier d’Albe (1949), Lafargue (1950) Reynolds (1950), Aufm Kampe and 
Weickmann (1951), Hosler (1951), Bigg (reported by Mason 1953), and Hosier 
(954): . 

Vonnegut showed that heated silver iodide produced a ‘smoke’ of very tiny 
particles, which caused copious ice crystals when injected into a water cloud 
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below a temperature of —4°c. He ascribed this action to the resemblance 
between the crystal structures of silver iodide and ice. However, lead iodide, 
which also has a crystal structure very similar to that of ice, was found to cause 
the freezing of water drops only at —20°c. 

The influence of crystal structure was discounted by Hosler (1951) who found 
that, of approximately 50 chemicals tested, the most effective for ice formation 
were Ag], AgNOs, Ag,S and PbI, (acting at temperatures in the region of —4°c), 
while many iodides were found to act as freezing nuclei from — 12°c downwards. 
Not all these materials belong to the hexagonal system, nor do they all have 
lattice dimensions similar to those in ice. Hosler therefore attempted to explain 
his results in terms of a hypothesis of Weyl (1951) that the addition of highly 
polarizable ions or molecules to a water drop will reduce the amount of supercooling 
necessary to form ice crystals. Unfortunately, owing to lack of information 
on the polarizability of the compounds used, this theory could not be adequately 
tested, 

In Hosler’s later paper (1954) he gives rather lower temperatures than those 
mentioned above for the initial appearance of ice crystals for the chemicals 
mentioned. He also reports on the effect of various solutes on the freezing 
point of water. Some salts lowered the freezing point in all concentrations ; 
others raised the freezing point, up to a certain concentration, above which 
a decline again set in. 

Bigg (reported by Mason 1953) experimented on droplets of various solutions 
suspended at the interface between two immiscible liquids. Working with 
a concentration of one solute molecule to 1000 water molecules (i.e. 1/20 molar) 
he also showed that a wide variety of dissolved salts could cause an elevation of 
the freezing point of water drops over the value found for ‘pure’ water. The 
suggested explanation follows Mason’s idea that freezing may be initiated by the 
aggregation of water molecules round solute ions (Mason 1950). 

We see that although there has been a considerable accumulation of experi- 
mental data on the threshold temperatures at which ice formation is first initiated 
by various chemicals, no full explanation of the action of freezing nuclei is yet 
in sight. ‘There are considerable discrepancies between the results of different 
workers on the same material. ‘These inconsistencies may be due to differences 
in the concentration of the aerosol particles used, to differences in the size and 
surface properties of particles, caused by the method of dispersion, or to differences 
in the sizes of the water drops and in the sensitive time of the cloud chambers 
used. ‘There is as yet little information on the effect of these variables. 


§ 3. PRESENT ExPFRIMENTAL MetTuop 


‘The present series of experiments was intended to take advantage of the 
potentialities of the cloud chamber designed by Fournier d’Albe (1949), This 
had an observation system which enabled individual cloud drops and ice crystals 
to be observed and counted. ‘Thus quantitative measurement could be made 
of the number of freezing nuclei active at a particular temperature inrelation 
to the total number of nuclei present in the chamber. A valid comparison could 


then be made between the effectiveness of nuclei of different chemical com- 
positions. 


The Nucleation of Supercooled Water by Various Chemicals 167 


The choice of the substances whose effectiveness was to be compared was 
governed by the following considerations: 

(1) As we have seen above, freezing of water can be assisted either by the 
presence of a foreign solid substrate on which the new ice crystal can grow, or 
else by the presence of suitable solutes in the water. (It is conceivable that there 
are moderately soluble substances with which both mechanisms come into play.) 
Different experimental techniques are required to investigate the two processes. 
For the former we wish to study the freezing of water drops formed upon individual 
nuclei, while for the latter we need to be able to control and measure the con- 
centration of solute in water drop. Cloud chamber techniques are thus of limited 
application in the latter case. ‘The present investigation was therefore confined 
to low-solubility materials in an attempt to ensure that nucleation was caused 
by the nuclei in solid form. 

(11) For ease in interpreting results, the experiments were confined to simple 
inorganic salts of known crystal structure. 

(111) In an attempt to obtain reproducibility of results, almost all the materials 
were introduced into the cloud chamber in the form of ‘smokes’ produced by 
heating the salt upon a wire to the lowest temperature that would give a visible 
smoke. ‘The choice of salts was restricted to those which do not decompose 
when heated in this way. 


§ 4. EXPERIMENTAL PROCEDURE 


4.1. The Cloud Chamber 


The chamber was designed and used by Fournier d’Albe (1949) and a brief 
description will suffice. 

It consisted of a brass cylinder of inside diameter 31in. and height 12in. 
A system of lenses was used to focus a powerful beam of light passing down the 
tube at a point near the centre, so that a volume of about 0-1 cm? was intensely 
illuminated. Any suspended particle in this volume could be examined through 
a microscope at right angles to the beam. Above and below the observation space 
were diaphragms 1 inch apart which reduced the stray light. 

The chamber could be cooled down to — 40°c, and was connected to a bellows 
system by which expansions of known ratio could be made. 


4.2. Determination of Temperature produced by Expansion 


The temperature of the brass wall next to the observation space could be 
measured by a thermocouple system. From this it was possible to calculate 
the air temperature produced by an expansion of known ratio, allowing for the 
non-adiabatic nature of the expansion according to the method used by Fournier 
(1949). Inthe largest expansions used it is estimated that the final air temperature 
could be measured accurately to +0-4°c. 


4.3. Production of Clean Air 


Before an experiment the chamber was first cleaned by flushing it with air 
from the compressed air line which had heen bubbled through distilled water 
and then passed through a cotton wool filter. ‘This technique, described by 
Wylie (1953), was found to get rid of all but a very few suspended particles 
(less than 1 per cm?). 
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4.4. Production of Aerosols 


In most cases the test substance was vaporized on an electrically heated 
platinum wire, and introduced into the chamber in a stream of clean air. 

It was first necessary to verify that the wire itself did not give rise to any 
freezing nuclei. When heated to a red heat, a platinum coil gave vast numbers of 
condensation nuclei. Water drops formed upon these nuclei froze only at 
the ‘—40°c threshold’ and thus did not contain any freezing nuclei. ‘This 
confirms the findings of Fournier d’Albe (1949). 

However, when a platinum wire was heated above 1000°c and clouds were 
formed upon the resultant nuclei at successively lower temperatures, ice crystals 
appeared sparsely at all temperatures from —22°c downwards. ‘The same 
results were obtained when the experiment was repeated in nitrogen or when 
the wire was initially cleaned in boiling nitric acid. These freezing nuclei were 
not found however, if the wire had previously been heated to 1450°c for an hour, 
and thus apparently consisted of some volatile material. 

Similar properties were shown by the nuclei obtained when wires of nichrome, 
tungsten, nickel and platinum—10% iridium were heated to 1000°c. 

In the following experiments, small quantities of chemicals were heated 
upon coils of platinum wire at the lowest temperature that would give a visible 
‘smoke’. Whenever a temperature approaching 1000°c was necessary, the 
wire was first heat-treated as described above to get rid of all freezing nuclei. 

A different technique was used in the production of MgO aerosol. <A coil 
of magnesium ribbon was ignited in a crucible, and the smoke was carried into 
the cloud chamber with a stream of clean air. To prevent the intense heat of the 
burning magnesium producing nuclei from the crucible material, the ribbon was 
partially severed so that it stopped burning before the flame could touch the 
porcelain. 


4.5. Estimation of Particle Size 


From the brightness of individual particles it was possible to divide them 
into four rough size categories: large, medium, small and ‘invisible’. The last 
mentioned were only rendered visible when water drops grew upon them. The 
approximate diameters of particles corresponding to these categories were 
estimated from the work of Fournier d’Albe (1949) and from some electron 
micrographs of CdI, smoke kindly made by Dr. Lees of the Atomic Energy 
Research Establishment, Harwell. 


Table 1. Aerosol Particle Sizes 


Diameter 
Large >0°5 pw 
Medium O55 to) 0-27 
Small 0-2 to 0-05 uw 
‘ Invisible ’ <0-05 pw 


4.6. Expansion Chamber Experiments 


The aerosol was passed into the cloud chamber and diluted with clean air 
to the desired particle concentration (up to 5000 particles in the field of view). 
The concentration could be estimated using diaphragms of various sizes at the 
image plane between the microscope objective and eyepiece to reduce the number 
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of visible particles to a known fraction of the total. As has been mentioned 
above, not all the particles were large enough to be initially visible, and it was 
therefore necessary to make an expansion to cloud point so that they could grow 
and be counted. Approximately 20 such counts would be made for each deter- 
mination of concentration. Since the cloud drops did not remain stationary 
but moved downwards shortly after the expansion owing to the formation of 
convection cells, this involved a rapid estimate of the number of pinpoints of 
light visible in a small circular opening. This might vary between 0 and 10. 
With practice and by taking the average of many observations it was thought 
that the concentration of nuclei could be accurately gauged to within a 
factor of 2. 

The chamber was cooled, and at any desired temperature down to —38°c 
a series of expansions of increasing ratio was made. All the particulate materials 
used in the present investigation were found to allow cloud formation by rapid 
condensation of water when relative humidities near to or greater than 100%, 
with respect to water were reached in an expansion. Below a certain air 
temperature, depending on the nature of the aerosol particles being used as 
condensation nuclei, ice crystals would also be seen. As Fournier d’Albe found, 
these occurred only in the company of water drops and not at lower expansions, 
i.e. they were produced by freezing of water drops and rot by sublimation. 
From the chamber temperature and the expansion ratio, the air temperature 
for the first production of ice crystals could be found. Further expansions 
were made at lower temperatures and the number of ice crystals noted. ‘These 
rapid visual estimates of the number of ice crystals in the field of view were 
probably accurate to a factor of 2. 

There was no difficulty in distinguishing ice crystals from cloud droplets or 
aerosol particles. Ice crystals were much brighter than droplets, fell faster and 
twinkled as they fell. 

Each time a cloud was made, the expansion was maintained for several minutes 
afterwards so that any ice crystals would grow and fall to the bottom of the chamber. 
This minimized the risk of their being counted again at the next lower temperature. 

An experimental run was continued until either the ‘ —40° threshold’ was 
reached, when the usual vast increase in the number of ice crystals took place, 
or until crystals were formed too copiously for accurate counting, at some 
temperature above —40°. The chamber was then allowed to warm up and 
small expansions were made to see if the test particles acted as ‘sublimation’ 
nuclei in the manner described for Cdl, by Fournier d’Albe. None of the 
materials in the present investigation displayed this property. 

For each substance tested, at least three experimental runs were made with 
different particle concentrations. 


§ 5, EXPERIMENTAL RESULTS 
In table 2 are listed the substances whose ice-forming properties have been 
investigated in this way. The choice of materials for these experiments was 
governed by the considerations mentioned in § 3, which severely limit the number 


of substances that can be used. 
The solubilities given in table 2 are taken from Seidell (1940) and the 


crystallographic information from Wyckoff (1951). 
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The results of the cloud chamber experiments are displayed graphically in 
figures 1, 2 and 3, as ‘freezing nucleus spectra’ for the various salts used, 
i.e. Cumulative totals of the number of ice crystals observed at successively 
decreasing temperatures, as a fraction of the total number of water drops. ‘Thus 
at any temperature one may read off the proportion of nuclei of a particular 
aerosol which act as freezing nuclei at or above that temperature. As an aid in 
doing this, curves have been fitted by eye to the experimental points. The 
temperatures for which the ice crystal concentration reaches 1 per 10,000 drops 
are given in table 2. 
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Figure 1. 
formed by condensation upon aerosol particles of AgI, PbI,, Hgly. 
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upon aerosol particles of Hg,Brg, upon aerosol particles of TI, CdS. 
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The freezing nucleus spectra for ZnS and NiS have not been given since 
they are virtually identical with that for HgS, namely the ‘—40°c spontaneous 
nucleation spectrum ’, showing that these particles play no part in the freezing 
process. 


§ 6. DISCUSSION OF RESULTS 


6.1. Comparison with Results of Previous Workers 


(a) Silver iodide. Present results show fair agreement with those of Vonnegut 
(1947), Aufm Kampe and Weickmann (1951) and Hosler (1951). These workers 
observed ice crystals at temperatures as high as —3°c with these nuclei, which 
may be partially explained by the fact that they were using large cloud chambers 
with vast numbers of aerosol particles. 

(b) Lead iodide. In common with Hosler (1951) we find that this salt can 
cause nucleation of water drops at much higher temperatures than Vonnegut’s 
original observation at —20°c. 

(c) Mercuric iodide. "The threshold temperature of —18° given by Hosler 
agrees well with present observations. 

(d) Thallous iodide. With these particles Hosler observed ice crystals to 
form at —13°c, activity being complete by —17°. It is difficult to account 
for the large difference between these values and present observations. 

The remaining salts are not known to have been previously tested as freezing 
nuclei for supercooled water, except for CdS which was found by Hosler to give 
no ice crystals down to —24°c, the lowest temperature he could reach. 


6.2. Relation between Nucleating Potency and Crystal Structure 


As a measure of the ‘effectiveness’ or ‘potency’ of the various nucleating 
materials, we have chosen the temperature at which the proportion of effective 
freezing nuclei to the total number of nuclei reaches 1 per 10000. The higher 
this temperature the more potent the nucleator. It is obvious that the materials 
might conceivably be placed in a different order of effectiveness if another 
criterion was used, say the temperature for 1 effective freezing nucleus in 1000. 
However no ambiguity is caused in the present instance, and the method adopted 
is as good as any other until we know more about the reasons for the spread in 
effectiveness of nuclei of the same chemical composition. 

In table 2 we give values of Agy, the difference between a, for the substrate 
and that for ice (451A). The disregistry 6=Aa,/4-51 is also tabulated. The 
relation between 6 and the supercooling AT for 1 effective nucleus per 10000 
drops is shown in figure 4. 

It is necessary to justify the choice of the disregistry in a, as a suitable criterion 
to which nucleating potency may be related. 

In the oriented overgrowth of one crystal on another of different chemical 
composition it is often found that growth takes place on lattice planes in which 
the arrangement and spacing of like atoms is similar (see for example Verma 1953) 
In the salts of hexagonal structure that we have used the basal planes are similar 
to that in ice, the (—) ions occupying the position of alternate Oxygens in ice. 
The spacing between these corresponding atoms is given by @ in each case, 
so that Aa) is the misfit. 
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In seeking an explanation of the ability of the non-hexagonal salts Hgl,, 
Hg,Br,, TH and MgO to nucleate supercooled water, it is necessary to examine 
their structure to find possible lattice planes where the atomic arrangement is 
similar to that in a plane in the ice structure. A search has failed to reveal any 
such planes. It is therefore necessary to postulate that nucleation is due to 
similarities in spacings between atoms in single rows and not to two-dimensional 
similarity. It so happens that the closest resemblance in such rows is that given 
by the ay spacing in the basal plane in each case, as compared with the spacing of 
4-514 between oxygen atoms in the basal plane of ice. 
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Figure 4. Relationship between disregistry 6 and supercooling AT for production of 
1 ice crystal per 10 000 water drops condensed on various types of aerosol particle. 


For these reasons the disregistry in a, has been chosen as a parameter to which 
nucleating ability may be related. ‘There will undoubtedly be cases where the 
disregistry in some other dimension would be more suitable. 

From figure 4 there appears to be a definite relationship between AT and 5, 
the best nucleating materials having, in general, the smallest disregistry. his is 
in agreement with ideas put forward by Turnbull and Vonnegut (1952). They 
suggest, however, that the disregistry is not the only parameter of importance in 
determining the nuc’eating ability of a crystal, and this Is borne out by our 
experiments. Thus Pbl, and Hg,Br, are much less effective as freezing nuclei 
than their lattice spacings would suggest. Non-geometrical factors hitherto 
unexplored must therefore play a large part in nucleation processes. 

There are other features of our results which merit discussion. It appears 
to be quite possible for a solid nucleus to be present in a water drop without 
assisting the freezing of the drop in any way. hus ‘we see that drops formed 
upon HgS, ZnS, NiS and upon most MgO and CdS particles, freeze from 
—40°c downwards, at the ‘spontaneous nucleation threshold’. 

The maximum substrate disregistry for which nucleation may still be assisted 
appears to lie between 0-085 and 0-15. This may be compared with the estimate 
of Frank and van der Merwe (1949) that for oriented overgrowth of a misfitting 
monolayer the maximum allowable substrate disregistry Is about 10%. . 

From these results we see that it may not be impossible for water drops in 
solid containers to freeze without the walls playing any part in the process. . 

Besides the differences in nucleating ability from one salt to another, there is 
a vast range in the effectiveness of particles of the same material. ‘here may be 
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differences of more than 10°c in the temperatures at which two particles of Phi 
for instance, act as freezing nuclei. This wide spread of ‘freezing nucleus 
spectra’ has gone without comment in the literature. 

There is obviously a wide variation in the effectiveness of nucleation sites 
from one particle to another. This may be purely a size effect, since nucleation 
can only take place if the site is large enough to accommodate an embryo of the 
new phase larger than the critical size appropriate to that temperature (Turnbull 
1950). It is to be expected that the area of sites parallel to the most favourable 
lattice plane for nucleation would vary with particle size and with the conditions 
under which the particle grew. 

This can only be tested by further experiments on the effect of particle size 
upon the temperature at which a freezing nucleus operates. Little guidance 1s 
afforded by the present work since it was not possible either to make accurate 
measurements of particle size distribution or to determine the size of nucleus 
responsible for the production of individual ice crystals. 
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Abstract. It is shown that relative to a conductor influenced by a uniform electric 
) field, there exists a fixed point with special properties. If the conductor has no 
total charge, its potential is always the same as that of the uniform field alone at 
this point. When the moment of the electrostatic forces on the conductor is 
taken about the point, the value is the same whether or not the total charge is 
zero. ‘The general principles are illustrated by results on a special problem. 


$1. INTRODUCTION 


into a uniform electric field, the potential acquired by the sphere is the same as 

that of the original field at the point at which the centre of the sphere is placed. 
The same is true of a spheroid, and moreover, holds independently of the orienta- 
tion of the spheroid relative to the applied field. ‘The question may thus be asked, 
is there, relative to any conductor, a fixed point, independent of the orientation of 
the conductor, such that when the conductor is influenced by a uniform field and 
has no total charge, its potential is the same as that of the applied field alone at that 
point? Weshallshowthatthereis. Further, we shall show that if the conductor 
has a net charge, the total moment of the electrostatic forces upon it about any axis 
through this point is the same as if the total charge were zero. In other words, in 
the language of elementary statics, when the action on the conductor is represented 
as a single force together with the couple that is present when there is no total 
charge, the force always acts through the point. ‘The point is clearly analogous, in 
some respects, to the centre of gravity, but its relationship to a charge distribution 1s 
essentially less simple than that of the centre ef gravity to a mass distribution on 
account of the mobility of charge, a reorientation of a conductor causing a redistri- 
bution of charge so as to maintain constant potential. We propose, for the want of 
something more suitable, the name electrostatic centre for the point. 

The electrostatic centre is of an elementary character as an electrostatic 
property, and it has obvious practical significance to such matters as the design of 
electrical instruments. Nevertheless, a search of the literature available to us has 
failed to reveal that it has been discovered before. A possible reason is that, like 
the centre of gravity, it is distinct from the geometrical centre only in the case of 
an asymmetrical body and, on account of mathematical difficulty, very little work 
has been done on the solution of potential problems involving asymmetrical 
conductors. It was, in fact, during the investigation of such a problem by one of us 
(D.O.V.) that the electrostatic centre came to light, more or less byaccident. After 
the general theory, a résumé of this calculation will be given by way of an example. 


T is well known that if an insulated, uncharged, conducting sphere is introduced 
| 
| 


+ §3 of this paper is part of a thesis by D. O. Vickers accepted by the University of 
London for the M.Sc. degree. . rs 
{ Now at the British Caribbean Meteorological Service, Port-of-Spain, ‘Trinidad. 
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§ 2, EXISTENCE AND PROPERTIES OF THE ELECTROSTATIC CENTRE 


We consider an insulated, uncharged conductor of arbitrary shape, in vacuo or 
in a homogeneous fluid dielectric of dielectric constant ¢. If a uniform field is 
applied, the total potential y can be expressed in terms of the potential ¢ of the 
uniform field alone and the surface density o of the induced charge on the conductor 


by 
p=b+ |odS, eae (1) 


where r is the distance from the surface-element dS to the point at which % 1s 
taken. We are neglecting all effects such as electrostriction, non-linearity of the 
dielectric and a double layer, for while they are invariably present, they are usually 
small. 

Suppose that the applied field is of strength F, and is in the x direction. ‘The 
potential due to this field alone may be given by 


s=-Fke = eee (2) 


and the total potential is the sum of this and a potential due to an induced density o, 
according to (1). The potential #,, acquired by the conductor will be equal to the 
value of 4, at some plane x=p,. Suppose now that the strength of the applied 
field is changed to k,F,, where k, is any constant. Then since F, and the field due 
to , produce equilibrium on the surface of the conductor, so do k,F, and the field 
due toa density k,o,. However, we know from the uniqueness theorem for charge 
distributions (Jeans 1943) that there can only be one equilibrium distribution for a 
given applied field. ‘Thus, by necessity, when F, changes to k,F,, o, changes to 
k,o,, and it follows from (1) and (2) that the potential of the conductor is still the 
same as that of the uniform field alone at the plane x=),. 

Similar arguments held if the uniform field is taken to be in the y direction and 
of strength F,, or in the x direction and of strength F;._ In the former case the 
potential #,,, of the conductor is the same as ¢, of the applied field at a plane y=p, 
and in the latter case, ¢., is the same as ¢; ina plane x= ps, and these planes are the 
same when the fields are varied. We now consider the effect of applying F,, F, 
and F, simultaneously, so that the total applied field is uniform and of strength 


F=F,+F,+F,. Ht A.Oic (3) 


It follows from the theorem of superposition (Jeans 1943) that on the conductor, 
the induced density o =o, +o, +9, and the potential, =,,+%.,+y5,. We there- 
fore see that /, is the same as the potential due to F alone at the point of intersection 
P of the planes-x=),, y=ps, 2=p3. We also see that Ps the same when Fe 
F,, and F, are varied by arbitrary constant factors k,,k,andk,. Butachange such 
that (Rk, F,)? + (Rk, F 5)? + (Rk F3)* = F\2 + F,? + F,? is simply a rotation of F relative to 
the body, which is electrostatically equivalent to keeping F fixed and rotating the 
body about axes through the origin. For the latter rotation P may move, but 
it remains fixed relative to the body. Now any displacement of the body at all 
can be accomplished by a rotation about axes through the origin and a translation, 
The change of potential in a translation, in which a point on the body at N, say 
goes to N’, is given by ; : 


wow —tw=Ow Pr  —(i—s~sC nw ww (4) 


as follows from (1), so that P is translated with the body. We conclude that the 


The Electrostatic Centre of a Conductor 177 


point P is always fixed relative to the conductor. It is therefore the electrostatic 
centre according to the definition given. 

There can only be one electrostatic centre, for if there were two, the potential of 
the conductor would have to be equal to that of the applied field at both of them, 
which would only be possible for certain orientations of the body. i 

Suppose that, instead of having zero total charge, the conductor has a charge @) 
and a corresponding potential y,. If the field F is applied, we have by the theorem 
of superposition that the total potential of the conductor is.+y,. It follows that 
the potential of the conductor minus %, is always equal to the potential due to Fat P, 
and with this generalization, our theorem on the electrostatic centre includes 
conductors which are not insulated or uncharged. 

Associated with a total charge Q there isa density c. A further consequence of 
the theorem of superposition is that when the field F is applied, the total density is 
o+ cand while o depends upon F, c does not and represents a distribution fixed 
relative to the conductor. If Qiszero, the only mechanical action on the conductor 
is due to Fupon o, and isa couple, but if Q is non-zero, there is this couple together 
with a force. Consider a small rotation dé of the conductor about an axis through 
P. Since c moves with the body, the work done on the body on account of o is 
equal to the work done on the distribution a itself, which is zero because #, +4, 
remains constant. In terms of the total moment Gof the forces upon the body due 
to a, the work is Gdé. Thus G=0, and since this is true for any axis through P, 
the force due to O acts through P. 


§ 3. EXAMPLE 


It has been mentioned before that the general existence of an electrostatic 
centre was first suspected on account of results for a special problem, treated by 
Vickers (1954). We shall discuss this problem very briefly and quote the relevant 
results. 

We attempt to calculate the total electrostatic field when a uniform field of 
strength F influences a conductor the equation of whose surface is 


aay (ee Pe bse ace (5) 


where, and r, are bipolar coordinates drawn from poles O, and O, say, and A and d 
are constants. When A+1, this surface is the surface of revolution of a Cartesian 
oval about an axis through the poles; it reduces to a prolate spheroid in the special 
case A=1. We take the mid-point of O,O, as pole and the line through these 
points as initial line of spherical polar coordinates (7, #, »). Equation (5) may be 
transformed to these coordinates and becomes a polynomial in 7, cos @ and a, the 
half-distance between O, and O,. 

The surface (5), which we shall refer to as an oval, is interesting from the electro- 
static point of view essentially because it is asymmetrical, that is, it has no centre of 
symmetry, except whenA=1. There appears to be no way of obtaining an exact 
solution of the problem, but if @ is small, the oval is quasi-spherical, and an 
approximate solution is obtainable by the use of spherical harmonics according to a 
well-known method (Jeans 1943). Assuming then that ais small, we may approxi- 
mate to the spherical-polar form of (5) by expressing 7 as a polynomial in powers of 
a, the highest power determining the order of the approximation, which must be 
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followed consistently throughout the calculation. ‘To the third order, we have, in 
terms of Legendre polynomials, 


: G zn i) P, (cos #) — a? Ss) {1—P,(cos4)}, +++ +++ (6) 


"X40 “\A+1 3d 
the coefficient of a? being zero. 

‘Taking the pole and initial line as origin and w axis, respectively, of Cartesian 
coordinates, we choose the y axis to be in the plane determined by the x axis and F. 
The potential due to F may thus be written 

hb= —F(lx+my), 
= — Fr {IP,(cos#)+mP,1(cos@)cosw}, sa ees (7) 
where /and mare the direction cosines of F. We specify that any medium in which 
the oval may be immersed is a homogeneous insulating fluid of dielectric constant «, 
so that the total potential / satisfies Laplace’s equation. We then assume, in 
accordance with the theory of spherical harmonics, 


oO 1 n 
p=o+> rae >. P,,” (cos O)(A pm COS Mw + By, SIN MO). +++. (8) 
n=0 m=0 


We assume further, in keeping with the special method of handling problems of 
this type, that the coefficients are of the form 


co co 

/ om i atgq Ps B+¢ ; 

A nm as a 3 Jaye a eer ae = Rie pia (9) 
g=nh 


q=n 


where« and fare constants and/,,, and g,,, are functions ofAandd. ‘The boundary 
condition is 


i= CORSt.| ) yy ere (10) 


at the surface of the oval. ‘he equation of the oval is used in the approximate 
form (6), so that the calculation of « and 8 determines a value of n at which the series 
(8) may be cut off consistently with this approximation. ‘Thereafter, the calcu- 
lation of the 4,,,, and B,,,,, is free of mathematical difficulties but is very laborious. 
The B,,,, are found to be all zero, as are the A,,,, for m>1, while A,,. and A,, for 
n=(,...4 are non-zero and are of the correct form (9). It is found that Aggy is 
proportional to the total charge on the oval, and that if 49) =0, the potential of the 
body is the same as that of the applied field at the point (w’, 0, 0), where 


ag A=1\/, , 8Aa 
x =-—-a@ ers) ant erry  . Bomedce (11) 


‘This point is dependent only upon the geometry of the oval and, to the order a’, is 
the electrostatic centre. 

As a matter of interest, we may note that the centre of gravity of the oval, 
regarded as a uniform solid, is the point (x”, 0, 0), where 


co = il 1 Aa? 
x =—=—@ yee 2 as oe eens Braitete (12) 


It will be observed that both the points (11) and (12) become the origin of coordin- 
ates when A= 1, which is as it should be, for the oval is then a prolate spheroid, for 
which both the electrostatic centre and the centre of gravity are at the geometrical 
centre. 

When the potential % is known, the normal component of field strength at the 
surface of the oval, F,, may be calculated. If p and v are respectively the displace- 
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ment vector from a fixed point N to a surface element dS, and the unii outward 
normal at dS, the torque on the oval about N is given by 


oF 
es 2 
c= =| Pip Siase Bel ES e).. (13) 
The integration, to the order a3, is elementary but tedious. It is found that if N 
is chosen to be the electrostatic centre, (11), G is independent of 4) and therefore 


of the total charge, showing that the force due to the total charge acts through the 
electrostatic centre. 
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Abstract. Films of metallic copper which have been deposited on a glass substrate 
at —183°c ina high vacuum to a thickness of 2000 A are shown to consist of aggre- 
gates of randomly oriented micro-crystallites of nominal size 40 A, this dimension 
being reproducible and almost independent of the nature of the substrate at this 
temperature. If the films are annealed to room temperature in a vacuum which 
precludes the chemisorption of oxygen or other reactive gas, there is a large, rapid 
and irreversible increase in the nominal particle size to at least 400 A. The 
chemisorption of a saturated monolayer of oxygen at — 183 °c before the annealing 
takes place, however, almost completely prevents this re-crystallization and the 
particles grow to only 60 A. ‘The corresponding chemisorption of a smaller 
quantity of oxygen, sufficient only to give a small but appreciable fraction of a 
monolayer, inhibits the annealing process and can prolong it for several days. It 
does not, however, prevent the film from re-crystallizing to almost the same extent 
as in the complete absence of oxygen. ‘These results are shown to be in qualitative 
agreement with resistivity and gas adsorption data for copper films, and their bearing 
on the problem of establishing a model for the structure and behaviour of evapor- 
ated metallic films is outlined. The experiments as a whole indicate that surface 
diffusion plays a leading part in the re-crystallization of the disordered films. 

Some further experiments on the effect of residual air on the structure of 
copper films deposited at room temperature are described, and the design of a 
low temperature high vacuum x-ray focusing camera, which was constructed 
entirely of glass and used for the above experiments, is also discussed. 


§ 1. INTRODUCTION 


T is well known that thin metallic layers which have been deposited on cold 

substrates from atomic beams im vacuo have properties substantially and 

occasionally markedly different from those of the corresponding bulk metals. 
‘These anomalous properties are believed to be due to very small particle size and 
to relatively large concentrations of lattice imperfections. Both factors depend 
ona number of variables but the most important of these appears to be the relation 
between the temperature of the substrate before deposition and the melting point 
of the metal deposited. ‘The work of Buckel (1954) and of Rihl (1954) indicates 
that gallium, bismuth and tin containing about 10° of copper show little vestige 
of their normal crystallinity when deposited at temperatures between 2° k and 20°x. 
‘They undergo sharp transitions to a disordered crystalline state, however, at about 
20°K and it is probable that most, if not all, metals would behave similarly if 
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deposited at sufficiently low temperatures. As the deposition temperature (or 
the temperature of an already deposited film) is raised, the size of the crystallites 
constituting the film increases. Thus, at room temperature, films of metals 
having low melting points re-crystallize and consist of fairly large crystallites, 
whereas with metals having higher melting points the crystallites remain small 
(Levinstein 1949, Umanskii and Krylov 1946). An increase in the crystallite 
size during re-crystallization is accompanied by the annealing out of lattice im- 
perfections. Vand (1943) has attempted to describe the anomalous properties 
of thin films wholly in terms of lattice imperfections formed during deposition, 
each of which is assumed to become mobile when the temperature appropriate to 
its characteristic activation energy is attained. This approach, however, is not 
entirely satisfactory as is evident from the efforts made by Wilkinson and Birks 
(1949) to determine and interpret the spectrum of activation energies of the im- 
perfections in films of gold. 

Much remains to be learnt about the structure of thin metallic films and 
particularly about the mechanisms involved in their re-crystallization. The 
experiments described in this paper were carried out in order to measure the sizes 
of the constituent crystallites in evaporated copper films, both at liquid oxygen 
and at room temperature. ‘The effect of chemisorbed gaseous layers on the 
annealing of the films was also studied since it was thought that the observed re- 
crystallization was probably due in large measure to the diffusion of atoms over the 
surfaces of the small crystallites. Copper was chosen because other properties 
of evaporated films of this metal have been made the subject of exhaustive 
researches in this laboratory by Dr. J. W. Mitchell and his students and the author 
is indebted to these workers for access to their results before publication. 

The measurements of Mitchell and his collaborators show that copper films, 
when deposited on glass at — 183° c to a thickness of 500-1000 4, have resistivities 
roughly 30 times greater than bulk copper. After deposition there is a small 
spontaneous decay of resistivity following the hyperbolic law(Vand 1936); and the 
resistivity then falls irreversibly to about three times the bulk value if the films are 
annealed to room temperature in conditions where gaseous or other contamination 
is avoided. The results of exposing the films to oxygen at —183°c before an- 
nealing depend on the quantity of gas admitted. With large amounts the 
resistivity rises sharply and falls during subsequent annealing, but to a value still 
greater than that initially found at the lowertemperature. With smaller quantities 
of oxygen, the resistivity falls on annealing to considerably below its initial value 
but the admission of oxygen always gives a larger final resistivity at room tempera- 
ture than would otherwise be found. Corresponding measurements of the 
adsorption of gases by films deposited at — 183° c indicate that the actual surface 
areas of these films are about ten times greater than the areas calculated geo- 
metrically, whereas in the case of annealed films they agree much more closely. 
The densities of the films were deduced from measurements of mass and thickness, 
and at both temperatures were 15 to 20°, below the value for bulk copper. In 
spite of the diversity and reproducibility of these results, and those of many other 
workers, the difficulty of building up a detailed model of the structure of the copper 
film is still great, and the present investigation was undertaken in the hope that 
x-ray diffraction studies might provide useful evidence bearing on the problem. 

The correlation between the results described above and those obtained from 
the diffraction experiments is discussed in § 4. 
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§ 2. THe X-Ray DIFFRACTION CAMERA AND ITS OPERATION 


Many designs for vacuum x-ray powder cameras have appeared in the literature 
(see for example Riihl 1954), but no attempt appears to have been made hitherto to 
achieve operating vacua comparable with those obtainable in sealed-off and gettered 
glass envelopes. ‘Though seldom necessary, this is clearly essential for an in- 
vestigation in which a metallic surface has to be maintained free from gaseous 
contamination for many hours, and the camera now to be described is, in effect, a 
glass vacuum tube. 

The camera was designed to record a number of Debye—Scherrer dittraction 
lines in a form suitable for examining line profiles and particle size broadening. 
‘The latter effect depends on the function sec @ where 6 is the Bragg angle, but the 
sensitivity of measurement is only high for a broadening of moderate extent. 
Hence it follows that, if during an annealing process the particle size changes by 
an order of magnitude, it is necessary to study more than one diffraction line, 
observing a line at a small value of @ before and one at a larger value of # after 
annealing. The (200) and (311) copper lines (@=22-5° and 45-0° respectively 
with Cu Kz radiation) were, in fact, chosen. In order that a reasonable diffracted 
X-ray intensity could be obtained from copper films only 2000 A thick without 
using a wide entrance slit, a focusing camera of the Seeman—Bohlin type was 
constructed. ‘This enabled a considerable area of evaporated film (~3 cm?) to be 
employed and the instrumental broadening to be kept small. 
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Figure 1. Plan of x-ray camera and corresponding elevation. The key to the letters is in 
the text. 


The glass substrate on which the films were deposited was made part of the 
wall of a receptacle for liquid oxygen. Thus the camera, which is illustrated in 
figure 1, resembles a Dewar vessel with the cylindrical substrate Su attached to the 
lower end of the inner jacket J. The various Bragg reflections can be seen in the 
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plan view to converge to specific positions on the cylindrical focusing surface C; 
and the two strong reflections chosen for study fall on the windows W, and W.. 
By locating these and the entrance window W, as shown, the slight low angle 
scattering caused by them can have no effect on photographic films supported in 
air against W, and W,. ‘The windows are made of very thin blown borosilicate 
glass, are capable of supporting a vacuum even at 400° ¢ and transmit about 70 oe 
of Cu K« radiation falling normally upon them. 

The methods used to execute the design in glass with adequate precision are 
possibly of sufficient general interest to be given a brief mention at this point. 
The cylindrical substrate was cut from the wall of a carefully chosen glass tube 
with the required internal diameter (12cm) and free from eccentricity. The 
section was ground to have a circular projection on to the tangent plane at its 
centre and sealed to the end of a previously prepared and shaped glass tube. A 
‘T-piece was then blown close to this to provide the inner jacket of the camera. 
The most critical stage in the procedure is the location and alignment of the 
entrance slit S, which is defined by two carefully ground semi-circular pieces of 
glass held by individual glass supports from the inner jacket and platinized to 
improve their opacity to x-rays. In view of the proximity of the slit to the sub- 
strate, any small error in its location not only displaces the diffraction maximum 
but also contributes alarmingly to instrumental broadening. It can, however, 
be positioned accurately in the following way. The edges of the substrate are 
lightly ground to remove protrusions above the cylindrical profile due to glass 
blowing. A thin strip of sheet brass (1/32inch thick) is then rolled to fit the 
inside surface of the tube from which the substrate was cut. If placed in intimate 
contact with the substrate this automatically defines the focusing surface and one 
slit member can be placed in position followed by the other, the slit width 
(~0-2 mm) and its uniformity being judged with a feeler gauge. Simple optical 
tests can be used to check the parallelism of the slit, which is 1 cm in length, with 
the cylinder axis. A small scatter shield Sc is used to prevent fogging of the film 
located at W,. ‘The positions of the windows W, and W, are calculated and their 
location achieved by cutting triangles from rigid molybdenum sheet such that 
when one apex is inserted in the slit, and a second allowed to rest on the substrate 
Su, the third determines the required focal point. It was possible to construct 
cameras which, despite the obliquity of the beam falling on the specimen (20°), 
are capable of clearly resolving the Cu Ke doublet at 6=45° without any adjust- 
ment based on trial and error. 

The cameras were prepared for evacuation taking the precautions customary 
in high vacuum work. Spectroscopically pure copper beads were fused in 
hydrogen on to molybdenum filaments and sealed into the evaporator tube E 
from which they could be deposited on the substrate with as little obliquity (~45°) 
as is permitted by the presence nearby of the arm carrying the window W;. The 
distance of the beads from the centre of the substrate was 7cm. In the side arm 
G molybdenum films can be deposited from central hairpin filaments to provide 
an extremely efficient getter for oxygen and nitrogen (Riviere 1954). Gas 
ampoules A, containing oxygen which had been prepared by heating potassium 
permanganate im vacuo, were added in some of the experiments and access to the 
tube effected, when required, by breaking the fine glass tip 'T with a glass-encased 
ball bearing operated magnetically. After several alternate bakings in an oven at 
400° c and thorough outgassings of the metal parts by heating, the cameras were 
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sealed off at constrictions Co provided for the purpose. ‘The pressure at this 
stage was never greater then 10-?mm Hg as assessed by means of an ionization 
gauge, and subsequent firing of the getter reduced the pressure in trial experi- 
ments to unobservably small values. Simple calculations based on the number 
of molecules present and the surface area of the molybdenum film show that all 
the residual reactive gas can easily be accommodated as a chemisorbed monolayer 
on the molybdenum. The copper films were not deposited until at least several 
hours later and there can be little doubt that the bulk of the deposit is free from 
surface contamination. Because of the time involved in making the cameras, 
they were generally used a large number of times, being thoroughly cleaned 
between runs and the pinches and getter tubes being replaced. 

X-rays were generated in a conventional horizontal x-ray tube with a copper 
target and monochromatized by means of a curved quartz crystal. This pro- 
duced a beam of Cu Ke radiation with an angular spread of 5° converging to a 
vertical line focus approximately 1cm long. The only difficulty encountered 
was that of ensuring that the line focus fell on the entrance slit which should be 
completely flashed by the beam. ‘The entire camera is held rigidly in a stand 
with a kinematically located base and the initial alignment carried out in 
the following way. 

A glass rod R was sealed to the wall of the camera and arranged to run parallel 
to and above the incident x-ray beam. ‘Two short lengths of straightened molyb- 
denum wire, one 0-3 mm and the other 0-2 mm in diameter, were then suspended 
from plasticine attached to R at convenient distances, approximately 10cm and 
6cm from the entrance slit. ‘The adjustment of these wires and the slit for 
parallelism and collinearity was effected by illuminating the slit from behind and 
using the observed diffraction effects as a guide. When inserted in the x-ray beam 
the two wires cast shadows which are almost equally distinct on a fluorescent 
screen placed outside the camera and about 3cm in front of the slit. A gentle 
rotation of the camera brings these shadows together. At one setting the 
combined shadow exhibits a marked lateral contraction, which affords a critical 
test for the alignment. ‘This rather crude method was initially a make-shift, but 
proved so simple and successful that it was retained. 

The instrumental breadth at half intensity of the camera for the low-angle (200) 
reflection was 0-59° which is close to the theoretical value for the slit width used 
(0-18mm). Unfortunately, the monochromator gives a partial separation 
(07 mm) of the two components of the Cu Kz doublet so that a slight alteration 
in camera setting changes the ratio of the intensities of the components received 
by the specimen. Where broad reflections were being studied it was convenient 
to arrange that little or no «, radiation passed the slit, whereas with well annealed 
films, when the doublet could be resolved, the «, and «, radiations were allowed 
to pass in roughly equal proportions. This enabled a sensitive visual assessment 
of resolution to be made which is invaluable in cases where the broadening is just 
detectable. The complication introduced by the doublet structure of the radi- 
ation only becomes appreciable with the (311) reflections, but it limits the accuracy 
of particle size measurements very severely when the particles are large. 

Exposures of 120-160 ma hours at 35 kv were used for annealed copper films 
and up to 240 ma hours for highly disordered films. The diffraction lines were 
recorded on Ilford P.M.1 film which had sufficient speed and contrast and was 
obtainable in conveniently small packs. 
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§ 3. EXPERIMENTAL RESULTS 


All the copper films were deposited to an estimated thickness of 2000 A at very 
nearly the same rate of 10 A per second throughout. Whatever the deposition 
temperature, the films always gave uniform diffraction lines which were of the 
expected relative intensities, and no evidence of preferred orientation was found. 
A preliminary investigation of similar copper films which was carried out in air 
with a conventional Debye—Scherrer camera also failed to reveal any preferred 
orientation. ‘The diffraction lines‘ were always free from spottiness, showing 
that large islands of single crystal were not formed. 

The nominal particle sizes quoted below were estimated from the broadening 
of the diffraction lines as measured with a microdensitometer, but a word of 
explanation must be said in this connection. Owing to the limitations imposed 
by the restricted aperture of the windows of the camera and the broad diffuse tails 
of some of the diffraction lines, half-intensity line breadths rather than integral 
breadths were measured. This method is more reliable for these experiments 
and the correction for instrumental breadth is easily applied. The formula 
B= Kasecé t which relates the corrected angular broadening B of the diffraction 
line at half maximum intensity with the effective mean crystal diameter ¢ normal 
to the reflecting planes considered, is seen to involve a constant K for which 
various values (depending on the shape of the crystals) have been given, all of 
which are roughly unity. It was decided to adopt the value K =1-0 throughout 
and to refer to the results so obtained as ‘nominal particle sizes’. ‘There seemed 
to be little point in applying more refined methods in view of the difficulty in 
distinguishing between the effects of size distribution and shape distribution of 
the particles. A discussion of the question as to whether alternative interpretations 
of the considerably broadened diffraction line profiles are possible or likely is 
deferred until § 4. 


3.1. Films Deposited and Maintained at — 183°C in High Vacuum 


The films deposited at — 183° c had, in all cases, a dark murky green appearance 
and gave diffraction lines which were extremely broad and diffuse (see figure 2(a) 
Plate). In fact, the (311) line was not detected at all and a faint but unmistakable 
trace of a very broad (200) line was only found with prolonged exposures. 

The nominal particle size for copper films in this condition is 40 A, a figure 
which was found reproducibly within an experimental error of +5 4. Since 
the exposures were much longer than the time required for the spontaneous 
decay of resistivity in such films there was no possibility of detecting related effects 
in the diffraction patterns. 


3.2. Films Deposited at —183°c and Annealed to Room Temperature in vacuo 


When the murky green films described in the previous paragraph are allowed 
to warm to room temperature they rapidly assume the normal characteristic 
colour of metallic copper. This colour change appears to be complete within a 
few minutes. X-ray exposures were in some cases commenced immediately 
after this annealing and in all cases resulted in photographs such as that shown in 
figure 2(b). The nominal particle size is now very difficult to judge for the 
reasons given earlier since the particles are at least 400 A in size and may be much 
larger. Cooling the films again to —183°c, produces no detectable change in 
the line width. Annealing the films to 400° c for two hours results in little or no 
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further reduction in line width (figure 2(c)), but the diffuse tails of the line 
profiles disappear (see figure 3). ‘These diffuse tails also diminish in intensity 
if the films are left standing at room temperature for several days. 


3.3. Films Deposited in vacuo at —183°c and Annealed in Oxygen 


On the basis of the measurements of Allen et a/. and from the geometry 
of the camera, getter tubes and deposited films, it is possible to estimate with fair 
accuracy the effective surface areas of the copper film at liquid oxygen temperature 
and the molybdenum film at room temperature. Assuming that there are about 
1-5 x 10-15 + adsorption sites per cm?, the number of oxygen molecules required 
to cover the surface completely as a chemisorbed monolayer can be calculated to 
within a factor probably not greater than 5 and almost certainly less than 10. In 
one series of experiments gas ampoules were filled with oxygen to a pressure 
which, when expanded in the camera, was sufficient to ensure at least two mono- 
layers even if the uncertainties and errors in the calculation accumulated un- 
favourably. All the oxygen was assumed to have a chance of being chemisorbed 
by the metal, there being good evidence to show that the adsorptive power of 
borosilicate glass is small at — 183° c and negligible at room temperature (Dorling 
1953). 

Films annealed to room temperature after being exposed to oxygen in this 
way for several minutes at — 183° c gave diffraction lines as shown in figure 2 (d) 
and the nominal particle size is now only 60 A. This result was also reproducible. 
The oxygenated films retained their murky green appearance and were quite 
stable at room temperature. Exposures taken after they had been standing 
untouched for four weeks still gave diffraction lines indistinguishable from those 
just mentioned. On annealing to 200° c for two hours without further admission 
of gas, the murky green appearance gives way slightly to a faint red metallic sheen 
and the nominal particle size increases to 200 A. 

The results of these experiments at once suggest the admission of oxygen to 
the camera at a pressure, after expansion, of 1-5 x 10°-'mm Hg to serve asa ‘ brake’ 
on the annealing, thus providing a very useful experimental tool for freezing-in 
transient conditions of the films for later and more leisured study. This artifice 
was used in some of the experiments to be described below, but has not yet been 
fully exploited. 

Films were also annealed after being exposed at —183°c to oxygen at one 
hundredth of the pressure used in the experiments just described. The films so 
treated retained their murky green appearance for some time after annealing to 
room temperature, and it was only after 12 hours that a slight colour change could 
be recognized with confidence. ‘This trend continued steadily and 72 hours had 
elapsed before a genuine copper colour became well developed. The result of 
an X-ray exposure commenced after this stage had been reached is shown in 
figure 2(e) and the line broadening is sufficient only to prevent resolution of the 
doublet structure of the (311) line. If a second ampoule containing enough 
oxygen to act as a ‘brake’ is opened 24 hours after the initial anneal in another 
similar experiment, the photograph shown in figure 2(f) is obtained. This shows 
that although the effect of the adsorption on the colour of the annealed film is 
marked, the initial increase in particle size is not greatly retarded. It is inferred 
t This figure is obtained by averaging the probable values for the (100), (110) and (111) 


faces. 
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that the retardation in growth is only pronounced once the particles become large 
and the surface tension forces less effective ; the colour change also appears to be 
associated with the later stages of the anneal. 


3.4. Films Deposited at —183°c on top of Thin Annealed Copper Films 

These experiments were carried out with the object of establishing whether 
the small size of the particles deposited at — 183° c was determined by nucleation 
considerations or by the vitreous nature of the glass surface. A thin layer of 
copper, sufficient only to constitute a clearly visible and continuous deposit, was 
evaporated at —183°c and annealed to room temperature. This film appeared 
green in transmission, but reflected light of the same colour as thicker annealed 
films. It was then cooled to — 183° c and the remaining copper deposited. For 
convenience, oxygen was admitted as a ‘ brake’ and the completed film warmed to 
room temperature, when it retained its murky appearance. The diffraction 
photographs, figure 2(g), show that the nominal particle size is now 100 A, which 
is to be compared with 60 A when the films are treated similarly after direct 
deposition on glass at —183°c. Due to extinction the thin annealed portion of 
the film has little effect on the line profile. Heating the film to 200° ¢ for two hours 
reduces the broadening but does not entirely remove it. ‘The conclusion to be 
drawn from this is that the particle size is determined principally by the temper- 
ature of the substrate and the nucleation of the crystallites, and not by the surface 
structure of the substrate. 


3.5. Films Deposited at Room Temperature in High Vacuum 

From the foregoing results it was natural to expect that films deposited at room 
temperature would have large nominal particle sizes and this was indeed found 
to be the case (see figure 2(h)). For the reasons discussed previously, it was 
difficult to say with certainty whether these sizes are different from those found 
with films which have been annealed from —183°c to room temperature in 
vacuum. Visual observation of the doublet (311) line suggests, however, a 
slightly larger size than was found in the latter case even after annealing to 400° c, 
a result which is possibly connected with a smaller number of effective nuclei for 
re-crystallization. ‘The photograph 2(h) also shows to best advantage the 
resolving power of the camera for the (311) reflection at @=45°. 


3.6. Films Deposited at Room Temperature in Air at Low Pressure 

In this case the effect of incorporating small quantities of air into the films 
during deposition was investigated. When a residual air pressure of 10-?>mm 
was maintained during deposition and reduced to below 10 *mm immediately 
afterwards for sealing off, the films gave diffraction lines not appreciably different 
from those described in the previous paragraph. Films deposited in a similar 
manner with a residual air pressure of 10°-*mm did exhibit slight line broadening 
which disappeared when re-examined after 48 hours, a result clearly connected 
with the effects observed when films were annealed in the presence of small 
amounts of oxygen. 


3.7. Films Deposited at Room Temperature in High Vacuum and Stabilized by 
admutting Air 

Some experiments were conducted in which films were deposited at room 

temperature in an air pressure of 10-7 mm and air admitted at atmospheric pressure 
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to the camera for 20 seconds immediately after the deposition ceased. Photo-~ | 
graphs such as that shown in figure 2(7) resulted and did not change subsequently | 
with time. ‘The broadening so revealed, which would have annealed out fairly 
rapidly in vacuum, is presumably related to the disorder whose disappearance 
accounts for the spontaneous decay of resistivity. . 
These experiments clearly demonstrate the limitations of techniques in which, 
for example films are deposited in vacuum and removed almost immediately for 
diffraction experiments in air. Riihl (1954) reports that the growth texture of | 
tin films depends on the quality of the vacuum in which they are deposited. 


§ 4. DISCUSSION OF THE RESULTS 


‘The experiments described in the previous section do not permit a detailed 
model of the copper films to be advanced with confidence, but the importance of 
surface diffusion in the re-crystallization of the films is believed to have been 
established. This discussion will therefore be brief and confined to three main 
topics: (a) the reasons for believing that almost all the observed line broadening 
is due to small particle size, (6) the qualitative correlation between the results of 
the diffraction experiments and other known properties of copper films, and (c) 
possible mechanisms for the re-crystallization of the films. Some general 
observations and suggestions for further experimental investigations will also be 
outhned. 


(a) Interpretation of the observed line broadening. 

Broad x-ray diffraction lines can be due to either (1) small particle size, (11) 
lattice strain, or (iil) certain types of lattice imperfection. Of these, (i) requires 
little comment, but it should be pointed out that the formation of twins or stacking 
faults in the small crystallites would broaden diffraction lines substantially and 
result in fictitiously small values for the nominal particle size. However, from 
the fact that the peaks of the (200) diffraction lines obtained with films deposited 
and maintained at —183°c are not displaced perceptibly from their normal 
positions for annealed films, it can be concluded (Paterson 1952, Warren and 
Warekois 1953) that the frequency of occurrence of stacking faults is small and 
few crystallites of the observed size will be affected; furthermore, twinning is. 
generally found only in oriented copper films deposited on crystalline substrates 
or as the result of annealing at elevated temperatures and is not observed in the 
cast metal. ‘These complications are therefore thought to be unimportant in our 
experiments. 

Under (i1) above, we shall consider curvature and distortion of the lattice due 
to microstresses and dislocation networks generally; certain other effects which 
might be considered under this heading are discussed later. Strain causes 
broadening of diffraction lines in Debye-Scherrer photographs by varying 
the dimensions of the unit cells in different parts of the crystal. The broadening 
of the (200) reflections observed with copper films deposited and maintained at 
— 183° c was found within the limits of experimental error to be symmetrical and 
of a magnitude which, if interpreted as being entirely due to lattice strain, would 
correspond to a mean square strain of approximately 0-04. The largest mean 
square strain observed with severely cold-worked metals or alloys is about 0-008 
or less( Warren and Warekois 1953, Haworth 1937), and greater strains than this are 
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generally relieved spontaneously by plastic deformation. Comparison of these 
figures, the symmetrical nature of the broadening and the results of annealing 
films in oxygen allow this possibility to be ruled out, and it is concluded that at 
most only a small fraction of the observed broadening is due to strain. The fact 
that the films are deposited atom by atom in a disordered state and not subjected 
to harsh mechanical treatment must be borne in mind, but the existence of tensile 
stress in the films (Murbach and Wilman 1953, Hoffman, Daniels and Crittenden 
1954) cannot be overlooked. 

The alternative (iii) requires careful attention. Let us examine the not 
unlikely possibility that an appreciable concentration of vacant lattice sites is 
built into the films during deposition. ‘The known density enables an upper limit 
to this concentration to be specified as approximately 15°. These holes will 
contribute to a diffuse background scattering of x-rays and may alter the mean 
lattice spacing. It is easily shown from Babinet’s principle, however, that a 
random array of holes would give rise to a very diffuse background, but cannot 
contribute noticeably to the breadth of diffraction lines of the normal lattice. 
Chains of holes in (110) directions, a not unlikely configuration if the holes are 
mobile, could easily produce broadening of the (200) reflection, as is evident from 
a representation in reciprocal space; they could not, however, affect the (311) 
reflection and, since both reflections are in fact broadened proportionately, this 
possibility is also ruled out. If the distribution of holes is not random then some 
broadening of the line profiles may be expected but in view of the limitation on 
the integrated intensity of the diffraction due to the disorder, this will not be very 
significant. Some of the vacancies may migrate to internal surfaces or form 
planar aggregates but again little effect is to be expected beyond that which can be 
genuinely attributed to particle size or a moderate amount of strain. 

Allowing for experimental error, the maximum possible alteration in the mean 
lattice spacing is found to be 0-2, but whether or not this indicates a small 
vacancy content is not clear since the degree of relaxation of the atoms surrounding 
a vacancy in copper is not known accurately (Huntingdon 1942). 

It is thought that the alternative (i) is the correct one, but whether the films 
consist of small individual crystallites or of larger crystals broken up by dislocation 
arrays into smaller blocks which scatter incoherently with one another is uncertain. 
The latter is very unlikely since, if it were the correct interpretation, the results of 
annealing the films in oxygen would have to be explained by assuming that oxygen 
can penetrate readily into the sub-boundaries at —183°c. ‘The films are there- 
fore believed to consist of aggregates of small crystallites which may themselves 
contain lattice disorder, but from the density of the films and from the marked 
influence of small quantities of oxygen most of the space responsible for the 
anomalous density would seem to be of larger than atomic dimensions. Here 
one has the elegant experiments of Hilsch (1954) on aggregating model atoms as 
a useful guide. An examination of the line profiles indicates that, although the 
half intensity breadth decreases markedly when a film is annealed 7m vacuo from 
—183°c to room temperature, the angular spread of the diffuse tails of the line 
is not greatly decreased. Much of the intensity originally diffracted into the 
region of the tails is now to be found, however, within the sharp central peak. 
After annealing to 400°c for two hours the tails disappear and the line profiles 
assume a more normal form. ‘These changes are shown in figure 3. It 1s con- 
cluded therefore that in the anneal to room temperature either some of the 
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crystallites remain fairly small or some of the larger re-crystallized grains are rod- 
or plate-shaped and randomly oriented. Further annealing to a higher temper- 
ature completes the re-crystallization and probably induces some grain growth. 


(6) The qualitative correlation between the results of the diffraction experiments end 
previous work, 

From the foregoing experiments, it appears that copper films deposited at 
— 183° c consist of aggregates of randomly oriented microcrystallites whose size 
is about 40 A on a glass substrate and about 50°, greater on an annealed copper 
substrate. ‘The large resistivities and surface areas of these films are associated 
with this structure, the latter arising naturally and the former as a combination 
of contact resistance and electron scattering at imperfections and crystal surfaces. 
The fact that there is little change in going from a vitreous substrate to the ideal 
case of relatively large copper crystallites clearly indicates that the structure of 
the films deposited at low temperatures is primarily determined by the nucleation 
of groups of condensing atoms. The nucleation of a fresh crystallite is perhaps 
the result of a fluctuation in the atomic beam density, and careful experiments in 
which deposition rates are widely varied without altering the heating of the films, 
by interrupted evaporation for example, would be most enlightening in this 
connection. 


(a) 
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Figure 3. Microdensitometer records for the diffraction lines shown in 
figure 2 (a), (6) and (c). 


‘The spontaneous decays of resistance observed by other workers are associated 
with the annealing out of those imperfections which provide the largest intrinsic 
contribution to the free energy of the disordered film, and whose gradual removal 
can probably be identified with the relaxation process invoked by Hoffman et al. 
(1954) to account for the observed tensile stress in metallic films. 

The result of annealing uncontaminated films is to increase the particle size 
by at least an order of magnitude, thereby decreasing the anomalous resistivity, 
and at the same time diminishing the effective surface area. The effect on 
resistivity of annealing the films in oxygen at various pressures must be interpreted 
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as being due to (1) the resistivity decreasing with increasing particle size and (11) the 
contact resistance increasing when oxygen is adsorbed at or around the contact 
area. 

The results of the experiments carried out with films deposited at room 
temperature will not be considered further, their place in the general scheme 
being obvious from the foregoing discussion. 


(c) Possible mechanisms for the re-crystallization of the films. 

We have seen that there appears to be no satisfactory explanation of the experi- 
mental results other than one in which the uncontaminated crystallites are assumed 
to grow rapidly in size on annealing to room temperature. A small part of the 
line sharpening may be due to the removal of strain, and it is likely that the 
change in nominal particle size from 40 A to 60 A when the films are annealed in 
excess oxygen is due to this effect. It is difficult to see how a monolayer chemi- 
sorbed at a low temperature could prevent the annealing out of dislocations and 
other lattice imperfections, so that the maximum amount of lattice strain to be 
relieved must therefore be very small, as stated earlier. 

The mechanisms responsible for re-crystallization are severely hindered by a 
chemisorbed layer of oxygen and the major contribution must therefore be from 
surface diffusion. Oxygen chemisorbed on copper cannot desorb at room 
temperature (Winter 1954) and a saturated monolayer would prevent the de- 
tachment and migration of surface copper atoms. An incomplete monolayer will 
clearly inhibit the process, but provided that sufficient channels remain among 
the chemisorbed oxygen ‘molecules’ for the movement of copper atoms, the films 
can still re-crystallize. However, the large observed increase in particle size is, 
perhaps surprising and the manner in which larger crystallites engulf smaller ones 
is not yet understood. 

A possible process is one in which some crystallites at internal free surfaces 
are denuded layer by layer, the copper atoms migrating over the free surface to 
be incorporated in growing crystals which present surfaces on which, for 
crystallographic reasons, the conditions for growth are more favourable. Rod- 
or plate-like crystals could be formed in this way as an internal channel is filled 
up with material seeded on one or more of the crystallites bordering on it; and 
such crystals, if randomly oriented, would give diffraction line profiles of the type 
found. A suitable size distribution of more rounded particles, some of which 
could grow at the expense of others in a similar way, would also account for the 
observed profiles and at present there seems to be no simple way of resolving this 
ambiguity. A more detailed study of surface diffusion processes under controlled 
conditions, however, will doubtless enable further information to be obtained. 
The methods developed by Warren and Averbach (1953) and others for investi- 
gating in detail the structure of cold-worked metals could be applied profitably 
to thin films stabilized with oxygen for study in air or in an inert gas atmosphere. 
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Abstract. ‘Vhe propagation of sound in suspensions of solid particles in water 
in the range of frequency 1 to 10 Mc;s and of particle radius 8 to 100 microns is 
measured. For the ultrasonic attenuation a pulse method is used, and the 
suspension is either monodisperse (glass spheres) or polydisperse (silica particles). 
In the latter suspension the particle size distribution is measured optically. 

Results are compared with a theory due to Sewell and others and good agree- 
ment obtained. The ultrasonic absorption is linear with concentration up to 
18% by volume. Some measurements were also made on ‘ sediments ’ of glass 
spheres and natural sands in which the attenuation is high and increases rapidly 
with frequency and particle size. 


§ 1. INTRODUCTION 


HE first calculation of the attenuation « of the amplitude in a beam of sound 
due to the insertion therein of a single sphere (small compared with the 
wavelength) was made by Rayleigh (1878). 

Laidler and Richardson (1938) investigated the propagation of sound in 
suspensions of lycoperdon (puff-ball) spores and magnesium oxide in air in the 
kilocycle region and found partial agreement between their measurements and 
the calculations from Sewell’s (1910) theory, but Hartmann and Focke (1940) 
in suspensions of such spores in water at megacycle frequencies found some 
disagreement, apparently due to the movement of the spheres with the sound 
field, an effect negligible in aerosols but significant in hydrosols. Lamb (1916) 
calculated the velocity potential of waves scattered from a mobile sphere and, by 
integration over a surrounding volume, the energy lost in this fashion. Urick 
(1948) cast Lamb’s theory in a more convenient form and obtained for the attenu- 
ation due to a single (small) sphere free to move in (unit volume of) a viscous fluid 


the formula 


2a 2r S 
Pe Beige Yoh af \8 oe ee es 
1 = kta’ + 3 R(a—1)?a S?a(o47) 


where a is the radius of sphere, R=27/A, A the wavelength of the radiation ; 
&=p,/ps is the density of particles relative to fluid, 
gy 1 9 
S= gz. (1+ g,) be ar: 
8 is the propagation constant of shear waves in the fluid, i.e. (@/2v)!" where w 
is the pulsatance and v the kinematic viscosity. 
These calculations then give the increase in the attenuation of a sound beam 
passing through a viscous fluid due to the intrusion of a single rigid sphere free 
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to move in the sound field. ‘lo the extent that the attenuation produced by one 

sphere is unaffected by its neighbours we may adapt the formulae of Lowan et al. | 

to our case and write an equation for the attenuation in a suspension in the form: iI) 
= 273 

al Gees o—1\? .,., Ly ee 2m7k(o — 1)?a*S 

= 5 | sin* Fyy +3 ( 7) sin? Fy + > (2m+1)sin? Fy | + 31S?4(o4+7)} 


a+ m=2 


or 
ON 3a Scher Gl eee MoO Sener a(a— 1/28 
= 3 [sin Fart 3( Sp) sink Fir "5! Om sin ay + gare to 
etige (4): 


where C stands for the volume concentration of spheres (volume of solid/total 
volume). ‘The relative magnitudes of the scattering and viscous losses are given 
in figure 5. 


§ 2. APPARATUS 


2.1. Ultrasonic and Electronic System 


In the experimental investigation of this relationship a pulse technique was 
used. 

Most previous investigators using a pulse system have used a single crystal as 
both transmitter and receiver but in this work a pair of matched quartz crystals 
was used, one to transmit and one to receive. This removed difficulties due to 
the transmitted pulse passing into the receiver circuit and causing saturation. 

A block diagram of the apparatus is shown in figure 1. The transmitter 
section comprises an asymmetrical multivibrator and an electron-coupled Hartley 
oscillator generating pulses of r.f. voltage. The length of these pulses could be 
varied between 2 and 25msec. ‘The receiver section consisted of (i) a network 
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Figure 1. Block diagram of pulse apparatus. 


to match the 75 ohm input impedance of the attenuator to the impedance of the 
crystal, (ii) an attenuator reading 0-60dB in steps of 0-5 dp, (iii) a frequency 
converter and (iv) ani.f. amplifier. The received pulse after detection is displayed 


} 
; 
{ 
} 


! 
| 


| 
| 


The Propagation of Ultrasonics in Suspensions of Particles in a Liquid 195 


on a double-beam oscilloscope using a time-base triggered from the pulse- 
generating circuit. 

The first term in equation (1) represents a redistribution, on scattering, of the 
sound energy due to the presence of the sphere and the second term an energy 
loss due to viscous effects at the surface of the sphere. 

At megacycle frequencies with @ much less than A the second term pre- 
dominates. Urick investigated the importance of this term experimentally and 
got results in agreement with the predictions of equation (1) but, under the 
conditions of his experiment, the scattering effect was too small to measure. 

The more general case of scattering by particles comparable in radius with 
the wavelength of the sound does, however, give much greater weight to this 
scattering term and it was this more general case which was investigated by us. 
It will appear that the theoretical equations derived reduce to the Lamb—Urick 
equation if @ is made small compared with A. 

When the radius of the sphere approaches the wavelength, calculation of the 
scattering becomes difficult but Lowan ef al. (1946) have shown that the attenu- 
ation produced by such a rigid sphere on an impinging sound beam is given by 


r2 m= oo 


ee > Cnt i)sint hy. eae (2) 

T m=0 
where F’,, is a function of y(=27a/A) whose value may be expressed in Bessel 
functions. ‘They found that for values of y up to 10 the series in the above 
summation converged rapidly and they calculated and tabulated the cognate values 
of Fy. 

‘Taking this expression for « 1t remained to make allowance for (a) the move- 
ment of the sphere in the liquid and (4) the viscous losses due to the friction at the 
surface of the sphere. Calculation based on Lamb’s treatment showed that 
movement of the sphere affected only the first-order term in the expansion, which 
had to be multiplied by Lamb’s factor {(a—1)/(o+4)}*. Although Lamb 
applied the condition a<A it will appear that his ‘correction’ is still adequate 
for values of y up to unity. Similarly the viscous term quoted by Urick appears 
to be valid for values of y up to unity. 

The receiving quartz crystal is supported by a spring-loaded carriage moving 
on a screw thread having 20 threads to the inch and a dial enabling readings 
of one hundredth turn to be made. All readings were taken with the carriage 
travelling in one direction to eliminate backlash. 

Three ‘levelling’ screws on the backs of the watertight holders containing 
the crystals enabled their faces to be set accurately parallel. ‘This setting was 
made by adjusting the screws until maximum acoustic response was attained. 

Readings were taken by moving the crystals apart to the maximum required 
distance, setting the received signal to a reference line on the oscilloscope, 
increasing the electrical attenuation and then reducing the separation until the 
signal was brought down to its former level by decrease of the acoustic attenuation. 
By this means a graph of distance moved against attenuation may be plotted and 
from the slope of this the absorption coefficient calculated. 

Some divergence of the sound beam was encountered particularly at the 
lower frequencies; an empirical correction was made for this from a series of 
measurements in distilled water for which the absorption coefficient is accurately 


known. 
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For wavelength measurements a slightly different transmitter was used. In |} 


this a continuous oscillator fed a gating circuit operated by the multivibrator. | 


The phase difference between the pulse passing through the suspension and that |} 
of continuous oscillation fed directly from transmitter to receiver was observed. |}) 


This phase difference varies with path length, the distance between successive | 
‘in phase’ positions being equal to the wavelength. In combination with | 
frequency measurements, using a heterodyne wavemeter, velocity measurements, 
consistent to 1 in 1000, could be readily obtained. This method of measurement }) 
has proved very satisfactory in these experiments, where there is a large amount | 
of mechanical vibration. 


2.2. Tank for Suspensions 


A tank, having a U-shaped cross section, was constructed. It is 14in. long and 
Sin. wide at the top tapering to a curve of 3in. diameter at the bottom. This is 
fitted with a four-bladed paddle extending along its whole length and having 
only a working clearance at the bottom. The axle passes through a watertight 
bearing in one end of the tank and the paddle can be rotated by an electric motor. 
With this system particles of up to 200 diameter may be kept in suspension with 
only low speeds of stirring. 

Measurements in water alone showed that turbulence caused by the stirrer 
had no effect on the absorption. Only at speeds high enough to cause air bubbles 
to be dragged into the water were anomalous effects observed. These speeds were 
much higher than those used. 

Even with this system the upper part of the suspension, where measurements 
are taken, has not the concentration predicted from the volume of water and the 
weight of particles added. It is therefore necessary to sample the suspension in 
the acoustic path. A known volume of the particle+ water mixture is sucked 
out and, after evaporating to dryness, the residue is weighed and the concentration 
calculated. 

A likely source of error was thought to be that due to air trapped on the surface 
of the spheres. All such air was removed by evacuating the air space above a 
waterglass mixture, and no change of absorption could be observed. As a 


precaution all samples of particles were kept under water to ensure thorough 
wetting. 


§ 3. ResuLts 1n MoNnopIsPERSE SUSPENSIONS OF GLASS SPHERES 


Commercially obtained glass particles have been used to prepare mono- 
disperse systems. They are very nearly spherical and the mean diameter of each 
sample has been determined by measurement of several hundred individual 
particles using a comparator. 

For any one particle size at any one frequency the absorption due to suspensions 
of several different concentrations was measured. This was done by adding the 
particles to the water in several approximately equal quantities and taking a series 
of measurements after each addition. The quantity of particles added each time 
was largely a matter of experience, being limited at lower frequencies by the 
quantity available and at high frequencies by the maximum absorption which 
the apparatus could conveniently measure. 

Measurements on suspensions of particles all having the same size have been 
performed at six frequencies; 1, 15, 2, 3, 6 and 10 Me/s. 


SS 
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Asa specimen of the results, figure 2 shows the attenuations in the 95 ip: 
Suspensions in water at 25°c and 1-5Mc/s. (At this frequency, the practical 


. correction for divergence amounted to 0-8 ds for 10cm separation of transmitter 


and receiver. For comparison, the coefficient for pure water is 0-001 at 1 Mc/s 
and 0-05 at 10 Mc/s.) 


Attenuation (d8) 


Increase in Path Length (cm) 
Figure 2. Attenuation in a monodisperse suspension of glass spheres (95 4) at 1:5 Mc/s 
and various concentrations. 


‘Table 1 shows the variation of attenuation with concentration and with mean 
diameter. Results at other frequencies were similar. 


Table 1. Measurements at 1-5 Mc/s 


Particle diameter (1) Os 100 110 LiL) (155 
Frequency (Mc/s) 1-50 1-50 1:50 1-50 1-50 
Wavelength (cm) 0-100 =©0:100 =—0-100 0-100 0-100 
_ Attenuation (dB cm™! for 1°% vol. conc.) 0-037 0-045 0-054 0-061 0-111 
Max. concentration measured (°/) 13-6 11-5 10-0 9-1 9-0 


Up to a volume concentration of 15 %the increase in velocity of sound was 
linear, rising in this range from 1498 msec”! to 1510 msec! at a temperature of 
25°C. 

§ 4. RESULTS IN POLYDISPERSE SUSPENSIONS OF SILICA PARTICLES 

Commercially produced glass spheres were not available with diameters 
below 95 and the preparation of large samples of small particles of uniform 
diameter is very difficult. It was necessary to perform measurements on 
particles of small diameter to enable a range of frequency to be used. 

Urick (1948) in his measurements on viscous absorption used a range of 
particle size and took a mean value for the diameter. He obtained good agree- 
ment with theory. However, in the present case, the absorption due to scattering 
is expected to vary with radius so the averaging process is very limited in accuracy. 
Consideration was therefore given to the possibility of utilizing the dependence 
of the rate of settling of particles in a liquid on the radius to measure the absorption 
due to a particular size. 
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For the determination of the particle size distribution in a sample, the optical 
sedimentation method was used following that described by Richardson (1933, 
1943) and Rose (1953). 

For the ultrasonic measurements the depth of water in the tank was increased 
so that the beam between the crystals traversed the suspension at a depth of | 
about 10cm below the free surface. A sample of the silica was then placed in 
the tank and vigorously stirred. A deflocculant (sodium hexametaphosphate) 
was used to prevent coagulation of the particles. The stirring motor was then 
abruptly stopped and a stop-watch started simultaneously. The decrease in 
acoustic absorption with time was then measured by increasing the electrical 
attenuation so as to preserve the same received signal exhibited on the oscillo- 
scope. From these measurements, using Stokes’ law, a graph of decrease in 
attenuation against particle size could be plotted. 

One set of curves is shown in figure 3 for a silica sample in water at 10 Mc/s. 
‘The attenuation scale for the shorter lengths has been reduced in order to show 
all the curves on one diagram. Three such sets of curves were plotted for any 
one sample. 
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Figure 3. Attenuation in polydisperse suspensions of silica plotted against particle size 
for different path lengths. 


In assessing the average values from these, an arbitrary zero was used to 
eliminate any errors due to the incorrect adjustment of the pulse height for the 
first measurement. In the case illustrated the 8, reading was taken as zero. 
By measuring the average increase in attenuation between 8 and 9, for the 
three sets of curves at various path lengths, a graph of attenuation against path 
length could be plotted. Similarly the increase in attenuation between 8 and 101, 

8 and 11 p, etc., could be measured and further graphs plotted. ‘These are shown 
in figure 4 and as expected from the work on monodisperse systems the graphs 

are straight lines. ‘The attenuation for the particles between say 12 and 13, 
'may then be calculated from the difference in slope between the two graphs 
plotted for those sizes. | 
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Che concentration of all the particles in the suspension was then measured 
by the sampling method and the particle size distribution by the photo-extinction 


“method. From these measurements the volume concentration of particles of 
“any size may be calculated. Knowing this concentration and the absorption 


in dBcm™ from graphs of the type given in figure 4, the absorption for a 1% 
volume concentration of the particular particle size may be calculated. 
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Figure +. Attenuation plotted against path length for different (mean) particle sizes 
(silica suspensions). 


‘The method is tedious to use as the settling times are long but it has certain 
advantages. Firstly, it removes the necessity for the grading of the particles 
according to size. Secondly, it enables the absorption due to many particle sizes 
to be measured in one experiment, and thirdly, the pulse is very steady and its 
height may be accurately adjusted to the reference level. 

The measurements were made at 6 and 10 Mc/s. 


Discussion. 


The fact that at the low concentration so far used the ultrasonic attenuation 
is directly proportional to concentration shows that interaction between the 
particles may be neglected (as assumed in the theory). 

From the theoretical formula (3) it may be seen that, apart from the last term 
due to viscous loss, the absorption for a given number of particles per cm? rises 
with y, so for ease in presentation of the experimental results the corresponding 
viscous loss, which exhibits a complex dependence upon frequency and particle 
radius, has been deducted from each reading. This process was assumed to be 
legitimate in view of the work of Urick who confirmed experimentally the 
theoretical values of the viscous loss, plotted together with the scattering term in 
figure 5. When y is comparable with unity, the ‘correction’ for viscous loss can 
be safely neglected. 

Results are plotted as «A against y for monodisperse (figure 6) and poly- 
disperse systems (figure 7), the full curve in each being given by the formula (3). 

The agreement is within experimental accuracy. 


§ 5. RESULTS IN SEDIMENTS, ARTIFICIAL AND NATURAL 


Measurements were made in the apparatus with concentrations of, glass 
spheres up to 40%, at which maintenance of the suspension by stirring became 
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dificult. In addition attenuation was measured at the maximum packing 
fraction of 70%, to which the term ‘suspension’ can hardly be applied. Rather 
was the system then a loosely compacted sediment in the water. For these the 
ultrasonic beam was transmitted vertically through the water with the glass 
spheres lying in a layer to a measured height above the transmitter, the receiver 


ar x10? 


Figure 5. Calculated viscous and scattering Figure 6. Attenuation per wavelength 


losses for various values of y(=2za/A) plotted against y in monodisperse 
at several frequencies (C= 1% ;¢=2°6). suspensions—full line, theory. 
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Figure 7, Attenuation per wavelength plotted against y in polydisperse suspensions— 


full line, theory. 
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lying in the water above. Pulses were then transmitted between the fixed trans- 
ducers while the depth of layer of sediment was increased by steps. The 
attenuation—depth plots were as before straight lines, from the slopes of which 
the attenuation per centimetre was calculated. 

Of course, with these large concentrations, the conditions of Sewell’s theory 
are not fulfilled. ‘There will be ‘interaction’ between the particles, whereas 
the theory requires that each shall act untramelled by its neighbours, so that the 
effect of n particles on the sound wave will be 7 times the effect of one. 

There will in fact be multiple scattering, a factor difficult to introduce into 
any theory, which will cause deviation from the main beam to an extent difficult 
to allow for, since it will at the same time result in some of the multi-scattered 
energy returning to the transducers. ‘The viscous drag effect will also be lessened 
since relative motion of a sphere and liquid will be inhibited by its neighbcurs. 
The expected reduction in attenuation is in fact what we find, as an inspection of 
table 2 of attenuation and concentration shows. 


lable 2 
Volume concentration (%) 8 16 24 32 40 
Pei Mes 0-3 0-5 0-75 1-0 1-2 
eget 1:5 Mc/s 0-5 0-9 13 1-7 1-9 
— 2 Mc/s 1-2 5) 275 2-9 2-95 


Some measurements of attenuation were also made in natural sediments of 
sifted sand from the seashore, since the attenuation of ultrasonics in such materials 
is a matter of importance in the practice of underwater sound. 

Figure 8 shows results at various frequencies in such natural sediments 
graded in three size ranges, A, B,C, with mean diameters 450,180,120. For 
comparison, some results in an artificial sediment of glass spheres which had 
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Figure 8. Attenuation plotted against frequency in natural sediments A, B, C. 
(The crosses beside curve C refer to an artificial sediment.) 
almost the same mean as specimen C are marked (as crosses) on the graph. ‘I'he 
concurrence of the artificial and the natural sediment is rather interesting, firstly 
because sand grains are not, of course, spherical, and secondly since it is well known 
that the material in a natural sediment posseses visco-elastic properties—often, 
thixotropy, notably in quicksands—which the system of glass spheres did not 
show. 
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One further point is to be remarked on the graphs of figure 8, which show also 
the variation of attenuation with frequency. At high frequencies the Rayleigh 
scattering law (« proportional to /) seems to be obeyed by these sediments but at 
low frequencies the ‘absorption’ seems to be directly proportional to frequency. 

It appears that an acoustic method might be used for particle size analysis in 
conjunction with a sedimentation cell, without more experimental difficulty than 
is involved in an optical measurement. The main experimental advantage of 
this method of analysis appears to lie in the pulsing operation, whereby mechanical 
radiation forces on the particles and resulting convection are avoided since the 
source is not continuously operated. The apparatus would, however, be some- 
what larger than that used for the optical method, requiring a larger sample of 
powder for analysis. 
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The Thermal Conductivity of Bismuth Telluride 


By H. J. GOLDSMID 
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Abstract. Nleasurements of the thermal conductivity of bismuth telluride have 
been made in the range of temperature 150°K to 300°K. It has been found that the 
electronic contribution to the conduction of heat is considerably greater for 
specimens in which the charge carriers are intrinsically excited than for specimens 
in which most of the carriers arise from an impurity concentration; this can be 
explained by the recently proposed theory which takes into account the transfer 
of ionization energy down a temperature gradient. 


$ 1. INTRODUCTION 

EAT may be conducted through a solid either by elastic waves iv the crystal 

lattice or by free charge carriers. In metals it is generally sufficient to 
consider only the contribution to the flow of heat from the free electrons ; 

hence the Wiedemann—Franz law relating electrical and thermal conductivities. 
On the other hand in semiconductors it is also necessary to take into account the 
contribution from the elastic waves, and the total thermal conductivity may be 
expressed as Nee 


where A, represents the lattice component and A, the electronic component. 

In most semiconductors A, is very much greater than A, but there are a few 
materials in which the two components may become of comparable magnitude. 
It might be expected that A, should be related to the electrical conductivity by 
arelation similar to the Wiedemann—Franz law with a slightly different constant of 
proportionality due to the fact that degeneracy must be taken into account for 
metals, but not for semiconductors. However, it has recently been noted by 
Busch and Schneider (1954) that in the case of indium antimonide the electronic 
component is some 100 times the value predicted from the electron theory of 
metals. A qualitative explanation of this phenomenon in terms of the transported 
ionization energy of the charge carriers has been made by Frohlich and Kittel 
(1954), but for indium antimonide the exact quantitative explanation is complicated 
by the large difference between the electron and hole mobilities. 

Bismuth telluride Bi,Te, is a semiconductor with a low lattice thermal con- 
ductivity and at the same time its electrical conductivity can be quite high. It 
therefore seemed a suitable material upon which to investigate the contribution to 
the conduction of heat from the charge carriers. 


§ 2, EXPERIMENTAL PROCEDURE AND RESULTS 
‘The apparatus used for the absolute measurement of the thermal conductivity 
is shown in figure 1. The source of heat consisted of an insulated nichrome coil 
embedded in a copper block, the power supplied being calculated from current 
and voltage measurements. ‘The specimens were of square cross section and were 
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ground flat and parallel, electroplated, and soldered into position to ensure good 
thermal contact. The sink consisted of a copper cylinder within which slid a 
copper block which was soldered to the bottom of the specimen. The temperatures 
of the heat source and sink were measured by means of copper—constantan 
thermocouples. All the electrical leads, which were made from 40 S.W.g. wire, 
passed through a clamp at the same temperature as the sink, and the enclosure 
was evacuated. he loss of heat from the source, other than through the specimen, 
was thus small and definite ; its value, measured over the full range of temperature 
without a specimen in place, was very close to the figure predicted from the 
dimensions of the apparatus, and consequently a reliable correction could be 
applied. 


Liquid Air 


Figure 1. ‘Thermal conductivity apparatus. 


Control of the temperature of the sink was obtained by varying the degree of 
vacuum in the space which separated it from an outer cylinder immersed in liquid 
air, and by adjusting the current flowing in a nichrome heating coil. 

Six samples of bismuth telluride were employed. Specimens 1, 2 and 3 were 
cut from zone-refined bars with their faces perpendicular to the direction of zoning ; 
the cleavage planes then lay along the direction of measurement. Specimens 4, 5 
and 6 were cut from a single crystal; in specimen 4 the measurement was made 
parallel to, and in specimens 5 and 6 perpendicular to the cleavage planes. ‘The 
thermoelectric power and electrical conductivity parallel to the cleavage planes 
were measured at room temperature for samples adjacent to the heat conduction 
specimens; in the case of specimens 1 and 2 the measurement of electrical 
conductivity was extended to cover the range of temperature 150°K to 300°« as 
shown in figure 2. The electrical properties at room temperature are summarized 
in table 1. 

The results from the measurement of thermal conductivity for all the samples 
are given in figure 3. "he importance of the anisotropic effect is illustrated by the 
low thermal conductivity of specimens 5 and 6 as compared with specimen 4; this. 
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2500 0-05 
Specimen | (n-type) 
2 (near intrinsic) 
3 (near intrinsic) 
: 4 (p-type, II basal plane) 
2000 0-04 »  § (p-type, L basal plane) 
6 (p-type, L basal plane) 
1500 = 0.03 
—~ Bote) 
= = 
2° = 
' oO 
G = 
b < 
1000 0-02 
500 0-01 
0 0 
100 200 300 100 200 300 
Tuk) T (°k) 
Figure 2. Electrical conductivity Figure 3. ‘Thermal conductivity 
plotted against temperature. plotted against temperature. 


effect will not, however, be discussed further. Much more interesting is a 
comparison of the thermal conductivity of the relatively pure specimens 2 and 3 
with the impure specimens land 4. Itis remarkable that, whereas at low tempera- 
tures the former have an inferior heat conductivity, the opposite is true at room 
temperature, even though the impure samples still have an appreciably greater 
electrical conductivity. 


Table 1. Electrical Properties at Room ‘Temperature 


(1) (2) (3) (4) (5) (6) 

1 —215 n 750 Impurity 

2 — 65 e 200 _ Near \ Adjacent 
3 — 200 n intrinsic specimens 
+ 

5 +200 p 500 ‘aan e are 
6 J specimens 


(1) Heat conduction specimen; (2) thermo-electric power (uv deg~'); (3) type of 
conduction; (4) electrical conductivity of adjacent samples parallel to cleavage planes 
(Q- cm—); (5) mechanism of carrier excitation; (6) remarks. 


§ 3. THE ELECTRONIC COMPONENT OF THE THERMAL CONDUCTIVITY 


According to the electron theory of metals (Sommerfeld 1928) the electronic 
component of the thermal conductivity A, and the electrical conductivity o should 
be related by the expression is 5 (2) a 


oO e 
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where 4=2 for non-degenerate conductors and 3-3 for degenerate conductors- 
However, following the argument of Frohlich and Kittel, there should be an 
additional transport of heat by the charge carriers in a semiconductor due to their 
redistribution along a temperature gradient. 

The semiconductor model which will be discussed here is assumed to have a 
constant extrinsic carrier concentration upon which are superimposed equal 
concentrations of intrinsically excited electrons and holes. For simplicity it will 
be assumed that the mobilities of electrons and holes are equal. 

Now suppose that in a region at a temperature 7 the electron and hole con- 
centrations are n and p respectively. Then for » electrons travelling from this 
region to another at a temperature 7'-- AT there will also be p holes, and thus, 
according to the normal electron theory, there is a transport of heat of the order of 
3(n+p)RAT. However, because of the lower temperature of the second region, 
An electrons must combine with the same number of holes, and each such combina- 
tion liberates an amount of energy equal to «, the width of the forbidden band. It 
will also be supposed that the kinetic energy of the electrons and holes is transferred 
to the lattice when they combine. The total heat transfer is thus 

3(n+p)RAT + An(e,+3RT). 

Now wae Eg 
np=const, [exp (- er) 
so, remembering that 7 —p must remain constant, 

An= a (g +3). 

n+p\kT ie 

Thus the ratio of the total electronic component of the thermal conductivity 
(A.)totar to the value (A.) norma Which is given if the transport of ionization energy is. 


er (Aw total LZ 7p z 2 
(Ac)normal 3 (n+p) (es se 3) tiger (3) 


In the intrinsic case where n=p this simplifies to 


(A. total | ee ee 2 
Fave intrinsic a: i 6 (eh > 3) : 


§ 4. DISCUSSION OF RESULTS 


‘The apparent anomaly in the thermal conductivity of bismuth telluride may 
now be explained qualitatively. At the lowest temperatures the normal electronic 
component predominates for all specimens, so those with the higher electrical 
conductivity, numbers | and 4, also have the higher thermal conductivity. At 
room temperature, however, the intrinsic carrier concentration is greater for speci- 
mens 2 and 3, and the consequent transport of ionization energy is sufficient to 
raise the thermal conductivity of these specimens above that for samples 1 and 4. 

This explanation is confirmed quantitatively by comparing the thermal con- 
ductivity of sample 1 at 150°K with that of sample 2 at 300°K. The relevant data 
are listed in table 2. The total thermal conductivity of specimen 1 at 150°xK is 
3:16 x 10-*wem! deg! and it is assumed that the electronic component of the 
thermal conductivity may be obtained from equation (2), so that its value is 
6-0 x 10°? wem~'deg™! if A is taken to be equal to 2, the non-degenerate figure. 
The lattice component at 150°K is thus 2:56 x 10-2 wem-1 deg}. If, as is usual, 
it is assumed that the lattice component varies inversely with the absolute 
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temperature, its value at 300°K is 1:28x102wemtdeg!. Since the total 
thermal conductivity of specimen 2 at 300°K is 2-44x 10 2wem 'deg™ the 
electronic component must be 1:16 x 10-2wem-!deg!, which is 13 times the 
value (9-0 x 10 *wem ! deg") obtained from substitution in relation (2). 


Table 2. Electrical and Thermal Conductivities at 150°K and 300°K 


Specimen 150°K 300°K 
Oo p r Oo m\ 
1 2700 0-0316 730 0-0187 
2 370 0-0278 200 0-0244 
GinO Scns) Nin’ w ems. dex 


In order to compare this factor with that which results from the use of 
expression (3) it is necessary to know the width of the forbidden band in bismuth 
telluride. Infra-red transmission measurements have yielded a value of about 
0-15 evt, so at 300°K = ‘SRT. ‘Thus using the intrinsic form of expression (3) 
one obtains (A.)¢otai Eyes: 14 which agrees very well with the experimental 
value. 

To proceed further in a comparison of samples 1 and 2 over the complete 
temperature range it is necessary to estimate the relative electron and hole con- 
centrations. For this purpose it will be assumed that the mobilities of electrons. 
and holes are approximately the same for both specimens at any given temperature, 
and that the ratio of electron to hole mobility is about 2: 1 (Vlasova and Stil’bans. 
1955). Also it will be supposed that the two samples have constant extrinsic 
electron concentrations NV, and N,, to which are added equal intrinsic electron and 
hole concentrations m, and 7, respectively. ‘Then at a given temperature 

oy (Ni +7)+ 3% 
and if non-degeneracy is assumed, which can only be approximately true in view of 
the comparatively low thermoelectric power of sample 1, (N, +7), =(No 4+ mq)no. 

Substitution in these expressions at 150°K and 300° yields values of N, and NV, 
equal to 6-67, and 0-9 ny respectively, 7) being the intrinsic electron or hole con- 
centration in bismuth telluride at 300°x. Using these values table 3 has been 
drawn up. 


Table 3. Estimation of Electronic Component of the Thermal Conductivity 


Specimen | 


TK) €y ny(N,+7)) Atotal O7 Net 
abe: kT (N+ 277)? Aires] (Om uctia) (w cm deg ~), 
150 11-6 es WD=© 1-001 2700 0-0060 
200 8-7 Bia mee 1-034 1600 0-0049 
250 7-0 soc i" 126 1040 0-0049 
300 5-8 PEIN 2:09 730 0-0068 
Specimen 2 
Heo Ey nN 27-2) Atotai Ox Avo 
a) RT (No+2n.)* Agora (QO Gan -*)) (w cm— deg~') 
eS) 11-6 Ae] el One 1-067 370 0-0009 
200 8-7 Ly SO DROS) 245 0-0020 
250 7-0 iitSex 10m 8-7 200 0-0065 
300 Sts) 20S 10e 11-8 200 0-0106. 


+ Private communication from I. G. Austin of these Laboratories. 
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From table 3 it may be seen that the calculations lead one to suppose that the 
electronic component of the thermal conductivity should be the same for both 
specimens at a temperature between 200°K and 250°K. Reference to figure 3 
shows that this is the case at 225°K. 


0-04 


x Specimen | 
° 2 


0 0-002 06 0-008 0-0! 


0-004 0:0! 
1/T (Tin°k) 


Figure 4. Lattice component of the thermal conductivity. 


By subtracting the calculated electronic component from the total measured 
thermal conductivity the lattice component should be obtained. ‘This procedure 
has been used in obtaining figure 4. It may be seen that the values of A, obtained 
in this way for the two samples lie reasonably close to each other and follow the 
expected inverse temperature variation. 


§ 5. CONCLUSIONS 


‘The close agreement between the predicted values for the lattice component of 
the thermal conductivity, for the two specimens considered, confirms that the 
energy of excitation of the charge carriers should be taken into account in calculating 
the electronic component of the thermal conductivity of semiconductors and, in 
particular, it appears that this is the reason for the anomalously high thermal 
conductivity of pure bismuth telluride. A more complete theory of the extra 
electronic component should take into account the difference between the 
mobilities of electrons and holes, and the importance of degeneracy in the calcula- 
tions should also be considered, but the effect of these refinements on the simple 
theory which has been presented here must be quite small, in view of the good 
correlation which has been achieved. 

‘The measurements show that the lattice component of the thermal conductivity 
of bismuth telluride, parallel to the basal plane, varies inversely with absolute 
temperature over the experimental range, obeying the relation 


A) = 3-8/T wem deg-l. 


The Thermal Conductivity of Bismuth Telluride 209 


ACKNOWLEDGMENTS 
‘The author is indebted to Dr. R. Wolfe and Mr. R. D. Groves for making the 
measurements of electrical conductivity. 


REFERENCES 
Buscu, G., and Scuneiper, M., 1954, Physica, 20, 1084. 
FROHLICH, H., and Kirtet, C., 1954, Physica, 20, 1086. 
SOMMEREELD, A., 1928, Z. Phys., 47, 1. 
Viasova, R. M., and Stiv’aans, L. S., 1955, Z. Tekh. Fiz. SSSR, 25, 569. 


PROC. PHYS. SOC. LXIX, 2—B £0) 


210 


Magnetic Properties of some Anhydrous Chlorides of the Iron Group 
I: Magnetic Resonance 
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Abstract. Measurements of paramagnetic resonance absorption in CrCl, and 
NiCl, in the temperature range 13-15°K to 293°K are reported. The height of 
the absorption curve decreases and the line width increases as the temperature 
is lowered through the region of the cryomagnetic anomalies in these salts. 
The results are discussed in part II, where consideration of other experimental 
work suggests that the magnetic transition in these salts at low temperatures is 
essentially ferromagnetic rather than antiferromagnetic. 

FeCl, and CoCl, were also examined in the same temperature range but 
paramagnetic resonance was not observed. 


§ 1. INTRODUCTION 


HE anhydrous chlorides of the iron group CoCl,, FeCl,, NiCl, and CrCl, 

show similar cryomagnetic anomalies. They all have a specific heat 

anomaly at low temperatures associated with changes in their magnetic 
properties. Above the temperature of the specific heat anomaly (henceforth 
referred to as the transition temperature 7',) they follow to a first approximation 
a Curie-Weiss law with a positive value of 6 if this law is written y= C/(T—8). 
‘This corresponds to a positive molecular field on the Weiss theory and should 
lead to ferromagnetism below 7. Below this temperature however, they differ 
from normal ferromagnetic substances in showing exceptional magnetic hardness 
and almost negligible remanences, with susceptibilities of the same order as 
paramagnetic substances. The susceptibilities for low fields show a maximum 
at T, for CoCl,, FeCl,, and NiCl, and this has led them to be classed, in recent 
reviews (Lidiard 1954, Nagamiya, Yosida and Kubo 1955) as antiferromagnetic. 
CrCl, has no maximum in the susceptibility and has not been looked on as anti- 
ferromagnetic, but is of similar crystal structure. 

A summary of the relevant data for these salts is given in table 1. 

An investigation of the variation of magnetic resonance absorption in these 
salts, as they are cooled through their transition temperatures, was undertaken 
to compare the behaviour of CrCl, with the others. 

Paramagnetic resonance absorption occurs by the absorption of a quantum 
of microwave radiation in stimulating transitions between the Zeeman levels. 
in an atom or ion. ‘The condition for this to occur is that 


hv=g8H  , a eee (1) 
where v is the frequency of the incident radiation, g the spectroscopic splitting 
factor, 8 the Bohr magneton and H the applied magnetic field causing splitting 
of the spin levels. In a ferromagnetic or antiferromagnetic substance the effective 
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field acting on the ion is no longer H but depends on the internal field. ‘This 
causes a change in the value of the applied field at which resonance takes place. 
In a ferromagnetic substance resonance is observed at lower applied fields than 


Table 1 
Pott O(°K) T, (°K) T(xm)(K) 
FeCl, 5-38 (d) 20:4 (b) 23-5 (e) 24-0 (d) 
48-0 (d) 
NiCl, 3-32 (d) 67-0 (a) 49-6 (f) 50-0 (a) 
68-2 (d) 52°35 (g) 
CoCl, 3-29 (d) 20-0 (a) 24:9 (f) 25-4 (c) 
19-0 (c) 
CrCl, 3-90 (d) 32-5 (a) 16-8 (f) ae 
27-0 (d) 


Por =effective Bohr magneton number; @=paramagnetic Curie temperature from 
Curie-Weiss law; J;—temperature of specific heat anomaly; T(ym)=temperature of 
maximum susceptibility. 

(a) Woltjer (1925); (b) Woltjer and Wiersma (1929); (c) Shalyt (1938); (d) Bitter, 
Starr and Kaufmann (1940); (e) Trapeznikowa and Schubnikow (1935); (£) Trapeznikowa, 
Schubnikow and Miljutin (1936); (g) Busey and Giauque (1952). 


is given by the simple formula (1) above, due to the internal field. ‘The situation 
is more complicated in antiferromagnetic substances, but in cases where the 
transition temperature is more than a few degrees above absolute zero the anti- 
ferromagnetic internal field shifts the magnetic resonance line beyond the range 
of present day experimental apparatus, and all that is observed is a disappearance 
of the paramagnetic resonance line as the substance is cooled through the transition 
temperature. 

Polycrystalline specimens were examined in the temperature range 13-15°K to 
293°x. The results of these measurements are given in detail in §3 and are 
discussed in part II, together with other experimental evidence which suggests 
that the magnetic transition in these salts is to a ferromagnetic state at low 
temperatures. 


§ 2. EXPERIMENTAL APPARATUS AND METHOD 
2.1. General Description of Apparatus 


The apparatus can best be described by considering the three principal 
parts, the microwave system, the hydrogen liquefier and the magnet. 

A block diagram of the microwave circuit is shown in figure 1. Power from 
the klystron oscillator O fed from stabilized d.c. supplies was coupled into the 
primary waveguide in which was located the attenuator A, and coupled out at the 
transition T, to a coaxial line to the cavity resonator R. A second coaxial line 
carried the transmitted power from the resonator and coupled it into the detector 
waveguide at T',. The detector waveguide contained the attenuator A, and the 
crystal detector X,. The current in X, was indicated by the galvanometer G). 
G, was a sensitive suspended coil galvanometer, used with a curved scale at 
a distance of 2 metres. The galvanometer and scale combination was calibrated 
and found to be linear over the range of the scale. The galvanometer and its 
connection to the crystal X, were carefully screened. A secondary waveguide 
was coupled by a 30d Bethe hole coupler at D. The absorption frequency 


meter F was mounted on this secondary waveguide at the other end of which was 
0-2 


PW? pases Leech and A. fF. Manuel 


mounted the crystal detector X,. The galvanometer G, indicated the current 
in X, and was used to monitor the power level in the primary waveguide. 
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Figure 1. Block diagram of experimental apparatus. 


Both transitions and the crystal mounts were matched with non-contact 
short-circuit plungers, and matching screws were provided at the crystal detector 
mounts. 

The resonator of circular cross section was designed to support the H,, and 
suppress the E,, mode over the tuning range of the klystron (9550-9200 Mc/s), 
by choosing the diameter to be 2:31cm. ‘This givesa free space cut-off wavelength 
\. for the H,,; mode and E,, modes of 3:94cm and 3-08cm respectively. For 
a cylindrical resonator in the H,, mode the electric field vector is a minimum 
at the end plate, while the magnetic field vector is a maximum and directed along 
a diameter defined by the position of the coupling loops. With a specimen 
mounted at the centre of the end plate, the most favourable conditions for 
paramagnetic resonance absorption are obtained when the oscillatory magnetic 
vector is arranged to be perpendicular to the static magnetic field. ‘The end of the 
resonator distant from the coupling loops was closed by a non-contact choke 
tuning piston designed for a free space wavelength of 3-2cm, and mounted on 
a fine screw thread in the barrel of the resonator. Calculation of the unloaded 
O for such a design gave a value for a brass cavity of 10000. ‘The resonator was 
surrounded by and integral with a vacuum-tight cooling jacket whose overall 
length was over three times that of the resonator space, the coaxial leads and 
thermocouples attached to the resonator being shielded by the cooling jacket. 
The cooling jacket was also the liquefying chamber for the hydrogen liquefier. 

The miniature hydrogen liquefier was similar in construction to the helium 
liquefier described by Chester and Jones (1953) without the helium stage. The 
lower part of the vacuum casing was of reduced cross section and contained the 
resonator and its combined cooling jacket. ‘The liquefier was surrounded by 
a long-tailed Dewar vessel containing liquid oxygen and the magnet was rolled 
into a previously marked position so that the specimen in the resonator was on 
the axis of the magnet pole pieces. ‘Temperatures in the range from 20-4°K to 
90°K could be obtained by operating the liquefier inefficiently by reducing the 
pressure of the incoming hydrogen, and by partially bypassing the cooled hydrogen 
from the resonator cooling jacket to reduce the efficiency of the heat exchanger. 
‘Temperatures below 20-4°K were obtained by boiling hydrogen under reduced 
pressure in the cooling jacket. "Temperatures above 20:4°k were measured with 
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a copper—constantan thermocouple attached to the resonator opposite the 
specimen, within the cooling jacket. ‘The e.m.f. of the thermocouple was 
determined with its warm junction in melting ice and the cold junction in liquid 
oxygen, liquid nitrogen, and liquid hydrogen in turn, and intermediate tem- 
peratures obtained from a table calculated from the equation E= At+ Be + CH 
using the three calibration points to determine 4, B and C. Temperatures 
below 20-4°k were derived from the vapour pressure of the hydrogen. boiling 
in the cooling jacket, using the data of Linder (1950). 

The electromagnet provided a field up to 5500 oersteds in a gap of 6cm. 
‘The pole pieces were shimmed to render the field more homogeneous (Rose 1938). 
The current was supplied from the d.c. mains supply, stabilized by a battery of 
accumulators in the circuit described by Potter (1934). The magnet current 
was measured with a standard resistance and potentiometer circuit. The magnet 
field was calibrated with a search coil and ballistic galvanometer and standardized 
on the paramagnetic resonance line of x«diphenyl £ picryl hydrazl, a specimen 
of which was mounted in the same position in the resonant cavity as the salts 
under investigation. The accuracy of the field calibration was estimated at 
0-5°,, with an inhomogeneity over the specimen of 0-1°%. 


2.2. Types of Measurement and Procedure 


Vhree types of measurement were made: (a) The variation in power 
transmitted by the cavity containing the specimen in the absence of an external 
static magnetic field was observed as the temperature was allowed to rise slowly. 
A similar measurement was also made on the empty cavity. (6) The variation 
in power transmitted by the cavity as the static field was increased from zero 
to 5500 oersteds was measured at a series of steady temperatures. (c) For NiCl, 
the variation with increasing temperature of the power transmitted by the cavity 
containing the specimen, in a magnetic field to give maximum absorption, was 
also measured. 

From (a) the variation of the relative absorption in zero field with changing 
temperature could be calculated; from (4) the variation of relative absorption 
with field at a given temperature, 1.e. the magnetic resonance absorption spectrum, 
was obtained ; (c) gave for NiCl, a continuous curve of the absorption maximum 
against temperature for the range from liquid hydrogen to liquid oxygen 
temperatures. 

In all measurements care was taken to ensure that the klystron was tuned 
to the resonant frequency of the cavity for each observation and that the power 
input to the primary waveguide was constant for a series of measurements. 
This was achieved by using the attenuator A, and monitor galvanometer G, of 
figure 1. The temperature was kept constant and checked at each observation 
in a series of measurements of the type (b). Measurements were made at different 
power levels in the detector crystal to verify that the departures of the crystal 
from square law rectification were within other experimental errors. 


2.3. Treatment of Observations 


It can be shown that if, for a given input power, Py is the power transmitted 
by a resonant cavity at its resonant frequency in the absence of magnetic absorption 
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and P, that transmitted at resonance when in addition magnetic absorption 


takes place then 
” Py ak ! iT 
Xs P, 


where y” is the imaginary part of the complex susceptibility. If the power 1s 
measured as in these experiments by the current in a crystal detector operating 
in the square law region then 


*) 1/2 
"oc { — = || 
i (7 


where d, is the galvanometer deflection in the absence of absorption and dy that 
in the presence of magnetic absorption. ‘The graph of the function (Gide 
plotted against applied magnetic field gives the paramagnetic absorption spectrum 
for a given frequency v. Under suitable experimental conditions peaks should 
be obtained in this curve corresponding to magnetic resonances, the position of 
the peaks being given by the condition that the quantum of microwave energy hv 
should be equal to the separation of the Zeeman levels in the atom: hv=gBH 
where g is the spectroscopic splitting factor and 8 the Bohr magneton. 

It is not always clear what value should be taken for Py and it is customary 
to assume zero absorption in high magnetic fields, i.e. x” =0. Preliminary 
examination of the results showed that above the temperature of the cryomagnetic 
anomaly narrow resonance lines were obtained but below this temperature the 
lines were broad with high zero field absorption. With these broad lines it was 
doubtful whether at H=5500 oersteds y” was zero. 

For the narrow lines at temperatures above 7,, y” was assumed zero in zero 
field. ‘This enabled a curve of variation of relative absorption in zero field 
against temperature to be constructed. From this curve and the ratio of the 
peak relative absorptions at 90°K for different specimens, the value of relative 
absorption in zero field at any temperature for any specimen could be obtained. 
Hence a galvanometer deflection G, corresponding to zero absorption for any 
set of measurements could be calculated. Measurements made on the empty 
cavity were used to correct for change in O with temperature. 


2.4. Preparation of Specimens 

A sealed ampoule of anhydrous chromic chloride was kindly supplied by 
Dr. P. D. F. Shaw of the Clarendon Laboratory, Oxford. The remaining salts 
were prepared from the hexahydrates of Analar standard by dehydration under 
vacuum and vacuum sublimation. ‘The procedures adopted for each salt were 
the same apart from the temperatures at which sublimation was carried out. 
This was 800°c for NiCl,, 900°c for CoCl, and 800°c for FeCl,. A fair quantity 
of the hexahydrate was dehydrated at a temperature between 100°C and 200°c. 
The dehydration caused the salts to coagulate into lumps and it was necessary 
to grind them to a fine powder in a mortar at frequent intervals. When a salt 
showed no further change in colour during several hours under vacuum at 200°c, 
the anhydrous powder was transferred to a clear silica sublimation tube which 
was evacuated. ‘The anhydrous salt was placed at one end of the sublimation 
tube which was then inserted into the furnace. After a few hours an adequate 
amount of the sublimed chloride was formed in the cooler parts of the tube. 
‘The sublimation tube was then removed from the furnace, allowed to cool and 
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opened. ‘lhe purified sublimate was gently scraped out and pressed into a small 
cylindrical pill 4mm in diameter in a clean brass mould. The thickness of the 
pull varied from a fraction of a millimetre to about 4mm for different specimens. 
The pill was mounted in the resonator with dilute ‘Durofix’ cement and the 
resonator sealed in the liquefier casing and evacuated. The time between the 
opening of the sublimation tube and the evacuation of the liquefier casing was 
made short as possible (a few minutes) since the anhydrous salts are hygroscopic. 


§ 3. RESULTS 
Investigations were carried out on the anhydrous chlorides, CoCl,, FeCl,, 
NiCl, and CrCl. Resonance absorption was not observed in FeCl, or CoCl, 
over the range of temperatures from 13-15°k to room temperature, although for 
CoCl, a very slight decrease in absorption with increasing field was observed, 
just above the temperature of the cryomagnetic anomaly. This was not sufficiently 
large to present significant results. 
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Figure 2. Magnetic resonance absorption curves for anhydrous NiCl, in the temperature 
range 20-4°K to 50-6°K. 


Measurements were made on two different specimens of NiCl, and four 
ditferent specimens of CrCl,, though not all at the same temperature. ‘The 
specimens varied in size, and results for different specimens were brought to 
the same scale of absorption by normalizing the peak relative absorption to 1-0 
at 90°K for NiCl, and 20-4°K for CrCl, since measurements were made on all 
specimens at these temperatures. On plotting absorption curves from normalized 
results of different specimens, there was agreement between the plotted points 
thus justifying this procedure. , 

The results for NiCl, are presented in figures 2-5 anda summary of information 
extracted from the curves is given in table 2. Figure 2 shows the change in the 
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resonance absorption between 20-4°k and 50-6°K, the absorption being shown 
relative to a maximum of 1-0 at 90-0°K. Between 50-6°k and 90°K the peak 
relative absorption rises to a maximum of about 2 at 60°K as is shown by additional 


data intable2 andin figure 3. Figure 3 shows the variation in height of absorption 
curve, together with the variation of line width and zero field absorption, as a 
» From individual \ 
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Figure 3. Variation of magnetic absorption with temperature for anhydrous NiCl,. 
1. Height of absorption curve. 2. Line width. 3. Absorption in zero applied 
magnetic field. 
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Figure 4. Magnetic resonance absorption in anhydrous NiCl, at 90°K. 


1. On warming 
from 40°6°K. 2. On warming from 20-4°K. 


3. On cooling from room temperature. 


A 
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function of temperature. The curves of figure 4 were all obtained at 90°k but 
the two with large zero field absorption were observed after the specimen had 
been cooled below 7,. In the latter case the specimen had been subjected to 
a field of 5500 oersteds at low temperature during the plotting of an absorption 
curve. 

This type of curve was not found after the specimen had beenina high magnetic 
field at 90°K, a subsequent series of observations then leading to the normal 
paramagnetic resonance curve obtained on cooling the specimen to 90°kK from 
room temperature. One such curve is shown in figure 4 for comparison. The 
zero field absorption as a function of temperature is shown on a larger scale in 
figure 5, 


Table 2. Summary of Results for NiCl, 


Vv 


T(k) v( Mc/s) Ay) 2 Ay Ay A112 >HAp AF. Amax °=7-400 He 
20-4 9517 2280 2960 3435 475 0-015 2°30 
40-6 9516 1220 2760 4080 1320 0-032 2:46 
47°3 9542 a 2800 3940 1140 0-056 2°43 
47-9 9516 1600 2960 4010 1050 0-091 2°30 
48°58 9516 1900 2960 3710 750 0-120 2:30 
50-2 9542 2465 3000 3420 420 0-292 DET 
50-6 9542 2690 3040 3350 BillS 0-424 2°24 
60-0 9542 2992 3055 3116 61 Dis Bows 
90-0 9511 2960 3035 3100 65 1-0 2:24 

293 9431 2495 3000 3590 590 — PPIs 


Ay) .< Hp field for half absorption on low field side of Hp. 
H1,,. >Hp=field for half absorption on high field side of Hp. 
HpR=field for maximum absorption. 
AAy)2=(Hy)2>Hp)~ Ha =half width at half absorption. 
Amax —peak height of absorption curve (at H—HR) 


g value for NiCl, at 90°K by direct comparison with Hp for NiCl, and ax diphenyl 
PB picryl hydraz]=2:-23. 
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Figure 5. Variation of magnetic absorption in anhydrous NiCl, with temperature in 
zero magnetic field 
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Results for CrCl, are presented in figures 6 and 7; figure 6 is analogous to 
figure 2 for NiCl, and figure 7 to figure 3 for NiCl,. A summary of information 
derived from the curves is given 1n table 3. 
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Figure 6. Magnetic resonance absorption curves for anhydrous CrCl, in the temperature 
range 13-15°K to 20-4°K. 
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Figure 7. Variation of magnetic absorption with temperature for anhydrous CrCl,. 


1. Height of absorption curve. 2. Line width. 3. Absorption in zero applied 
magnetic field, 
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Table 3. Summary of Results for CrCl, 


TOK)  v(Me/s) Ay »<H ee Haein eA Ae So pe aes 

R E 12 E H,, 2 A mak g 1-400 is 
13:15 9547 2665 2880 3870 990 0-370 Ag 
15-0 9547 2720 2880 3510 630 0-450 2-30 
16-0 9547 2770 2960 3510 550 0-550 2-30 
17-8 9518 3040 3230 3415 185 0-955 2-11 
20-4 9547 3155 3270 3460 190 1-00 2-09 
90-0 9509 3352 3400 3454 54. 0-14 2-00 
293-0 9477 3340 3390" 3454 62 00278 2-00 


‘The table headings are as for table 2. 


Ra value by direct comparison of Hp for CrCl; with Hp for aa diphenyl f picryl hydrazl 


at 90°K=2:-00. 


§ 4. DiIscussION OF RESULTS 


‘he graphs of experimental results for NiCl, and CrCl, both show marked 
resemblance to those of other workers for antiferromagnetic substances (Maxwell 
and McGuire 1953). 

Whilst this would be acceptable in the case of NiCl,, CrCl, is not normally 
regarded as antiferromagnetic. Since there are important differences between 
the magnetic properties of these substances and those of normal antiferromagnets, 
and as the crystal structures do not lend themselves to antiferromagnetic ordering, 
it is worth while re-examining the whole question of the properties of CoCl,, 
FeCl,, NiCl, and FeCl, on the experimental evidence available. This will be 
‘done in part IT. 
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Abstract. It is shown that experimental evidence of magnetic properties and 
crystalline structure of CoCl,, FeCl,, NiCl, and CrCl, conflict with the assumption 
that these salts are antiferromagnetic. A two-dimensional ferromagnetic 
structure is indicated and the observed magnetization curves can be explained 
as due to the influence of high shape anisotropy associated with single layer domains. 


§ 1. INTRODUCTION 


HE anomalies in the magnetic properties of CoCl,, FeCl,, NiCl, and 

CrCl, are associated with a peak in the specific heat curve of the type 

associated with magnetic ordering in ferromagnetic and antiferromagnetic 
substances. 

The magnetic anomalies below the temperature 7, at which the peak in the 
specific heat curve occurs are a variation of susceptibility with field strength and 
the existence of small remanences after magnetization in large magnetic fields. 

The first experiments on these substances were carried out by Woltjer (1925), 
and later by Woltjer and Kamerlingh Onnes (1925) and Woltjer and Wiersma 
(1929). Further measurements have been made by Shalyt (1938), de Haas and 
Schultz (1939), de Haas, Schultz and Koolhaas (1940) and by Starr, Bitter and 
Kaufmann (1940). The magnetization curves obtained by the latter workers 
are shown in figure | and results of other workers for CrCl, are plotted in figure 2. 

Landau (1933) pointed out that all the salts formed layer lattices, and proposed 
a magnetic structure of ferromagnetically ordered layers with the magnetic 
moments of alternate layers orientated in opposite directions. Schultz (1940) 
developed this hypothesis by postulating antiferromagnetic coupling between 


adjacent ferromagnetically ordered layers to account for the alternation of 


direction of orientation of the moments in the layers. 

‘The recent interest in work on antiferromagnetic substances has led to Croke 
FeCl, and NiCl, being classified as antiferromagnetic on account of the maximum 
of zero field susceptibility near 7,. The magnetic properties show however 
important differences from those of antiferromagnetics and the crystal structures 
are not compatible with antiferromagnetic ordering. It will be shown that both 


experimental and theoretical considerations are much more favourable to a form 
of ferromagnetic ordering. 


+ Now at Bedford College, London. 
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Figure 1. The magnetization per gramme mole as a function of the field strength at 
20°4°K and 13-9°K of CrCl3;, FeCl., NiCl,, and CoCl,. In the case of NiCl, the 
dotted line represents the straight line continuation of the maximum slope of the 
curve. In order to maintain the clarity of the figure most of the experimental 
points on the 20-4° magnetization curve for CoCl, are not shown. (After Starr, 
Bitter and Kaufmann.) (Reproduced by permission of Physical Review.) 
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Figure 2. Variation of molar susceptibility of CrCl, with field strength for temperatures 
between 1:23°K and 20:3°k. 1 and 2, Woltjer (1925); 3 and 4, Woltjer and 
Kamerlingh Onnes (1925); 5 and 6, de Haas, Schultz and Koolhaas (1940). 
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§ 2. 'THE SIGN OF @ IN THE CURIE-WEIss Law 


The three anhydrous chlorides CoCl,, FeCl, and NiCl, have been classed 
as antiferromagnetic compounds in two recent reviews (Lidiard 1954, Nagamuiya, 
Yosida and Kubo 1955). ‘They are conspicuous among antiferromagnetics in 
that the paramagnetic Curie temperature 6 obtained by applying the Curie-Weiss 
law y=C/(T—@) to measurements of the susceptibility above the temperature 
of the cryomagnetic anomaly, is positive. ‘The only other compound in the 
classification given by Nagamiya et al. showing a positive @ is MnAs, which is 
known to be ferromagnetic below 318°k, and follows a Curie—Weiss law with 
6= + 293°K above 399°K. Between 318°k and 399°K it has been suggested that 
MnAs is antiferromagnetic (Guillaud 1951). ‘Together with the three anhydrous 
chlorides mentioned we consider anhydrous CrCl, which shows a cryomagnetic 
anomaly and a positive 0. 

The Curie-Weiss law is derived by considering each magnetic carrier to be 
under the influence of an internal field proportional to the intensity of magnetiza- 
tion and the sign of @ corresponds to the sign of the internal field, being positive 
for ferromagnetic coupling between carriers and negative for antiferromagnetic 
coupling. The sign of 6 deduced experimentally is not however conclusive 
evidence of the sign of the internal field, since the term splitting of the magnetic 
ions by the crystalline electric field of the lattice can give rise to deviations from 
Curie’s law, which can be represented to a first approximation by a Curie-Weiss 
law. Experimental evidence is available however for CoCl, which indicates 
that the internal field 1s positive and is responsible for the positive @. Fehrenbach 
(1937) studied the variation of susceptibility with temperature of solid solutions 
of CoCl, in the non-paramagnetic isomorphous CdCl,. His results show a 
small high temperature change in the constants in the Curie-Weiss law, but that 
in the temperature range from 290°k to 410°K the solid solutions followed a 
Curie-Weiss law with @ varying linearly with concentration, the range being 
from +30°K for pure CoCl, to — 17°K extrapolated to infinite dilution. Thus as 
the interaction of the magnetic ions was reduced by increasing their separation 
the internal field decreased absolutely. This could only be so if the internal 
field were positive. ‘The negative value of @ for the infinitely dilute ions is not 
surprising as the quenching of the orbital momentum in Co2* salts is known to. 
be far from complete (cf. Van Vleck 1932). 

In contrast to the behaviour observed for CoCl, the measurements of Corliss, 
Delabarre and Elliot (1950) on solid solutions of the antiferromagnetic MnF, 
in Zn, which both have a rutile lattice show a change in 6 from —97°K to 0° 
on going from pure MnF, to infinitely dilute MnF,. The value of 0°k for 
infinite dilution is to be expected as Mn?* is in a °Ssj2 ground state and has no. 
resultant orbital moment. 

Experimental work on solid solutions of CrCl,, NiCl, and FeCl, is unfor- 
tunately lacking. 


§ 3. ‘THe CrysTaL STRUCTURE AND PossiBLE ORDERED ARRANGEMENTS 


‘The structures of anhydrous NiCl,, FeCl, and CoCl, were studied by Pauling 
and Hoard (1930) and found to be similar. The metal ions are arranged in 
planes forming triangular networks, each layer of metal ions being separated from 
an adjacent layer by two layers of chlorine ions also arranged on triangular nets. 
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_ The structure may be looked upon as a pile of sandwiches of metal ions between 
| chlorine ions, the metal ions being bonded chemically to the chlorine ions in the 
| planes on either side, but there being no chemical bonds between adjacent planes 
} of chlorine ions. Pauling (1940, p. 189) comments on the identical structure 
of CdCl, that the adjacent planes of chlorine ions are held together by relatively 
) weak van der Waals forces. This opinion is supported by the pronounced 
) basal cleavage of the crystals and their sublimation in very thin plates. Each 
)» metal ion is at the centre of an octahedron formed by three chlorine ions from each 
) adjacent layer, and the arrangement of chlorine ions corresponds to cubic closest 
| packing. 

/ The separation of the metal ions in these compounds is shown in table 1 
| (Starr 1940) for nearest neighbours in the same plane and for adjacent planes. 


Table 1. Metal Atom Distances (A) 


Compound Col: He@le NiCl, Cris 
Between layers 5-79 5-84 5:78 5-76 
Between nearest neighbours 3-546 3-580 3-544 3:46 


It will be seen that the distance between adjacent planes of metal ions is of 
the order of 1-6 times the nearest neighbour distances in the same plane. Both 
the distances between adjacent planes of metal ions and nearest neighbours in 
the same piane are far too large to account for antiferromagnetic coupling by 
direct exchange. Also there is no chemical bonding between adjacent planes 
of chlorine ions and hence no means of coupling the metal ions in different planes 
through super-exchange or double-exchange. ‘This means that a three-dimen- 
sional ordered structure is not favoured. Further it is not possible to produce a 
perfectly ordered antiferromagnetic arrangement in the two-dimensional 
triangular net. Wannier (1950) considered the minimum energy arrangements 
of the magnetic moments on the triangular net assuming antiferromagnetic 
coupling between nearest neighbours and showed that no such arrangement has an 
ordering temperature and that the specific heat increases monotonically with 
temperature. ‘The specific heat curves of the compounds under examination 
all show peaks associated with changes in the magnetic properties suggesting 
that these changes are due to the onset of co-operative phenomena. 

These considerations lead us to the view that the magnetic structure below 
the transition temperatures is one of ferromagnetic single layer domains. 

Similar considerations apply to CrCl, which has a crystal structure differing 
from the above only in that there are a third less cations in a layer relative to the 
layer density of anions. One in three of the Cl octahedra containing metal ions 
are unoccupied in CrCl. The layer lattice of Cr?* ions is a honeycomb net 
with three nearest neighbours. This lattice can be ordered perfectly either 
ferromagnetically or antiferromagnetically and there is a specific heat anomaly 
associated with either type of ordering. No suggestion has been made that 
CrCl, is antiferromagnetic and it is treated here as being ordered in the same way 
as the other salts under examination. 

On the microscopic scale the separations of the magnetic ions fulfil the 
condition that they should be large compared with the ionic radius, to give a 
positive exchange interaction on the Heisenberg model, or narrow 3d bands on 
the collective electron theory of Stoner. 
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$4. MAGNITUDE OF THE INTERNAL FIELD AND MAGNETIZATION CURVES 

We consider here the degree of magnetization obtained in high magnetic | 
fields, which however are small compared with the equivalent internal field on 
the two-dimensional Ising model, and show that the magnetizations are larger 
than would be possible with antiferromagnetic coupling. / 

Wannier (1950) and Newell and Montroll (1953) give equivalent expressions 
for the ordering temperature of the triangular and hexagonal nets in terms of the 
exchange interaction between nearest neighbours. If |-/| is the magnitude of 
the exchange integral and |./|o,.o, represents the difference in energy between 
a parallel and antiparallel arrangement of two spins where |o,|=|o,]=1 and if 
K=|J|/kT, where 7, is the ordering temperature then sinh? A, =! for the 
hexagonal lattice, +K,,=1In3 for the triangular lattice. 

For ferromagnetic coupling o,=o, and for antiferromagnetic coupling 
6,;=-—6,. An equivalent exchange field can be defined by pH,=2|/| where 
p. is the magnetic moment of an ion and z is the number of nearest neighbours. 
Then H,=2kT.K/u. Using the values of 7', given by the specific heat anomalies 
and the spin only value of ». the equivalent exchange fields are obtained as in 
table 2. 


Table 2 
Normal state NEO nLomeet GES) H;(Oe) x 10-3 
spin only 
COCs (Co *F oje 3-876 24-9 1-58 
FeCl, Fe? ID); 4-906 23°5 1-177 
NiCl, Ni?+ Ae, 2-836 49-6 4-25 
Cite, (Cre24t *F 5/2 3-876 16°8 186 


If we compare the magnetization of these salts attained in fields of 
30000 cersteds (i.e. small compared with the equivalent exchange fields) by 
taking the fraction of a saturation magnetization corresponding to a spin only value 
of the magnetic moment, we find that the fraction of saturation attained is far too 
high to be consistent with an antiferromagnetic field of the order calculated. The 
comparison is shown in table 3 the magnetizations at 13-9°K being taken from the 
curves of Starr, Bitter and Kaufmann (1940) reproduced in figure 1. 


Table 3 
: a(30 000 Oe, Onn o 
ecrapound 13-9°x) (pan onl) Gia, 
CoGir 12 600 16 750 Or752 
PeCl> 20 000 27 980 OS 7G 
NiCl, 2 800 DOS 5) 0-126 
Cele 13 500 16 750 0-805 


o is in ¢.g.s. units per gm molecule. 


‘The calculations of the equivalent exchange field and the saturation magneétiza- 
tion are based on simple assumptions and, on the Ising model of the triangular 
lattice, can only refer to ferromagnetic ordering. Should more refined calcula- 
tions lead toa transition temperature associated with minimum energy arising from 
partial ordering of the triangular lattice where antiferromagnetic coupling is 


favoured between nearest neighbours one should expect an equivalent exchange 
field of the order calculated. 
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$5. ‘PHE MAGNETIC HARDNESS 

The preceding examination of the experimental evidence and the crystal 
structure suggests that the salts considered are ferromagnetic with single layer 
domains. ‘The exceptional magnetic hardness may be attributed to large aniso- 
tropy. In addition to the usual causes of anisotropy, that due to the particular 
shape of the domains must be considered. Stoner and Wohlfarth (1948) have 
considered in detail the effect of shape anisotropy arising from differences in 
demagnetizing factors along different axes of ellipsoids of revolution and obtained 
magnetization curves for assemblies of randomly orientated identical ellipsoids. 
‘Their curves are shown in figure 3. ‘The full curves are for assemblies of prolate 


I 0 | 
h 
Figure 3. Magnetization curves for prolate (full curves) and oblate (broken curves) 
spheroids orientated at random. ‘The mean resolved magnetization per spheroid 
in the positive field direction, or the resultant magnetization in this direction of the 


assembly, is proportional to cos¢. H=(| N,—Nj|)Ioh. (After Stoner and 
Wohlfarth 1948, and Rhodes 1948.) 


spheroids in the absence of other forms of anisotropy when the axis of easy 
magnetization would be along the polar axis. ‘The initial magnetization curve is 
only reversible as long as the spontaneous magnetization of domains is not reversed 
discontinuously. After application of high fields discontinuous reversals take 
place and the hysteresis curve is obtained. ‘The broken curves of figure 3 are for 
assemblies of oblate spheroids with the directions of easy magnetization along the 
equatorial axes. The ordinates and abcissae in figure 3 are the reduced quantities 
cos 6 =1/I, andh=H/|Na—N,,|J) where H is the applied field, 7 the magnetiz- 
ation, J, the saturation magnetization and Ng and N,, the demagnetizing factors 
along and perpendicular to the polar axis. ‘The form of the curves shows clear 
resemblance to the experimental curves for the anhydrous chlorides in figure 1, 
that for oblate spheroids corresponding to CrCl, and for prolate spheroids to the 
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Single layer domains can be idealized as oblate spheroids and in the absence of 
other than shape anisotropy their easy directions of magnetization should lie in the 
planes. The magnetization curve for an assembly of such domains should 
reseinble the broken curve in figure 3. Allowing for the departure from ideal disc 
shaped domains the behaviour of powdered specimens of CrCl; is explicable in this 
way, assuming that other forms of anisotropy are small. ‘The causes of magneto- 
crystalline anisotropy are still uncertain but believed to be due to incomplete 
quenching of the orbital momenta in the crystalline field. ‘The g value of 2-0 for 
CrCl, suggests that the orbital moment is completely quenched and magneto- 
crystalline anisotropy should be small. The cases of CoCl,, FeCl, and NiCl, 
present difficulties on the idealized model of Stoner and Wohlfarth. ‘They 
approximate to oblate spheroids and in the absence of other forms of anisotropy 
their behaviour should resemble that of CrCl,. Their magnetization corresponds 
more or less however to the curves of figure 3 for prolate spheroids. This would 
require large magneto-crystalline anisotropy favouring magnetization 
perpendicular to the planes, to overcome the effect of shape anisotropy. For this 
simple model of the prolate spheroid there still remains the difficulty that for 
intensities of magnetization greater than 0-4062 J, there should theoretically be 
quite large remanences due to reversal of the magnetization of individual domains. 
Hence the shape anisotropy must be modified by magneto-crystalline anisotropy 
in such a way that the absence of large hysteresis obtained in oblate spheroids is 
retained, without the rapid increase in magnetization in weak fields. Single 
crystals of the anhydrous chlorides have not been studied but magneto-crystalline 
anisotropy is known to be large for Co?+ and Fe?* salts and for NiCl, the g value of 
2-23 (90°k) suggests a large residual spin-orbit coupling leading to high anisotropy. 

To account for the high magnetization with low remanence it is necessary to 
examine the effect of possible axes of magneto-crystalline anisotropy. ‘The crystal- 
line field acting on the metal ions in these substances is due to the surrounding 
octahedrally co-ordinated chlorine ions which are arranged in a cubic close-packed 
structure. ‘The crystalline electric field is mainly cubic and the axes of cubic 
symmetry are the body diagonals of the chlorine octahedra. 

There is a trigonal axis of symmetry normal to the plane of the metalions. It 
can be seen that if the cubic axes are easy or difficult directions of magnetization on 
account of magneto-crystalline anisotropy, the oblate spheroid model would be 
modified so that to a crude approximation there would be three equivalent easy 
and difficult directions within the equatorial plane of the spheroid. Further an 
assembly of such domains could approach a high fraction of saturation without 
discontinuities more slowly than in the ideal case, while still retaining the reversible 
character of the magnetization curve for an assembly of ideal oblate spheroids. 

The assumption that the layers of metal ions in the salts considered form single 
domains is justified on the demonstration of Kittel (1946) that for the thinnest 
films of ferromagnetic substances the lowest energy corresponds to the whole film 
being spontaneously magnetized as a single domain. Drigo and Pizzo (1948) 
observed that the Barkhausen effect disappeared in thin films and the recent work 


of Crittenden and Hoffman (1953) on the magnetization curves of thin ferro- 
magnetic films bears out Kittel’s theory. 


§ 6. Discussion OF MAGNETIC RESONANCE 


[he graphs of the experimental results for both NiCl, and CrCl, show a 
marked resemblance to those of other workers for antiferromagnetic substances 
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(e.g. Maxwell and McGuire 1953). In the light of the discussion of the inter- 
pretation of the cryomagnetic anomalies in § 4 (and that CrCl, which is not classed 
as an antiferromagnetic substance shows similar behaviour) it is necessary to 
examine whether the results obtained are consistent with the ferromagnetic 
structure suggested in the preceding section. 

The experimental conditions differ from those which have been assumed in 
the theoretical treatment of ferromagnetic resonance. Kittel (1948) in his macro- 
scopic theory assumes that the material is magnetized to saturation in the direction 
of the applied field and Van Vleck (1950) makes equivalent assumptions in his 
quantum mechanical treatment. ‘These conditions certainly do not apply to 
the present work, where the material is extremely anisotropic and far from 
saturation. ‘The effect of anisotropy on the ferromagnetic resonance frequency 
fora given field has also been considered by Kittel (1948) and Van Vleck (1950), but 
again only in the simplest cases. Their results are sufficient to indicate that in a 
polycrystalline substance there should be a spread of the resonance frequency for a 
given field corresponding to different orientations of the microcrystals. As an 
example of the range over which the resonance frequency can be spread for a thin 
cubic crystal cut parallel to the (100) plane the resonance frequency lies between 
v, and v, for the applied field along and perpendicular to the 001 axis respectively 
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and K, is the principal anisotropy constant. 

For a large value of K, in a polycrystalline specimen there will be a large range 
of frequencies at which absorption is significant for a given field and conversely a 
large range of fields over which resonance absorption takes place at a single 
frequency. 

The resonance line may be broadened to lose its character. 

Another factor which has not been considered theoretically is the effect of 
anisotropy on transition probability. Absorption of a microwave quantum is 
accompanied by a re-orientation of the spin vector such that the value of M, the 
component of spin momentum along the axis of quantization in units of 4/27 
changes by +1. Apart from requiring different energy on account of anisotropy it 
may be that a direction of hard magnetization lies between the initial and final 
orientations of the spin vector and the transition probability is reduced by the 
energy barrier between the two states. This is another possible explanation of the 
reduction in absorption when the crystals are highly anisotropic. 

The above considerations show that the observed variation of absorption with 
temperature is consistent with the interpretation of NiCl, and CrCl, as highly 
anisotropic ferromagnetic substances. 

For CrCl, there is further evidence in the absorption curves of ferromagnetic 
properties. Figure 6 of part I shows that below the transition temperature 
indicated by the specific heat anomaly, the resonance curves are asymmetrical. 
The increase in absorption towards the peak of the curves is more rapid than the 
decline on the high field side. Bearing in mind that these curves are probably the 
superposition of a number of resonance curves there is evidence of the existence of 
an anti-resonance point such as has been found in ferromagnetic substances 
(Yager 1949), and discussed by Kittel (1951). The field Hmin at which the anti- 
resonance point occurs is given by Kittel as Hin = Hp/(1 + 47x,) where Pieisithe 


field for maximum absorption and yx, the volume susceptibility. ‘Taking the 
p-2 


Vo 
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value y,,,;~1°5 (de Haas, Schultz and Koolhaas 1940) and Hz = 2880 oersteds for 
the curve at 13-15°K we find Hin = 2180 oersteds. This is of the required order 
to account for anti-resonance producing the observed curve. 

The fact that the absorption curves of figure 4 of part I for NiCl, show large 
zero field absorption at 90°x after cooling the salt below the transition temperature 
suggests a partial persistence of the ordered state of the magnetic carriers above the 
transition temperature which is broken up by the application of a field of the order of 
2800 oersteds. ‘The large absorption at zero applied field could be due to resonant 
absorption by some of the ions in an inhomogeneous internal field due to a meta- 
stable ordered state remaining after cooling below the transition temperature. 
"There appears to be thermal hysteresis in the magnetic transition. 

Thermal hysteresis was reported by ‘Trapeznikowa, Schubnikow and 
Miljutin (1936) in their specific heat measurements on NiCl,. Their results 
show two peaks in the specific heat curve, the major one at 49-6°K and a smaller one 
atabout57°K. ‘The position of the 57°k peak varied depending on the temperature 
to which the specimen had been cooled before the specific heat measurements were 
made. Busey and Giauque (1952) find only one anomaly at 52-35°K but all their 
measurements were made after the specimen had been cooled to liquid hydrogen 
temperature. An examination of the results of Trapeznikowa et al. shows that 
their final table is a composite one made up of measurements taken over a large 
range of temperatures with different starting temperatures. If there is thermal 
hysteresis associated with the transition in NiCl, the multiple anomaly found by 
‘Trapeznikowa et al. is explained by the superposition of specific heat curves taken 
with different pre-cooling temperatures. "The absence of this effect in the measure- 
ments of Busey and Giauque may be because their starting temperature was always 
well below the transition temperature. 

Busey and Giauque suggest that the difference between their results and those 
of ‘Trapeznikowa et al. may be due to thermal lag in the latter’s glass calorimeter but 
the peak at 57°k was obtained when the specimen was not cooled below 54°k. 

‘The variation of magnetic absorption with temperature in the absence of an 
external field shown in figure 5 of part I may be interpreted as resonance by a 
fraction of the magnetic ions in the inhomogeneous internal field present during the 
break up of the magnetic ordering. 

The effective values of the spectroscopic splitting factor g quoted in tables 2 and 
3 have not been corrected for the demagnetizing factors as these are not readily 
calculated. ‘This is not important for NiCl, as the magnetization of the specimen 
is relatively small but in CrCl, the increase in effective g value, rising to about 15°, 
at 13-15°k, corresponds to what would be expected for a thin specimen as was used 
in the experiments. 

‘The line shape for paramagnetic resonance in NiCl, and CrCl, indicates strong 
exchange interactions on Van Vleck’s (1948) theory of exchange narrowing in 
paramagnetic resonance. Van Vleck has given numerical examples of the effect of 
exchange interaction in cubic crystals. For no exchange interaction, assuming 
other forms of broadening lead to a gaussian line shape, the ratio 
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A(H) is the relative absorption in applied field H and H,, the magnetic field 
corresponding to maximum absorption. If exchange interaction is present then 
the ratio 

[AH av} 

[(AAP ae 
For CrCl, at 90° this ratio is 2-2 and for NiCl, at the same temperature it is 1-74. 
Although the crystal structure is not by any means cubic these large values indicate 
in both cases the importance of exchange narrowing. he calculations were 
carried out by summing numerically for values of dH = 10 oersteds. 

Finally, in addition to the low temperature measurements, room temperature 
measurements were made to compare with those of other workers. 

CrCl, has been examined by Bagguley et al. (1948), ‘Ting and Williams (1951) 
and Ting, Farringer and Williams (1955). ‘The former workers quoted a half- 
width at half peak absorption of about 50 oersteds. ‘Ting and Williams (1951) 
obtained a width at half peak absorption of 610 oersteds (which they call a half- 
width) and in 1955 a width of 148 oersteds corresponding to a half-width at half 
peak absorption of 74 oersteds. ‘The present result of 62 oersteds is an exact mean 
of the other two. 

NiCl, was examined by Ting and Williams (1951) when they obtained a width 
at half absorption of 2020 oersteds. ‘Thisis about double the value of 1180 oersteds 
obtained at room temperature in the present measurements. The high value of 
line width obtained for CrCl, in the same series of measurements by Ting and 
Williams suggests that those for NiCl, are also erroneous. ‘Their 1955 measure- 
ments were carried out on fresh samples of CrCl, in a different spectrometer. It 
cannot be inferred whether their earlier measurements were in error due to the 
presence of water molecules in the salts or some defect in experimental procedure 
such as failure to retune the cavity to correct for dispersion in regions of high 
absorption. 

The g values at room temperature in this investigation are in agreement with 
those of the other workers. 


bo 


§ 7. CONCLUSION 


The experimental evidence of the magnetic, thermal and crystalline structure 
of the anhydrous chlorides CoCl,, FeCl,, NiCl,, CrCl, together with the variation 
of paramagnetic resonance absorption in CrCl, and NiCl, suggest that these salts 
become ferromagnetic at low temperatures, their exceptional magnetic hardness. 
and the similarity of the magnetic behaviour of the first three to antiferromagnetic 
compounds being due to a two-dimensional domain structure. ‘This two- 
dimensional nature of the domains makes domain boundaries energetically 
unfavourable and the assembly of single domains gives rise to the great magnetic 
hardness. ‘The magnetic behaviour is found to be consistent with the theory of 
magnetization of an assembly of single domain particles of Stoner and Wohlfarth 


(1948). 
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| Abstract. Measurements have been made of the excess noise generated in a 
fused-alloy type p—n junction diode in the frequency range 0-12 c/s to 2 Mc/s 
at 29°c with the reverse direct current J as parameter. The observed noise 
spectral density may be synthesized from three well-defined types of component : 
(a) an extensive component proportional to f! directly observed over five decades, 
and by synthesis assumed to exist over as many as seven decades of frequency; 
(5) a component proportional to (1+ w?7,?)+ associated with a single relaxation 

| time 7,; (c) a uniform component associated with the ‘shot’ noise of the 

_ measured current J, for frequencies less than 1/277) where 7p is the hole lifetime. 
7, was found to increase with increasing J while the intensity of the f-! component 
increased more rapidly than in proportion to J”. 


§ 1. INTRODUCTION 


ETAILED measurements of the noise, in excess of the thermal noise 

associated with the real part of the internal admittance of a point-contact 

germanium diode biased in the reverse direction have already been 
published by the author (Hyde 1953, hereafter to be referred to as I). ‘The 
present series of measurements also refer to the excess noise spectrum of a 
commercial fused-alloy type junction diode, made from n-type material, as a 
function of reverse bias, with the ambient temperature maintained constant. 
Measurements have been made in terms of a noise current generator represented 
by a source of noise current in parallel with the a.c. terminal admittance of the 
diode. The noise was measured as the mean square noise current (Az?)f} in 
a noise bandwidth Af and is presented in the paper as the spectral density of 
mean square noise current Sj(f)= (Ac? )/Afamp? sec. 

It was found that the selection of a junction diode, which was a stable noise 
source over a wide range of reverse bias, presented a similar problem to that 
encountered in seeking a point-contact diode. It is the exception rather than the 
rule that diodes, biased in the reverse direction, show noise that is steady. 
More generally, the noise may occupy different levels in turn and switch in an 
apparently random manner between them. The duty cycle, when switching 
occurs, is usually short—a few seconds or minutes—so that it is difficult to 
separate the levels at low frequencies. Vey 

There seem to be no indications on the macroscopic scale (i.e. from measure- 
ments of d.c. characteristics or impedance) that a given diode will show more 
than one level of noise. The noise from the present specimen showed a single 
level except in the neighbourhood of 100A reverse current, for which three 


+ Throughout the paper ¢ ) means ‘ mean value of’. 
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different levels were observed in the frequency range between about 300 c/s 
and 100ke/s. The points in figure 4 refer to the lowest or ‘ basic’ level, which was 
the most prevalent one, and in fact, for most of the time, the only one. The 
other levels are not shown because it was not possible to resolve them accurately ; 
by monitoring the amplified noise on an oscilloscope, however, it was noted 
that they did not represent an increase of more than 3 dB above the basic level 
at any frequency of measurement. 

The possibility of switching, with a short duty cycle, having occurred at 
measuring frequencies below 300 c/s cannot be excluded. It would have been 
obscured by the statistical variations of the noise itself, which become more 
evident as the measuring frequency is reduced, through the smoothing circuits 
used in the measuring equipment becoming less effective. For this reason, if 
switching did occur below 300 c/s for this particular reverse current (100,24), 
noise readings would be greater than those to be associated with the basic level. 
The subsequent analysis of the noise spectrum for 7=100yA shows that there 
is evidence in favour of this. 


§ 2. EXPERIMENTAL METHOD 


‘The amplifiers used were as in J. ‘The ambient temperature 7 of the diode 
was maintained at 29+0-01°c in an oil bath, with a very low drift rate between 
the extremes. ‘I‘emperature variations were measured by observing the time 
variation of resistance of a thermistor in the bath. Excluding long-term drift 
between the extremes mentioned it was found that the r.m.s. value of temperature 
fluctuations was of the order of 0-001°c or less. 

After selective amplification the noise was rectified using a square-law detector. 
For a typical measurement a reading proportional to the excess noise was obtained 
as a difference between two deflections: the first due to the total noise originating 
in the diode and its associated feed circuit and in the amplifier; the second due 
to the ‘background’ thermal noise originating in the feed circuit, the real part 
of the diode admittance and the equivalent noise resistance of the amplifier. 
To obtain this latter reading it was necessary to replace the diode in the feed 
circuit by an admittance comprised of passive resistance R, and capacitance Cr 
components equal to the measured diode admittance at the frequency in question. 

At high frequencies and low currents the impedance of the diode became small 
(of the order of 100 ohms). Under these same conditions the excess noise was 
also small (as low as 0-2 times the thermal noise in 100 ohms at 29°c) so that 
the noise voltage developed at the terminals of the diode could not be detected 
above the receiver noise if direct connection was made to the receiver. A coupling 
circuit which was used to give an improvement in the ‘signal’ to noise ratio is 
described in Appendix I. 

The components R, and C, were measured in a.c. bridge circuits. In view 
of the dependence of Rand C, upon the applied voltage at the working frequency, 
this voltage was chosen as small as possible so that the true “small-signal” 
parameters were measured: that this was the case was assured by reducing the 
amplitude of the signal voltage in steps until further reduction produced no 
change of bridge balance. . The variation of Ry» and Cy with frequency are shown 
in figures 1(@) and 1(b) with the reverse current J as parameter. An analysis of 
these data is described in Appendix II. he analysis leads to the equivalent 
circuits of figures 2(a) and 2(d) for J less or greater than 60 HA respectively, The 
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i Figure 1(a). 
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Figure 1(5). Shunt terminal capacitance of diode at 29°C with reverse current as 
parameter. 
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Figure 2. Small-signal equivalent circuit for diode for (a) 1<60 1a, (6) 160 pra. 


most important parameters deduced from the analysis are the lifetime 7) of 
holes in the junction (3-1 sec), the zero-voltage low-frequency (#7 <1) junction 
resistance Rp, (450 ohms) and the resistance R, of the bulk germanium in series 
with the junction (50 ohms). 
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The d.c. characteristic of the diode at 29°c is shown in figure 3. This may be 
analysed as pertaining to an ‘ideal’ junction shunted by a leakage path having 
an ohmic resistance to d.c. of 68000 ohms. 
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Figure 3. D.C. characteristic of diode at DOTS 
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Figure 4. Spectral density of excess noise current with reverse current as parameter 
AteOEC. 


§ 3. NOISE SPECTRA 


The spectral density of excess noise current Sj is shown in figure 4 with the 
reverse current J as parameter. As in | it was found that the experimental spectra 
could be closely synthesized from a semi-empirical expression 

S:=C+A/f+B1+o07777)4 
where w =27f; Cisa uniform component, directly observable at high frequencies ; 
A/f is an extensive component; B(1+w?7,?)~} is localized in frequency in the 
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region near f=7,/27 in so far as its experimental manifestation is concerned, 
where 7, is a relaxation time associated with the noise generation process. 

The synthesis of the experimental spectrum for /=70 a is shown in figure 5. 
Analysis of the family of spectra yields the data shown in the table. The dependence 
of the parameters C and 4 on J are shown in figures 6 and 7 respectively. 


Reverse current 
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Reverse voltage ‘ 
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Figure 5. Synthesis of experimental excess noise density for J=70pa, T=29°c. 
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§ 4. Discussion 
(a) Uniform Component 
‘The uniform component of excess noise is seen to be equal to 2q|/| for all 
currents, within experimental accuracy where |/| is the measured current flowing 
in the diode. The total uniform component of mean square noise density (Si), 


is the power sum of this and the mean square thermal noise current density 
associated with the terminal conductance G'y 


(Sin= 29 |) aR Go, one ere (2) 


‘The near-ideal current range (J<60a) for which the equivalent circuit of 
figure 2(a) applies will be considered first. 

To locate the fundamental noise generators the bulk resistance and barrier 
must be considered separately. The bulk resistance is expected to be the seat 
of thermal noise arising from the distribution of thermal velocities of electrons 
transversing the region and also of ‘reduced shot noise’ of the electron and 
hole streams. ‘The actual value of the mean square shot noise current may be 
estimated from the theoretical treatment of Davydov and Gurevich (1943), as 
amended by Burgess (1955). It will be considerably less than the value of full 
mean square shot noise current (2q|/|) the ratio of which to the mean square 
thermal noise current 4Rk7/R is given with good accuracy by 20|/|R at 29°c. 
For R= R,=50 ohms and /= 200 pa (the largest current passed) this ratio is 0-2. 
‘Therefore for all practical purposes, only the thermal noise generator associated 
with the bulk resistance need be considered. 

For an ideal p—n barrier the d.c. characteristic is described by 


l=ifexpqvViknol ere (3) 


where I is the applied voltage, g is the charge of an electron and R is Boltzmann’s 
constant. Here —/J/), for a given material, may be regarded as a temperature- 
limited current consisting of holes generated thermally in the n-material as 
members of hole-electron pairs and flowing from the n to the p region. This 
is opposed by a hole current /,exp(qV/RT) which flows from the hole-rich 
p region over the potential barrier 6— V to the n region. Here ¢ is the barrier 
height (+ ve) in thermal equilibrium and V (—ve) the reverse bias. For a thin 
barrier at low frequencies it may be assumed that these opposing current streams 
will both show full shot noise. Accordingly, following Weisskopf’s treatment 
for a point-contact diode (Torrey and Whitmer 1948) the total mean square 
shot noise current generator (.S;),,, may be written as 


(Si)sv=2qly (exp (QV/RT) + 1} =29g1)+4RTG, 


where G,,=0//0V of the static characteristic. This has the form of shot noise 
plus thermal noise. (Petritz (1952) attempted to analyse this problem on a 
rigorous basis, but was unable to proceed without making a pronounced 
simplification of the electrical behaviour of a p—n junction.) 

On the basis of the foregoing discussion, if the shot noise of the opposing 
streams in the barrier accounted for the total uniform noise generated there, 
then in the equivalent circuit of figure 2(a) a noise current generator as described 
by equation (4) would be included in shunt with the barrier at low frequencies. 
Furthermore a thermal noise voltage generator 4k7T'R, would operate in series 
with Ry. ‘The above analysis is restricted to the frequency range for which the 
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measured a.c. resistance of the diode is equal to the slope resistance of the static 
characteristic, 1.e. for wrp<1 where zp is hole lifetime.+ The lowest frequency 
at which comparison with experiment can be made in the present case, however, 
is 30 kc/s, because below this frequency the 4/f component of noise manifests 
itself and the uniform component is not measured directly. At 30 kc/s the 
value of wp is approximately 0-6 which is less than unity as required. The 
experimental results of equation (2) conform to this noise model at this frequency 
in that the measured terminal conductance Gy is very nearly equal to the barrier 
conductance G’', for all J and for w less than 1/7p. In other words the contribution 
of the bulk resistance R, both to the measured admittance and to noise can be 
ignored for w less than 1/7p. 

For w7p greater than 1 the present experimental evidence is that the ‘uniform’ 
component remains so. It should be emphasized that this component is experi- 
mentally associated with the terminal admittance. As frequency increases R, 
makes an increasing contribution to the terminal impedance in that the barrier 
admittance increases with frequency, ultimately as w!”. If very accurate high- 
frequency measurements at the low noise level involved could be made, and 
if a 2q¢|/| component were associated with the barrier proper, up to frequencies 
of the order of the reciprocal of the transit time of carriers across the barrier, 
then the experimentally observed component would be found to decrease below 
2q|/| with increasing frequency. 

For higher currents (+604) the uniform component was comparable in 
magnitude with the 4/f component at the higher frequencies so that its existence 
is postulated from synthesis rather than direct observation. It seems that in 
the equivalent circuit of figure 2(b), a shunt generator as specified by equation (4) 
should operate on the barrier and presumably the usual series noise voltage 
generator 4R7TR, on R,). 

(b) A/f Component 

A noise generation process characterized by a normalized correlation function 
exp(—7/7)) where 7) is a well-defined mean relaxation time has been shown 
(Schottky 1926) to lead to a noise spectrum of the form 

() Caryl -haene)s me anna (5) 

It has been suggested, that if 7) were itself distributed and the distribution 
function were of the form g(79) < 1/7) for to: <7) <79;, and zero outside these 
limits, then integration of equation (5) with the weighting of g(7)) would give 
rise to a resultant frequency spectrum 

S(w) oc(arctanwry,;—arctanw7ygs)/w se nee (6) 
which for 1/7),;<@<1/7 9, is inversely proportional to frequency to a close 
approximation. ‘There will in fact be departures of 3 dB from an inverse frequency 
dependence for w,=1/r7 91, @2= 1/79. ‘The extensiveness of the inverse frequency 
dependence increases with the disparity between 79, and 7p. 

Burgess (1955) has recently suggested a possible mechanism that might 
generate the required distribution. The model involves a modulation mechanism, 
in which electron transitions occur between bound levels (traps) and one of the 
continuous bands. With this model the long relaxation times required to 
generate the inverse frequency dependence .at very low frequencies are readily 


+ Note added in proof. van der Ziel (1955) has recently shown that equation (4) is 
applicable, independently of frequency restriction. 
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explained, merely arising from transitions to high energies. “The existence of a 
lower limiting relaxation time 79 associated with the minimum energy transitions 
those to the band edge—would seem to show that the high-frequency departure 
from inverse frequency dependence through the high-frequency form of 


equation (6) 
1 = 
S(o) cH arecotw@7y,;, | 9 eee (7) 
(60) 


might be encountered experimentally. This would require that 7). was large 
enough for 1/792 to lie within the frequency range in which non-uniform excess. 
noise was detectable. 

For the present device the so-called A/f component was detectable in some 
part of the frequency range for all currents from 50a upwards. ‘The component 
was observed most extensively for J=200pa, being measured directly over five 
decades of frequency from 10 c/s to 1 Mc/s. In this range the exponent of / 
was indistinguishably different from —1. It was not therefore possible to confirm 
the applicability of the model at frequencies for which equation (7) applies, 
i.e. for wt. >1, because presumably 1/792 lay outside our upper frequency limit 
of 2 Mc/s. 

It is believed that this is the most extensive frequency range (five decades). 
in which an experimental dependence of noise on f-' has been directiy observed 
(for a germanium device). In I, synthesis of the experimental spectra showed 
a basic component varying as f-! over seven decades of frequency but this was 
not directly observed experimentally in that it was obscured by two ‘bumps’. 
Synthesis in the present case also points to anf! dependence over seven decades 
of frequency. 

The synthesis of the experimental spectrum at 100A on the basis of 
equation (1) did not give a very good fit below 300 c/s. ‘This might well be due 
to the fact that above 300 c/s the experimental points refer to the ‘basic level’ 
of noise (switching was present at 100) whereas below 300 c/s it was not 
possible to resolve the basic level and accordingly the observed mean noise 
level is plotted. The evidence points to the fact that the noise that was being 
switched was therefore of the A/f variety, in view of the fact that it was observed 
over such a wide range of frequencies. 

The dependence of A on J shown in figure 7 is seen not to be of the form 
A « I*, which would arise for any model (including that of Burgess) in which 
the current fluctuations arose from fluctuations in the resistance of the device, 
provided that any cross section normal to the current flow showed homogeneous 
resistance. 

It is interesting to note, however, that if the d.c. characteristic of figure 3 
is analysed in terms of an ideal diode of saturation current 60a, in shunt with 
a (surface) leakage path of ohmic resistance 68000 ohms, then in the region 
where leakage is apparent, i.e. for bias voltages greater than 0-5 volt, the value 
of A is proportional to the square of the excess current (J—60)pa. ‘The 
generation of the A/f noise, for this particular diode at least, can therefore be 
interpreted as arising from fluctuations in the resistance of the leakage path 
across the junction rather than in the junction itself. In this case it is to be assumed, 
therefore, that the trapping centres, to and from which the electronic transitions 
responsible for the noise generation occur, reside in the surface leakage path 
across the junction. ; 
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(c) Single Relaxation Time Component 


Only one component of this type was present in the noise spectra of the 
p-n junction diode, compared with two in those of the point contact diode of I. 
The relaxation time 7, in the present case gave rise to a ‘bump’ in the noise 
spectra in the frequency range between 0-1 and 100 c/s. In other words the 
relaxation time involved was of the order of one-tenth of a second. 

There are certain similarities between the present component and those 
reported in I. The intensity B again increases with J but in this case somewhat 
less rapidly than 4 does. ‘The relaxation time is again dependent on the current 
but here increases with J in contrast to the decrease of both the single relaxation 
times with increasing J for the point-contact diode. 

The synthesis of the experimental, spectrum for 7=70ja in figure 5 again 
shows that the experimental bump is slightly broader than that associated with 
a single relaxation time. It is assumed therefore that this component arises from 
a noise generation process which is characterized by a relatively narrow spread 
of relaxation times centred on 7}. 


§ 5. CONCLUSION 


The results presented pertain to a single p—n junction diode of the fused-alloy 
type. It was chosen primarily because it was a stable noise source over long 
periods for most bias currents ([=100a excluded). Unfortunately the d.c. 
characteristic and small-signal behaviour approached the ideal only for a limited 
low range of applied direct voltage; accordingly no specific conclusions may 
be drawn for p—n diodes as a class. 

The synthesis of the experimental spectra from the same basic spectral 
components as were required for a point-contact diode (see I) is significant, 
as is the slope, indistinguishable from —1, of the extensive component. The 
existence of a component of this type, sometimes only loosely called an inverse 
frequency component because the exponent of f has been only nearly equal to — 1, 
has been widely reported for germanium devices, although sometimes the 
frequency range of measurement has been only two or three decades. 

It has been established that the inverse frequency component of noise is 
probably generated in the surface leakage component of current, rather than 
in that crossing the p—n junction. 

The closeness of the fit of the experimental points to the line 2¢|J/| for the 
uniform component might be somewhat fortuitous for the low currents (i.e. 20 
and 30a). Further work at low currents and high frequencies is undoubtedly 
required. This would be more easily done with a diode having a higher zero- 
voltage resistance than the present one so that the ratio of the excess to thermal 
noise voltage 20/R (at 29°c) was increased. Its stability as a noise source is 
presupposed. 
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APPENDIX 1 


In figure 8 the diode and feed circuit are represented by an excess noise 
voltage generator e (the ‘signal’ in these measurements) operating in series 
with resistance 7, which is shunted by capacitance c; s is the equivalent notse 


oe 


SOURCE 


Figure 8. ‘The coupling of source to receiver to give low noise figure. 


input resistance of the receiver. c, c’, L and R comprise the coupling network 
(R is the equivalent shunt resistance arising from the resistance of the coil). 
The noise figure F is a measure of the deterioration of the signal to noise ratio 
at the terminals of the source when succeeded by a receiver (say) which itself 
generates noise. It may be conveniently defined as the ratio of total noise output 
from the receiver to that noise output due to the source alone. 

For the present case, in the absence of the coupling network this is 


F=1+s(1+we?r?)/r; 


with the coupling network inserted the noise figure can be shown to have an 
optimum value F,,,, when 7’ = R{s/(R+5)}!? where 7’ = r{(cy + €2)/e,}? + (w?re,?) 4 


anid ¢,—=¢+¢, \Lhis is 
; 2s Raps\i2 
Fox = 1+ sz 14 (AE) ] 


which can represent a considerable improvement, particularly if R/s can be 
made large. For example if s=5000 ohms, r= 100 ohms, c= 1000 pr, f= 108 c/s, 
R=20000 ohms the noise figures with and without the optimized coupling 
network are approximately 2 and 70. The coupling network used here is 
particularly useful for capacitative sources. ‘The general principle of improving 
signal to noise ratio by adjusting source-amplifier coupling was first illustrated 
by Burgess (1941). 
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Small-Signal Equivalent Circutt 


Analysis of the terminal admittance components, together with the d.c. 
characteristic showed that, for frequencies up to 2 Mc/s, the behaviour of the 
diode for reverse bias could be explained on the basis of the one-dimensional 
diffusion model for an abrupt p-n transition (Shockley 1949) with an associated 
depletion region, and a series resistance Ry arising in the bulk (n-type) material 
of the device. The diode was far from ideal. There was no saturation of the 
reverse current. For low direct voltages (<6 x 10-® volt), however, a good fit 
to the ideal form of the d.c. characteristic of equation (3) was obtained if J, was 
taken as 60a. The non-saturation of the reverse current was considered to be 
partly due to a flow of current from the depletion region, which by its nature 
would be the seat of the high rate of generation of thermally excited hole-electron 
pairs. For uniform material the current arising in the depletion region would 
be proportional to the volume (width) of the region and would increase with 
applied reverse voltage. The shunt conductance associated with this current 
flow is designated Gs. The depletion region would also give rise to a Schottky 
space-charge capacitance Cx virtually equal to the measured barrier capacitance 
for large reverse voltages. The ratio of capacitance to conductance of such 
a region should be constant for uniform material. For currents J>60a for 
which this constancy might have been expected it was found that che product 
of the resistance and capacitance of the barrier decreased with increasing voltage 
(diffusion capacitance and conductance are negligible in this range). A plot of 
1/C;? against V, however, did give the straight line to be expected for a Schottky 
type barrier capacitance. ‘To give better correspondence with experimental 
results for />60 a it would be necessary to invoke either non-uniform material 
in the depletion region or a leakage a.c. resistance of about 200000 ohms across 
the barrier. ‘This would, however, conflict with the value of the d.c. leakage 
resistance (68 000 ohms) invoked in the analysis of the d.c. characteristic. 

On the basis of this model the small-signal equivalent circuit is shown in 
figures 2(a) and 2(b). Here R, is the bulk resistance, Ry»=1/Gp the diffusion 
resistance, C, the diffusion capacity, Rg=1/G, the depletion region resistance, 
C, the depletion region capacitance, R,=1/G,, the possible leakage resistance. 
The parameters giving the best fit to the experimental admittance curves are 
hole lifetime 7p=3-1psec, Ry=50 ohms, Rp)=1/Gp, (diffusion resistance for 
zero applied voltage and wry)><1)=450 ohms. Ry, and Cy for any frequency 
then follow (Shockley 1949) from 


Gy ttwCp=(1 + twtp)"?Gp, exp (q|V |/RT). 
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Excess Noise Spectra in Germanium 


By F. J. HYDE 


Radio Research Station, Slough, Bucks. 


Communicated by R. L. Smith-Rose; MS. received 16th August 1955 
and in final form 1st November 1955 


t has been found experimentally by several investigators that there is generated 
in germanium devices a component of electrical noise (in excess of the thermal 
noise associated with the real part of the admittance) whose spectral density 

S(f) decreases with increasing frequency. By synthesis of the experimental 
noise spectra of a point-contact germanium diode it has been shown (Hyde 1953) 
that an extensive component of this type can vary as f ' over as many as seven 
decades of frequency (10-!-10%c/s). In more recent work by Hyde 
(to be published) a dependence of noise density on frequency with an exponent 
indistinguishably different from —1 has been directly observed over five decades 
of frequency (10-10% c/s) for a p—n junction diode. Montgomery’s (1952) work 
on transistors, diodes and filaments showed an approximate dependence on f 
although the exponent was usually slightly greater than unity: his frequency 
range was, however, somewhat limited. 

In postulating a theory of noise of which the spectral density varies as f-” 
over a wide range of frequencies, consideration must be given as to the extent 
to which a value of m different from unity is fundamental to the basic hypothetical 
mechanism. Bess (1953) has proposed a theory which is based on diffusion of 
impurity atoms in the surface layer (thickness 6, diffusion constant D) and the 
annihilation of the vacancies (which act as traps) produced by the removal of the 
diffusing atoms from their equilibrium sites. By considering vacancies to decay 
either through capturing their original atoms or others (o, = capture cross section 
of a vacancy, v=average velocity of diffusing atoms) he was able to arrive at 
a spectrum which can vary as f-” where m=2—n—~1, n=o,v/4ndD. As two 
different processes are involved here it would be very unlikely for x to be equal 
to unity for all specimens; indeed the theory is formulated to cover frequency 
dependence where the exponent can differ slightly from unity over several decades 
of frequency. A unique exponent 1s, however, implied for a particular specimen. 

Burgess (1955) has envisaged a modulating mechanism involving hole and 
electron transitions from recombination centres to a range of energies in the 
valence or conduction bands. ‘The probability of a transition to a level differing 
by « electron volts from that of a centre is proportional to exp(—|e|/R7) and the 
relaxation time 7, of the transition is proportional to exp(|e|/R7), so that the 
probability of any 7, is proportional to 1/7). (A minimum relaxation time 7, 
is involved; this arises from transitions from a recombination centre to the band 
edge.) Such a distribution of relaxation gives rise to a spectrum of the form 
j tare cot(w7,) where w=27f. For frequencies much less than 1/7, the spectrum 


will vary as f-' while for frequencies much greater than 1/7, the spectrum will 
decrease as f-?. 
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‘The diagram shows the dependence of the spectral density of the mean square 
noise current generator of an aged two-terminal n- type germanium filament 
(dimensions 0-84cm x 0:55 mm x 0-65 mm, current J=6-5ma, voltage V = 16v, 
a.c. resistance at 1kce/s p=2470ohms, zero-frequency resistance 1200 ohms, 
thermal time constant 2:3 seconds, minority carrier lifetime measured in the 
filament 1-7 sec, uniform resistivity 10-5 ohmcem at 45°c. Corresponding to- 
electron and hole concentrations of 1-4 10" and 2:3 x 10!%cm- respectively. 
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Synthesis of excess noise spectrum of germanium filament. 


Note. In ordinate, read jzramp for amp. 


‘The disparity between the a.c. resistance at 1 kc/s, say, and the zero-frequency 
resistance arises because of the temperature rise produced in the filament through 
internal power dissipation in it, which gives rise to a non-linear direct current— 
voltage characteristic. In consequence the impedance of the filament becomes 
frequency dependent at frequencies of the order of the reciprocal of the thermal 
time constant. ‘The determination of the relevant impedance of the filament 
at any frequency is described in a separate paper (Hyde, to be published). It is 
seen that within experimental accuracy the negative exponent of frequency changes 
from one at low frequencies to two at high frequencies and in the transition range 
between these values is sensibly constant over three decades of frequency 
(50—5 x 10*c/s) having an apparent value of 1:24. It may be noted that at 4 Mc/s 
the excess noise measured was only 5% of the thermal noise 4R7T/p. ‘The synthesis 
of this spectrum is shown from two f ‘arc cot (w7) spectra with limiting relaxation 
times 7,, T, of 2x 10-* and 5x10" second. ‘These times and the intensities 
(A,, Ay) have been chosen to give the best fit. It is interesting to note that by 
superposing only two basic spectra of this type, such as are postulated to arise 
from two recombination centre levels, it is possible to generate an exponent 
which is different from unity (1:24 in this case) and practically constant over 
three decades of frequency. (An exponent less than unity cannot arise from 
superposing spectra of the form f-arccot(w7), but in the author’s experience 
exponents less than unity have been satisfactorily explained in terms ofa component 
of spectral density of the form B/{1+(w7,)?}, where 7, is a discrete relaxation 


time of the noise generation process.) 
Q 2 
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That the high frequency departure of the ‘inverse frequency’ noise from an 
f} to an f-® dependence has been measured is in some measure due to the absence 
of ‘bump’ components arising from discrete relaxation times at high frequencies. 
Also it is perhaps fortunate that the limiting relaxation times 7, and tT, have 
reciprocals inside the frequency range in which it is possible to measure excess 
noise. 

Spectra of similar shape were obtained for currents of 2°5 and 4:5ma._ For 
the limited current range 2-5-6:5 ma the mean square noise current was found 
to increase approximately as /*. It has not been established at this stage whether 
the noise originates at least partly in the soldered ends (although these are 
substantially ohmic, it is nevertheless likely that this may be the case) or in the 
filament proper. Noise measurements using non-current-carrying probes should 
elucidate this. 

The level of full mean square shot noise current 2e/ is shown in the figure. 
In practice the shot noise generated in this filament would be considerably less 
than this for the following reasons: 

(a) a frequency factor 1/(1 + w?7,”) (~0:45 at 10°c/s) where 7, is the electron 
lifetime in the filament (Bernamont 1937); (6) a lifepath factor Eur,/l(0-1) 
where E is electric field strength, » the electron mobility and / the length of the 
filament (Davydov and Gurevich 1943); (c) a fluctuation factor 2(2—No)?/”y <1 
where 7, is the mean carrier concentration in the filament and (n—n,)* is the 
variance of instantaneous carrier concentration (Burgess 1955). 

For simplicity it has been assumed here that the contribution of holes to the 
conductivity can be neglected. The filament temperature with a current of 
6-5 ma flowing through it was 45°c so that this assumption does amount to an 
approximation. The order of magnitude of the reduction factors, however, 
is not affected. 

It seems likely therefore that shot noise does not make a significant contribution 
to the observed spectra. 

It may be remarked that the generation of a sensibly constant value of m 
greater than 1 and less than 2 over more than three decades of frequency could 
readily arise if more than two recombination centre levels were present, and the 
individual intensities and limiting relaxation times of the f ‘arc cot (w7) spectra 
were compatible. 

In experiments in p—n junction photocells reported by Shive (1952) it was 
noted that carriers produced by illumination showed only shot noise, the inference 
being that the ‘inverse-frequency’ noise which was also present was essentially 
bound up with the thermal generation of carriers and not with a modulating 
process which could affect all carriers irrespective of their source. ‘This, together 
with the present experimental evidence, seems to favour the Burgess hypothesis 
as the source of the inverse frequency noise if this can be assumed the same for 
all germanium devices. 
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Analysis of H,S Treated PbS Point Contact Rectifiers 
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Communicated by S. Tolansky; MS. received 12th Apri! 1955 
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Courant 1946, Banbury 1953) at a semiconductor—metal contact expect 

a slope =e RT or 40 (volt) | at room temperature in the semi-log plot of 
the (¢, V) characteristics. Extensive analysis of Ge and Si diodes by Yearian 
(1950) and others gives the value of « ranging from 5 to 35 (volt) !. Although 
much work has been done on the diode and triode action in PbS (Henisch and 
Granville 1950, p. 87, Banbury and Henisch 1950, Gebbie, Banbury and Hogarth 
1950, Gibson 1952, Reimann and Sullivan 1952) no attempt has so far been made to 
compare the observed characteristics with the theoretical model. In the present 
studies, natural and H,S treated PbS rectifiers were subjected to a detailed 
analysis with a view to test the applicability of various theories and also to determine 
the effect of p-type layer on n-type material. 

Natural and synthetic crystals which showed n type conductivity were heated 
to about 500°c in an atmosphere of flowing H,S for about half-an-hour. The 
crystals were then quenched. ‘These treated samples showed p-type conductivity. 
Similar conversion of n-type material to p-type and vice versa was first reported 
by Eisenmann (1940) and Hintenberger (1942). ‘These workers were concerned 
with the bulk conversion and hence subjected their samples to severe 
sulphurization. We treated the crystals for different durations thereby leaving 
a p—n junction in the body of the crystal, the depth of which was determined 
by etching the crystal and testing the sign of rectification, thermal e.m.f. and 
photovoltaic effect (Granville and Hogarth 1951) at different depths. ‘The depth 
of etch pits was determined by light profile microscopy (‘Tolansky 1952). In this 
technique, the field of view of the microscope is crossed by a dark profile line 
which is the image of an opaque line placed at the field iris and projected on 
the surface by an off-centre illumination. ‘The profile gives the line contour 
of the specimen where changes in level are registered as lateral shifts of the profile 
as seen in the figure (Plate) in which the depth of etch pit corresponds to 0-55 pu. 
The depth of p-n junction was found to be a linear function of time tending 
gradually towards saturation for a given rate of flow and crystal temperature. 


To theories of rectification (Mott 1939, Schottky 1941, Bethe 1942, 
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Points which made good rectifying contacts were investigated. Whiskers of 
ditferent materials made from wires 1 to 3 mils and pointed by electrolytic etching 
were engaged to the crystal under optimum pressure (Das and Bhide 1954). 
Results of the investigation of the static characteristics of n-type and treated 
samples are recorded in the table. 

The conductivity of natural n-type specimens was found to be of the order 
400 ohm’ tcm ! which suggests that the crystals are sufficiently impure to inhibit 
carrier injection. This is borne out by the large reverse currents and poor 
diode characteristics. In the absence of such carrier injection, the spreading 
resistance R, and the barrier height were determined by extrapolating the linear 
portion of (7, V’,) curves in the easy flow direction. ‘The R, thus determined and 
its corresponding values obtained following Gibson (1952) are in good agreement. 
It is interesting to note that ¢ decreases on partial sulphurization. It, however, 
increases after complete conversion. The slope x of the semi-log plot 
[7,(V,—7k,)] for n-type material was about 10, a quarter of the theoretically 
expected value. Unlike the n-type specimen, and also Ge and Si diodes, the 
converted samples yielded the theoretical value of « with all the whiskers studied. 
The slope of the linear portion of the reverse semi-log curve Be/RT (Courant 1946) 
agrees fairly well with its value calculated from the forward characteristics 
[column S in the table]. It is also of some interest to note that the extrapolated 
zero voltage currents in the forward direction (¢)), and the saturating currents 
in the reverse direction (z)),, are of the same order. ‘The treated crystals could 
stand higher breakdown voltage and exhibited more stable characteristics. 

Yearian has explained the divergence between the observed and the theoretical 
values of x by suggesting that the actual contact covers a number of points with 
different values of d. This postulate does not lead to unique determination of 
¢ and its distribution within the contact area. ‘The data presented here indicates 
that if 6 <0-25 volts, the slope of (Inz, V) curves almost equals e/RT. Conversely 
if @ exceeds this value as for n-type material, the slope is much less than eRT. 
In this connection it is of interest to note that the slope of (Inz, ’) curves for 
Ge and Si diodes rapidly changes from theoretically expected values to much 
lower values after 0-2 to 0-3 volts (‘Torrey and Whitmer 1948). 

The observed correspondence of the treated samples with the theoretical 
model may alternately be due to the existence of p—n junction in the body of the 
crystal. 

Our thanks are due to Dr. V. N. Thatte for his help. One of us (V.G.B.) 
wishes to thank Professor S. Tolansky, in whose laboratory at Royal Holloway 
College part of the work was done, for his kind interest and encouragement and 
also the Ministry of Education, the Government of India, State of Madhya 
Pradesh and Nagpur University for award of the scholarship. 
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The Diffusion of Chromium in Titanium 
studied by an Autoradiographic Method 


By A. J. MORTLOCK anp D. H. TOMLIN 


Physics Research Laboratory, University of Reading 


Communicated bv R. W. Ditchburn; MS. received 26th September 1955 


diffusion in solids, and measurements on the self diffusion of gold 
(Gatos et al. 1952, 1954) and silver (Krueger and Nersh 1955) have 
given results in agreement with those obtained by more conventional methods. 

An autoradiographic method has been used by the present authors for 
studying the diffusion of chromium in titanium. The purpose of this note is 
to show that the method allows several diffusion experiments to be carried out 
on a single diffusion sandwich. 

The sandwiches were formed by evaporating Cr containing the pile-produced 
radioactive isotope *'Cr (26 day half-life) on to one finely ground end face of 
each of two small cylindrical specimens of Ti (commercial grade) or Ti+ 18% Cr, 
and clamping the cylinders together with the activated ends in close contact 
by means of a small titanium bolt passing through an axial hole. A longitudinal 
flat surface had previously been ground on each cylinder, and in assembling them, 
these longitudinal surfaces were aligned. They were afterwards ground a little 
more to produce a surface cutting the radioactive interface normally and free 
from stray chromium deposits. 

An autoradiograph of this surface was prepared on x-ray film to show ‘the 
sharpness with which the initial layer of chromium could be detected. ‘The 
soft electron radiation from ®!Cr was found to provide good autoradiographic 
resolution under these experimental conditions. 

The sandwich was then annealed in a temperature controlled vacuum furnace 
for a known time after which the longitudinal surface was ground down by a 
further 1 to 2mm to remove surface diffusion effects, and a second autoradiograph 
prepared, showing a diffused zone of chromium in place of the initial sharply 
defined interfacial layer. The variation of the photographic density of the image 
in the direction normal to the interface was measured by means of a high resolution 


A UPORADIOGRAPHIC methods have been used by several workers to study 
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scanning microphotometer. The corresponding variation of chromium con- 
centration was deduced from the previously established linearity of the 
density—-exposure relation of the x-ray film. 

Further diffusion runs were then carried out in a similar way, autoradiographs 
bemg prepared after each, and the chromium concentration distribution 
determined. 

If c(x) denotes the chromium concentration as a function of the distance x 
from the interface after annealing for time f at a given temperature, then Fick’s 
law gives 

In c(x) = — x?/4Dt + const. 


provided that the diffusion coefficient D is a constant. It is easily shown that 
after successive diffusion runs of duration ¢,, f,... etc. 
In c(x) = —x?/4(D,t, + Dot. + ...) + const. 


where D,,D,... refer to the corresponding annealing temperatures. ‘The 
gradients of the plots of Inc against x? made after each run in a multiple experiment 
of the kind described give the values of D,t,, Dt, + Dots, ete. 
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Penetration of diffused Cr in Ti+18°,Cr alloy after each of three successive annealing 
treatments. Photographic density is proportional to Cr concentration. 


The figure shows typical plots for three successive runs with a Ti+ 18°, Cr 
sandwich. ‘The measured concentration distributions were symmetrical about 
the interface to within experimental error, and the points plotted are means of 
corresponding readings on both sides. Results derived from this and from 
a separate double experiment on a similar sandwich are given in the table. ‘They 
show no significant variation of diffusion coefficient among four runs at 1000°c, 
and the result for 1047°c is in agreement with other data so far obtained over 
a limited temperature range. 


Diffusion Sandwich No. | | | 2 2 
Diffusion Run No. | y 3 | 2 
‘Temperature (36) : 1047, 1000 1000 1000.) 1000 
Time (hours) 6 10 10 10 10 


Diffusion coefficient (cm* sec~! x 10%) ay) 1:8 DR RY, 2-0 
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It is possible that a greater number of runs could be carried out on one specimen 
though a limit is set by the progressive loss in specific activity due to diffusion 
and radioactive decay, and by increasing experimental error. 

Nevertheless, considerable advantages derive from the possibility of carrying 
out a limited number of successive experiments, mainly in establishing the 
validity of a measured diffusion coefficient, and in studying its dependence on 
factors such as grain size and mean solute concentration, which change during 
heat treatment. The present results indicate that in the alloy used, at a tem- 
perature of 1000°c, the successive heat treatments did not significantly affect 
the measured diffusion coefficient. The mean grain diameter was initially 
0-07 mm and increased by a factor of about 3 during the first two runs, but only 
by a much smaller factor in the third run. The concentration of chromium was 
100%, in the initial interfacial layer, but since this layer was only about 0-1 micron 
thick, was reduced to a value very close to the uniform 18°, level within 
a comparatively short time at the beginning of the first anneal. No progressive 
contamination of the alloy by oxygen or nitrogen was indicated by hardness 
measurements carried out before and after cach annealing treatment. . 

The experiments carried out on the diffusion of chromium in titanium 
cylinders at effectively zero chromium concentration gave less consistent results, 
reasons for which are being examined. 

It is hoped to publish a fuller account of these investigations at a later date. 
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A Comparison of Three Radioactive Tracer Methods for Studying 
the Diffusion of Chromium in Titanium 


By A. J. MORTVOCK ann D> ho TOMUIN 


Department of Physics, University of Reading 


Communicated by R. W. Ditchburn; MS. received 3rd November 1955 


§ 1. INTRODUCTION 
UTORADIOGRAPHIC methods have been used by several workers to 
measure diffusion coefficients in metallic systems. In particular, the 
present authors (Mortlock and ‘Tomlin 1956), recently described its 
application to the titanium chromium system, pointing out some of its advantages 
over other tracer methods. 

‘The only comparisons of the autoradiographic and other methods which 
have so far been reported are between quite independent investigations of the 
self-diffusion in gold (Gatos and Kurtz 1954) and silver (Krueger and Nersh 1955), 
As a comparison was also considered necessary in the present work, an experiment 
was carried out in which the different methods of analysis were applied to a 
single diffusion specimen. In this way a true comparison of methods was 
achieved, and all experimental errors other than those involved in analysing the 
diffusion zone were eliminated. 
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§ 2. EXPERIMENTAL MerTHOpDS 

As previously reported, the diffusion specimen was in the form of a sandwich, 
in which a thin interfacial layer of spectrographically pure chromium containing 
the radioactive isotope *'Cr was located between the ends of two well-annealed 
titanium cylinders of commercial purity. 

A diffusion heat treatment at 1055° + 4°c was carried out in vacuo for 24 hours, 
after which the specimen was ground so as to produce a longitudinal flat surface 
perpendicular to the interface. _An autoradiograph of this surface was prepared, 
and the distribution of chromium concentration determined by microdensito- 
metry; from this a diffusion coefficient was calculated. 

The specimen was next mounted in a lathe and serial layers parallel to the 
interface and about 0-1 mm thick were machined off, a known proportion of the 
swarf representing each layer being collected in a suction trap. After the removal 
of each layer, the length of the specimen was measured with a micrometer. 

Before remounting in the lathe for removal of the next layer, the radiation 
from the newly exposed transverse face was measured with a thin end-windowed 
Geiger counter. This radiation consisted of soft internal conversion electrons 
having a high self-absorption coefficient in the metal, and penetrating y-rays. 
By placing a suitable absorber between the specimen and the counter, the electron 
component could be eliminated, and so determined by subtracting the remaining 
y-ray count from the total. 

When the whole of the diffusion zone had been sectioned and measured in 
this way, the known weights of the collected swarf samples were dissolved in 
12ml. of concentrated HCl and the radioactivities of the solutions determined 
with a liquid type Geiger counter. From these measurements a second chromium 
concentration distribution was deduced, and the diffusion coefficient again 
calculated. 

This value of the diffusion coefficient, and an experimentally estimated value 
of the absorption coefficient of the internal conversion electrons in titanium were 
used in calculating a correction factor to take account of the effect of self absorption 
on the electron counts obtained from the transverse surfaces. 

The calculation was in principle the same as that used by Gatos and Kurtz 
(1954). An absorption coefficient was deduced from absorption data obtained 
with a thin source of radioactive chromium and absorbers of thin card, with the 
assumption that thickness of card and of titanium metal are equivalent when 
expressed in mgcm ?. 

The surface counting data therefore provided a third method for determining 
the chromium concentration distribution in the diffusion zone, and hence the 
diffusion coefficient. 


§ 3. RESULTS 
In each case the diffusion coefficient was determined from the slope of a 
plot of log (relative concentration) against (distance from interface)’. ‘The three 
plots are shown in the figure, the points being means of both sides of the 


corresponding distributions. They are linear to within experimental error, 
_and lead to values of diffusion coefficient as follows: 
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Penetration of diffused Cr in Ti determined by autoradiography, liquid counting, and 
surface counting. 


§ 4. CONCLUSION 


It is estimated that the experimental error in the values of the diffusion 
coefficient determined from each of the three methods is between 5°% and 10°, ; 
the values therefore agree satisfactorily. It should be pointed out that the 
autoradiographic and transverse surface counting methods used in this work 
were made possible because of the presence of a soft electron component in the 
51Cr radiations. When, as in this case, the type of radiation from a particular 
isotope is such that the necessary resolution is obtainable, the autoradiographic 
method of studying diffusion is reliable and convenient. 
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Absence of Radio Frequency Resonance Absorption in Triethylamine 


By J. S. DRYDEN anp R. J. MEAKINS 


Division of Electrotechnology, National Standards Laboratory, Australia 


MLS. received 2nd Septentber 1955, and in amended fori 18th October 1955 


AVIES AND PRICE (1954) and Davies (1954) have claimed recently that 
the dielectric properties of solutions of triethylamine in nujol (medicinal 
paraffin) indicate the presence of a resonance absorption centred about 

a frequency of 80 Mc/s. It was suggested that this absorption is similar to the 
well-known absorption in gaseous ammonia at a frequency of 24 Gc/s (kMc/s). 
The question of whether this is a resonance effect or not is of considerable 
importance, particularly since there is, as yet, no accepted resonance absorption 
in a solid or liquid at radio frequencies. ‘The present authors therefore set out 
to repeat the measurements of Davies and Price and to carry out a more complete 
investigation into this absorption in triethylamine. 
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The triethylamine, b.p. 89-4°c, was obtained from commercial material by 
fractional distillation through a 30cm column packed with stainless steel gauze 
cylinders. 

Measurements between 30 Mc/s and 120 Mc/s were made by a susceptance 
variation method in which the liquid was placed between two dished electrodes 
similar to those described by Hartshorn and Ward (1936). Between 100 Mc/s 
and 300 Mc/s a re-entrant cavity described by Hollway and Cassidy (1952) was 
used, the Q being again measured by susceptance variation. In this apparatus 
the liquid was held between parallel plate electrodes in a shallow fused silica cup. 
Standing wave methods (Roberts and von Hippel 1946) were used at frequencies 
of 1-1, 3 and 8-6Gc/s, precautions being taken to minimize errors due to the 
meniscus. At each frequency the solution was compared with the solvent and 
the incremental loss factor determined: 

The results obtained in the present work for a 0-48 M solution of triethylamine 
in nujol are shown in figure 1 together with the curve published by Davies and 
Price (1954). Figure 2 gives the curves for the imaginary part («”) of the complex 
relative permittivity, i.e. the dielectric loss factor, for 0-48, 1:0 and 1-5 M solutions 
in nujol and also a partial curve for a 1-5 M solution in toluene. Davies and Price 
published a curve for the 0-48 M solution only, but stated that more concentrated 
solutions also show a resonance absorption. 
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Figure 1. Figure 2. 


Referring first to the 0-48M solution, the results show the presence of a 
maximum in the loss factor curve at 5Gc/s. In separate measurements it was 
found that with decreasing temperature the maximum is displaced to lower 
frequencies. It is worth noting that with increasing concentration the absorption 
is displaced slightly towards higher frequencies, corresponding to a marked 
decrease in the bulk viscosity of the solutions. From these results, and the shape 
of the curve, it appears that this is a relaxation absorption due to a mechanism 
of dipole rotation opposed by viscous forces. 

The results indicate that there is no resonance absorption maximum in the 
region of 80Mc/s and it would appear therefore that Davies and Price have 
greatly underestimated the experimental errors in their measurements. Further 
confirmation of these conclusions was obtained from the results for the 1-5 M 
solution of triethylamine in toluene. ‘This gives very low dielectric loss compared 
with the same concentration in nujol. If there were a resonance absorption in 
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nujol at these frequencies the solvent would have only a minor effect on the 
frequency. The absorption observed in the toluene solution is obviously the 
beginning of the relaxation absorption which is occurring at a higher frequency 
in the less viscous solvent. 

It is, incidentally, possible to obtain a value for the dipole moment p of 
triethylamine from these measurements. The absorption is broader than a 
Debye curve, as is the case for other solutes in nujol (Jackson and Powles 1946, 
Dryden 1950), but it is possible to calculate . from the area under the curve 
according to the following equation, on the assumption that the curve is 
symmetrical : 


9 


- 


27RT {e"d(log f) 
27?2N (<’ =| Ze 
where f is the frequency, «’ the relative permittivity, V the number of dipoles cm®, 
k and 7 are Boltzmann’s constant and absolute temperature respectively. 

The value obtained, 0-70 Debye unit, can be compared with the mean value 
of those quoted by Wesson (1948), viz. 0-77 Debye unit. 
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ADDENDUM 


We are very grateful to Dr. Meakins for sending us a typescript of the above 
paper—which came in reply to a letter we addressed him (by surface mail) on 
25th July 1955 and from which we quote: ‘‘ The rather remarkable ‘ resonance’ 
absorption which we felt we had established for triethylamine, more especially 
in liquid paraffin, has proved to be the result of marked viscosity changes 
influencing the solvent absorption and thereby distorting what now appears to 
be a normal Debye-type absorption.” Some weeks before hearing from 
Dr. Meakins we had submitted a letter to the Journal of Chemical Physics indicating 
that the various criteria we had employed in deducing the unusual ‘resonance ’ 
form of the absorption were vitiated by a previously unsuspected displacement 
of the solvent absorption. That note is now in course of publication. It is 
clear that the above results of Drs. Dryden and Meakins provide an even more 
complete refutation of our original deduction than we have been able to offer 
ourselves. 


The Edward Davies Chemical Laboratories, M. Davies. 
University College of Wales, A. H. Price: 
Aberystwyth. 


12th October 1955 
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Temperature Dependence of Coherent Light Scattering in 
Monocrystals and Intrinsic Block Structure 


By R. FURTH 
Birkbeck College, University of London 


MS. received 18th October 1955 


OME time ago the author pointed out (Firth 1949) that the concept of an 
‘intrinsic’ block structure of monocrystals, originally put forward by 
Born, (1947, 1951, 1952) has apparently some bearing on the strength of 
solids. In a recent publication Humphreys-Owen (1955) has presented new 
evidence for the existence of a submicroscopic block structure of the predicted 
order of magnitude from measurements of the wavelength dependence of the 
intensity of light scattered by NaCl monocrystals; these results have been further 
confirmed by measurements on quartz crystals which will be published in the near 
future. Veryrecently, Taurel and Chapelle (1955) published results on an observed 
reversible temperature dependence of the total light intensity scattered by NaCl 
monocrystals. Itisthe purpose of the present note to show that these observations 
are also in accordance with the above-mentioned theory. 

From the data given by these authors it appears that the relative intensity 7 
of the light scattered at right angles to the incident beam by crystals, free from 
ultramicroscopically visible faults, is very nearly proportional to the absolute 
temperature J in the range between 20° and 130°c. This can also be expressed 
in the equivalent form 


mae cr erie 
They further state that for one of their crystals the absolute value of J was of the 
order of magnitude to be expected on the basis of the thermal scattering mechanism, 
while for another crystal the observed intensity was about 17 times larger than 
the value predicted by thistheory. In the first case the proportionality of J with T 
would be in keeping with the theory of thermal scattering, but a reversible tempera- 
ture dependence of Jin the second case can only be explained if it is assumed that 
the submicroscopic structure, which is responsible for the surplus scattering, also 
reversibly changes with T. 

It follows from the above-mentioned theory of intrinsic block structures that 
the average number x of atoms along the side @ of one of the supposed approxi- 
mately cubic blocks depends on T according to 

migtami (2 E ye  eteeats (2) 
where 7, is the value of m for T=0 and © is Debye’s characteristic temperature ; 
this shows that for large 7/@ the number z is approximately inversely proportional 


to the absolute temperature. tae 
Now / will be proportional to the total interface area of the blocks which, in an 


illuminated region of volume V of the crystal, is equal to V/a= V/nd where dis the 
interatomic distance. As the latter quantity changes only very slightly with 
temperature, 7 should vary inversely proportionally to » for a given I’, and thus. 
proportionally to 7 for sufficiently high temperatures. 


1 dl i (1) 
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For arbitrary 7/@ one has from equation (2) 
d (log n) 1 O/T 
a= — SS tts (3) 
dT T sinh (0/T) 
For NaCi © =278°k, and thus in the investigated region @/7'~0-8 and the factor of 
1/7 on the right-hand side of (3) is still practically equal to unity, in agreement with 
(1). But for very low temperatures « tends exponentially towards zero, and hence 
we should expect a dependence of J on T of the form shown in the diagram, 


provided the explanation given is correct. 


e T 


A more general and rigorous theory of the intrinsic block structure on the basis 
of the dynamics of crystal lattices will be presented in another publication. 
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Some Numerical Evaluations of Heat Flow in the Region 
Bounded Internaliy by a Circular Cylinder 


By H. GOLDENBERG 


Electrical Research Association, Leatherhead, Surrey 
Communicated by S. Whitehead; MS. received 27th Fuly 1955 


§ 1. INTRODUCTION 


HE solutions of many linear heat flow problems have been obtained by 
| operational methods, but in the majority of cases the final solution contains 

an infinite integral or an infinite series which cannot readily be expressed in 

terms of analytic or tabulated functions. Consequently the numerical evaluation’ 
and publication of such infinite integrals and series becomes of major importance. 
The conduction of heat in the region bounded internally by a circular cylinder 

has received much attention because of its importance in buried pipes and cables 
(Whitehead 1944), cooling of mines (Smith 1937), and motion in viscous fluids 
(Batchelor 1954). An excellent description of the principal problems and results 
obtained until recently has been given by Carslaw and Jaeger (1947, p. 280ff.). 
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The present note is concerned with this problem subject to the boundary condition 
that the cylinder surface is maintained at constant temperature while the region 
outside the cylinder is initially at zero temperature. Theoretical expressions have 
previously been obtained for the transient temperature at any point outside the 
cylinder and for the transient flux at the cylinder surface. The latter flux has been 
evaluated numerically by Jaeger and Clarke (1942) and the result presented graphi- 
cally by Carslaw and Jaeger (1947). However, no numerical or graphical results 
appear to have been given for the transient temperatures at individual points 
outside the cylinder or for the total flux crossing unit area of the surface, up to any 
time. The object of this paper is the presentation of these results in a manner 
which should prove useful in a variety of fields. 


§ 2. RapraL Heat FLow PRoBLEM 


Consider the heat conduction problem of the infinite region bounded internally 
by the circular cylinder 7 =a, the cylinder surface maintained at a constant temper- 
ature J)’, the temperature elsewhere zero initially at time ¢=0. 

‘The temperature 7 (7, ¢) at any radius ry >a and at any time ¢ >-0 is given by 


1Ko (rv [p/P] | 
3) eae : a (1 
MES 127 003)) ° 
where K, is the modified Bessel function, D is the thermal diffusivity of the region 
external to the cylinder and 
eS Bg) : hot [e” F'(p)|dp=inverse Laplace transform of F(p). 


Date) oe: 


w(r,t) has been obtained by Nicholson (1921) using Weber’s integral, and by 
Goldstein (1932) and Carslaw and Jaeger (1940) using operational and Laplace 
transformation methods. (r,t) is given by 
[Jo(ur) Yo(ua) — Yo (ur) Jo(ua)] du (2) 
J9*(au) + Yo?(au) ubpatew at 

This integral does not appear to be expressible directly in terms of analytic or 
tabulated functions. However, the important case of the transient flux at the 
surface has been presented graphically by Carslaw and Jaeger (1947, p. 283), 
and is expressed by 


IV 2 
o(r,t)=V+ a | exp (—Du?t) 
Ptr) 
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where 7 = Dt/a? and I(0, 1 ; 7) is defined as 
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The function I(0, 1; 7) has been tabulated by Jaeger and Clarke (1942) for 
T = 0-01 (0-01) 1 (0-1) 10 (1) 100 (10) 1000. 


From equation (2) 


He AD lek = vom [Jal¥) Yo(Av) — Yo(9) olay] dy | 
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where A=r/a. In order to evaluate numerically the infinite integral on the right- 
hand side of this equation for any given value of T the infinite range of integration 
of y from 0 to «© may be limited to a finite range of integration from 0 to y, owing to 
the rapidly decaying nature of the term exp (—y?7) with increasing y. In the 
present instance it 1s adequate to choose y,?27 > 10. 

Further as y>0, Je (v) Yo (Ay) = Yo (y) Jo Ay)->(2/7) In A, while the integrand as 
a whole tends to infinity. For a suitable value of y, therefore we may take 


7 u(r, t) ome vam (Jol) YoY) = Yo(y) JoAY)| dy 
[ ne? | “a | Sree Joy) + Yor(y) y 


cee ee ayy 
“¥ | o [r(x +Yor)ly 
[Jo(v) Vox) = Yoly) SoA) 4y 
Jo*(v) + Yo) y 
where Jo(v) Yo(Av)— Yo(v) Jo (Ay) is sufficiently close to (2/7) Ind over the range 
y=0 to y=, and 4 may be taken as 
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“© exp(—y?T) dy 
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since for y, chosen as above is negligible. We therefore 


have the formula 


(r,t) , 2 25m nm [Jo(¥) Yo) — Yo(y) Joy) — A] & 
= =1- = ATO; Vie cgiGa ola) Yoly) —ewye 
) 


see eee 


where y, is chosen so that range of integration 0 to oo of the infinite integral of 
equation (4) may be reduced to the range 0) to y, and y, is chosen so that over the 
range 0 <y <y_ we may take Jo (y) Yo Ay) — Yo(y) Jo Ay) =A. 

The right-hand side of equation (5) has been evaluated numericaliy for 
+ =2a, r=10a and r=100a for a large range of values of the non-dimensional 
parameter 7’, and the results are given in figure 1. 

The total flux F crossing unit area of the cylinder surface from time t= 0 to any 
time tis obtained by integrating equation (3) with respect to time ¢ and is 


pa [-n() dm Fees) ae DD} 


‘o or VD pe? Ky (av [p/D)) 
4Vk |! 4Vka (? 
= Be} 1013 T)dt= a5 | (Ope aie 
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For small values of 7 Jaeger and Clarke (1942) give the formula 
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+ 0:0677 T3— 0-09 T7? +0-1340 T? . . “ ; 


3 4 5 
tog, (D¢/a?) 
Figure 1. Heat conduction outside the circular cylinder r=a, the cylinder surface 
maintained at constant temperature , temperature elsewhere zero initially at 
time t=0. Curves giving transient temperatures u(r, t) at radii r=2a, r=10a 
and r=100a. D is the thermal diffusivity of the region external to the circular 

cylinder. 


While this series expansion is readily applicable for small values of 7, it becomes 
inconvenient for moderate and large values of 7, and in fact the tabulated values of 
1(0, 1; 7) given by Jaeger and Clarke (1942) were integrated numerically to 
avoid the use of the series for large values of 7. Their upper limit of tabulation 
T= 1000 for I1(0, 1; 7) was somewhat extended to permit wider total flux calcu- 
lation. The total flux F crossing unit area of the cylinder surface from time t=0 
to any time ¢ has been obtained numerically for a wide range of values of T and is 
given in non-dimensional form in figure 2. 


SI! 9) | 2 uh 8 8 


3 + 5 
tog (De fa*) 
Heat conduction outside the circular cylinder r=a, the cylinder surface 
maintained at constant temperature ’, temperature elsewhere zero initially at time 
+—0. Flux F crossing unit area of cylinder surface from time t=O to any time f. 
D is the thermal diffusivity and k the conductivity of the region external to the 


circular cylinder, 


Figure 2. 


R=-2 
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Anomalous Interplanar Spacings in Evaporated Deposits 
of Face-centred Cubic Metals 


By R. 17 GARROD 


Aeronautical Research Laboratories, Melbourne, Australia 


Communicated by L. H. Martin; MS. received 15th August 1955, and in amended form 
21st October 1955 


EVERAL years ago, Williams (1952), on the basis of precision measurements 
of electron diffraction transmission patterns, reported small anomalies 
in the relative interplanar spacings of thin films of copper, silver and gold, 

prepared by evaporation in vacuo. ‘These changes (as compared with the spacings 
to be expected from a perfect face-centred cubic structure) were ascribed to 
anisotropic lattice strains resulting from dislocations near to the free surfaces of 
the globular particles comprising the metal films. Broom (1953, p.342)shas 
pointed out, however, that Williams’ results could alternatively be explained 
qualitatively in terms of stacking faults (Paterson 1952). 

More recently, Halliday, Rymer and Wright (1954) have observed similar 
effects to those found by Williams, in thin evaporated films of lithium fluoride 
and copper. In accordance with previous work on gold leaf (Rymer and Butler 
1947), these authors have attributed the changes in interplanar spacings to 
surface-tension forces in the case of lithium fluoride, and for copper to a stress 
system arising from superficial oxidation of the specimen. 

From the point of view of stacking faults, an important feature of the latter 
experiments is that measurements were made with the electron beam both normal 
and inclined to the plane of the specimen. It was found that the magnitude of 
the anomaly (expressed in terms of the variation of the product of electron 
wavelength A and the camera length L) for any Ak/ diffraction ring varied with 
the angle of incidence of the beam. Assuming that the crystallites in the 
specimen were randomly oriented, this means that stacking faults could not 
have been the sole cause of the discrepancies observed in copper. On the other 
hand they could be a major contributory factor. It is therefore of interest to 
investigate quantitatively the effects produced upon the electron diffraction 
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pattern by a combination of a stress system and stacking faults in the specimen, 
and to examine the results of Williams and Halliday, Rymer and Wright in the 
light of such a dual process. 

Cons:der then a face-centred cubic polycrystalline specimen which contains 
stacking faults and in which there exists a tensile stress p, normal to the specimen 
plane and at an angle ¢ to the incident electron beam. Assuming that to a close 
approximation the changes in diffraction ring radius due to stress (Halliday, 
Rymer and Wright 1954) and to faulting (Paterson 1952) are linearly additive, 
it follows that the observed value for AL for each Aki diffraction ring is related to 
the true value (AL), by 

(AL)am=AL)ol1+5PM—plAgt+onnBg, see (1) 
where 4,, By, are functions of the elastic constants, c,; of the material, and 
% = XUhPR* (Xh*)?; M,,, is the mean value of |kh+k+]| /(A2+k2+2) for all Akl 
reflections from a given {hk/} family, with the proviso that for |A+k+/|=3N+1, 
3N (where N is an integer), =|h|/X/? is given positive, negative or zero values 
respectively. P is a function of the stacking fault probability « and depends 
upon the type of fault. If € is small, it may be shown that for growth and 
deformation faults respectively, P has the values 


/3 € 2 
con = oa ) oe IO (2a) 
/3 
Pactoenation = Da Sen eicoiairax'otts (2 b) 


Let Ag=[AL)p2—(AL)oo9]/(AL)o for an angle 4, and let Ay be the corre- 
sponding quantity for normal incidence of the electron beam. 
The following expressions may then be obtained from equation (1): 


By Do = 3 Pao SIN yom | ses (3) 
Ag+ P%nwBs= OLE eo) oy ee ste dou con (4) 


where 


cope 1 1 
ce (: Be. $\(—= ae ea 


Hence if 4,—A, is plotted against «,,, a straight line should be obtained 
from the slope of which the stress p can be calculated. Insertion of this value 
of p in (4) then enables A, + pz,,;,,B, to be plotted against (M,,;.,— Myo9)/2 giving 
the fault probability «. 

The experimental results for copper given by Halliday, Rymer and Wright 
(1954) in figure 12 of their paper have been used to obtain the quantities A, and 
A, above. For this purpose the values of (AL), corresponding to inclined 
(4=40°) and normal incidence, may be taken as the mean value in each case 
of the corresponding measured values (AL),,,;.. Figures 1 and 2 show the results 
obtained. 

From figure 1, 2pB)sin?d=—4:5x10-%. Insertion of the values 6=40", 
Gq ee? < 104 ely 1-23 «10 c,,=0'75 x 10" dynem~ gives 


p= —5:0x 10° dyn cm”. 


From figure 2, P=2-9x 10°, corresponding to growth or deformation fault 
probabilities « of 0-09 or 0-01 respectively. 
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The inclusion of stacking faults effects makes a significant improvement to 
the agreement between calculated (d,) and observed (d,) values of interplanar 
spacings. For example, the above results lead to a value for <[(d,—4o)/do}?av )” 
of 0-8 x 10-4, compared with a value of 1-9x 10 if elastic stresses alone are 


considered. 


> 


10" (Ag+ pata, By) 


> 
& 


0 2 3 4 o- 1 2 3 4 
hey J5(2y-Mig)—*10" 
Figure 1. Use of the experimental Figure 2. Results of Halliday, 
results of Halliday, Rymer and Rymer and Wright (1954) 
Wright (1954) for copper to plotted to obtain the stacking 
obtain the value of the stress fault probability ¢ in their 
p in the specimen. copper specimen. 


Growth faults can arise as the evaporated film is formed, but deformation 
faults require a plastic strain in the specimen during or subsequent to its formation. 
Murbach and Wilman (1953) have shown that stresses are present in evaporated 
metals films of the order of 1000-30004 in thickness and that in several cases, 
including copper, the stress exceeds the elastic limit of the material. Furthermore, 
Greenough and Smith (1955) have inferred from x-ray evidence that deformation 
faults are present in cold-worked copper filings (« =7 x 10-%). 

The value obtained here, however, shows that if deformation faults exist in 
the evaporated copper film, they occur on the average approximately once every 
200A in the [111] direction. Since the crystallite size is unlikely to exceed this 
order of magnitude, the faults are predominantly of the growth type. 

Finally, the line broadening due to stacking faults needs to be considered. 
From measurements of diffraction ring breadths and the fact that the 200 ring 
was appreciably broader than the other reflections, Halliday, Rymer and Wright 
concluded that the crystallites in their copper films were in the form of discs 
parallel to (111) planes with a diameter and thickness of order 90A and 15A 
respectively. ‘Ihe above results on the other hand indicate that growth faults 
occur on the average once every eleven (111) layers (23) in each crystal. 
Consideration of the radial broadening due to faulting shows that for the first 
four reflections the integral breadths due to this effect alone should increase in 
the order 311, 111, 220, 200, which is roughly in agreement with the experimental 
results of Halliday, Rymer and Wright, although their interpretation was different. 
It seems probable therefore that growth faults are making a major or even prime 
contribution to the observed radial broadening. In consequence it is suggested 


that the figure of 15A given previously for the average crystallite thickness is 
well below the true value, 
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With reference to the results of Williams (1952), equations (3) and (4) above 
cannot be applied owing to the availability of data only for normal incidence of 
the beam. For this case however, by analogy with (4), 

Ag = P(Maia—Mapo)/2—PenmBo. 8 wees (5) 

Thus from the six values for (AL),,;, given in figure 1 of the paper by Williams, 
five numerical equations are available containing the two unknown parameters 
p and P. Applying a least squares method (Whittaker and Robinson 1937. 
p. 210) to the data gives a value’ for p= — 3-7 x 10°dyncm? and for the growth 
fault probability «=0-06. These values are thus comparable in magnitude with 


the corresponding quantities for copper deduced above from the results of 
Halliday, Rymer and Wright. 
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REVIEWS OF BOOKS 


Frontiers of Astronomy, by Frep Hoye. Pp. xvi+ 360. (London: Heine- 
mann, 1955)2 92s. 


Theory in astronomy has a dual role. Not only must it present a quantita- 
tive description of observation in terms of terrestrial physics, but on the frontiers 
where we are almost in complete ignorance it must simulate experiment by 
predicting the observational consequences of models in which one or more 
of the possible mechanisms are dominant. A classical example of the latter 
role is Schwarzschild’s prediction of the darkening of the limb of the sun for a 
photosphere in convective or radiative equilibrium. In both these aspects of his 
work the theorist must further recognize that the observational concepts no 
longer have the simple content which they have in terrestrial physics. "Thus 
when we say the Andromeda Nebula is 1:4 10°4 cm away, the distance so 
quoted contains within it a wealth of empirical observational laws and a chain of 
hypotheses. We may hope that this distance is the same as would be obtained 
from repeated applications of a rigid measuring rod, but the recent doubling of 
the distance-scale for extra-galactic objects shows how naive such a hope must 
be. The problems involved in the observational concepts of astronomy are 
somewhat subtle ones, and the theorist has to step warily both in their use and 
in the prediction of the observational consequences of theoretical models. 

Above all the astronomical theorist needs physical insight of the highest 
order. In this respect few are more gifted than Mr. Fred Hoyle, but Frontzers 
of Astronomy, in which he presents his latest views on stars and the universe, to 
say nothing of the earth and the solar system, will be read with disappointment 
by astronomers. Nor can it be recommended to the physicist as an accurate 
description of the present state of astronomical knowledge. Not only does it 
contain almost no account of the transfer of radiation in stellar photospheres, so 
vital in measuring the rate of energy generation as well as being one of the few 
branches of astrophysics where precise quantitative tests of theory are possible, 
but also the account in Chapter 10 of distance measurement, quite basic in all 
Hoyle’s theories, can only be described as a travesty of the facts. How such a 
chapter could be written without even a mention of Hertzsprung, the founder 
of the photometric and spectroscopic methods of distance measurement, or of 
Trumpler and the first quantitative determination of interstcilar absorption, 
almost defies explanation ! 

What the book does contain are Hoyle’s views on the observationally in- 
accessible interiors of stars, the life histories of the stars if these views are correct 
and the consequent description of the universe. ‘These topics can be described 
as on the frontiers of astronomy, indeed on the very far frontiers, but whether 
these are the frontiers from which any substantial advance is likely in our present 
ignorance of most of the facts is a question on which opinions will naturally 
differ. ‘here is indeed something to be said for a theoretical attack in advance 
of quantitative observation since the theory suggests the observations which can 
support or disprove it. But there seems nothing whatever to be said for 
attempting to present the highly intuitive and necessarily speculative theories 
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involved in such an attack in a book clearly designed for a reader with little 
physics and less astronomy. ‘The validity of such theories can only be assessed 
by professional workers in the field, and by them only if the basic hypotheses 
are Clearly set forth together with some of the mathematical apparatus of their 
development. What is essential, pace the author, is the kill, not the excitement 
of the chase, nor is anything gained by following his technique of moving 
“helter-skelter to a dramatic conclusion ”’. H. H. PLASKETT. 


X-Ray Diffraction by Polycrystalline Materials, edited by H. S. Prisrr, H. P. 
Rooxssy and A. J. C. Witson. Pp. 725. (London: Institute of Physics, 
Physics in Industry Series, 1955.) 63s. 


This book has apparently been written with two objects in view ; to provide 
a standard reference book on the Powder method, and subsidiarily to provide 
propaganda for the use of such methods inindustry. It has a considerable weight 
of authority having been sponsored by the X-Ray Analysis Group of the Institute 
of Physics and carrying a commendatory foreword by Sir Lawrence Bragg. 

The co-operation of 31 authors has enabled a comprehensive and thorough 
treatment to be made, and the editors have largely avoided the vices of repetition 
and overlap of subject matter. On the other hand, the arrangement is in places 
arbitrary and there are considerable differences of style and in level of approach. 

The first part deals with experimental technique, that is largely with cameras, 
although there is a chapter on X-Ray Generators and Film Measuring Equip- 
ment and another on Counter Diffractometers. American practice is considered 
but nevertheless the emphasis is on methods and equipment of European origin. 
Besides the usual Debye-Scherrer arrangement with a fine rod specimen, 
focusing cameras and the various kinds of special purpose cameras are fully 
described. It is difficult to find fault with these descriptions, but particularly 
where the apparatus concerned is not readily available either commercially or 
otherwise, the authors would have helped many readers by giving also a fuller 
assessment of the value of some of the methods proposed. 

The second part covers interpretation, including identification, indexing 
lattice parameters, intensities, line profiles, and preferred orientation. ‘The 
discussion is full and easy to follow and working procedures are given for many 
kinds of calculation. The first chapter of the book which is a summary of lattice 
theory and x-ray optics belongs more naturally to this part than to the first. In 
contrast to the remainder of the book it is rather abstract in style, and it is a pity 
as regards the industrial reader to commence in this way. 

The third part consists of nine essays on the application of the powder method 
in various fields of research, with a final chapter on photography which has strayed 
from part one. Some of these essays develop further points made in the first two 
parts but mostly they are progress reports in various specialized fields. ‘There is 
considerable variation in the kind of treatment given but it is necessarily not 
nearly so full as in the other parts, nor is there much sense of unity in the subject 
matter. Only those aspects involving the x-ray results are shown and it is 
difficult to appreciate fully the situation in these fields without the general view. 

There is finally a useful appendix giving several tables (some new in content 
or arrangement) an extensive bibliography related to chapters, and author and 
subject indices, 
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To summarize, the book provides an excellent laboratory manual on the 
x-ray powder method. A good deal of the ground has been covered before, but 
the treatment now given is altogether more complete. It will be of constant 
value to anyone using powder or fibre patterns, and occasionally no doubt to 
other x-ray workers as well. D. E. BROMLEY. 


Theory of Lenses, by E. W. H. SELWYN. Pp. 62. (London: Institute of 
Physics; 19552)) 95: 

In this book, which is one of the series of monographs published by the 
Institute of Physics for general reading by students in courses at the level of the 
Higher National Certificate in Applied Physics, the author has been successful 
in compressing much information into a relatively small space. ‘The book is 
not above criticism: there are a few faults the correction of which would, in the 
opinion of the reviewer, enhance its value. 

There are four chapters. The first, entitled ‘Theory of Light’ (more 
appropriately ‘ Wave Theory of Light ’), deals with the propagation of light on 
the basis of wave theory. Since space is apparently at a premium the con- 
sideration of a doublet source to provide an explanation of the non-existence of 
a back-wave is hardly necessary: it would be sufficient to quote the obliquity 
factor, and to mention that Kirchhoff first gave the exact formulation of Huygens’ 
principle. (It is welcome to see Huygens’ name spelt correctly !) 

The first section of Chapter 2 logically belongs to Chapter 1 as it deals with 
physical optics. This section describes the formation of the image produced by 
a spherical concave wave front—avoiding the Bessel functions in Airy’s analysis 
by the use of vectors. ‘This is very good. Discussion of resolving power should 
follow the formula for the radius of the first dark ring. 

The second part of Chapter 2 contains the ‘ First Approximation’ which is the 
title of the chapter. The section headed ‘Ray Theory’ is confusing. N, is 
used (line 3, page 29) without being defined, and (line 4, same page) U, appears 
to be a misprint for N,. At the end of the same section a formula is given which 
includes f and f’, followed by the comment “ All this would be very satisfactory 
if we knew what f and f’ were. ‘To find out we must go back to physics.” 
Unfortunately f and f’ do not reappear in the book so the reader is left to presume 
that all this is not satisfactory (or else that a section has been omitted from the 
chapter). 

In the third chapter Seidel aberrations, the second approximation, are very 
clearly discussed, and there is a useful section on Brightness of Images. 

The last chapter discusses correction for colour and high order aberrations. 
The specification of glass by its index and dispersion or v-number should be 
mentioned here (the v-number is specified but not named). ‘lhe discussion of 
equation (4.5) is too condensed for clarity: it appears to imply that differing 
refractive indices in the two components of an achromatic lens is a condition for 
stability of chromatic correction. 

The final section entitled ‘ Real Lenses’ is a capable piece of concise writing 
It describes, with an admirable little diagram, most of the forms of Oecd 
systems in general use. 

This could well become a useful little book, 


G, W,-HAMSTEAD, 
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University Physics, by F. Sears and M. W. Zemansky. 2nd Edn. Pp. viti+ 
1031. (Cambridge, Mass.: Addison-Wesley, 1955.) $10. 

This book, the authors say, “ is based on Sears’ three volume work Principles 
of Physics. . . . Those topics which fall within the scope of intermediate 
physics have been eliminated. . . . It is intended for students of science and 
engineering who are taking a course in calculus concurrently and to whom 
calculus is still a new tool ”’ 

The book is well written, but it aims at a far lower level than is usual in English 
honours courses. Some detailed criticism will make this clear. 

The discussion of the first law of thermodynamics is excellent, but only 
thirteen pages are devoted to the second law, the identity of the Kelvin and 
Clausius formulations of this law is stated without proof, and the concept of 
entropy is not introduced. 

The development of the magnetism section is based on current elements. 
This is something of a departure in so elementary a text, and is very successful ; 
it is a pity that free magnetic poles are introduced later on, but this is probably 
inevitable at this level of instruction. In view of the sophisticated logical 
structure, it was rather surprising to find a ‘ proof’ of Faraday’s law of induction 
on p. 602, which the reviewer would like to have seen more critically discussed. 

The pattern produced by a diffraction grating is not derived. Only the 
position of the principal maxima is discussed, and no adequate reference is 
made to the resolving power of this instrument. Unpolarized light is rather 
ambiguously described on p. 865 as “a mixture of waves linearly polarized in all 
possible transverse directions.” 

The reviewer can find no mention of the method of electrostatic images, the 
thermodynamics of an electric cell, group velocity, thick lens theory, Brewster’s 
fringes, and the Michelson and Fabry-Perot interferometers. ‘The mathematical 
level is, as the authors admit, low ; thus formal vector notation is avoided, and 
the discussion of rainbows merely says (p. 740) ‘‘ Descartes computed the paths 
of some thousands of rays incident at different points on the surface of a raindrop”’ 
without deriving the maximal condition by calculus. 

A student who relied solely on this book would be insufficiently prepared for, 
say, Part 1 of the Natural Sciences Tripos. Nevertheless, within this rather 
severe limitation, the book is attractively written, and contains stimulating 
examples. It might be profitably read in conjunction with other textbooks. 
The price is very high. A. V. COHEN. 
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Figure 1. Series recording nucleation and demagnetization in (001) surface as applied 
field in [100] direction, 1.e. from bottom to top of pictures, is decreased from (a) to (f). 
The effective field for (a) is about 200 Oe, for (b) 150 Oe, for (c) 70 Oe. 
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Figure 2. (a) Surface defects on saturated crystal surface. (b) Spike transverse domains 
on this surface when field is reduced to 150 Oe. 


Figure 3. Spike domains on a badly pitted portion of the surface. 


Figure 4. (a) Spike transverse domains; () appearance of reverse domains following 
slight reduction in field from (a). 


Figure 5. Illustrating close association of reverse and transverse domains. 
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Figure 2. 


(a) Cu film deposited at —183°c; photographed at —183°c. (200) reflection. 

(6) Same Cu film as in (a) but brought to room temperature. (200) reflection. 

(c) Cu film as in (a) and (4) after annealing at 400°c for two hours. (200) reflection. 

(d) Cu film deposited at —183°c and annealed to room temperature in oxygen. (200) 
reflection. 

(e) Cu film deposited at —183°c and annealed to room temperature after the admission 
of a small amount of oxygen; photographed after three days. (200) reflection. 

(f) Cu film as in (e) stabilized with excess oxygen after 24 hours at room temperature. 
(200) reflection. 

(g) Cu film deposited on annealed Cu at —183°c and annealed to room temperature in 
oxygen. (200) reflection. 

(h) Cu film deposited at room temperature. (311) doublet. 

(1) Cu film deposited at room temperature and immediately exposed to air. 


imperfectly resolved. 


(311) doublet 
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Abstract. An attempt is made to formulate a theory of irreversible processes 
in fluids with the same degree of completeness and rigour as the theory of equili- 
brium based on statistical mechanics. The theory of the grand partition function 
is generalized to systems not in thermodynamic equilibrium, and to determine 
the distribution functions an equation is derived which is strictly analogous to 
Boltzmann’s equation in the theory of rare gases. A definition is given of the 
entropy of a system not in thermodynamic equilibrium, which is more satisfactory 
than others previously proposed. An H-theorem is proved to establish the natural 
increase of the entropy so defined. 


$1. INTRODUCTION 


CERTAIN amount of progress has been made recently towards a qualitative 

understanding of irreversible processes in fluids. It has been realized 

that momentum and energy transfer are generally effected in two ways: 
by the direct motion of the molecules, and by the action of the intermolecular 
forces. Of these, the former is dominant in rare gases, and the latter in liquids. 
But on the quantitative side the theory of irreversible processes has not yet 
reached the stage where a well-defined procedure can be stated, by which coefh- 
cients of viscosity and thermal conduction could, in principle, be calculated. 
Except at the very low densities where Boltzmann’s equation of gas theory applies, 
the theory does not, in fact, approach the completeness of the statistical theory of 
thermodynamic equilibrium. 

The detailed theories of Kirkwood and his collaborators (Kirkwood 1946, 
Kirkwood, Buff and Green 1949, Irving and Kirkwood 1950, Zwanzig, Kirkwood, 
Oppenheim and Alder 1954) and Born and Green (1946, 1947) have both met 
with difficulties of a fundamental nature at the point where irreversibility should 
enter the theory. ‘The mechanical laws, it is well known, are time-reversible and 
fail to indicate which of the infinite variety of physically possible states of 
a molecular assembly are favoured in real irreversible processes. In the kinetic 
theory of gases, the author (Green 1952, Ch. 8) has shown that an additional 
statistical postulate serves this purpose. For condensed systems, on the other 
hand, Kirkwood made a series of approximations suggested by the theory of 
a Brownian particle. Even then, the difficulty remains that the linear differential 
equations obtained require for their solution a boundary condition not supplied 
by the theory. Additional assumptions have to be made which (see Green 1952, 
pp. 156-160) are practically equivalent to the adoption of a macroscopic molecular 
model. In the work of Born and Green a difficulty was found in closing the 
infinite chain of equations which connect the various distribution functions. 
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Some authors (e.g. Klein and Prigogine 1953) have mistakenly supposed that the 
solution proposed for this difficulty, the superposition approximation, was 
intended also to supply the element of irreversibility in the theory. In fact the 
superposition approximation was used only for thermodynamical equilibrium 
and, to determine the steady state of a non-uniform fluid, it was assumed that 
this state depends only on the local values of the macroscopic parameters (density, 
temperature and fluid velocity) and their space derivatives. Unfortunately 
this assumption alone did not suffice to determine a unique solution of any 
problem, and to obtain an explicit formula for the coeflicient of viscosity, Born 
and Green had to ‘guess’ the deformation of the molecular structure of the fluid 
by the flow. 

The difficulty just mentioned can be related to another difficulty, concerning 
the definition in molecular terms of the entropy of a fluid which is not in 
equilibrium. If one adopts the most obvious definition, one finds that the entropy 
of the fluid can only increase by virtue of its interaction with external systems. 
Some authors (e.g. Davydev 1947) have accepted and tried to rationalize this 
result. Ag classical thermodynamics specifies only the sign, and not the magnitude 
of the change of entropy in irreversible processes, their standpoint is perfectly 
tenable. But others (see Tolman 1938, §51) have preferred to modify the 
definition of entropy by introducing ‘coarse-grained’ densities in phase space. 
Fach of these alternatives has its disadvantages, and the fact that a rigorous 
H-theorem is lacking for condensed fluids, regarded as isolated systems, has 
handicapped the development of a detailed theory of irreversible processes, 
even though the general theory of the Gibbs ensemble is known (see Cox 1950). 

In this paper, the author will outline a solution of these problems, helped by 
the introduction of a new set of velocity distribution functions. The equilibrium 
form of these functions arises naturally in the theory of the grand partition 
function, applied to fluids, and they have been studied in some detail by Mayer 
(1942). In their generalization to non-uniform fluids, they allow one to define 
the entropy in a precise, realistic way, and to formulate a theory of irreversible 
processes in dense fluids with the same degree of rigour as Boltzmann’s theory 
of rare gases. In fact, the resulting theory contains as special cases both gas 
theory and the theory of the grand partition function. In particular, irreversibility 
is introduced by a generalization of the statistical postulate of gas theory. But 
the computational difficulties involved in the exact determination of coefficients 
of viscosity and thermal conduction for liquids are not less than those in evaluating 
the partition function and solving Boltzmann's equation combined. What can 
be expected, beyond a solution in principle of these difficulties, is some insight 
into which approximations are reasonable and likely to give good results. One 
can also expect to compute, without great difficulty, corrections for dense gases 
to the results of gas theory. 


§2. DisTRIBUTION FUNCTIONS FOR A FINITE DOMAIN 


Attention will be restricted to a simple fluid in which the local molecular 
number density x, temperature 7 and velocity of flow u are prescribed throughout 
the fluid. The notation is a slight condensation of that used previously (Green 
1952) by the author: dx, represents the product of the volume elements 
dx®,...dx™, and d&, the product of the elementary velocity ranges deD  ssdeos 
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dx means dx d& and dz, means dx,d§,._ ‘Then 2,dx, is the probability that 
each of the volume elements dx”, ...dx\ is occupied by (the mass-centre of) 
some molecule; and f,dr, represents the probability that these volume elements 
are occupied by molecules with velocities §,...& in the ranges d&®,... dé, 
If ®, is the total potential energy of a group of g molecules at x... x(, including 
their mutual potential energies but not their energies of interaction with other 
molecules, 


dof ES 1 rg) oY oan Of yaa (qt) 
dt, - =a ‘G éx® GEO as aie, ec (1) 
where 
a é Z eat 1 c® F) 
———— (i) Sr ae ee eae 
dt, ot 3 pa ( 3 Ox m Ox”) : 5) bad ce caned (2) 
and | 
toa Cea ee OSG (3) 


Assuming the molecules interact only in pairs, ®,=%,.;6“, where 4“) is the 
interaction energy of molecules at x and x®. ‘The functions /, and 7, are related 


by 


LS | 2e Meu De suse (4) 
and in thermodynamic equilibrium only one has 
qd 
fa=(Bm/2a)3% exp(—Eom > En, oe (5) 
i1 


where B=(ar7)"}. 

A new set of velocity distribution functions F’, will now be introduced, with 
special reference to a compact finite domain of the fluid, with volume V. 
Generally this volume should be large enough to allow one to neglect surface 
effects, but the only other important restriction is that its surface S should move 
everywhere with the local velocity u of the fluid. The function F,, is defined so 
that F,dz, is the probability of finding the volume elements dx”, ... dx‘ within V 
occupied by molecules with velocities in the specified ranges, and no other 
molecules within V. All space integrals will in future be supposed to extend only 
over the volume V. ‘The functions /, are obviously related to the F’', by means of 


fpa Fit | CECE ee 


2 jf 

= ter ake | FAD. dX, a, (6) 
7=0 J : 

Replacing g by g+7 in this relation, and integrating over the phase space elements 

drt)... dr(+, one obtains for 7=0, 1, 2 etc. a set of equations from which the 


Fy, can be determined: 


ca) “(j) A 
eT ne ee 0 
Y= FE 


It should be noticed that the infinite series appearing in (6), (7) and subsequent 
equations are always convergent, since it is very improbable that a number of 
molecules far in excess of the mean number (q) will be found in V. ‘This has 
been pointed out by Mayer (1942) and Kirkwood and Salsburg (1953). The 
maximum degree of convergence is attained when V is as small as possible, 
consistent with the other requirements of the theory. In the case of a rare gas, 
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one can always choose V so that the first term of the series is a good approximation 
tothe sum. For a condensed system, however, it is to be expected that the main 
contribution to the sum will come from that part of the series in the neighbourhood 


of the (q)th term. 
A set of distribution functions ,, bearing the same relation to 2, as F, to fy; 
can be defined, with the property 


N,= | Fide) 5 wees aumeeec (8) 
and such that 
P(g? [Nyy te 0) 


represents the probability of finding precisely 4 molecules in V. If P, is the 
probability of finding V empty, one must have 


> Pail: Soe ere (10) 


q=0 
‘The average number of molecules to be found in I’ is 


and the mean square number 


(P= > Ge 
q=0 - 


In thermodynamic equilibrium, the values of the N, and F’, can be written 
down with the help of statistical mechanics (cf. Mayer 1942). Since the work 
required to evacuate the volume V is pV, where p is the hydrostatic pressure, 


Fae | hdr. as (12) 


F5= No= Po = xD CBE) eee (13) 
Also, if x is the activity, N,=2N,; and in general 
N= 22g exp 6 @) = | ee Me ae (14) 
Hence 
Fy eexp Bg) en ee (15) 
where 
y=BUlne+$In(Bm/2m)} eee. (16) 


is Gibbs’ thermodynamic potential per molecule and 


q 2 
E=o, + hm > C8 me ene ae (17) 
ou 


These last results are based implicitly on the neglect of surface interactions, 
and so do not hold exactly if one of the positions x... x? is on or near the surface 
S. Later an expression will be required for F,,,, where the point x, say, 
is on S, and the velocity & is directed inwards so that a molecule there can have 
had little or no interaction with others at x®,...x(@*). Let F'"' denote the 
function. f, of the-variables x®, 7x0"), EO), Bane Assuming F 4 = OF 
where ¢ depends only on x® and &”), it follows from (6) that ‘ es 


; cote “(G) ; 
eh ae Pe Pas scm a 8 (18) 
j=0 : 


with the help of (8), (9) and (10). ‘This result does not depend on the assumption 
of thermodynamic equilibrium. 
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The fact, shown by equation (15), that F, is a much simpler function than 
f,in thermodynamic equilibrium, suggests that it might also be easier to determine 
when equilibrium does not obtain. If this should prove to be so, and the proof 
will be attempted in §4, equation (6) above may well provide the easiest route 
to calculating f,. All relevant physical quantities can be expressed in terms oi /,, 
and therefore in terms of the F,. The next section will, in fact, be devoted to 
showing how various important quantities can be calculated directly when the 
Fare known. 


$3. PROPERTIES OF THE DISTRIBUTION FUNCTIONS 


Let 6,(x, §) be any function of the position and velocity of a molecule; the 


average value (4, ) of this function for molecules in the domain considered is given 
by | 


CO tian, an one (19) 


where (q) is given by equation (11). The right-hand side of this equation can 
be expressed in terms of the F, by using (6): 


(7) <4.) = > (4g!) | F 419,07 944 
q=' (2 


= SUN eos ay) dee «Toa tee, (20) 


q=! 
where 6,9 =6,(x), 6), and the symmetry of the function Ff, with respect to 
positions and velocities has been used. Similarly, if 0,(x, x®; &®, €@) depends 
on the positions and velocities of a pair of molecules, its average value (0,) for 
pairs within the volume V is given by 


(q(g—1))B2)= | fabadrs 


=2 Ss (q!)* | 16s ( >i as) driers (21) 
q=2 . j>1 


where 64) = 65(x, x; 8, €), and <q(q—1)) is given by (11) and (12). 
As an application of these formulae, the mean energy F of the fluid within V, 
excluding surface energy, can be expressed in either of the forms 


E=1m | fyEP2dr, +4 | Oe | eee (22) 


or B= Sighs iebedn, © 0) gaa (23) 
Ts : 


with E, given by (17). The internal energy is obtained by subtracting the 
macroscopic energy of flow, which is 


S as 
3m | fyuu®2dr,=4m > (q!? | F, ( Pe uo) Ore Oe tees (24) 
J q=1 j=] 
where u® is the velocity of flow at the point x. It is worth noticing that, if 
den ACU) 0 SS DS SR icra (25) 


is the molecular velocity relative to the fluid motion 
g 
> vi) igs SM ca es (26) 
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The mean pressure tensor in V, correct to terms linear in the gradient of u, 


is given by 


; - ao, 3b 
Vp=m | fvOvOdr,— 3 | h (x a tx ) Vk gee (27) 
% ee i ui ee : o®, dr, . ? 
or Vp= > (ay |e (mvrwin— x) fo gastete (28) 


If, then, F, can be determined to terms linear in the gradient of u, the coefficient 
of viscosity can be calculated from (28). Similarly the mean thermal flux q in I” 
is given by 

Vq=tm | favOverdr, 


SN 


= is (ve a 4 x2@yve =) ae Cee (29) 


x) ox 
if the origin of coordinates is taken at the instantaneous mean centre of V, and this 
transforms to 


ice) 


, air “ See Nios 
Vq= > (g!y | F, > (inewnve : os) Chae Fach: (30) 
The coefficient of thermal conduction can be obtained from this formula, if F, 
is known to terms linear in the temperature gradient. 

Enough has already been done to show that most macroscopic quantities 
of interest can be calculated, provided the F, are known. It is not yet clear, 
however, that the entropy can be obtained ina similar way. ‘The usual definition 


1S 
S=—k(N! | lnfedes “Sh = eee (A 1) 


on the assumption that there are precisely NV molecules in the fluid, and the whole 
fluid is contained in the region of integration. Neither of these assumptions is 
wanted in the present theory, and the above definition has to be abandoned. 
It is important, however, that any new definition should retain the important 
properties of the old one. Thus S should reduce to its known value for thermo- 
dynamic equilibrium when the /,, like fy, are known. Secondly, the entropy 
of any non-equilibrium state should be less than that of the equilibrium state 
with the same mean density and internal energy. Thirdly, the entropy of a 
composite region in the fluid should be the sum of the entropies of the constituent 
regions, provided surface effects are neglected. It is also desirable that the total 
entropy should increase with time, even for systems without external interactions ; 
the formula (A1) does not insure this property. 

One might attempt to satisfy these requirements without modifying the old 
definition in any essential respect. It can be written (see Green 1952, p 73) 
in the form of an infinite series: 


Sa ak G0, a (A2) 
q=1 s 
where 
Sr as 
zg=Infy—Inf,—Inf,, 
z,=Inf,—Inf,0?—Inf,)—Inf,eD fv (A3 


+In ff? +Inft?+ Inf, 
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etc. In this form the assumption that /, ,,=0 is suppressed and it is no longer 
possible to prove that S is stationary; no one has yet shown that it increases, 
either! But if one attempts to transcribe the formula(A 2)in terms of the function 
F’,, the result is intolerably complicated. So it seems advisable to abandon the 
old definition entirely, and write instead 


S=-k> (@!y eos ida eee (31) 
q=0 
This is, like other macroscopic quantities already considered, the sum of a number 
of terms, each of which is associated with the possibility of finding a given number 
of molecules in V. Moreover, each of these terms has the suggestive form 
—kXp,|np,, where p, is the probability of a special configuration in phase space. 
It must be shown that (31) is exact for thermodynamic equilibrium. ‘To do 
this, (15) and (13) are used to obtain 


o > } . 
S= ae (gays | Fi B(qx —£q—pV jar, | es (32) 
= —T-((q)y~E-pV) 


with the help of (8), (9), (10), (11) and (23). Since <(q)x is the total Gibbs 
thermodynamic potential in V, a correct thermodynamic relation results. 
One can show in the usual way that every term of (31) has its maximum value in 
equilibrium, for specified values of V and E, and also that if V=V’+V" so that 
F =F, F,.', where a is the number of coordinates in V’, then S=S’+S". 
On these counts the definition (31) is therefore as satisfactory as(A1). Ifit can be 
shown further that S naturally increases in non-uniform fluids, there will be 


sufficient reason to warrant its final adoption. 


$4. THEORY OF NON-UNIFORM FLUIDS 


The next object in view is to formulate and solve an equation, analogous to (1) 
which is satisfied by [’,, irrespective of the state of the fluid. From (7) it follows 
that 


-> ee 1) nly Ws | {ges > te ae (4+1) | .. drlats), 


Zs Ox(4 1) 

the second term within the integral arising because the surface S is moving with 
velocity u at every point. The time derivative can be eliminated from the first 
term with the help of (1). Terms involving derivatives with respect to 
EU+D,.,.€(7+)) then vanish on integration, and some of the remaining terms 


cancel so one obtains 
oe 0 dy 
a ao os 1) ARH sh ane ifs 


sue 


t=q+1 
Using (7) again to eliminate /,,;, one has finally 


dy ies Ou. viet) r 
ae = | Sens ae: mas SD) 
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On using Gauss’ theorem, this becomes 
ak 
dt, 
where do\’+) means the product of d&“*» and the molecular flux vit) | ds‘ 
through the vector surface element ds‘“*?. On account of (26), (36) can also be 
written 


= [Fado sete (36) 


q+1) 


d, F (qa q i 
aie = | (Fo i de ee eM) 
q . 
Now it has already been seen, from (18), that 
Fgug = fet (dit <0) = | 5. Bees (38) 


expresses the statistical postulate that a molecule entering V will have its 
position and velocity completely uncorrelated with those already in V. In order 
that this postulate should be rigorously justified, it would be necessary that 
a molecule outside V could not interact with those inside. It will, in fact, be 
supposed that the interaction of a molecule with others inside V is ‘switched’ 
on or off as it enters or leaves the region. Any error arising from this assumption 
will obviously affect only surface contributions to volume-dependent quantities. 

The factorization indicated by (38) is not possible if do‘’*)>0, and the 
postulate so formulated is therefore time-irreversible. It is, in fact the only 
time-irreversible premise of the theory. Its effect is to exclude from the right- 
hand side of (37) contributions arising from molecules entering V, and in fact 
integrations over do\’+» will henceforth be restricted to positive values of this fiux 
element. Intuitively one should expect that the chain of equations thus obtained, 
together with 


AaFit | Fp. (39) 


are soluble in principle. It is not the purpose of this paper to provide a rigorous 
proof that this is so, but it will be shown that the equations enable one to express 
F,,, exactly in terms of F,, and some indication will afterwards be given of 
how one might attempt a practical solution. 

To express /,.., in terms of & 


onset 


i | ide “nee (40) 


so that « is the total molecular flux out of, or, what is the same thing, into the 
region considered. ‘Then (37), with g+1 replacing g, can be written 
Opal 
q+1 q+1 ( 
ot ete late Pe are se w rainy oe (41) 


qt+l1 
Let x, and &,” (¢=1, 2,...q¢+1) be the positions and velocities at time #, of 
a set of g+1 molecules, moving under their mutual interactions, if their positions 
and velocities at time ¢ are x” and &; they can be calculated in principle by 
integrating the equation of motion. Further, let F,,,(¢,) and F,,.(t,) represent 
the functions F,,, and F,,, with 4, x,” and &, as arguments instead of t, 
x and €%. ‘Then it follows from (41) that 


rt la 


Fea Hy )F att) + | [HGS Fast dolerOde (42) 


1 
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where F’,,,(t’) is F’,,9(t,) with ¢’ substituted for ¢,, and 


I(t,, t)=exp aE | « a(t)dt!) Roos (43) 


Iteration of this result gives 


“fF 
Fou =i, t) Fo 4i(t1) + | | U(ty, t) Fy o(ty)do dt’ 
Jai os 


—/-————— 


hee 
Pilea wlan 2) Fj salto 9dt"do dt! + 
i J 

where F’,,,(t,) is derived from Fost’) in the same way as Pauilty ) is derived 
from F. D cee. in general F,,, ; ,,(¢;,;) is derived from F,,,,,,(¢) in the same way. 
Thus x;.,°, §;.,%¢=1, 2,...q¢+j+1) and t,;,, depend implicitly on ¢, 20-9,... 
and ?’ as well as x, & de t. So far, t,, t., etc. have not been specified. Noo 
t, will be chosen to be the last time before ¢ when one of the x,, x, say, was 
on the boundary of V; then, according to (38), 


Poa a(t) a F(t) fA) el ec (45) 


where F'!<J(¢,) is the function F,, of the variables x,, §,® (¢=1, 2,...q+1)and 
t, with x, and &, omitted. Similarly, t, will be chosen to be the next to last 
time before t’ when one of the x,"”, x,” say, was on the boundary; so if t,’ was the 
last time, 


Fy +o(to) = FlO\(t) fy (te fee’) eae (46) 
where ¢,<?,’<#’. In general 
PG ge Ge a) Ga) ae (+7) 


WeetG fa, <1 =... t= 0". When (45), 46) and (47) have been 
substituted in (44), the result is the required expression for F,,, in terms of F’,. 
If this again is substituted into (37), the result is 

dyFy = > | [ eee ve tL F f2? A(t, ft)» AOC) 

dt, a. | bisa Aa AAs Ab daa ee Oya mia 


dhe es 
~ F(t) (2)... Ait i+ (1D) | dr' d+j+ De), , drat 2(t)dolt+ 1) . (48) 


in which dr‘4+*)(¢®) is short for do“+*Ydt, This is a formal generalization of 
Boltzmann’s equation in gas theory, where, since the density is small, F, can be 
approximated by f,, if V is not too large, and /(¢,, ¢) is not very different from 1. 

Each term on the right-hand side of (48) represents a possible history of how ¢ 
molecules came to be left in V by the successive departure of additional molecules. 
The solution of this equation or this set of equations for g=1, 2 etc. is, however, 
obviously beset by great practical difficulties, even presupposing that the 
techniques developed for Boltzmann’s equation (see Chapman and Cowling 
1939) could be applied. Firstly, the function f, which appears depends, according 
to (39), on all the F,. | However, it would probably be a good approximation to 


replace (39) by 


r<q—1> r 
Peahi=| ee | Fea dr sree (49) 


where (q) is the most probable number of molecules in V. ‘This is an analogue 
of the procedure in statistical mechanics of approximating a series such as (39) 
by its largest term. Another formidable practical difficulty would be to integrate 
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the equations of g interacting molecules, when g is even moderately large. Here 
again, however, one could use the intuitive fact that the times ¢—tf,; are, on the 
average, very short, and apply perturbation theory to the problem. ‘The solution 
of (48), at least for g= (q), is thus probably less technically difficult, to a fair 
degree of approximation, than might at first appear. ‘The remainder of this 
paper is devoted to a proof that this equation does correctly predict irreversible 
processes. 


$5. THe H-'THEOREM 
The object of this section is to show that the entropy, defined by (31), increases 


in a fluid which is not in thermodynamic equilibrium. 
More specifically, it will be shown that 


F 7 0 : aI : 
AH= Fg!" | | G ae 5°. 555) (Fin F\érgilt ner <e (50) 


defines an essentially negative quantity AH. It will be assumed that F’, does not 
depend explicitly upon the time, the time dependence arising from the variation 
of such macroscopic parameters as the local molecular density, temperature and 
fluid velocity. If AH is identified with the negative increase in entropy (divided by 
Boltzmann’s constant k) in the time Af, it can be shown (for example see Green 
1952, pp. 122-125) on the assumption that ordinary thermodynamics can be 
applied as a first approximation to steady-state irreversible phenomena (discussed 
in detail by de Groot 1951, pp. 9-12), that 


EEG 3m (BY ome) 


where J is the coefficient of thermal conduction, B=(Rk7) 14, and 7 and mp are the 
coefficients of shearing and volume viscosity. A positive value of — AH therefore 
implies the existence of viscosity and thermal conduction. 

For the purpose of proving the H-theorem, a number of identities will be 
required. ‘The first, . 


7, Cm: | F417 = 


in which dr,!!=d7®...dr\“, follows from the fact that, according to (6) with 
g=1 and (10), each side is equal to /,?. ‘The correctness of the second, 


> (q) Ff @dr eee. (52) 
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where dr,'!2)=dr®...dr‘7+), is seen from the fact that each side represents the 
probability of finding a molecule with an assigned position and velocity at time 7’, 
subject to the condition that a molecule will leave the volume V before one enters. 
The general relation is 


> (@!4 | ve | TOO, AY Ber) eee 
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Now, returning to (50), the integrand of this equation can be replaced by 
(d,/dt,)(F,|n F,,), since derivatives with respect to the velocities will disappear 
on integration. On account of (10), this may in turn be replaced by the term 
(In F,)(d,F,/dt,). Substituting from (37) for d,F ‘dt,, one has, therefore, 


Gees 


AH— = (q!y* | | gp Fal Peta Fyffe EM dry es (55) 
To the right-hand side of this equation one now adds the expression 
>. (9!) | | nhl Fase Fahl Md MOhdr 


which vanishes, according to the identity (52). One next substitutes (42) for 
F,.,, and adds a term 


- - +t 
3 (q!*| | i. ; {Gt )in Se aa Bah f(t) 
x drt2(t!\d rN (t) dr 


which also vanishes, according to (53). Proceeding in this way, one obtains 


finally 
AH = So (q!)t S KS ee | al aieeince ye (56) 
where ; : 
> ct(j—1) 
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where [...] indicates the integrand of (48). 

To prove the H-theorem, one has now only to show that the above integral 
remains unchanged if one interchanges the arguments of F, and F'|@°---#I(¢,_,,) 
and of the (+9) and f,(¢,.,)(¢=0, 1,...7) simultaneously. This can be 
done by a succession of three transformations: 

(ljidbet the vatiablesx, (Lex. x), 65  ) and: B= 0) in '(57) 
be transformed by elementary substitution to 
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where p is by definition the (¢+1)th of the superfixes z,..., 6, a; and let the 
limits of integration in space be similarly transformed so that the value of the 
integral (57) is unchanged. Since the motion of any set of mutually interacting 
molecules, reflected through the mean centre of V, is reversible, the transformed 
Valueson x = (Fay 6 er) xO (e ) and BONE) will be x (7), 
E( = t), = x(a+t+)( = t) and Elat+t+)/ = 1), 

(2) The independent variables of integration are now changed from 
= x Nee a 21 aa i) Evfae ae 21 ne ven = x'P)( = tas”) and EP) — ty14) to 
Bax eG tie xine (2) rand Be )). This affects only the 
limits and variables at integration, since by Liouville’s theorem any volume 
element of phase space is unchanged by motion in accordance with mechanical 


laws. 
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(3) The sign of all coordinate variables and ¢ and # is reversed, and the limits 
of integration altered to return to their original values. Since F’, and f, do not 
depend explicitly on the time, the final result is 


-F 4(j-1) 
= | | ee | M(t;41,t) In ph ees A(t, f(y) 
+ J AM / tj 

POG te ee ARM dry. we ees (58) 
Taking half the sum of (57) and (58), one obtains a negative definite expression 
for AK, ;. ‘This completes the proof of the H-theorem. 

The physical meaning of this result 1s that every cycle beginning and ending 
with g molecules in lV’, and intermediately allowing the entry of any number of 
molecules and the departure of a similar number, makes its own contribution 
to the increase of entropy. The original H-theorem is the special case with 
g=1, where only one molecule is allowed to enter and depart from the region of 
interaction of the original molecule. 


AKaji= 
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Abstract. ‘The proton magnetic resonance absorption in polyisobutylene has 
been measured over the temperature range —196°c to 90°c. The unusually 
large width of the absorption line at the lowest temperatures is interpreted as 
largely due to the well known close approach of the methyl groups on alternate 
carbon atoms in the chain. The usual reduction in line width associated with 
reorientation of methyl groups about their C, axis is notably absent and supports 
the contention that the methyl groups are severely interlocked. A reduction 
in the second moment of the absorption line which sets in over a range of tempera- 
ture near —10°c is associated with chain motion. A satisfactory correlation 
has been obtained between this observation and measurements of mechanical 
properties. Experiments on PIB swelled with benzene substantiate the 
interpretation given above and suggest that valuable information as to the nature 
of the swelling process of rubber-like polymers may be obtained by means of 
nuclear resonance studies. 


$1. INTRODUCTION 


HE basic nuclear magnetic resonance experiment consists in_ placing 

a sample containing nuclei having a magnetic moment (and consequently 

a non-zero spin) in a magnetic field usually of several thousand oersteds. 
This causes the nuclei to precess about the field direction at the Larmor frequency 
which usually falls in the radio-frequency region. ‘The angle between the nuclear 
axis and the magnetic field, and therefore the energy of the nuclear system, can 
be changed by means of another field, at right angles to the large field, which 
rotates at the Larmor frequency. If this field is provided by a coil the energy 
absorbed by the agency of the nuclei is detected as a small change in the losses 
in the coil near the Larmor frequency by appropriate electronic techniques. 
Various modifications of this basic experiment are used and the one used in the 
present investigation is described in the next section. 

Nuclear magnetic resonance absorption measurements are particularly 
valuable in solid state physics since the absorption is dependent, among other 
things, on the relative positions of the nuclei, their arrangement relative to the 
large magnetic field, and on the motion of the nuclei. _ Information on the relative 
positions of protons in a solid is particularly valuable since this is provided by 
x-ray analysis only with the most refined techniques. In this paper we discuss 
the relative positions of protons in the long chain hydrocarbon polymer poly- 
isobutylene, for which establishing even the positions of the carbon nuclei has 
presented some difficulty. The nuclear resonance experiments give less deteiled 
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‘nformation than would x-ray analysis if applicable to protons, but the results. 
can be used to test various alternative structures suggested by x-ray work. In the 
case of polyisobutylene the nuclear resonance absorption indicated quite directly 
the unusually close approach of certain protons in the molecule, which could 
only be surmised from the x-ray analysis. 

The effect of motion of the nuclei, if sufficiently rapid, is to narrow the 
absorption line and some indication is obtained of the type, extent and rate of 
motion involved. In the present case a large effect on the nuclear absorption is 
caused by motion of the polymer chains. Chain motion also largely determines 
the mechanical properties in the rubbery state of the polymer. ‘The present 
experiments, on magnetic properties at 16 Mc/s, confirm the observation of 
a mechanical absorption in polyisobutylene at 200 c/s. The nuclear magnetic 
resonance absorption may also be quite sensitive to motions or displacements 
of nuclei which hardly affect many other properties of the material and this is 
illustrated by the very considerable changes in absorption observed in poly- 
isobutylene at low temperatures. 


§ 2. EXPERIMENTAL ARRANGEMENT AND RESULTS 


The large magnetic field was provided by a semi-permanent magnet having 
a field of 3782 oersteds with an inhomogeneity of about 0-2 oersted in a region 
of about one cm cube at the centre of the gap. When the resonance line was 
narrow, use of a small specimen permitted the measurement of line widths down 
to 0-1 oersted. This homogeneity was obtained by using small coils carrying 
adjustable currents stuck to the pole faces such that the field produced com- 
pensated the inhomogeneity of the permanent magnet field. ‘The magnet was 
provided with one set of coils by means of which the field could be varied linearly 
with time over any range up to 50 oersteds at any desired rate and another set 
by which the field could be modulated at 175 c/s up to 4 oersteds peak to peak. 
The nuclear resonance signal, at about 16 Mc/s for protons, due to a sample 
usually about 8mm cube was detected either by means of an autodyne oscillator 
circuit (Hopkins 1949) or by means of a bridged ‘T’ arrangement (Tuttle 1940) 
with cascode pre-amplifier (Wallman et al. 1948) and receiver. In each case 
the 175 c/s signal was amplified and passed to a synchronous detector (Dicke 1950, 
Cox 1953) and the resulting direct output fed to a recording potentiometer. 
The time constant of the detector could be varied between 14 and 10 seconds as 
required by the signal to noise ratio and the rate at which the field was varied. 
The autodyne circuit, and the bridged T’ with suitable unbalance, indicate 
the energy absorption due to the resonant nuclei. With a modulation amplitude 
much smaller than the line width, the output at the recorder is proportional to the 
derivative of the absorption coefficient (y”) with respect to the large magnetic 
field. The results are therefore in the form of a plot of derivative of absorption 
coefficient against field. ‘The samples were held in a cryostat in a Dewar vessel 
with a ‘tail’ placed between the poles of the magnet-(Gutowsky et al. 1953). 
Any temperature in the range —196°c to 120°c could be obtained and held to 
about 1°c by using either liquid nitrogen or solid carbon dioxide as coolants 
and by adjusting the current in a heater placed near the sample holder. 
The majority of the measurements were made with the autodyne oscillator 
since this arrangement it easiest to operate as a result of its simplicity and its 
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relative insensitivity to vibration and temperature drift. However, because 
of the difficulty in varying the radio-frequency field applied to the sample to any 
great extent it is possible that saturation of the nuclear spin system may occur 
if T,, the spin-lattice relaxation time, is long enough. This did in fact occur 
in polyisobutylene (PIB) at temperatures below —180°c. All the measurements 
were checked with the bridged T arrangement with a wide range of radio-frequency 
fields including that given by the autodyne circuit. The results given are there- 
fore free from line broadening due to saturation. This point is stressed because 
unusually broad lines were observed in PIB at low temperatures and rather 
important conclusions rest on this observation, as discussed later. 

The second moment AH,” of the absorption line is of great importance in the 
interpretation of the results (Van Vleck 1948) and is defined as follows 


|, x" (H)(H — Hy)’dH 
AH = ss ————————_ ____....... (1) 
y"(H)dH 


Y line 


where H, is the magnetic field at the centre of the line and H is the field. Since 
we observe dy"(H)/dH which we call 4(#), it is convenient to use the equivalent 


formula 
| ¢(H)\(H-H,)dH 
piney ee setae AP ee (2) 
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The second moment must be calculated numerically from equation (2) and this 
becomes extremely tedious. A graphical method based on the fact that equation 
(2) may be written 

| ?(H)d(H—H,)* 

hyip ee (3) 
eraeoun 

| Ad HH)? 
has been developed which is very satisfactory and is reported elsewhere (Powles 
1956). 

The second moment values were corrected for modulation broadening 
(Andrew 1953) although in no case did this amount to more than 1% of the second 
moment. 

The accuracy of measurement of AH,’ is independent of its magnitude 
except in so far as the broad lines are weaker, since the experimental arrangement 
can be adjusted to accommodate any line width down to a limiting value of about 
0-1 oersted determined by the inhomogeneity of the magnet. ‘The error in the 
second moment values should not be more than +5%. 

The samples used (see Acknowledgments) were part of a special batch of 
polyisobutylene distributed by R S. Marvin of the National Bureau of Standards 
and many properties of this material have been measured (Marvin 1954). The 
molecular weight of the sample is 1-3 x 10°. It 1s particularly valuable that the 
mechanical properties have been extensively studied (Thomas and Robinson 


1955). . 
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Figure 1 (z) shows the line width SH in oersteds defined as the distance between 
maxima of ¢(H), as a function of temperature. Where two values are given, 
4(H) has two pairs of peaks. Results are shown for the sample of PIB and for 
a sample swelled with benzene. The extent of swelling is expressed in terms of 
monomers of the PIB molecule per molecule of the swelling agent, which 1s 
an appropriate unit for the present investigation. 
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Figure 1. Line width in oersteds against temperature in °c for (a) pure polyisobutylene, 
(b) polyisobutylene swelled with benzene, 4-88 monomers of PIB per molecule of 
benzene. 


Figure 2(a) shows the corresponding variation of second moment values, 
AH,2, with temperature. These are plotted to the scale of AH, to illustrate 
better the wide variation in AH,? with temperature. Second moments below 
about 0-1 oersted?, which occur at the higher temperatures, were not measurable 
because of the field inhomogeneity. 
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Figure 2. Second moment in oersted” against temperature in “C for (a) pure polyisobuty- 
lene, (b) polyisobutylene swelled with benzene, 4:88 monomers of PIB per 
molecule of benzene. 


Figure 3 shows a plot of the ratio 6H/ 24H, as a function of temperature and 
illustrates the change in shape of the absorption curve with temperature. 
SH/2AH, is unity for a gaussian shaped absorption line. 
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For pure PIB the second moment is extremely large at liquid nitrogen 
temperatures. It falls gradually with rising temperature except for a rather 
sudden but small fall at about — 135°. Above —30°c a more rapid fall occurs 
over a temperature range centred at about —10°c and continues until the line 
is too narrow to measure with the present apparatus. In the swelled PIB the 
behaviour is very similar except that the large fall in width occurs at a lower 
temperature. Each of these observations will be discussed in turn. 
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Figure 3. Shape factor 6H/24H), plotted against temperature for pure polyisobutylene. 


§ 3. Discussion 
3.1. The Low Temperature Region 
It seems likely that the second moment has reached the rigid lattice value 
at —196°c. ‘The value attained in PIB is 41 oersted?. That this is an unusually 
high value may be seen by calculating the expected second moment. 
Remembering that the monomer of PIB 1s (CH;),>C=CH,, we calculate the 


principal contribution to the second moment using the appropriate form of 
Van Vleck’s formula (1948), eqn (4) 


where yz is the magnetic moment of the proton in nuclear magnetons, R,, is the 
separation of the 7th and jth protons and N is the number of protons considered 
to interact. 

For interactions of protons within methyl groups and within methylene groups, 
assuming the C—H distances are 1-094 and all angles are tetrahedral, it is found 
that AH,?(CH,)=22-5 oersted* and AH,?(CH,)=11-2 oersted?. 

Hence “H,7(PIB)=6/8 22:5 --2/8 x 11:2=19-7 “oersted?.— This quantity 
may be called the internal second moment of PIB. We have also to add to this 
figure contributions to the second moment due to interactions between protons 
so far neglected. Since, in general, such proton pairs are separated by at least 
the van der Waals distance, and the second moment depends on R-®, where R 
is the separation, this contribution is usually not very large. Nor is the external 
second moment very important unless the internal second moment is small. 
If we assume that each proton has two neighbouring protons at the van der Waals 
distance (2:4 A) (Pauling 1940) we find a contribution to the second moment of 
3-7 oersted?. It is found (Powles and Gutowsky 1953) for solid t-butyl chloride, 
which also has a high concentration of protons, that the experimental value of the 
external second moment is 5 oersted? so that it is reasonable to expect a contribution 
of this order of magnitude in PIB in the absence of any unusual effects, although 
the exact value must depend on the actual arrangement of the protons. We 
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may therefore take the expected rigid lattice second moment of PIB to be about 
24 oersted?. This leaves 17 oersted” unaccounted for. 

We believe that this discrepancy is largely explained by the well-known, 
very close approach of the methyl groups which must occur in the PIB molecule 
(Flory 1937, Bunn 1942, Evans and Polanyi 1943). In other words it is a result 
of unusually large steric hindrance in the molecule. In order to estimate this 
special contribution to the second moment we first take the main carbon chain 
of the molecule to be a plane zig-zag and consider more realistic models later. 
We shall assume for this model that all angles are tetrahedral and that the C—C 
bonds are the normal length, namely 1-544. In this case it is found that the 
methyl groups on alternate carbon atoms of the PIB chain are close together in 
lines and the distance between the centroids of the H, triangles, and of the carbon 
nuclei of the methyl groups, is only 2x 1-274, whereas the radius of the methyl 
group is 2-0 A (Pauling 1940), to the extent that the methyl group may be considered 
spherical. ‘The H, triangles are also coplanar. The next problem is to decide 
what are the azimuthal positions of the methyl groups. Because of the very close 
approach it seems reasonable to expect repulsive forces to be the controlling 
factor and to assume that the interactions are additive. Two arrangements 
of adjacent methyl groups which merit consideration are indicated as (a) and (4) 
in figure (4). Considering only the shortest distances we have for the proton— 
proton separations, 

(a) Roe=Re=l324, hey ator 23) 

(b) Roy = Roy = 1-33 A. 
The van der Waals radius of hydrogen is 1-24 (Pauling 1940) (ie. R,;=2-4A), 
so that if the methyl groups were placed as supposed, very considerable repulsive 
forces would be involved. Because of the very rapid variation of repulsive force 
with distance, it is evident that the arrangement (a) has the lower energy and is 
a position of stable equilibrium. A more striking illustration is provided if we 
assume that the energy of interaction of two protons is 

E,=380KQOSK,, Ve) ee eee (5) 

which corresponds to a binding energy of £ at an equilibrium distance of 2:4 A. 
It may be shown that the energies E, and E,,, corresponding to positions (a) and (4), 
referred to the minimum of energy, are such that E,/E,=11. Thus it seems 
reasonable, in the following discussion, to choose the arrangement which gives 
the maximum value for the shortest inter-proton distances. 
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Figure 4. Illustrating various arrangements of methyl groups referred to in the text. 
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For future reference we note that the ‘steric’ contributions to the second 
moment due to these arrangements of a pair of methyl groups are 


for (b) A\H,?(CH;)=45 and therefore AH,?(PIB) = 33-8 oersted? 
for (2) AH,?(CHs3) = 20-6 and therefore AH,?(PIB) = 15-5 oersted?. 


However, in the linear PIB molecule the methyl groups are close together 
in lines and it is evident by an extension of the argument given above that the 
lowest energy arrangement is as in figure 4 (c) since the occurrence of (2) more 
than once requires an arrangement approximating to (d) at some point and this 
configuration, besides being unstable, has a proton-proton separation of only 
0-47 A which is out of the question. The most reasonable arrangement therefore 
is as in figure +(c) and we calculate the steric contribution to the second moment 
for the infinite chain to be 


AA” teric( CH) = 90 and therefore AH,?,,,,;,(PIB) = 67:5 oersted?. 


We now recall that the extra second moment required by experiment is 
17 oersted? so that the nuclear resonance data confirm that the straight chain 
molecule is not acceptable. This, of course, agrees with the considerations of 
steric hindrance which are discussed in more detail below. A more precise 
consideration of the methyl group orientations, involving minimization of the 
free energy and allowing distortion of the chain angles, would make the argument 
less powerful but would no doubt leave the straight chain as a very unlikely 
configuration. 

The PIB molecules in the polymer are not straight chains and the chain 
C—C-C angles may not be tetrahedral as a consequence of the steric hindrance. 
In the polymer the chain is presumably kinked in a substantially random way 
although certain configurations, particularly straight sections, will be rare because 
of the large methyl group steric hindrance. Because of this it is not possible 
to make an accurate estimate of the second moment of the polymer without 
rather detailed information as to the chain configurations. It is known, however, 
that PIB crystallizes on stretching (Brill and Halle 1938) and it seems worth 
while to calculate the second moment for the molecular arrangement then taken 
up since this might well be a rather favoured arrangement even in the amorphous 
polymer. 

The exact structure of crystalline PIB is not yet decided (Fuller e¢ al. 1940, 
Bunn 1947, Liquori 1955), but there is little doubt that the main carbon chain is 
approximately helical in form and repeats every eight monomer units. The 
most likely form is one in which there are five turns of the helix in the repeat 
distance (S;) (Bunn 1947, Liquori 1955). A form with seven turns (S,) is 
apparently less favoured by the x-ray evidence (Liquori 1955). In 5; and S; 
it is assumed that there is a uniform helix so that the C-C-C angles in the chain 
are all equal but not tetrahedral (see table). A rather reasonable supposition is 
that the repulsion between the methyl groups opens up the C-CH,-C angle and 
a model (S,,) having this angle 126° has been proposed (see Acknowledgments). 
In all these models the methyl groups are close together in pairs only and do not 
form chains as in the linear molecule. 

We have calculated the second moment for these three models. ‘This is less 
simple than for the straight chain molecule since the A; triangles are no longer 
coplanar, and the difficulty in deciding the angular positions 1s greater. Moreover 


some of the methyl and methylene groups are unusually close. ‘To avoid tedious 
T-2 
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calculations models to a scale of 1A=10cm were constructed for the close pairs 
of methyl groups for the three structures, S245, and Sg, m which the ‘methyl 
groups’ could be rotated about their C, axis. The interproton separations of 
the methyl groups were studied as a function of orientation and the equilibrium 
configuration chosen by the criterion already discussed, that the shortest inter- 
proton distances be given the maximum value. In this way the most likely 
orientation was chosen and the second moment calculated using equation (4). 
Although the H, triangles are no longer coplanar it is found that the two most 
likely configurations may again be designated by (2) and (4) of figure (4), with 
(a) again having much the lower energy. 

In the case of the model S, the rather large value of the chain C-CH,-C 
angle makes it necessary to reconsider the internal second moment value for the 
methylene group. Opening the CCH.,C angle to this extent probably closes the 
HCH angle from the tetrahedral value (109-5°) to 98-6° (Coulson 1948, Torkington 
1951) and may alter the CH distance. Assuming that the CH distance remains 
unchanged at 1:09 A we calculate that AH,2(CH,) = 18-4 and therefore contributes 
4-6 oersted? to AH,?(PIB). The internal second moment is thereby larger by 
1-8 oersted? than that previously given. ‘This contribution is included in the 
result (a) in column 4 of the table. 

Since the model S, is a very promising one from the x-ray evidence it seems 
worth while in this case to make a more accurate estimate of the contribution 
to the second moment other than that due to internal and steric interaction, which 
has so far been assumed to be about 5-0 oersted®. It is also desirable because 
there are several other inter-proton distances in the Sy helix which are less than 
the van der Waals distance and the effect on the second moment of the greater 
separation of the methyl groups in this model as compared with 5S, and S, is to 
some extent compensated. Again using the carbon positions provided by 
Dr. Holmes and with the closure of the HCH angles discussed above, we find 
that the total second moment for an isolated PIB helix is 38-3 oersted?. The 
contribution to the second moment due to interaction between helices should 
be quite small and this is supported by the experiments on swelled PIB discussed 
ina later section. It seems reasonable therefore to add at most 2 oersted? giving 
finally a theoretical value of second moment for crystalline PIB of 40-3 oersted* 
which is quoted in column 4 of the table as the result (b) for Sy. The result (6) 
is noticeably higher than (a) mainly because of the close approach of certain 
methyl and methylene group protons which a detailed study of Sy reveals. 
[ am grateful to Dr. Holmes for drawing my attention to this point. 


Model (1) (2) (3) (4) 
Straight . hess 

chain 102 BOs (1-52 for (a)) 222 
S, 109 2:37 1-61 39-2 
S; 114 2:31 1-49 45-3 
ea 126 2-79 1-81 in ee 


(1) C-CH,-C angles in chain ; (2) Distance between centroids of Hy, triangles (A) ; 
(3) Shortest inter-proton distances (A) ; (4) Calculated value of AH,*(PIB) (oersted?). 


Bearing in mind that the experimental second moment is 41 oersted? with 
a probable error of some 5% and disregarding, for the moment, the 
difference between the amorphous and the crystalline polymer, the results in 
column (4) of the table show that the nuclear resonance experiments are not in 
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violent disagreement with any of the models S,, S, or Sy, and, if anything, they 
favour the S,, model for PIB. The correct comparison would of course be with 
the second moment for the crystalline polymer but we have not as yet been 
successful in preparing a suitable specimen. 

It is interesting to note that a consideration of distance between H, centroids 
alone (column (2) of the table) would suggest on steric grounds that S, and S_ 
are unfavourable alternatives to the straight chain. However, the shortest 
inter-proton separations are muchthe same (column (3) of the table) or even greater 
for S;, at least for the (a) arrangement. ‘The telling argument against the straight 
chain model for PIB, both on steric and on nuclear magnetic resonance grounds, 
is that it involves close methyl groups in lines. 

We conclude that the nuclear magnetic resonance absorption indicates a very 
close approach of methyl groups and to a lesser extent of methyl and methylene 
groups in the amorphous polymer to an extent which is comparable with that found 
for the molecule in the crystalline form. This suggests that the molecules in 
the amorphous material may not be very different in form from the helices in the 
crystal. A departure from the regular arrangement of spirals such as is indicated 
by the description of the material as ‘glassy’ in this temperature region and 
a consideration of the methyl group separation for various chain configurations 
makes it reasonable to expect a second moment value in the amorphous material 
not very different from that calculated for the crystalline form, in agreement with 
the measurements reported here. 


3.2. Variation of Absorption with Temperature 

It is well known (Bloembergen et al. 1948) that the contribution to the second 
moment due to a pair of nuclei falls when the distance between them and/or the 
angle of the line joing them varies at a rate faster than the line width, 6H, 
expressed in frequency, dv, where dv =(yu/JA)SH. 

In figure 2(a) the second moment of PIB falls steadily with increasing 
temperature to a value of 13 oersted® at — 30°c apart from a comparatively sudden 
fall of about 8 oersted? near —135°c. In many materials containing methyl 
groups there is a line narrowing over a comparatively small range of temperature, 
usually below — 130°c, which has been interpreted as due to reorientation of the 
methyl groups about their C, axis (Powles and Gutowsky 1953). For PIB this 
would require the second moment to fall to about 8 oersted? since the internal 
second moment of the methyl protons would fall to one quarter of its rigid lattice 
value and the steric broadening would undoubtedly be reduced by a large factor. 
The contribution of the methylene protons would be practically unchanged. 
The steady fall up to — 30°c cannot therefore be due to methyl group C, reorienta- 
tion and this accords well with our assumption of severe interlocking of methyl 
groups. In other words the methyl groups are unable to reorient about the 
C, axis unless the chain segments move appreciably. The narrowing up to 
—30°c may therefore be due io the gradually increasing rate and extent of motion 
of the molecular chains which allows a certain amount of motion and possibly 
even some C, reorientation of the methyl groups but leaves them essentially 
restricted. In this case part of the fall in second moment is also due to motion 
of the methylene groups. . 

A tentative explanation of the sudden fall of 8 oersted® at — 135° is that it 
is due to C, reorientation of a small proportion of methyl groups which are not 
interlocked but are only restrained by normal potential barriers. As already 


290 ypaG: Powles 


discussed such methy! groups should be comparatively few, and the fall in second 
moment is consistent with there being about 15% of such methyl groups. On 
the other hand, the rather important change in the shape of the line (figure 1) 
together with the comparatively small change in second moment makes it likely 
that a larger proportion of the protons 1s involved and that the change is due to 
a rearrangement of the protons rather than an increase in their rate of motion. 
In other words there may be a hitherto unrecognized phase transition in. this 
temperature region. ‘There isin facta small anomaly in the mechanical absorption 
between —130°c and —150°c (Thomas and Robinson 1955). 

Above —30°c the second moment falls rapidly with increasing temperature 
until it becomes too narrow to observe with the present equipment. Narrowing 
to this extent must imply a considerable freedom of motion of the chains and the 
polymer becomes more liquid-like in its resonance absorption. This line width 
transition is evidently connected with the glass to rubber transition. If we 
assume that the motion involved may be described by a single correlation time 
z,, or a single characteristic frequency v,, and that it is thermally activated the 
variation of the width with temperature may be used to deduce an activation 
energy for the process (Gutowsky and Pake 1950). In this case, because of the 
considerable variation of the line shape (figure 3) over the transition region we 
prefer to analyse the second moment curve and use the formula (Powles and 
Gutowsky 1955) 
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Hence, assuming v,=v)exp(—AE/RT) we plot Intan [Ar AHQ?/AHe max] against 
1/T in figure 5(a). The straight line corresponds to NE=0-44€V 0% 
10-2kcalmole and vy»=1-:9x10¥c/s. This value of v5 corresponds to an 
entropy of activation (Glasstone et al. 1941) AS=6-Le.u. 
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Figure 5. Plot of In tan $7AH,?/AHe* max against 1/T for the principal line width tran- 
sition region in (a) pure polyisobutylene and (4) polyisobutylene swelled with 
benzene. 


It is interesting to compare these results with the mechanical properties of the 
material. A mechanical absorption maximum is found at —40°c at a frequency 
of approximately 200c/s (Thomas and Robinson 1955). Assuming that v, 
continues to vary with temperature in the same way outside the line width 
transition region, we calculate from the nuclear magnetic resonance experiments, 
v.=187c/s at —40°c. The agreement between this figure and the mechanical 
absorption frequency is probably too good; but it does seem to indicate that 
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the fundamental process involved in the two phenomena is the same or very 
similar. It will be of great interest to see if the mechanical absorption has the 
same activation energy. ‘The positive activation entropy is also reasonable 
since this may be interpreted to mean that a considerable number of chain 
segments is involved in the activation process. If this is so we may well expect 
a correlation between the mechanical absorption frequency and the nuclear 
resonance absorption line width transition. The interpretation of the large 
positive entropies of activation found for the dielectric relaxation process in 
rubbers composed of molecules*bearing polar groups is very similar (Kauzmann 
1942). 

The nuclear resonance experiments therefore give a direct indication that 
considerable motion of the molecular chain is involved in the rubbery region 
and this is in accord with the rubber-like properties of the material. 

In a material as complicated as PIB it is not possible to give any detailed 
interpretation of the changes in line shape shown in figure 3. he fact that 
5H/2AH, is not unity at —196°c indicates that the protons are not randomly 
arranged in the material, which is of course true. The calculation of actual 
line shapes is very difficult even in the simplest cases. In the transition region 
above —30°c the considerable variation in line shape with temperature might 
well be an indication that the motion involved is complex, as indeed is to be 
expected, and that therefore our analysis using a single relaxation time in this 
region is over-simplified. Measurements of spin-lattice relaxation time will 
clarify this point. 


3.3. Swelled Polyisobutylene 


Experiments on the swelled polymer were made to confirm that the unusually 
high second moments at low temperatures were due to interactions within the 
molecule rather than between neighbours. ‘They are also interesting because of 
the effect expected on the rubber to glass transition. Results are given in 
figures 1 (4),2(b) and 5 (6), for PIBswelled with benzene and having 4-88 monomers 
of PIB per molecule of benzene. 

It is difficult to estimate the rigid lattice second moment for benzene dissolved 
in PIB and we use the same value as in pure benzene, namely 11-4 oersted? 
(Andrew 1950). If we then assume that the second moment of PIB is unaffected 
by the presence of the benzene, as would be the case if almost all the external 
broadening is intramolecular, one finds for 4-88 monomers PIB per C,Hg, 
AH,2=37-0 oersted?. This compares well with the experimental value of 
37-6 oersted? (figure 2(b)). Thus although the benzene has a considerable 
effect on the mobility of the chains in the rubbery region, which is discussed below, 
it hardly affects the signal from the PIB molecules at low temperatures. The 
peaks with small separation at —196°c (figure 1(b)) are no doubt due to the 
benzene molecules. Since the separation (6-2 oersteds) is different from that for 
pure benzene (9 oersteds) it seems that little or no benzene has crystallized out on 
cooling the swelled polymer. 

A more pronounced effect is that the principal fall in second moment occurs 
some 30° lower than in pure PIB and this may be ascribed to the increased 
freedom of movement of the PIB chains when the polymer is swelled by benzene. 
A similar effect has been observed in Hycar rubber swelled in benzene (Holroyd 
et al. 1951), It would again be interesting to see if a similar effect is found in the 
mechanical properties. 
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The analysis of the fall in second moment with temperature for the swelled 
polymer also corresponds to a thermally activated process as shown in figure 5 (4). 
We find 

AE=0-55 ev or 12:6k cal mole! and vp) =4-2 x 101% c/s (or AS = 22:3 e.11.). 
The main effect of swelling is therefore a change in the frequency factor, or the 
entropy of activation of the motion responsible for the line narrowing. 

Some preliminary experiments have been made for other concentrations of 
benzene and for swelling by carbon tetrachloride, which show similar effects. 
Nuclear magnetic resonance may be a powerful method of investigating the 
swelling process since, to some extent, the condition of both the solvent and the 
solute molecules can be studied. Even more promising would be the study 
of rubbers swelled with fluorocarbons since then solute and solvent motion 
could be readily distinguished. 
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Abstract. Attention is drawn to the importance of recognizing the various 
relaxation times associated with a single relaxation mechanism. The physical 
origin of the differences between the relaxation times is indicated and the relation- 
ships between them are illustrated by examples. A general formula is derived 
which relates the relaxation times for a single mechanism under different 
thermodynamic constraints. Connection is established between chemical rate 
constants and relaxation times. It is concluded that there is no intrinsic relaxation 
time derivable ona kinetic basis without reference to the thermodynamic conditions 
under which the relaxation takes place. 


§ 1. INTRODUCTION 


HE impression is often given in the literature that a relaxation mechanism 

possesses a relaxation time in some absolute sense. In fact, as we shall 

show, it is necessary to specify the independent variables with respect to 
which the relaxation time is defined. Neglect of this circumstance can lead to 
apparent inconsistencies (Manes 1953). In view of this it seems worth while to 
collect some essential ideas on this topic. 

Although we were led to this problem through an interest in ultrasonic 
relaxation and the examples which we have chosen are of special interest in this 
field, the basic procedures are not restricted and can be applied to any single 
relaxation mechanism. ‘The simplest example is, of course, the perturbation 
of the equilibrium state of a single chemical reaction. However, with minor 
adaptations, the arguments can be applied to dielectric relaxation: indeed 
Béttcher (1952, p. 357) has encountered a similar problem, although his case 
involved a linear change of thermodynamic variables whereas we shall not be 
restricted in this way. ‘The basic relations between some important relaxation 
times were given for the first time (to our knowledge) by Davies and Jones (1953, 
p. 403). 

In the following we shall attempt to use the term ‘mechanism’ to refer in 
a general way to a relaxation phenomenon and to confine the term ‘process’ 
to refer to a change taking place along a prescribed thermodynamic path (for 
example, we shall often be interested in processes in which two thermodynamic 
variables—such as p and 7—are held fixed). We emphasize again that our 
work is subject to two important restrictions: (a) we consider only a single relaxing 
mechanism, (b) we confine our attention to variations which are sufficiently near 
a fixed equilibrium for the system to be treated as linear. 
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§ 2. THERMODYNAMIC EQUATIONS OF MOTION 


Consider a simple thermodynamic system containing a single relaxation 
mechanism. ‘Taking p, 7 as independent variables and denoting the equilibrium 
values of the isothermal compressibility, the specific heat and the expansivity 
by x, C, and x respectively, we have for an equilibrium change of state 

8V = —V«dp+ VadT, SS=—Vadp+(C,/T)oT.  «.---- (1) 
For a very rapid change of state the thermodynamic coefficients will take their 
‘frozen’ or ‘infinite frequency’ values (for which we drop the bar), the form of 
equations (1) remaining otherwise unaltered. - 

For a general small sinusoidal change. in p and 7 it can be shown that the 
response is given by 


Svea -V| xt Bee NPR Aw _|srs | 
1 +1wt 1 +iw7 | 
Ao | 


R 1 AG 
Sa° = >= V K * — —— 2B * 
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where the asterisks denote the usual ‘complex’ values, 7 is a rate constant and 
Ax=k-—k, etc. 

The complex coefficients appearing in these expressions have a standard 
form, for example 


K* =« + Ax/(1 +107). 
The question now arises, what happens if variables other than p and TJ are 
chosen as independent? ‘The answer can be understood by reference to a special 


case derived from the above. Consider the relation between p and V at constant 7. 
Then (dropping the w’s), we have: 


SV +78V + Vedp+7Vxd8p=0 (T=constant). 
This can be written as 


x 6 1 5 
Sp+ = Spt eV + 3V=0 (T=constant) 
x K K 


which shows that the ‘complex’ bulk modulus is 

1 A(1/x) 

Kk 1 +tw(«7/K)” 
Generalizing this procedure, it is possible to find a set of equations similar to (2) 
with the notable difference that each denominator in the complex coefficients 
includes x7/« instead of 7. 

If we now regard (3) as a standard form of coefficient then we must distinguish 

between relaxation times appropriate to independent variables (p, JT) on the 


one hand, and (V, 7) on the other. Therefore denoting the independent 
variables in the style of 7, »=7, 1t follows that 


K 


a SS 7 ap 
a. ea nee (6) 
It can easily be shown that 
K G- KCy a a 
Top TVG) Up Sri OVS aig CPi Se (7) 
fe es i KCy ; " y,V 5 TS e alepeteue 


Further, it is clear from the form of equation (2) that any ordinary identity 
between thermodynamic coefficients (e.g. «C),=KgC,, where x,y is the adiabatic 
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compressibility) subsists between the corresponding ‘complex’ or dynamic 
coefficients, provided that the appropriate relaxation times are used for each 
coefficient appearing in the identity. 


§ 3. AN EXAMPLE 


To illustrate the last remark we shall verify in detail that «*Cy* =x *C,*. 
We have therefore to prove that 


ie AC. Kee AC 
+ ———— |] Cpt | = | eg + ie 
E jpae LWT » 7 | | ies 1 lWwTy | E = 1+ 1WT » § | ie 35 1+ LWT », T | 


We know that 
COPS OEY i ere oe. Sh ommane (9) 
Using equation (7) 7, sand 7, » may be written in terms of r, 7. With the help 
of (9) equation (8) may then be reduced to 
CyAk +KACy + AkACy = C, Akg +KgAC, + Ax sAC, 


A(Cory=A( Ck.) 5 Cle Bg ee tc (10) 
Equation (10) is, however, an identity because of (9), and this completes the 
verification. 


The work here may be used to resolve the inconsistency noticed by Manes 
(1953) after his equation (27). 


$4. THE REACTION MODEL OF A RELAXATION MECHANISM 


It is always possible to describe a single relaxation mechanism by means of 
an internal parameter. Let this ordering parameter be denoted by Z. Inthe 
simplest (chemical) case Z may be taken as the degree of reaction so that a change 
in the number of molecules of species z due to the reaction is given by dN, =v,dZ, 
where v, is the 7th stoichiometric coefficient.t In this case, also, Z can be 
expressed in terms of the mole numbers and the equilibrium constant for any 
specific example. 

When a relaxation mechanism is regarded from this point of view one is 
tempted to argue that there must be associated with it a natural or intrinsic 
relaxation time 7 defined by "A 

AZ Cb = (ZL Vig ee (11) 
Here Z is the equilibrium value of Z, that is, the value that would be attained if 
the reaction were allowed to proceed to equilibrium from its current state. It is 
assumed that the departure from equilibrium is sufficiently small for such a linear 
relation to be valid. 

It is quite true that at a given instant, when the system is not in equilibrium, 
the value of dZ/dt is a well-defined quantity, i.e. it is in principle measurable and 
unique. However, the important point is that the definition of Z just given is 
not sufficiently precise. The value of Z to which the reaction will proceed from 
any point near equilibrium depends on what restraints are placed on the system. 
If p and 7 are held fixed V will (in general) change and Z will reach a certain value 
Ze » while if V and T are fixed it will reach 2). 7. These two quantities need 

+ By a‘ single mechanism ’ in this case we mean that A--B symbolizes the mechanism of 
the reaction A-+B and not, for example, A~C-—B. 


296 R. O. Davies and 7. Lamb 


not be equal. ‘Uherefore GAT etl Be 7 and hence, since dZ/dt is fixed, 
the + value must be changed to accommodate the different choices. ‘Thus we 
must be specific and define ty, » by 

AC AIAG leap ee gene (12) 
where X and Y are any pair of thermodynamic variables. The relations between 
the ty » for some possible choices of X and Y are just those of equation (7). 
Since (12) is true instantaneously it is the general rate equation valid even for 


processes in which X and Y vary with time. In this eventuality Zy, y will also 
vary with time although ry, » 1s constant. 


$5. Tur PHysicAL ORIGIN OF THE DIFFERENT RELAXATION ‘TIMES 


The existence of different relaxation times is caused physically by the fact 
that changes in the internal parameter responsible for the relaxation cause changes 
in the thermodynamic variables. ‘This can be illustrated by considering the 
return to equilibrium of a system which is initially slightly displaced. Suppose 
that the volume and temperature are held fixed. Under these conditions the 
change in value of Z will induce a change in pressure owing to the fact that the 
pressure change of the reaction (dp/0Z),, » is not in general zero. In fact this 
expression is simply proportional to the more commonly used reaction parameter 


(OV /AZ),, » (often denoted by AV): 


ap leper 
(ya Fee) We 


To fix ideas, let the final equilibrium pressure and the final value of Z be taken 
as zero. 


Zy7 O05 : 


——_—. 


The return to equilibrium of a relaxing system at fixed volume and temperature. 
(The exponential relaxation times of both Z(t) and Z, p(t) is ty, 7.) 


On the figure we have sketched the exponential decline of Z together with 
that of Z,,, and have indicated the value of Zy.~(=0). The relaxation times of 
both curves Z(t) and Z,, ,(t) are each equal to 7,7: their equality arises from the 
linearity assumption and will appear explicitly in equation (16). ‘The value of 
Zp at any instant is that value of Z which would be attained if at that instant 


the constraint on the system were changed from constant V and T to constant 
pand 7. 
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We may check the validity of the whole argument by recovering equation 
(6) from a description of this particular example. In the first place, by the work 


that led to (13) we find that 
Og tens 
f= 5 (az ).,7 ae (14) 


On the other hand if e denotes a derivative taken at equilibrium we deduce from 
(a ).~ Goce * (22), 0( 35) 
op e dp VA A Par op e 


aZ OV 
dp (OV OZ), 7 
(a general relationship) which, with our special choice of origins, yields 
= VAk 
Lp : 
* 2 = Cue nies 
Combining equation (14) with (15) we find 
Zo 21 ae a st aba (16) 


Dp, 
K 


that 


Now equation (12) can be written in the double form 
eae is ae CR ( 


at Tp. T a Vi. 


<—— 1hour, case) eM Se (17) 
Ty, 8 
Comparing equations (16) and (17) we readily recover equation (6). 


§ 6. THE CONNECTION BETWEEN RATE CONSTANTS AND RELAXATION ‘TIMES 

It might perhaps be argued that a consideration of rate constants would yield 
a ‘kinetic’ relaxation time of fundamental importance. ‘This is not the case 
and we shall show that what is normally regarded chemically as the relaxation 
time arises from a special choice of thermodynamic variables, together with 
a certain assumption about the ratio of the rate constants. At the same time we 
shall prove a general transformation formula, of which the equations in (7) are 
special cases. 

Consider a single mechanism eae several reactants and products 
described by the stoichiometric coefficients v,. Let N, be the mole numbers of 
species z and define: 


v=>¥, N=>N, ~=N,)N, G=N,/V, 
vt =}(|v;,|+%) ’ IES ) If, = p,! ) = I,¢," ey aie (18) 
De lL (and similarty for Ls > 13, Ig): 

As previously, introduce the degree of reaction Z(dN,=v,dZ) so that from 

the definitions (18) we have: 
dint) EaNowNde ay 
d(In II) = (>v2/N,) dZ—(v/V)aV. 

Let there be g thermodynamic variables (a1, %,...%,). “Then an arbitrary 
function of state can be written as F(a,,...%,, Z). In uae Z takes up 
a value Z(a,,...%,) and F becomes F(a ,...%)=Fla1,...%q ZGene, lee ltis 
easy to show that ; 


(OF /Cx,) —(0F /dx,)=A(0F/0a,) = (AF /02Z),,(8Z 22). it (20) 
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We consider three possible assumptions concerning the form of the rate equation : 


1 dZ ee i 
va ae Se —k, {I ) 
@) V at Rell. : 
1 dZ fal ab © 
SES kOe ee Zi 
(B) Wa dt v x a Lr ( ) 
Az 
(C) Ws LA 
where the rate constants k,+ etc. and L are functions of state, A is the SN) of 
the reaction Tt — vp,) and in equilibrium 4=0, Fe Up] e e ane 
Fat tl =e 
Tatrodtee as ‘functions Of state, Ke—=k, /ke and: 1o tik, ; evidently 


K,=HU, and K,= II,. Let the equations ne (21) be a to the first order 
about a fixed equilibrium state. Then: 
once pe ie elie 
Pedr 
(B) — ep Te? [Sin Keg) ike Be eee (22) 
(C) dZ =LdA. 
at 
In order to find the relaxation times for processes in which the «, are fixed, imagine 


the differentials on the right of (22) expanded in terms of the da, and 62. Taking 
the terms in 8Z and d8Z/dt as the only variable terms we see that: 


(A) t,1= —Vk, T1,*[@1n(K,/T.)/0Z]q, 
(B) 7, t= —Vk, I, *[aln(K,/11,)/0Z], ore (23) | 
(C) ty *= — LGA/0Z),,. J 
Consider a change of thermodynamic variables to [,,...8,, where 
8, =f(a,-..% Z). For any function of state F we may show (with the help of 
equation (20)) that: 


oF OTN 5 ECR ae OL, me Cea 
Gol. aaa ae CWA (3), Ge = 


Now, in equation (24), place F equal to In(K,/H,), In(K,,/IL,), and A in turn. 
In each case F=0 so that, for these three functions F, we have 


Nesey Oe Cay, OB, E 
Gaels Slee (a) |: <igs ™ 
Finally from equation (23) we see that for each case (A), (B) and (C): 
2a a6, 
a=ta [1 — >: (5 2B, "| A a )] SL Pe) erat suid (26) 


[his is a general formula which relates the relaxation times for a single 
mechanism under different thermodynamic constraints. 
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As an example of the application of equation (26) we shall again obtain equation 
(6). Take (8, 8:)=(p, T) and (a, «)=(V, 7). Then 


SgaNene _ (wv a\  (eT\ , fa av aT 
lie mak G VAG i )°(35),- Gr) Ge), 
eT aT 
sie) Ga th 


The last three terms are zero and we readily recover equation(6). 

Having obtained the desired transformation formula, it is worth noting that 
with our definitions of the k’s and the K’s, cases (A) and (B) above are in fact 
equivalent. This follows from the physical equality between k,+II- and 
k,*I1,-, for example, each representing the number of forward reactions per unit 
time and volume. Then, since the I,’s and II,’s are related through the defini- 
tions of (18), the &,’s and &.,’s may also be related. 

We have shown above that the relation (26) between the relaxation times is 
the same for each of the three (or really two) special assumptions of equations (21). 
As a matter of fact it can be further shown that the whole phenomenological 
theory of a single relaxation mechanism is independent of which rate assumption 
of (21) is chosen as the starting point. 

In conclusion, we wish to note that, by virtue of (19), we may write the first 
expression for the relaxations time in (23) as: 


tt = Vk-M,* [> v7/N,—(@ln KOZ) (VY eV ea) | 2 aeeeee (27) 
Consider the following simple assumptions which could be made: 
(i) (¢In K,/0Z), 7 =9, 
(ii) (¢InK,/eZ),, 7» =0. 
Applying these conditions in turn to equation (27) we find 
(i) typ P= DRM DPN], 


oe ret Me 7 = 
(ii) ae Fe VR, lhe? [Sa Ts ral om 


With the further specialization to the reaction v,;=1, v,= — 1, we find that 


(i) Ty, t al eee a k, ) at (k,* a ay, 


(ii) 7.9 t= (he* he ). 
These assumptions are in general mutually incompatible, and no particular 
' significance can be attached to the above deduction since both the nature of the 
reaction and the dependence of K, on Z have to be assumed in order to derive 
a relaxation time equal to 1/(k,+ +k, ). 


§ 7. CONCLUSIONS 


We conclude that there is a multiplicity of relaxation times associated with 
a single parameter relaxation mechanism. ‘These times are distinguished by 
the independent variables to which they refer ; they are related by the general 
formulae (26), specific examples of which are given in equation (7), and must be 
chosen appropriately in the formation of time-dependent thermodynamic 


coefficients. 
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Further, there is no intrinsic relaxation time (e.g. one derived kinetically) 
which can be singled out in any way other than by the choice of variables just 
mentioned. In order to identify a kinetically derived relaxation time it is therefore 
necessary to scrutinize the work to decide which two thermodynamic variables 
have been used in the derivation. 

No particular significance can be attached to a relaxation time equal to 
(k,+ +k.) 1: this value is only obtained under fixed conditions when specific 
assumptions are made concerning the nature of the reaction and the dependence 
of K, on Z. 
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Effective Tilts of the Ionosphere at Places about 1000 km apart 


by Hy A. WHAILE 


Seagrove Radio Research Station, Auckland University College, New Zealand 


Communicated by P. W. Burbidge; MS. received 8th March 1955 and in amended form 
25th August 1955 


Abstract. A comparison of the bearing and elevation angles of radio waves from 
two stations situated about 2000 km to the North and to the West of the receiving 
site yields results which are sometimes consistent with the existence during the 
daytime of effective ionospheric tilts which are similar at places more than 1000 km 
apart. ‘These tilts are of the order of half a degree and are in opposite directions 
during the morning and the afternoon. ‘They may correspond to actual tilts 
of a uniform ionosphere or be due to horizontal gradients of electron density. 
The factor relating the tilt angle to the observed bearing deviations was measured 
experimentally and the effective tilt angle found to be approximately twice the 
bearing deviation. 


§ 1. INTRODUCTION 


URING the period July 1953 to June 1954 a series of measurements was 

made of the angles of arrival of radio waves from two stations at about 

the same distance but with different bearings from the receiving site. 
The positions of these two transmitting stations and the receiving site are shown 
in figure 1a, which is a portion of a great-circle map (equidistant azimuthal 
projection) centred on Seagrove, Auckland. ‘The two transmitting stations are 
ZQD, Nandi, Fiji, operating on 9315kc/s and distant 2000 km on a great circle 
bearing of about 90° East of North, and VLQ9, Brisbane, Queensland, operating 
on 9660 kc/s and distant 2250 km on a great circle bearing of about 291° East of 
North. 

The measurements bearing and elevation were made with the rotating radio 
interferometer which has been described previously (Whale 1954). In all cases 
these measurements were made on the horizontally polarized component of the 
incoming wave, the signals being received on horizontal multiple-loop aerials. 
As the ground-reflected wave is almost out of phase with the direct wave at low 
elevation angles the radio signal from the aerial is relatively weak for waves arriving 
at low angles. When there is only one main direction of incoming signal, there 
is no uncertainty as to which direction is being measured but, when there are 
signals arriving simultaneously from a variety of different elevations the measured 
direction is nearest that of the particular incoming wave which produces the 
greatest output from the aerial. This ground effect, which is always present when 
measurements are made on the horizontally polarized component of a radio wave, 
is almost eliminated when the measurements are made on the vertically polarized 
component. However, since it is usual to use horizontally polarized aerials for 
short-wave radio communication the measurements described here are confined 
to this component. It has been found that, when vertical aerials are used, the 
measured elevation angles are often smaller than those obtained with horizontal 


_ aerials. 
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The aim of this investigation was the measurement of the effects of regular 
tilts and their experimental magnitude compared with other disturbances as 
a step towards an explanation of the off-great-circle propagation which may occur 
over long distances. 


20° 49 
ELEVATION ANGLE 


Figure 1. a. Portion of equidistant azimuthal map centred on Seagrove with bearings in 
degrees East of true North. 


b. Diagrammatic representation of the two transmission paths Nandi—Seagrove 
(CD) and Brisbane-Seagrove (AB). 

c. Ratio of the observed change in angle to the effective tilt angle of the ionosphere 
as a function of the elevation angle of the received wave for bearing angle (one hop, g; 
two hops, g’) and elevation angle (one hop, f ; two hops, f’). 


§ 2. DruRNAL VARIATIONS OF THE ANGLE OF ARRIVAL 


The measured values of the bearing angles and the elevation angles have been 
averaged over each hourly period centred on the half-hour. Some representative 
measured values for March 1954 are plotted in figure 2. Each point on the graphs 
represents the reading averaged over one hour and some typical successive readings 
have been connected by a thin line. The accuracy of the measurements is closer 
than + 2° for elevation angles above 10° but only to about +5° below that. ‘The 
bearing angles are measured to the nearest degree. The bearings shown are in 
degrees East of true North while the times are the local times applicable to the 
mid-point of the path. 

All the measured values have then been averaged over each month for each 
hourly period. The results have been plotted in the form shown in figures 3 a and 
3b where deviation of the monthly average bearing angle from the overall average 
(great circle) bearing for each hourly period has been plotted as a function of the 
monthly average elevation angle for signals received from stations ZQD and 
VLQ9 for March 1954. The heavy lines are smoothed curves through the 
experimental points and the times are again the local times at the mid-points of the 
propagation paths. This method of presenting the experimental results has 
been adopted since it shows the range of angles which a directional receiving 
aerial must cover. These two graphs are reproduced on a reduced scale in the 
series shown as figure 4 where all the results obtained over the period July 1953 
to June 1954 are plotted. The star in each graph indicates midday while the 
arrow indicates the direction on the locus of increasing time, 
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Figure 2. Representative observed elevation and bearing angles averaged over each hourly 
period for March 1954. 
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Figure 3. Observed elevation angles and bearing angles averaged over each month for 
each hourly period plotted as a diurnal variation in space of the direction of arrival. 
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Figure 4. Averages over each month of the diurnal variations of the direction of arrival of 
signals from ZOD and VLQ9. 


§ 3. COMPARISON OF RESULTS FOR THE T'WO STATIONS 


It is well known that the ionosphere does not usually behave as a smooth 
reflecting surface but has a certain degree of roughness so that the incoming 
wave is made up of an aggregate of waves which cluster around the mean direction. 

' The measured angles (both bearing and elevation) thus fluctuate about the mean 
U-2 
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angle in a more or less random way. These rapid fluctuations are removed when 
the measured angles are averaged over an hour or so. Day-to-day variations in 
ionosphere characteristics are considerable and it appears from figure 2 that 
inhomogeneities lasting a few hours can cause bearing changes of -2-3e ean 
elevation changes of about 5°. When the mean of the observed angles is calculated 
for each month these variations are considerably reduced. 

The residual daily average bearing change can be due to reflection from 
a tilted surface, refraction through a layer in which there is a horizontal gradient 
of refractive index (so that it behaves as a prism) or to deviations of ray path caused 
by the earth’s magnetic field. All such effects when grouped together give the 
effective tilt of the ionosphere. 

The residual daily average elevation angle change is considerable even when 
there is no tilting of the ionosphere since changes in the elevation angle of an 
incoming wave may arise from numerous different causes. In addition to the 
tilt effect, the height of the reflecting layer may change, the wave may be refracted 
by different amounts in both the underlying layers and in the reflecting layer and 
propagation may be by different numbers of hops. The effects of tilts can only 
be isolated by some comparison method in which other effects are removed from 
the measurements. This procedure has been followed here. 

The assumption has been made that if a non-uniform refracting layer may be 
replaced by an equivalent tilted reflecting surface for rays in planes 
perpendicular to the tilt axis, it may be replaced by the same equivalent tilted 
reflecting layer for rays travelling in planes parallel to the tilt axis and reflected 
from the same point in space. ‘The effects of two models of non-uniform iono- 
sphere on ray paths in the plane perpendicular to the tilt axis have been calculated 
by Waldo Lewis (1953) whose results may be applied to the longitudinal case 
using the equivalent vertical-incidence frequency and the above assumption 
shown to be obeyed. Calculations by Keam (1954) using a different model for 
the ionosphere also show that the assumption is valid for all practical purposes. 

The two propagation paths are represented diagrammatically in figure 1) 
where A and B refer to Brisbane and Seagrove (2250 km apart) and C and D 
refer to Nandi and Seagrove (2000km apart). ‘The case illustrated corresponds 
to one possible daytime condition where the reflection occurs in the F1 region 
with appreciable refraction in the E region. The average measured elevation 
angles between the incoming ray and the tangent to the earth’s surface are 20° 
for the path AB and 22° for the path CD. Thus, allowing for the earth’s curvature, 
the average measured chord angles BAK and DCL are 30° and 31°. ‘The average 
angles of incidence on the reflecting region of the ionosphere are thus 60° (9660 kc/s) 
and 59° (9315kc/s) for single-hop transmission, and, by a similar reasoning 
65° (9660 ke/s) and 63-5° (9315 kc/s) for double-hop transmission. ‘Thus the 
equivalent vertical-incidence frequencies for these four cases are given by: 


single hop: 60°(9660 ke/s)=0°(4830 ke/s), 
59°(9315 kc/s)=0°(4797 ke/s), 

double hop: 65°(9660 kc/s)=0°(4082 kc/s), 
63-5°(9315 ke/s)=0°(4156 ke/s). 


For each of the single-hop and the double-hop cases, reflection of the rays will 
occur at very nearly the same ionization density for both stations, 
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_ The ionosphere may not be horizontally stratified at the reflection points 
but may be tilted. If the tilt is about an axis perpendicular to the transmission 
path the elevation angle will change but the bearing angle will not be affected, while 
a tilt about an axis parallel to the transmission path will affect the bearing very 
much more than the elevation angle, the magnitude of the observed change depend- 
ing on the geometry of the path. The factor relating the observed bearing or 
elevation change to the actual tilt angle is derived in the Appendix for single- and 
double-hop transmission. ‘The curves in figure 1 c show the ratio of the observed 
change of angle (bearing or elevation) to the tilt angle for a path length of 2200 km 
(angular distance of 20°) as a function of the elevation angle of the received wave. 
The factor f relates the observed change of elevation angle to the tilt angle about 
an axis perpendicular to the path for one hop while /’ is the factor for two hops. 
Similarly the factor g relates the observed change of bearing to the tilt angle about 
an axis parallel to the path for one hop while g’ is the factor for two hops. 

The change in angle for two-hop propagation is nearly twice the change for 
one-hop propagation for a given vertical angle of arrival. Let us assume that the 
effects of a tilt on bearing angles and on elevation angles may be considered 
separately. If the subscript 1 refers to the signals received from Nandi and the 
subscript 2 refers to the signals received from Brisbane, write D, »=observed 
elevation angles, A, ,=elevation angles for a horizontal ionosphere, 6, » = observed 
bearings, ©, .= great circle bearings of stations, &(EW), ¢(NS)=components 
of the tilt angle about EW and NS axes, regarded as positive for increasing height 
towards the North or towards the East, »=number of hops (either one or two). 
Then 

D,=A,+nf&(EW) 6,=0, —ng&(NS) 
Dy=A,—nf&(N8) = O,—ng&(EW) J 


From these equations, 


D,— D,=A,— A, +nf{f(EW) + &(NS)} } (2) 


6,+0,=0, + 0, —ng{e(EW) + £(NS)}. 


We are concerned with variations of the angles about their mean values. 
The measured average value of the quantity A,—A,=2° while the measured 
average value of ©,+©,=300°. ‘These average values will be considered as 
constants so that a plot of D,—D, as ordinate with @,+ 0, as abscissa for pairs of 
measurements taken at the same time will give a curve of slope —f/g. Both 
fand g are functions of the elevation angle of the received wave and since the time 
of reception and the elevation angle are not linearly related the slope obtained 
from this plot will be the average value of —f/g. From figure 1c, this average 
value (for the usual range of elevation angles of 15° to 35°) is about 0-4. Plots 
of this nature have been made in figure 5a for the months for which results are 
available for both stations. ‘The horizontal scale is 1° per division while the 
vertical scale is 5° per division in each case. ‘The dashed portions of the curves 
refer to times between sunrise and midday, the full line portions refer to times 
between midday and 1800 hours local time at the midpoint of the path, while 
the dotted portions of the curves are for night-time results. The graphs have 
been drawn using points obtained for the same local time at the mid-point of the 


' path. 
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The points from which the smoothed curve has been drawn are shown for 
the first graph only, i.e. for July 1953. A straight line of slope —0:5 has been 
drawn in each graph. Only the curve for May 1954 fits this straight line well. 
However, those for July 1953 and March, April and May 1954 are sufficiently 
similar to warrant further investigation. Accordingly, the averaged results 
for these four months are also plotted in figure 5 5. In this case a much better 
fit to the straight line is obtained. 


GLES 
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MARCH 195¢ 
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Figure 5a. Average differences in observed elevation angles D,— D2 plotted vertically as a 
function of the average sum of the observed bearing angles 0,+ 4, horizontally for 
each of the months shown. 

b. The same but averaged over the four months July 1953 and March, April and 
May 1954. 


The results for July 1953 and March, April and May 1954 thus indicate the 
presence of widespread ionospheric tilts and yield the experimental value of 
0-5 for the factor —f/g relating the bearing change to the elevation change for 
a given ionospheric tilt. ‘This agrees with the calculations which yield a value 
of 0-4 when averaged over the normal range of observed elevation angles. 
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Figure 6. Variation of effective tilt angle (1.e. number of hops multiplied by average tilt 
angle), a, about a North-South axis, }, about an East-West axis, as a function of the 
local time at the mid-point of the path for the four months July 1953 and March, 
April and May 1954. A tilt is regarded as positive if the height increases towards the 
East or the North. 
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$4. MAGNITUDE oF TILTS 

We could have taken the observed bearing deviations and, multiplying them 
by the calculated factors g and g’ deduced the effective tilt angles about axes 
parallel to the transmission paths. Thus, as in equations (1) 

n&(NS)= —(0,-9,)ig= —¢i/g 

né(EW)= ~(6,—9s)e= — dale 
where ¢,=6,—©, and 4,=6,—., the deviation of the bearing from the average 
bearing. 

An equivalent method, which requires the elevation angles as well as the 
bearing angles and hence may be expected to give a better average value of the 
tilt angle is as follows: Write D,— D,=D, the difference of observed elevation 
angles, A, -A,=A=2° on the average: Then from equation (2), 

D—A=nflé(EW)+&(NS)} 
and, from equation (3), eliminating g, 
1/2 =€(NS)/(EW). 
Thus, 
n&(NS)=(D—A)/t FC + $2/61)} 
n&(EW)=(D—A)/{f(1 + 64/42) J 

The effective tilt angles, n€(NS) and n€&(EW), calculated by both equations (3) 
and (4) are plotted in figure 6, for the months July 1953 and March, April and 
May 1954. Here, the approximate values, f=1 and g=0:5 have been used. 
Good agreement between the two methods is obtained. 
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Figure 7. Observed average diurnal variation of bearing angles for the months shown, 

All the average bearing measurements for both stations are shown in figure 7 
where the bearing scale is one degree per division increasing upward. ‘These 
curves are somewhat similar to those observed by Budde (1950). Although it 
- has not been shown that the effective tilt angles derived from these bearing curves 
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occur simultaneously over both paths in all cases it is probable that an approxi- 
mation to the actual effective tilt angles about the NS and EW axes may be obtained 
from them by multiplying the values of bearing deviation by a factor of about 
two since it is does not seem that bearing deviations can arise in any other way 
than by reflection from an ionosphere which behaves as though it is tilted. 

Miya (1954) has shown that the difference between the elevation angles of 
a transmitted wave (from San Francisco) and the received wave (at Fukuoka, 
a path length of about 8500 km) has a diurnal variation which would indicate 
effective tilts of the same order of magnitude as we have deduced from the shorter 
path measurements. 

§5. CONCLUSION 

From measurements of the bearing angles and the angles of elevation of radio 
waves from two stations, average ionospheric tilts of the order of about a degree 
have been shown to be similar over distances of the order of 1000km during 
the months July 1953 and March, April and May 1954. During these months 
the effective ionospheric tilts during the daytime have been shown to be obtainable 
from the bearing deviations by multiplying these by a factor of about two. 

The average bearing deviations for August, September and November 
1953 and June 1954 are also plotted. The approximate values of the effective 
ionospheric tilts can be deduced from these bearings but the related measurements 
on the elevation angles do not indicate conclusively that the tilts were widespread 
during these months. 

Although the results obtained in this work indicate the presence of effective 
tilts of the ionosphere, these are not necessarily bodily tilts of the ionosphere 
as a whole because the same effects can arise from horizontal gradients of electron 
density. 
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APPENDIX 


MEASURED CHANGES IN ELEVATION AND BEARING ANGLES DUE TO EFFECTIVE 
TILTS OF THE IONOSPHERE 
1. Single Hop (Elevation Angle) 


If € is the tilt of the ionosphere at L, the reflection point, and 7, 7, the angles 
of incidence and reflection measured from the vertical as in figure 8a, then 


1g = = 26. 
Let =e. Lies | ees (Aq) 
Assume that the effect of a tilt on the elevation angle is symmetrical so that 

the angle LAK=angle KBL=5. From the triangles OAL, OBL, 

{R/(R +h)}cos (A +8) 
{R/(R +h)}cos (A —8). } 


Sin 74 


I 


SiN 75 


I 
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Both € and 6 are small, so that from (A 1) and (A 2) 
SiN 7, = Sin ty — € cos zy = {R/(R +h)}(cos A—S sin A) 
SIN 72, = SiN %y + € cost) = {R/(R+h)}(cos A +8 sin A). 
. Hence sint)={R/(R+h)}cosA=sini, and i,=i, the angle of incidence 
with no tilt; also €cos7= {R/(R+h)}ssinA whence 5=€cotzcotA and 


/=6/€=tan(A +A) cot A, where 2) is the angular distance between the transmitter 
and the receiver. 


Figure 8. a, Change in elevation angle with tilt for one hop ; 5, change in elevation angle 
with tilt for two hops ; ¢ and d, change in bearing angle with tilt for one hop ; 
e and f, change in bearing angle with tilt for two hops. 


2. Double Hop (Elevation Angle) 

Let the tilt € be the same at each reflection point and assume that both reflections 
occur at the same height h. ‘Then, if 7,, 23, 7; are the angles of incidence and 
reflection measured from the vertical as shown in figure 86, 7,=1,—2€ and 
tg=t, + 26. 

Assume that the effect on the elevation angle is symmetrical so that angle 
LAK=angle MBN=5. Then 

sin 2, = Sin 7, — 2€ cos 7, = {R/(R+h)}(cos (A —8) sin A) 
Sin zg = Sin 2, + 2€ cosz, = {R/(R+h)}(cos (A +5) sin A). 
Hence sinz,= {R/(R+h)} cos A =sinz, giving therefore 7,=7, and 
2€ cost={R/(R+h)}5sinA whence f’=6/=2tan(A+p)cotA 


where 4p is the angular distance between the transmitter and the receiver. 


3. Single Hop (Bearing Angle) 

Assume that the tilted ionosphere has the same curvature as the horizontal 
ionosphere. ‘Then its centre of curvature will be at O’ where angle OKO’ is 
equal to the tilt angle € as in figure 8c. ‘The plane of propagation will then pass 
through A, B and O’ and the angle ¢ between this plane and a vertical plane at the 
mid-point of the path is given by 

b=E(R+NIRXE. 


In figure 8d, angle LBK =¢cosz. 
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The measured bearing deviation @ is the projection of angle LBK on the 
earth’s surface at B 
1.€: §=(angle LBK) secA =¢ cosisecA = € cosisec A 
whence g=6/é=sin(A+A)secA where 2A is the angular distance between the 
transmitter and the receiver. 


4. Double Hop (Bearing Angle) 


A plan view of the path will be as shown in figure 8 f where A is the transmitter, 
B the receiver, L and M the reflection points at the ionosphere and P the ground 
reflection. From the symmetry of the path it can be seen that the angle 
AP angle BME: 

Looking along the line AB in figure 8¢, angle ALO’ =angle PLO’ and, from 
simple geometry ¢=2¢(R+ h)/R=2é whence g'=0/E=2sin(At+ X) sec A where 
2d is the angular distance between the transmitter and receiver. 
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Abstract. A direction finder which aligns itself along the horizontal projection 
of the wave normal of a radio wave is described. The system uses two pairs of 
aerials situated at the corners of a rectangle about 10m by 5m, the signals in 
each pair of aerials being combined in such a way that a required 90° phase shift 
is maintained accurately at all frequencies up to about 17 Mc/s. Sense determina- 
tion is manual. ‘The accuracy of such a system is discussed and it is shown that 
the aperture of a direction finder must be small if it is to follow bearing fluctuations 
when there is an appreciable spread of the component waves in the incoming 
signal. 


$1. INTRODUCTION 


ROM investigations of the variations of the amplitudes and of the phase 
differences between the signals received on pairs of aerials it is known 
(Bramley 1951) that a radio wave reflected from the ionosphere usually 
consists of waves from a large number of different directions which may be grouped 
around a few main directions. ‘The main directions generally correspond to the 
paths which could be calculated from a knowledge of the average ionospheric 
characteristics while the spreading of the waves about these directions seems to 
arise from scattering processes due to the existence of inhomogeneities in the 
ionosphere. 
Rapid fluctuations of the direction of the normal to the resultant wave front, 
i.e. of both the instantaneous bearing and the elevation angle, are associated with 
the amplitude fading of the incoming radio wave. ‘The recording direction 
finder described below has been built in order that the rapid fluctuations in 
bearing may be investigated experimentally. 


§ 2, OPERATION 


The instantaneous direction of the wave normal in the horizontal plane will 
depend on the relative amplitudes, directions and phases of the various incoming 
waves. It will also depend on the exact location of the direction finder although 
it is to be expected that similar direction finders at slightly different places 
observing on the same transmission will give readings which, while not identical, 
have similar statistical properties when taken over a period of time. 

The direction of the wave normal may be found in two basically different 
ways. In the first of these, the phase differences between the signals received 
in pairs of fixed aerials are measured and the direction of the wave normal calculated 
from these phase differences. In methods used by Bramley and Ross (1951) 
and Miya and Ishikawa (1955) two pairs of spaced aerials were used, the horizontal 
spacing being equal in both the north-south and east-west directions. 
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In the second method, either the aerial system itself or a pickup coil is rotated 
to a null position. Most commercial direction finders, the rotating radio inter- 
ferometer (Whale 1954) and the automatic direction finder described here belong 
to this class. 

There is an inherent lag in a mechanical following system such as the one 
described here so that the ultimate response time cannot approach that attainable 
in systems using cathode-ray tube display systems. However, where a very 
large number of records is required, the advantages of direct recording are 
considerable and it also seems that this particular following system can be designed 
to follow the most rapid fluctuations of wave normal direction which occur in 
practice. 

The horizontal tangent to a wave front is the line through two closely spaced 
identical aerials which yield signals with zero phase difference. It is difficult 
to determine automatically the orientation of an aerial pair to produce zero phase 
difference but a simple method of determining whether the phase difference 
between two signals is less than or greater than 90° has been described previously 
(Whale 1954). ‘This method may now be used for determining when there is 
zero phase difference between the signals from the two aerials provided an initial 
fixed 90° phase change is given to one of them. For simplicity of operation this 
90° phase change must be maintained accurately over the entire frequency range 
of the direction finder. 
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Figure 1. a, Basic requirements in aerial system; 6, plan view of actual aerial array; c, 
addition of signals from aerials W and X; d, subtraction of signals from aerials Y and 
Z; e, the two stable positions of the aerial; f, aerial array off the null position. 


The basic system required is then as drawn in figure la. The fixed 90° 
phase shift in the signal from one aerial can be simply obtained by arranging 
aerials as in the plan view in figure 1b. The aerial at A is replaced by two similar 
aerials W and X whose outputs are added as in the vector diagram (figure 1c) 
to give the output E(A). The aerial at B is replaced by two similar aerials Y and Z 
whose outputs are subtracted to give the output E(B) ( as in figure 1d). If all 
the aerials are identical, the outputs E(A) and E(B) are 90° out of phase. The 
relative amplitudes of E(A) and E(B) depend on the frequency received and on 
the aerial spacing but their phase difference is always 90° when the aerial array 
is symmetrically arranged about the incoming wave direction, 
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$3. ANALYSIS OF SYSTEM 

Consider the aerial system at an orientation 4 to the broadside position as 
in figure 1f. Let the distance OW(=OX= OZ) be / and the wavelength along 
the ground of the incoming wave be A. Put k=2zl/). 

Let E be the amplitude of the voltage output from any one of the aerials. 
This will be very nearly the same for all aerials since the arms WZ, XY are some 
30 feet long and thus the amplitude diversity effect is very small. Taking the 
centre point O as phase reference point and putting angle XOW=YOZ= 2c, 
the signals from each aerial may then be written (omitting the exp (jw) terms): 


E(W)=£ exp [jk sin (¢ +¢)] 
E(‘X)= Eexp [jksin(¢—e«)| 
E( Y)=£exp [—jksin(¢—€)] 
E(Z)=Eexp [—jksin(¢+e)] 


Thus 
E(A) = E(W) + E(X) =2E cos (k cos f sin e)[exp (jR emg cos €)| | 1a 2) 
E(B) = E(Y)— E(Z) = 2E sin (k cos d sine)[j exp (—jk sind cos )] 
The amplitudes of the two output signals are 
amp E(A)=2Ecos(kcos¢sine), 
amp £(B)=2£ sin (k cos ¢ sine) while the phase terms (A), 


%(B) are in the square brackets. ‘The amplitude of E(B) goes to zero at 6=90° 
and also changes sign at that value. The amplitudes E(A) and E(B) have been 
plotted as a function of ¢ in figure 2 a for a typical case, i.e. for e = 30° and k= 60°, 
corresponding to the reception of a 30m wave. In these curves, the amplitude 
of E(B) has been drawn as being always positive, the change of sign at 6=90° 
being added to its phase angle. The phase angles %(A) and ¢(B) have also been 
plotted in figure 2a. 
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Figure 2. a, Relative amplitudes and phases of the signals from the aerials after addition 
° > . . 
and subtraction; 5, relative driving voltage to servo-motor for different frequencies. 


The controlling motor which aligns the aerial so that it is perpendicular to the 
wave normal depends for its operation on a determination of whether the phase 
difference (A)~#(B) is greater than or less than 90°, In the shaded regions of 
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the phase plot in figure 2a this phase difference is greater than 90° and if the 
driving motor is arranged to increase ¢ in this circumstance the aerial array will 
take up one of the stable positions ¢=0" or f= 180°. 

The controlling voltage for the d.c. driving motor is derived (in the way 
described by Whale 1954) from the signals E(A) and E(B) by combining them as 
follows : 

Let E(A)=A+t+ja, E(B)=B+)6. 

Add E(A) to E(B) vectorially; the square of the magnitude of the resultant 

signal is given by 


| E(A)+ E(B) P=(A+B)+(at+by. wees (3) 
Subtracting £(B) from E(A), 
| E(A)— E(B) P=(A— By? (60) ee (4) 


The controlling voltage for the driving motor is proportional to the difference 
(3) — (4), i.e. the controlling voltage V is given by 


Voc| B(A) + E(B) P—| B(A) — E(B)? 
oc AB + ab 
=RE(A)E*(B)} - enn nn (5) 
where the asterisk denotes the complex conjugate. 
From equations (2), 
Ri E(A)E*(B)} ocsin (2k cos f sine) sin(2ksing¢ cose). «+++ (6) 
This quantity is plotted in figure 26 for a system in which «= 30° and/=5m 
and for various values of A. The aperture AB (in figure 1/) is then 8-7 m and the 
bearings obtained are unambiguous (except for the sense) for wavelengths greater 
than 17-3 m (frequencies less than 17-3 Mc/s). Graphs have been drawn for the 
frequencies 10, 15 and 20 Mc/s, the last one showing how ambiguities occur 
when the’spacing AB exceeds half a wavelength. In practice, the upper frequency 
limit also depends on the vertical angle of incidence of the wave (increasing as 


the angle of incidence decreases) since the wavelength along the ground varies 
with the vertical angle of the wave. 


$4. EQUIPMENT 


A block diagram of the complete equipment is given in figure 3a. ‘Two 
types of aerial have been used for the four aerials W X Y Z. For measurements 
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Figure 3, a, Block diagram of complete equipment; 6 and c, aerials for reception of 
horizontally and vertically polarized waves, 
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on the horizontally polarized component, horizontal loop aerials are used. In 
order that the phase of the output does not vary as the horizontal loop is rotated 
about a vertical axis, multiple loops of the form shown in figure 3b are employed. 
These consist of six triangular sections connected in parallel and have the 
advantage over conventional loops that they possess low output impedance 
(desirable for operation over a wide band of frequencies) and also give zero 
phase shift as they are rotated about a vertical axis. For measurements on the 
vertically polarized component of the incoming wave, vertical dipoles are employed, 
the impedance being reduced somewhat by using fan-shaped aerials (figure 3c). 
The band-width characteristics of the dipoles are inferior to those of the loop 
aerials but they have the advantage of giving a greater signal output. 

The switching unit which carries out the vector additions and subtractions 
indicated in equations (3) and (4) contains two identical rotating-coil mechanisms 
similar to radiogoniometers with only one aerial coil. One of these mechanisms 
is associated with each aerial pair. One of them is fixed in position and serves 
only to introduce the same average phase change as the other which is motor 
driven and reverses the phase of the input signal at about 2800r.p.m. (47 c/s). 
A small a.c. generator on the same shaft provides a 47c/s reference signal for 
phase comparison purposes. 

The radio-frequency output from the switching unit is amplified in a con- 
ventional receiver, detected, passed through a band-pass filter centred on 47 c/s, 
and this signal is then compared in phase with that from the a.c. generator in 
a conventional four-diode phase sensitive detector. A similar arrangement has 
been described previously (Whale 1954). The d.c. component of the output 
is then approximately proportional to #{E(A)E*(B)}, the approximation being 
best near the important zero points. 

This d.c. output controls a servo-motor which drives the aerial system to the 
broadside-on position. 


$5. DETERMINATION OF SENSE 


With this system there are four symmetrical positions. It may be arranged 
that the system will set itself with the line AB (figure 1/) either along or at right 
angles to the wave normal by reversing the direction in which the motor drives 
for a given polarity of correcting voltage derived from the phase-switching 
mechanism. Of these, the more sensitive arrangement is that in which the line 
AB sets itself along the wave front, i.e. perpendicular to the wave normal. There 
are two such positions as shown in figure 1 e and, since both are stable, provision 
must be made for determining the sense of the wave normal. 

One satisfactory method is to introduce a small extra length of transmission 
line into the feeder from one pair of aerials, i.e. into the transmission line from 
either A or B. The system will then indicate a new apparent bearing and the 
sense can easily be determined from the relation of this new bearing to the former 
one. ‘The size of this apparent shift in bearing is independent of the frequency 
but again somewhat dependent on the elevation angle if a fixed length of cable 
is introduced. 

§6. BEARING RECORDS 


A considerable number of records of bearing fluctuations has been obtained 
with this equipment, two representative samples being shown in figure 4. ‘There 
are considerable and sudden variations in the character of such records. For 
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stations at distances up to about 10000km the mean bearing is usually close 
to the great circle bearing, the fluctuations extending a mean angle of about 3. 
or so each side of this. For more distant stations the fluctuations are of the same 
order of magnitude but the mean bearing usually also shows slower variations 
which may be very large. 


[ ] S 179 + || 
> Q : 
t x =| 
: = dq 
= $ SENS 
yy 289 NS DETERMI 
& 176 
5 286 is 
5 
q 4 
Mi 173 
us y 
\ s 
SN Ps) 
¥ 
2 285 2 
s S170 
RS i) 
< 
2280 |—| ¥ 
: w, {I 
iN 67 


0340 345 [05 910 
GREENWICH MEAN TIME GREENWICH MEAN T/ME 
VLQ9O 9660 kgs GVY 11955 kes 
29 JUNE 1954 28 SEPT. 195% 


a. bh. 
Figure 4. Experimental records of fluctuation of the wave normal direction. 


The amplitude of the fluctuations in the VLQ9 record is typical of many, 
of the records for stations distant about 2000-3000 km (VLQ9 Brisbane, 9660 ke/s 
is about 2300km from Auckland). The other record is of a BBC short-wave 
station, GVY, on 11 955 kc/s. 

Analysis of many records has shown that the time constant of the complete 
equipment is of the order of 5 to 10 seconds. However, the amplitude fluctuations 
(i.e. fading) of radio signals may sometimes have periods down to a second or so, 
indicating that the bearing fluctuations may also have periods as short as this. 
Improvements in the ratio of driving power to inertia of the aerials in the existing 
model will enable the time constant to be reduced and the study of more rapid 
bearing fluctuations to be undertaken. 


§7. AcruaL AND MeasurED Wave-NorMAL DIRECTIONS 


Some idea of the accuracy with which this instrument fulfils its function of 
measuring the fluctuations in the direction of the horizontal component of the 
wave normal of a radio wave may be gained from the following. Wave normal 
fluctuations similar to those actually observed could be produced if the incoming 
wave consisted of a series of plane waves of varying phase clustered around 
a few main directions and usually with wave normals within + 5° of these average 
directions. To illustrate the behaviour of this direction finder we consider 
a simplified model in which the incoming wave is made up of only two component 
plane waves. The effects arising from the interference of two waves are well 
known in direction finding (Heiligtag 1923) and radar (Kerr 1951). 

Let these two waves, both of wavelength along the ground equal to 27/K, 
have wave functions in the horizontal (xy) plane given by 


exXpj Kx eae) 0) eee (7) 
and xexpj{ K(x cos 6 —y sin @) + €} Ace (8) 
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where (7) represents a plane wave of unit amplitude travelling in the positive 
x direction, and (8) represents a plane wave of amplitude « travelling in the direction 
~— 4(measured from the direction of the positive x axis) and with its phase advanced 
€ with respect to wave (7) when measured at the point O(x =0, y=0). The angle 
s between the wave normal of the resulting wave (measured at O) and the direction 
of the positive w axis is given by 

x sin O(a -+ cos €) 


tangy = — we (9) 
(1 + a'cos €) + « cos O(a + cos €) 


The shape of the resultant wave front may be obtained from equation (9) 
by an integration since tanys= —dy/dx and €, the phase difference between the 
two component waves, is a function of x andy. A typical wave front pattern is 
shown in figure 6@ where the wave fronts are moving in the direction LM with 
a phase velocity c/cos $0 (6 being the angle between the two components). If é 
is altered the whole pattern will be shifted sideways across the page so thar a 
direction finder at a fixed point will indicate a different wave normal direction. 

The wave normal direction indicated by the direction finder has been shown 
in equation (5) to be given by the position of the zeros in the expression for 
BE(A)E*(B)}. 

In the case of two component waves and using the same symbols as in 
expression (1): 


4 E(A)E*(B)}=sin (22 sine cos ¢) sin (2k cos € sin ¢) 
+a? sin {2k sine cos (¢—6)} sin {2k cose sin (¢—6)} 
+ 2 cos €sin[k sine {cos d + cos (¢ — 6)}] sin [A cos {sin d + sin (¢ — 4)}] 
— 2x sin €sin[ksine{cos d — cos (¢—4)}] cos [R cos e{sin d + sin (d — 6)}]. 


If the aperture of the direction finder is very small (i.e. R=27l/X is small) 
and if 6 and ¢ are small, the indicated wave normal direction ¢ is equal to the true 
wave normal direction % given by equation (9). In general, & is not negligibly 
small. For example, with an arm-length of 5 metres and an operating wavelength 
of 30 metres, R=7/3. The actual wave normal direction and the indicated 
direction have been calculated for the case where the angle @ between the two 
constituent 30 metre waves is 10°, the variation in wave normal direction being 
obtained by letting € vary steadily from 0° to 360°. Examples are shown in 
figure 5 for the cases where « (the ratio between the amplitudes of the waves) 
is equal to 0-9 and 1-11, i.e. there is about + 1 dp difference in level. For larger 
differences in level the excursions of wave normal direction are not so great and 
the direction finder follows the true wave normal direction more accurately. 

The way in which the indicated direction depends on the aperture of the 
direction finder can be seen from a comparison of the scale of the irregularities 
in the wave front with the size of the direction finder. Actual wave fronts are 
plotted in figure 6a for the same two waves considered above. ‘The constituent 
waves are indicated in figure 64. The full lines are for the case of «=0-9 and 
the broken lines for the case of ~=1-11. It will be seen that the mean wave front 
is determined by the stronger of the two waves but that the most common wave 
normal direction is intermediate between the wave normal directions of the two 


component waves. 
PROC. PHYS. SOC. LXIX, 3—B 
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The differences between the indicated and true wave normal directions 
drawn in figure 5 arise in two ways. Firstly, the true wave normal direction 


at any point is the normal to a tangent to the wave front at that point. If the 
curvature of wave front is appreciable, any method which derives the tangent 
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Figure 5. Actual and indicated wave normal direction when the incoming signal consists 
of two waves in directions differing by 10° and with strengths differing by + 1 ds. 
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Figure 6. a, Wave front pattern for two unequal waves with 10° difference in bearing ; 
). the wave normal directions of the constituent waves. 


from measurements of phase at two non-coincident points will introduce error, 
; e. the measured direction is perpendicular to a chord of the wave front rather 
than to a tangent. ‘This amounts to a ‘smoothing’ of the wave front over the 
aperture of the direction finder. This smoothing accounts for the main differences 
between the curves in figure 5. Secondly, the diversity effect is not completely 
negligible in the case considered. There are troughs of resultant field strength 
near the places where the maxima in the wave normal deviation occur so that the 
aerials may pick up signals of different amplitude. ‘This effect introduces a slight 
asymmetry about the ¢=180° line in the curves for indicated direction 
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but this is not apparent on the scale to which the curves in figure 5 are drawn. 
It arises from the last term in equation (10). 

The sizes of some representative direction finding systems are shown in 
figure 6a. The automatic direction finder described here is approximately 
10m by 5m; spaced aerial systems with the aerials fixed at the corners of a square 
with diagonals of 100m are in use; the rotating radio interferometer has a radius 
of 60m. Since the wave normal direction indicated by a direction finder is 
averaged over approximately the area occupied by the aerial array, the systems 
with wide spacing will not generally show such large fluctuations of wave normal 
direction as will systems with small apertures. 

‘The wave fronts drawn in figure 6 @ are for two component waves in directions 
differing by 10° corresponding to an observed case (Ross 1955). When the 
spread of component waves is less than this (as is usually the case when one 
isolated ionospheric wave has been selected for reception) the scale of the pattern 
relative to the size of the direction finder is increased so that it is more likely 
that the true wave normal direction will be measured by the systems with large 
aperture. 

If the field-pattern in figure 6a were stationary, a two-aerial direction finder 
would indicate a steady direction of the wave normal. In order to resolve the 
two component waves the two aerials of the direction finder would need to be about 
A/S apart (S=sine of the angle between the two waves) and the space between 
these two extreme aerials would need to be filled by other aerials spaced less than 
approximately A apart in order that ambiguities would be avoided. ‘Typical 
curves illustrating these now well-known requirements were given by Friis and 
Feldman (1937). Measurements could be made simultaneously on the signals 
from all the aerials in this array but the same results could be obtained by making 
measurements on each pair of adjacent aerials (spaced about A apart) in turn, 
this being equivalent to making measurements with a pair of aerials of fixed 
spacing which is moved (or scanned) across the total aperture of the direction 
finder. 

We are concerned with a different problem from the above stationary-field | 
case since the whole field pattern moves across the stationary direction finder as 
the phase differences between the component waves change. We are then, 
in effect, ‘scanning’ the field with the direction finder. ‘The way in which this 
scanning occurs can be calculated for some simple field distributions. For 
example, in the idealized two-component case, the direction finder moves steadily 
across the field as the phase difference between the two components changes 
steadily so that the total effective aperture of the direction finder is very large 
indeed, and the closer the aerial spacing the less the chance of ambiguities in the 
measurements, i.e. the finer the structure of the pattern which can be measured. 

When the component waves are randomly related to each other the situation 
is much more complicated and only the statistical properties of the distribution 
of incoming waves can be observed. ‘This case has been treated by Bramley (1951). 

An example of the large bearing fluctuations which are associated with the 
presence of two main components in the incoming wave Is shown in figure Ife 
The relative amplitude of the signal is also shown in this diagram. The amplitude 
of the resultant wave is proportional to \/(1+«?+2«cos€) and will thus be a 
minimum when cosé= —1, i.e. the two waves are in anti-phase. his is also 
the condition for the large excursions of the bearing (wave normal direction) 

X-2 
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from the average. It can be seen from the experimental curves that the amplitude 
minima occur at the same time as the large bearing excursions, whether these 
are towards higher or lower bearings. The reversal of the direction of the 
bearing excursion at about 0948 (compared with those preceding and following it) 
is probably due to a change in the magnitude of « from a value less than 1 to a value 


greater than 1. 
ie Se es |e j eS) 
ai: | AMPLITUDE-RECORDING TIME CONSTANT ~ 3 SECS. 


RELATIVE AMPLITUDE 
Ss ~b BU RG 
| 


BEARINE (?¢ or w) 
R 
& 
( 


Zanes ses i) 
VIAQ 9580kc/s 7 MARCH 1955 


Figure 7. Experimental record of amplitude and bearing fluctuations showing the field 
strength minima associated with large bearing excursions. 


Records (as in figure 7) of fluctuations of both amplitude and wave normal 
direction provide a guide to the acceptability of the results. Since both quantities 
are essentially interference phenomena, the rapidity of the amplitude fluctuations 
‘5 an indication of the rapidity to be expected in the bearing fluctuations. ‘The 
former can be recorded with very small time constants and is not limited by the 
snertia of the aerial system. From comparisons of this nature it has been found 
that the present equipment is adequate for recording bearing fluctuations associated 
with all but the most rapid types of amplitude fading. 
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Abstrect. The errors which occur in the measurement of low angles of elevation 
by centimetric radar on a flat ground site are estimated theoretically and compared 
with experimental measurements. It is demonstrated that a very considerable 
improvement in angular accuracy is obtained by erecting a screen to intercept 
the ground-reflected wave. The diffraction effects due to the screen are discussed, 


§$ 1. INTRODUCTION 


OR any given aerial aperture of a radar equipment it is possible to obtain 

a narrower beam and consequently a higher accuracy of angular 

measurement by using a shorter wavelength. Centimetric wavelengths 
are consequently preferable to wavelengths of several metres when accurate 
angular measurement is required. On the usual type of ground site there is, 
however, a minimum angle of elevation, of the order of the beam width, for which 
accurate elevation measurement is possible. At lower angles of elevation serious 
errors may occur since, in addition to the radiation received directly from the 
elevated object under observation, an appreciable amount enters the receiver 
aerial by reflection from the ground. 

A previous report by Hey, Parsons and Jackson (1947) described the effect of 
ground reflection on the maximum detection range of centimetric radar equip- 
ments directed at low angles of elevation. An account will now be given of a 
theoretical and experimental research to determine the effect of ground reflection 
onangular accuracy. ‘The interception of the ground-reflected waves by means of 
an artificial screen is investigated; in this case, the primary factor affecting 
accuracy arises from diffraction at the screen edge. 


§ 2. THE RADAR EQUIPMENT 

The radar equipment operated on a wavelength of 10-7cm. ‘The aerial 
system consisted of separate transmitter and receiver dipoles with parabolic 
reflectors of 1:-22m diameter. These aerials were mounted adjacently with their 
centres at a height of 3-6 m and could be traversed together in elevation or bearing 
as required. 

Angular measurement by means of this radar (the GL3 Army Radar) has been 
described in detail by Beeching (1946). ‘To measure the angle of elevation of 
a radar target{ the receiver ottput is observed when the receiver dipole is 
alternately deflected equal amounts above and below the focus of the parabolic 
reflector. The directional sensitivity pattern of the receiver aerial is shown in 
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{ In this paper, we refer to the object under observation by the radar as the radar 
target. The ‘ angle of elevation’ is often referred to as ‘ the elevation ’. 
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figure 1, curve @. The movement of the receiver dipole swings the aerial beam 
alternately 2:4° above and 2-4° below the aerial axis. The angle of elevation of 
the target is indicated by the direction of the aerial axis when adjusted so that the 
receiver output is the same for both deflected positions of the aerial beam. 

The radar target used in the investigation was a papier-maché sphere, of 
0-6m diameter, sprayed with zinc and suspended from a lightweight balloon 
tethered by anylon cord. At high elevations of the target a negligible amount of 
the radiation reflected from the ground is received by the aerial and the elevation 
of the target can be determined to an angular accuracy of a few minutes of arc. 
At elevations within a few degrees of the ground the directional sensitivity of 
the receiver aerial is wide enough to accept a considerable amount of radiation 
reflected from the ground, and serious errors may result. A theoretical assess- 
ment of possible errors when the radar is sited on flat ground is given in the 
following section. 


§ 3. "THEORETICAL ESTIMATION OF ERRORS OVER FLAT GROUND 


The beam of aerial sensitivity in the vertical plane in free space can be described 
by a function f(#) which is the received amplitude from a plane wave at angle 0 
from the direction of the maximum. For elevation measurement the receiver 
aerial beam is alternately deflected an angle + 5 in elevation with respect to the 
aerial axis. Hence if the target is at an angle of elevation « and the aerial axis at 
elevation B, the values of f(#) in the two deflected positions of the beam correspond 
to @=B—a+8. Since f(A) is sensibly symmetrical with respect to positive and 
negative values of #, and the same for both deflected positions, the values of f(?) 
are equal when B—«=0". The elevation of the target is then indicated by the 
direction of the aerial axis. 

In practice, when the radar equipment is observing at low elevations on a 
ground site it 1s necessary also to take into account the ground-reflected wave. 
The errors in elevation measurement to be expected may be calculated in certain 
idealized cases. We shall assume that the ground is flat and has a uniform 
reflection coefficient. There is then an image target in a direction at an angle 
—(«+) from the aerial axis. 

Let r be the reflection coefficient, A the wavelength, / the height of the centre 
of the aerial above ground and ¢ the phase difference between direct and reflected 
waves =(47h/X) sina. 

The received amplitude in the two deflection positions of the beam will be 
the same when 


1f(P)s—a+0 ‘i re*f(O)Bra+ | a 1f(9)p-a—o a re*f(0)g. a—d |. 

Thus if r is known the value of B satisfying the above equation may be 
determined graphically for any given value of ¢. The theoretical errors in 
elevation measurement are then equal to B—«. 

If the ground were a perfectly reflecting surface, then r= —1; all other types 
of ground giver= —1fora=0°. The investigation of Hey, Parsons and Jackson 
(1947) indicated that for elevations up to about 8° at A=10-7cm the reflection 
coefficient maintains a comparatively high numerical value on natural ground 
sites. The elevation errors B—« for the theoretical flat-ground site have been 
determined for values of r= —1, r= —0-8, and v= —0-5, for the target elevations 
from 0° to 6°, and the results are shown in figure 2. 
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These results indicate not only that very large errors may occur, but also 
that there are often three positions of the aerial axis which satisfy the condition 
of equal received amplitude for the two deflected positions of the beam. One 
of these positions, indicated by the broken line in figure 2, may be distinguished 
by means of a sense rule with respect to a small change in elevation of the aerial. 
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Figure 1. Directional sensitivity pattern of 
receiver aerial: (a) experimental, 
(6) theoretical. 


Target Elevation 


Figure 2. Theoretical errors over flat 
ground, Reflection coefficient : 
(a) —1:0, (6) —0°8, (c) —0°5. 


The sense rule which applies when ground reflection can be neglected is as 
follows. When the received amplitude in the upper deflected position of the 
beam is less than that in the lower position then this indicates that an increase in 
aerial elevation is required in order to equalize the two amplitudes. When the 
aerial is near the position indicated by the broken line in figure 2 a movement 
according to the usual sense rule would accentuate the difference between the 
received amplitudes. Nevertheless, it would be a source of confusion in radar 
operation. 

Consider now figure 2(a) corresponding tor=—1. ‘There are three distinct 
types of region of elevation error. First, the region typified by AB, CD, EF, or 
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GH, in which the aerial axis remains at zero elevation. ‘These regions correspond 
to the interference maxima in received amplitude (see Hey, Parsons and Jackson 
1947, p. 849). The maxima are a consequence of equal received amplitudes of 
direct and ground-reflected waves with little phase difference between them. 
Secondly, in the regions BC, DE, FG, there are two positions both giving the 
correct sense rule. The error changes rapidly in these regions in which direct 
and reflected waves are nearly 180° out of phase and which correspond to inter- 
ference minima in the received amplitude. ‘Thirdly, there is the region IHJ, 
in which HI represents the recovery to normal operation and HJ the following 
of the reflected target image in the ground. Figures 2(b) and 2(c) indicate 
how these three regions become modified in form as the value of the ground 
reflection coefficient + diminishes. We shall now consider to what extent 
experimental results are in accord with the above theoretical analysis. 


§ 4, EXPERIMENTAL OBSERVATION OF ERRORS OVER FLat GROUND 

Several series of elevation measurements were made on the metallized sphere 
suspended on a tethered balloon at ranges of 2500 m to 3000 m. Simultaneous 
optical measurements of the elevation of the sphere were made with a theodolite 
placed close to the radar equipment. ‘The radar site consisted of rough grassland 
and was almost flat for approximately 800m from the radar equipment, with 
a mean slope of about }° elevation except for the first 60-70 m which had a mean 
slope of about 1°. ‘There was a natural crest at about 2° elevation at a range of 
about 1500m. The results obtained from a typical series of observations are 
shown in figure 3. A satisfactory general agreement can be seen between the 
results obtained and the theoretically estimated error curves. The agreement 
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Figure 3. Observed errors over ground (mean slope of ground 3° to 1°). 
(a) Continuous line indicates mean error. 
(b) Errors due to following in reversed sense rule. 
(c) Errors due to following image in ground. 
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appears to be best forr=0-8. ‘Thus the results in figure 3 (a) are seen to correspond 
approximately to the upper error curve in figure 2(6) when due allowance is made 
for the slope of the ground. Similarly, the results in figure 3(b) and 3(c) 
correspond respectively to the broken and lower curves of figure 2 (6). 


$5. THEORETICAL EsTIMATION OF ERRORS OVER AN ARTIFICIAL SCREEN 


The interception of the ground-reflected wave by means of a screen introduces 
instead a diffracted wave over the screen edge. The effect of the diffracted 
wave on the accuracy of elevation measurement may be estimated theoretically 
as follows. 

Sommerfeld’s treatment of diffraction gives the solution to the amplitude 
and phase from a wave received over the edge of a semi-infinite perfectly reflecting 
plane screen. With the notation in figure 4, the complex received amplitude A 
at a point M distance p from the screen edge, compared with the value if no screen 
were present, is given byt 

1 re ee 
A= oe (4077) | es (— damv?)dv 


where Z =2 (2p/A)!2 sin 46. 


Amplitude at M 


where Z=2sin 4/4 


screen 


Figure +. Diffraction of plane wave over a semi-infinite screen. 


The actual aerial receives over a circular aperture. ‘The resultant received 
amplitude was derived from the wave at the circular aperture by dividing the 
aperture into horizontal strips. Let S be the area of a strip expressed as a fraction 
of the whole aperture. Then the contribution to the total received amplitude 
from the strip is SA where A has the mean value for the strip. The resultant 
amplitude, compared with the maximum obtained in free space, is then given 
by the complex summation of the contributions from all the strips. 

The summation may be carried out for any given elevation of the incident 
wave for various inclinations of the aerial aperture. It is thus possible to deter- 
mine graphically a position of the aerial axis such that the magnitude of the 
received amplitudes is the same for deflections of +5 in elevation. ‘This direction 


+ The derivation of this equation may be obtained, for example, from Baker, B. B., 
and Copson, E. T., (1950), The Mathematical Theory of Huygens’ Principle (Oxford : 
Clarendon Press), pages 142-4; it should be noted that the second term in their expression 
for the diffracted field strength becomes negligible when as, in the above case, p/A is large 
and the angles between the normal to the screen and the directions of the incident and 


diffracted waves are small. 
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will be the apparent elevation of the target as indicated by the radar. Error 
curves calculated by the above method for the equipment used are shown in 
figure 5 for distances of 46 m (50 yards) and 69 m (75 yards) from the screen. 
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Figure 5. Theoretical error curves over artificial screen. 
Screen distance : (a) 46 metres (50 yds), (0) 69 metres (75 yds). 


Although the technical method by which the deflection is achieved is by 
displacement of the dipole with respect to the focus of the parabolic reflector, 
this produces a phase change across the aperture, which is equivalent to changing 
the inclination of the aperture as considered in the theoretical treatment. The 
assumption of uniform sensitivity to received amplitude over the aerial aperture 
is only approximately correct. ‘The comparison in figure 1, curve 6 of the 
theoretical amplitude pattern for free space with the experimental one indicates 
a satisfactory approximate agreement. An improved agreement could have 
been obtained by introducing weighting factors for the strip areas, but this was 
not considered necessary since the calculated errors of elevation measurement 
are comparatively insensitive to small changes in the aerial beam width. 

A further second-order effect in the practical case may be introduced by 
ground reflection of the diffracted waves. When the screen distance is only 
several times the height of the radar this diffracted wave reflected from the ground 
between the set and the screen is of very small amplitude and becomes infinitesimal 
when the aerial directivity is taken into account. A ground-reflected wave on 
the far side of the screen could be more important at angles of elevation approaching 
zero. Over land it is in practice unusual to have flat ground sufficiently extensive 
and the natural horizon sufficiently low for the ground-reflected wave to develop 
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at elevations approaching zero. In the experimental conditicns here described 
the variation of distant ground contour and the occurrence of a natural crest 
justified the neglect of diffracted waves reaching the aerial after the ground 
reflection. 


§ 6. EXPERIMENTAL OBSERVATION OF ERRORS OVER AN ARTIFICIAL SCREEN 


An artificial screen of corrugated iron was erected with its top edge horizontal 
and with a vertical extent from the ground to an elevation of about 1-8° from the 
centre of the receiver aerial so as just to obscure a natural crest at a distance of 
1500m. Several series of observations on the spherical reflector flown at ranges 
of 2000-3000 m were made for distances of 46m (50 yards) and 69m (75 yards) 
between the radar equipment and the screen. For each series the difference 
was observed between the elevation of the reflector as indicated by the radar and 
as measured optically by means of a theodolite. The results are shown in 
figure 6 which indicates excellent agreement between the errors assessed theore- 
tically and those measured experimentally. It will be seen that these errors 
are considerably smaller in magnitude than those which occur over flat ground 
with no screen, and that they are free from ambiguities. 
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Figure 6. Observed errors over artificial screen. 
Screen distance : (a) 46 metres (50 yds), (6) 69 metres (75 yds). 
(The theoretical curves are shown in continuous line for comparison.) 
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§ 7, CONCLUSION 


The above theoretical and experimental analysis has shown that the large 
errors and ambiguities which occur in radar elevation measurement at low angles 
of elevation due to ground reflection, can be very much reduced by the introduction 
of an artificial screen at an appropriate distance to intercept the ground-reflected 
wave. Diffraction at the screen edge introduces a small error, but this is free 
from ambiguity and an appropriate correction may be applied. 

The authors are indebted to F. Jackson for his help in both the experimental 


and computational work. 
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Abstract. ‘Vhe electrical resistivity and Hall coefficient of a semiconducting 
diamond (‘Type IIb) have been measured between —100°c and 600°C using 
standard d.c. methods. ‘The diamond behaves like a normal p-type semi- 
conductor. At 20°c its resistivity is 2700hmem and the Hall mobility of the 
holes is 1550+ 150cm?volt'!sec"1. Near this temperature the mobility varies 
approximately as 7~°?. ‘The activation energy of the acceptors is 0-38ev. It 
is Suggested that these acceptors are impurity atoms and that the total concen- 
tration of impurities is smaller in Type IIb diamonds than in other diamonds. 

The infra-red absorption spectrum of this diamond is typical of Type II 
diamonds but it shows an additional prominent peak at 3-57, smaller peaks 
at 4-1, 3-4 and 2-5, and a continuum of absorption in the range 1 to 2:5y. 
This extra absorption is reversibly temperature dependent. ‘The intensity 
decreases with increasing temperature and the peaks are undetectable above 300°c. 

At —155°c, photocurrents of the order of 10°-% amp have been detected 
in the wavelength range 0-9, to 3-6. A tentative model is proposed to relate 
this photoconductivity and the major absorption peak to the mechanism of 
conduction. 


§$ 1. INTRODUCTION 


HE recent discovery by Custers (1952, 1954) that certain diamonds have 

appreciable electrical conductivity has aroused considerable interest. 

These diamonds transmit ultra-violet light down to 2300 A, are transparent 
in the infra-red near 8p and have other properties characteristic of Type II 
diamonds (cf. Robertson, Fox and Martin 1934). However, unlike other 
Type II diamonds, they show strong phosphorescence when irradiated with 
light of wavelength 25004 and their resistivities at room temperature range 
from 108 ohm cm down to 25 ohm cm compared with the usual 10" or 10'® ohm cm. 
Custers proposed the classification Type IIb for these diamonds. 

In an attempt to understand the mechanism of conduction in these diamonds, 
measurements of resistivity and Hall effect have been made over a range of 
temperatures on one specimen. The density and mobility of the charge carriers 
have been calculated from the results of these measurements. In the infra-red 
absorption spectrum of this diamond some unusual peaks have been observed 
and their temperature dependence has been investigated. Preliminary measure- 
ments have also been made of the photoconductivity which has been observed 
in. the infra-red. 

§ 2. ELECTRICAL PROPERTIES 
2.1. Experimental Procedure 


The diamond is a ‘natural blue’ .rectangular block of dimensions 
2:99 mm x 1:53mmx1-52mm. With an indium contact pressed on to one 
end and a sharp tungsten probe on the other, a p-type rectifying characteristic 


330 I. G. Austin and R. Wolfe 


was observed on an oscilloscope. For most of the experiments electrical contact 
was made by pressing graphite blocks against the ends of the diamond and graphite 
or copper probes on its edges. These contacts were variable and non-ohmic but 
the contact resistances were much smaller than those obtained when probes were 
placed on the smooth faces of the crystal. 

In preliminary end-to-end resistance measurements, it was found that the 
resistance fell as the diamond was heated and rose again when the temperature 
decreased, but when the temperature was returned to 20°c the resistance was 
as much as ten times lower than its original room temperature value (cf. the 
‘hysteresis’ observed by Custers (1955)). This reduction was found to be caused 
by changes in the contact barriers and not in the bulk of the diamond. When 
resistivity measurements were made using potential probes the results were 
consistent and repeatable. 

The resistivity and Hall effect measurements were made with a standard 
potentiometer and galvanometer circuit. As the temperature was lowered the 
increasing impedance of the diamond limited the sensitivity of this apparatus 
but the larger voltages could still be measured with errors not larger than 5%, 
down to —100°c. To prevent oxidation the high temperature measurements 
were made with the crystal in an argon atmosphere. ‘T’o avoid the formation of 
a graphite layer on the surface no measurements were made above 600°c. ‘The 
electromagnet used for the Hall effect measurements produced a field of 
2130 oersteds. No magnetoresistance effect was detected with fields up to 
4000 oersteds. ‘The low temperature Hall effect measurements were repeated 
using a vibrating reed electrometer in place of the galvanometer as a null 
detector. ‘The results obtained by the two methods were identical. 

Temperatures were measured with a fine thermocouple which was pressed 
against the diamond. ‘To avoid errors due to temperature differences between 
the specimen and its surroundings, the current through the specimen was kept 
small. 


2.2. Results 


At 20°c the resistivity of this diamond is 270ohmcm. ‘The positive Hall 
coefficient of 4:2x10%cm?coulomb-! at this temperature indicates that the 
current carriers are holes in agreement with the p-type rectifying characteristic. 
Since the diamond is only twice as long as it is wide, the Hall voltages were 
smaller than those which would be obtained in a specimen of length-to-width 
ratio greater than four (Isenberg, Russell and Greene 1948, Dunlap 1950). 
A correction factor of 1/0-93 was therefore applied in calculating the Hall 
coefficient from the measured Hall voltages. The density of holes P was 
calculated from the usual semiconductor equation 


R=370Pec. 1 ane (1) 


where R is the Hall coefficient, e is the electronic charge and c is the velocity of 
light. At room temperature the result is P=1:8x10%cm™%. The Hall 
mobility wy, defined by 4,=R/p is 1550+ 150 cm? volt"tsec at 20°C. 

The resistivity over the range of temperature from —100°c to 600°C is 
shown in figure 1. A resistance minimum of 1-5ohmcem is reached at about 
500°c. Below —50°c the plot of klogp against 1/T where T is the absolute 
temperature is a straight line with a slope corresponding to an energy of 0-38 ev. 

In figure 2 the Hall coefficient and the density of holes are plotted as a function 
of reciprocal temperature. The shape-correction factor has been included in 
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calculating these values from the measured Hall voltages, and equation (1) has 
been used over the whole temperature range. The maximum density has not 
been reached at 600°c but the shape of the curve indicates a saturation value 
of 2 x 10'* holes per cm?. 
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Figure 1. Resistivity plotted against Figure 2. Hall coefficient and density of 
temperature. holes plotted against temperature. 


The variation with temperature of the Hall mobility calculated from the 
curves in figures 1 and 2 is shown in figure 3. Near room temperature py varies 
as T-%? as is predicted by simple deformation potential theory (Bardeen and 
Shockley 1950). At low temperatures the mobility falls below the 7T-%? line 
probably because impurity scattering becomes more important. The high 
temperature variation may be associated with scattering by the higher concen- 
tration of ionized acceptors but the possibility of systematic errors up to 10% 
of the measured values cannot be excluded. 


2.3. Discussion of Electrical Results 


The diamond behaves like a normal p-type impurity semiconductor. If we 
consider the simplest model which could account for its properties—a single 
acceptor level of density N, =2 x 10!® per cm’ just above the valence band— 
and if we assume that all of these acceptors would be empty of electrons at 0°kK, 
then at low temperatures the density of holes would be given by 

P= Ng Ver RUC FE RT) esas: (2) 
where EF, is the activation energy of the acceptors, and m* is the effective mass 
of the holes. The graph of log PT~*" against 1/7 should therefore be a straight 
line, as is observed with the low temperature experimental points. (This graph 
is not shown but it is similar to the graphs in figures 2 and 4 since the power of 7 
which is used to multiply P has very little effect on the slope of the straight line 
portion.) At any point on this line, the slope of which gives 344, everything in 
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Figure 3. Hall mobility plotted against temperature. 
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this equation is known except m*. The calculated result is m*/m=500 (m is 
the mass of the free electron). This result seems most unlikely when it is 
compared with the figures found for germanium and silicon in which m*/m<1 
(Dresselhaus, Kip and Kittel 1955). It is therefore most probable that this 
model is too simple. 

It is more realistic to assume that there are other levels between the valence 
and conduction bands just as there are in other diamonds (cf. Willardson and 
Danielson 1952, Trott 1953). Then electrons from the donor levels would fall 
to the acceptor level which gives rise to the electrical properties of the diamond, 
leaving it partly full even at 0°K. If Nj, is the density of the acceptor levels which 
are occupied by electrons at 0°K, then at low temperatures where P is small 
compared with .\, the density of holes is given by 

ee. Neo i) 2 — [ i 
iN oe ae | RT 
‘This equation applies when the electrons in the acceptor levels do not have 
paired spins (cf. Landsberg 1952). N,—N), is equal to the saturation value of 
the density of holes (2x 10!® per cm’). The graph of log PT? against 1/T 
or log RT? against 1/T (figure 4) is now a straight line at low temperatures 
and its slope gives the activation energy (not one-half of the activation energy 
as in the simpler case). The result is E, =0-38 ev. 

In equation (3) both N, and m* are unknown. Using the experimental 

results it is found that 


hee 2 = 2x 10" cm. 

(m* m)3/2 
Therefore, if the effective mass of the holes is equal to the free electron mass, 
then in this diamond one tenth of the acceptors are filled at absolute zero by 
electrons from donor levels. 

Although several energy levels have been observed between the valence and 
conduction bands in other types of diamonds, these diamonds are insulators. 
It is believed that the electrons from the donor levels fill all the lowest acceptor 
levels, and the only acceptors which are left empty or donors which remain full 
of electrons are those which lie near the middle of the 6ev forbidden gap. In 
Type IIb diamonds the acceptor level at 0-38ev is not entirely full at room 
temperature. It appears that there are too few donors to contribute their 
electrons to this acceptor level. Since Type II diamonds are thought to be 
purer than Type I diamonds it is unlikely that the conductivity of Type IIb 
is due to a larger than usual concentration of acceptor levels. (In the measured 
diamond their density is only 2 x 10'® per cm?.) It is more probable that the 
number of donor centres is unusually small and that Type IIb diamonds are 
even purer than other Type II diamonds. 

The hydrogen-like model for a singly ionized impurity atom in diamond 
(dielectric constant 5-7) leads to an ionization energy of about 0-4ev, which is 
close to the measured activation energy of the acceptors in this specimen. ‘This 
suggests that these centres may be atoms of some dissolved impurity such as 
trivalent aluminium, which is commonly found in diamonds (Chesley 1942). 
Vacancies or other crystal imperfections might also act as acceptors in diamond 
as they do in germanium and silicon (James and Lark-Horovitz 1951) but it is 
probable that the associated energy levels would be much deeper than the 
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measured activation energy (cf. measurements on irradiated diamonds by 
Ditchburn ef al. 1955). 

Several other workers have recently measured the electrical properties of 
Type IIb diamonds. Leivo and Smoluchowski (1955) measured the resistivity 
of one specimen between room temperature and 425°c and found that the slope 
of the (Rlogp, 1/7) curve corresponded to an energy of about 0-35ev. Brophy 
(1955) measured resistivity and Hall coefficient between —40°c and 60°c. His 
specimen was also p-type and from the slope of the Hall constant against 
temperature curve he deduced an activation energy of 0-35 ev. Custers (1955) 
measured resistance between silver contacts on another diamond at temperatures 
above 20°c. Using an equation similar to equation (2), he deduced an activation 
energy of 0-70ev which again corresponds to a slope of 0-35ev on the usual 
(klogp, 1/T) graph. Each of these energies was obtained from measurements 
made near room temperature. In the present experiments, the slopes of the 
curves in figures 1 and 2 taken near room temperature also lead to energies of 
0:35 or 0:36ev. However, these curves are straight lines only below —50°c 
and in this region the activation energy is found to be 0-38 ev. 

Carrier mobilities have been measured by several methods in non-conducting 
diamonds (Klick and Maurer 1949, McKay 1950, Redfield 1954, Allemand and 
Rossel 1954). These methods involve injection of carriers by irradiation with 
light or charged particles and the results are complicated by the presence of 
space charge or carriers of both signs. Allemand and Rossel estimated from 
their crystal counter measurements that the mobility of holes is about 
1000 cm2volt-tsec, or higher, and Redfield’s Hall effect measurements led 
to the result p24, > 1200 cm? volt“tsec™. Our value of 1550+ 150cm?volt"?sec* 
is consistent with these results. 


§ 3. OPTICAL PROPERTIES 


Diamonds show great variation in their infra-red absorption but the 
characteristic features of the two classes are well established (Blackwell and 
Sutherland 1949, Sutherland, Blackwell and Simeral 1954). ‘The present 
specimen shows all the lattice absorption associated with a Type II diamond. 
In addition there are several sharp peaks and a continuum which, unlike the 
lattice absorption, are very sensitive to temperature change. The following 
section presents some measurements on the effect of temperature variation and 
a preliminary report of photoconductivity associated with this extra absorption. 


3.1. Measurements 


Transmission measurements were made with a Hilger H.800 double beam 
spectrometer using a rock salt prism. Low temperature measurements were 
performed with the diamond mounted in a cryostat fitted with rock salt windows. 
High temperature runs were made with the specimen attached to an electrically 
heated brass block, mounted in an evacuated vessel. 


(a) Transmission measurements. 


The room temperature transmission is shown in figure 5(a). Comparison 
with published data, based on the study of many diamonds (Blackwell and 
Sutherland 1949) shows that the peaks «, 8, y and 6 are not usually found in 
Type II diamonds. However, Blackwell and Sutherland noted similar peaks 
sna few Premier Overblue stones. Blackwell (1949) found that many diamonds 
show negligible absorption in the region 1-2-5, the transmission loss being 
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due to reflection. The present specimen has an absorption coefficient of 3-4 cm! 
in the range 1-2-5 and this continuum of extra absorption may extend as far 


as about 3:5. These unusual features have been summarized for convenience 
in figure 5(d). 
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Figure 5. Infra-red absorptionina Type IIb diamond, at room temperature; a, absorption 
spectrum in the region 2-15 w; 4, absorption features not usually present in Type II 
diamonds. 


When cooled to —155°c the peaks «, 8, y and 6 increase in intensity by 
about 30°. The main peak f is clearly resolved as a doublet at this temperature 
and several small peaks appear. Figure 6 shows in detail the extra absorption 
at low temperature. The lattice absorption has been subtracted and estimates 
of the relative intensities of the various peaks are given. 

When the diamond is heated the «, 6, y and 6 peaks decrease in intensity, 
until at 300°c they are indistinguishable from the background. A slight increase 
in the transmission level in the region 1-2-5, was noted on heating. The 
temperature variation of the 6 band was estimated by calculating the integrated 
absorption (i.e. [kK dv where K is the absorption coefficient in cm™ and » the 
frequency expressed in wave numbers) at various temperatures. Figure 7 shows 
the results, which have not been corrected for the spectrometer slit width. ‘The 
slit width amounted to approximately one third of the observed width of the 
absorption band. 

All changes with temperature appeared to be reversible. A slight displacement 
towards larger wavelengths on heating, amounting to about 3 wave numbers 
per 100 degrees, was detected in the B band. ‘The helf-width of this peak 
increased by roughly 50° on heating through 100°c, and decreased by about 
20% on cooling from room temperature to —155°c. 


(6) Homogeneity test. 
The incident light was collimated by means of a pinhole 0:5 mm in diameter 
and directed through various parts of the crystal. The intensities of the «, B, y 


and 6 bands remained constant. 
Nea=24 
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Figure 6. Summary of temperature dependent absorption at —155°c. The figures under 
the curves give integrated intensities in arbitrary units. 
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Figure 7. ‘Temperature variation of the integrated absorption of the 3°57 w peak. 


A comparison was made between a transmission 7', through the length of 
the crystal (3 mm) anda transmission 7’, through the width (1-5 mm), to determine 
whether the extra absorption was due to a surface or bulk effect: a plot of 
}log T, fitted over log T,, which indicates that all the optical absorption is a 
bulk effect. 

We conclude that the absorption summarized in figure 5(4) is a bulk effect, 
which is uniform throughout the specimen. 
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(c) Photoconductivity. 


The diamond was mounted inside the cryostat between pressed indium 
contacts, and 300 volts were applied in series with a 3 MQ resistor. Radiation 
from a Nernst filament, chopped at 500c/s, was passed through a small fluorite 
monochromator and directed on to the specimen at —155°c. Photo-currents 
of the order 10-°a were detected. Preliminary measurements show that the 
response is limited to the range 0-9u.-3-6y. The resolution was insufficient to 
detect structure in the spectral response curve as fine as the 8 absorption peak. 

The experiment was repeated using one indium contact and one tungsten 
probe. At room temperature the diamond gave a p-type rectification character- 
istic. When the diamond was cooled to — 150°c this vanished, but illumination 
with a tungsten filament lamp produced a weak p-type characteristic. 

We conclude that the absorption of light in this wavelength range leads to 
the production of free holes. 


3.2. Discussion 


Blackwell and Sutherland (1949), who studied the infra-red transmission of 
many diamonds, reported the presence in a few Premier Overblues of similar 
sharp bands at 2:5, 3-4 and 3-6, and concluded that they were due to some 
impurity and were not characteristic of the lattice. From the pronounced 
temperature dependence of the ‘extra’ absorption summarized in figure 5(b) 
we also conclude that this absorption is not due simply to lattice vibrations, 
since lattice absorption is relatively temperature independent (Collins and Fan 
1954). We suspect that the absorption is characteristic of ‘Type IIb diamonds 
and is associated with the defect or impurity responsible for conduction. 

The optical absorption characteristics of defects in the diamond lattice have 
been studied by Ditchburn et al. (1955) in diamonds subjected to bombardment 
by electrons and neutrons. ‘They show that complex band systems arise, 
possibly due to interaction between the electronic configuration of the defects 
and some lattice vibration. Such complications may well apply here, but since 
the defect has not been identified no detailed discussion is possible. 

However, the similarity of the values of the activation energy cf the acceptor 
(0-38 ev) and the energy of the major temperature dependent absorption peak 
(0:34 ev) suggests that these may be directly related. ‘The hydrogen-like model 
leads to the picture of a ground state for holes bound to the acceptor centres and 
a series of excited states for these holes with energy levels just above the valence 
band. By analogy with the V, colour centres in alkali halides we suggest that the 
absorption may be associated with transitions from the ground state to an excited 
state (i.e. transitions of electrons from full levels just above the valence band to 
the empty acceptor levels, cf. Slater 1949). + It is evident that this absorption 
should decrease at high temperatures as the acceptor level is filled by thermally 
excited electrons, but a simple calculation based on the assumption of constant 
transition probability does not give quantitative agreement with the experimental 
results shown in figure 7. 


+ Note added in proof. Our attention has been drawn to the optical studies of 
impurities in silicon by E. Burstein, E. E. Bell, J. W. Davisson and M. Lax, 1953, 
¥. Phys. Chem., 57, 849. They observed absorption peaks and a continuum in the infra-red 
(cf. figure 5) which they interpreted in terms of the hydrogen-like model 
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Using this model, the continuous absorption of shorter wavelength infra-red 
light and the associated photoconductivity may be explained in terms of the 
ionization of the acceptors or optical excitation of electrons from the valence 
band up to the acceptor level. A threshold would be expected at 0-38 ev (3-24) 
and a peak in the photoconductive response at 0-34ev (3-64) but the resolution 
of the monochromator in the present experiments was not sufficient to show this 
structure. 

This interpretation, which is based on the results obtained with a single 
specimen, is only tentative. It is based on the assumption that the observed 
infra-red spectrum is characteristic of Type IIb diamonds. This assumption 
should be verified by observations on other diamonds + with comparable con- 
ductivities. Also it would be interesting to determine whether the Premier 
Overblue diamonds, in which Blackwell and Sutherland (1949) found peaks 
similar to those in figure 5, are Type IIb diamonds. Further understanding 
of the connection between the electrical and optical properties of semiconducting 
diamonds might be obtained by repeating the photoconductivity measurements 
over a range of temperatures with much better spectral resolution. 
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The Variation with Temperature of the Spectral Emissivities of 
Iron, Nickel and Cobalt 


By L. WARD 


University College of the Gold Coast, Accra 
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Abstract. ‘The spectral emissivities of iron, nickel and cobalt have been measured 
over a wavelength range 1-0m to 3-Om and at temperatures between 650° and 
1350°c. The results show anomalies in the cases of iron and cobalt occurring 
at temperatures in the neighbourhood of the respective Curie points. Tables 
of the temperature coefficients of emissivity for the three metals are given. 


§ 1. INTRODUCTION 

N a previous paper by Lund and Ward (1952) the results were reported of an 

investigation into the variation with temperature of the spectral emissivities 

of iron, nickel and cobalt over a wavelength range 1-0. to 2-64. ‘The most 
interesting feature of these results was a significant change in emissivity at the 
Curie point of cobalt (1150°c). 

The apparatus used then was not sufficiently sensitive to enable measurements 
to be made around the Curie point of iron (770°c) and the present investigation 
was commenced with this objective in view. 


§ 2. APPARATUS 


The apparatus was an improved modification of that used in the earlier work. 
Drecq-type black bodies (1914) were made by bending flat blanks of the metal 
into cylindrical form, 6in. long and /in. in diameter, leaving a longitudinal gap 
of j;in. Heating was by a Variac-controlled current transformer and the radia- 
tion was measured by a lead sulphide cell in conjunction with a quartz 
spectrometer. 

Details of the water cooled chamber housing the specimens are shown in 
figure 1. The chief improvements over the earlier model were (a) the use of 
vertical supporting electrodes mounted on a horizontal base-plate, resulting 
in a much more satisfactory vacuum joint, and (b) additional resilience in the 
specimen mounting provided by the flat spiral copper spring. ‘The chamber 
was evacuated by a two-stage rotary pump and filled with hydrogen, a getter being 
used to eliminate the last traces of oxygen. 

A Hilger Barfit spectrometer was used, passing a narrow band of wavelengths 
of about 0-03 at each point. 

The radiation was focused on the spectrometer by a concave front silvered 
mirror of focal length 25 cm, the image being roughly the same size as the object. 
Immediately in front of the spectrometer the radiation beam was interrupted 
by a sectored wheel, driven by a synchronous motor, to produce an interruption 
frequency of 750 per second. 
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The radiation was measured by a lead sulphide photoconducting cell coupled 
with a tuned audio frequency amplifier. A B.T.H. type CI cell was used at first, 
but later a Mullard CI5V cell was introduced with a five-fold increase in sensitivity. 


Set ie 
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Quartz 


Window Specimen 


J_to Current. - 
Transformer! 


Figure 1. Specimen assembly. 


No cooling liquids were available and both cells were operated at room temperature. 
The signal from a head amplifier was applied to a voltage dividing box from which 
it was fed to the main amplifier tuned to 750.c/s and was recorded on a micro- 
ammeter in the anode circuit of the output valve. 

The voltage dividing box was used to attenuate the signals to give the same 
output from the black body and the surface, the ratio of the readings on the box 
giving the emissivity of the surface. The departure from linearity of response 
of the detector head unit was studied and it was found that the true emissivity 
was given by the measured value raised to the power 1:035. In practice this 
correction could be applied in almost all cases simply by subtracting 0-021 from 
the measured value. 

It was not possible to measure the efficiency of the black body but the greyness 
was tested by measuring the output @ (reciprocal of voltage dividing box reading) 
for different temperatures 7’, and plotting In @ against 1/7’. A straight line at all 
temperatures indicated that the efficiency of the black body was not changing 
(see Hall 1944). 

When dealing with this type of black body, the condition for maximum 
efficiency is to obtain a uniform temperature over the central portion equal to 
at least 8 diameters. An optical pyrometer was used in plotting the temperature 
distribution and, by thinning down the ends of the specimen with a.file, a length 
to diameter ratio of 10 at constant temperature was easily obtained. 

The specimen surfaces were prepared by polishing with emery paper down 
to grade 04 and finally lapping with jeweller’s rouge. The exact crystalline state of 
the surface was not known, but the amount of cold work done in polishing was 
relatively small and all the specimens were subjected to the same treatment. 

In taking measurements, six values each of the black body and surface readings 
were made and the mean taken. The departure from the mean rarely exceeded 
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1% and the emissivity should be accurate to better than ! %. Three specimens 
of each material were used and the results given are the average of these. ‘The 
absolute values of emissivity differed by up to 8° amongst the individual 
specimens. 

The method of taking readings was to keep the wavelength fixed and vary 
the temperature, starting from the highest down to the lowest at which significant 
values could be taken and back again. In the middle of the wavelength range, 
readings could be extended down to 650°c but at each end it was difficult to 
proceed below 750°c. 

§ 3. RESULTS 
3.1. Nickel 

The mean results for nickel at various wavelengths are shown in figure 2. 

Compared with other published work the values are a little high, almost certainly 
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Figure 2. Emissivity of nickel against Figure 3. Emissivity of cobalt against 
temperature. temperature. 


due to the surface condition. The variation with temperature was treated as 
linear throughout and the temperature coefficients of emissivity referred to 
1000°c were evaluated from the graphs and are shown in table 1. 


Table 1 
N(w) ie) ee keeles NES ay sy Wowk = Da ay Bi) Bow? 
a X 10° deg} —10 —5 —3 > 7 8 9 11 13 18 19 21 


The results indicate an ‘ X-point’ at 1-5 1, therein differing from the values of 
Lund and Ward (1952) and Price (1947). A gradual increase in emissivity was 
noticed with prolonged heating and recrystallization of the surface was observed 
simultaneously. 

3.2. Cobalt 

The mean values for the three cobalt specimens are displayed in figure 3. 

It will be seen that, for wavelengths up to 2:6;., these graphs show an upwards 
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inflection of about 2% between 1100°c and 1200°c. This range includes the 
Curie temperature, but it was noticed that the change in emissivity took place 
gradually over a range of about 50°C and no actual discontinuity could be observed. 
The curves resumed their original slope above the inflection. The values of 
the temperature coefficients determined from the linear portion below 1100°c 
are given in table 2. 
Table 2 
XW) 14 1-2 «140 16) 28> ZO 2a ZO Wetes 330) 
aX 10° deg —§ -—9 —5 3 6 8 {2 15.2, 20% Vez 28 


An ‘X-point’ is indicated at 1-5 in good agreement with 1-4 obtained 

previously. 
3.31 rOn 

The curves for iron are shown in figure 4. As with cobalt there is an upwards 
inflection in the region of the Curie temperature. For iron the increase was 
about 4°/,, and was again continuous. ‘The graph was linear above this tem- 
perature and the values of temperature coefficients given in table 3 were determined 
from this portion. 
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Figure 4. Emissivity of iron against temperature. 


Table 3 
A() 1°0 13” 1:4 1-6 1:8 2:0 2:2 2:4 Dg) 2-9 
aX 10° deg-? —10 —7 —6 6 11 2 14 17 18 20 


§ 4. Discussion 


In the results presented for iron and cobalt one fact seems to be significant, 
namely that a fairly abrupt change in emissivity occurs at temperatures near the 
Curie points. Lowe (1936) reports a similar phenomenon in the case of nickel. 
The physical cause of these changes is not known as the crystal structure does not 
change at the Curie temperatures. On the other hand these results do not indicate 
any significant changes in emissivity at the phase transformation points. Wahlin 
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and Knop (1948) working with iron at 0-65 observed a discontinuous decrease 
in emissivity at 900°c and 1400°c, the phase transformation points, and Ornstein, 
and Van der Veen (1939) found the change at 900°c and also a continuous increase 
in reflectivity at the Curie point. With cobalt, Wahlin and Knop found a sudden 
change on passing through the Curie point. 

The electrical resistivities of these elements plotted against temperature show 
inflections at the Curie points, and are related to the emissivities by the Hagen— 
Rubens equation. ‘The latter breaks down below 4,., but some correlation with 
the resistance presumably remains. 

It is perhaps surprising that the crystal structure has no apparent effect on the 
emissivity at these wavelengths. This may be due to the presence of an amorphous 
surface layer, although the amount of cold work performed in polishing would 


hardly have been sufficient to produce a complete breakdown in crystal structure 
(see French 1933). 
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Birefringence Resulting from the Application of an Intense Beam of 
Light to an Isotropic Medium 


By A. D. BUCKINGHAM 7 


Department of Theoretical Chemistry, University of Cambridge 
MS. received 19th October 1955 


Abstract. The interaction between a rapidly oscillating electric field, such as 
is found associated with a light wave, and anisotropic molecules is discussed, 
and it is shown that there will be a tendency for the molecules to be oriented. 
An isotropic medium will therefore become doubly refracting, the optic axis 
being parallel to the electric vector of the oscillating field, or in the case of 
normal light to its direction of propagation. For the birefringence to be easily 
measurable a very intense beam of light would be necessary, and a flash apparatus 
would probably be the most suitable source. 


§ 1. INTRODUCTION 
Ke (1875) showed that the application of a strong static electric field 


to an isotropic medium caused it to become doubly refracting, or 

birefringent. The effect has since been observed in a wide range of 
substances, and is now known as the Kerr electro-optical effect. The theory 
of the effect has been discussed by Langevin (1910), Born (1918), Debye (1925) 
and recently by Buckingham and Pople (1955). The birefringence is due chiefly 
to the tendency of the external electric field to orient the molecules in such a 
way that their energy is a minimum. If the molecules are anisotropically 
polarizable, then there is a tendency for the axis of maximum polarizability to 
be parallel to the applied field, and the corresponding torque may either add 
to, or subtract from, the turning moment due to the permanent dipole moments 
of the molecules; the sign depends on the direction of the permanent moment 
relative to the principal axes of polarizability. There is also a small temperature 
independent effect found even in the spherically symmetric inert gases (see 
Kuss and Stuart 1941), and this is due to the anisotropy produced in the molecule 
by the external field. 

If a parallel beam of light is passed through an assembly of anisotropically 
polarizable molecules, there will be a tendency for the molecules to be lined up 
owing to their interaction with the electric field associated with the waves. We 
suppose that the frequency of the light is sufficiently high for the molecules to 
be unable to follow the alternations, and such that there is no appreciable 
absorption. After averaging with respect to time, there will be a resultant 
interaction energy proportional to the square of the amplitude of the waves of 
the incident light. However, there will be no term resulting from the interactions 
of the permanent dipoles with the field, for this vanishes on averaging with 
respect to the time. ‘The non-zero interaction due to the anisotropy in the 
polarizabilities of the molecules will tend to orient them in such a way that their 
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axes of maximum polarizability are at right angles to the direction of propagation 
of the beam, and the substance will then behave as a doubly refracting medium 
with optic axis in the direction of propagation. ‘The magnetic field accompanying 
the light rays will have an insignificant orienting effect on the molecules and can 
safely be ignored in a theoretical treatment of the phenomenon. 


§ 2. THE Basic EQuaTIONS FOR A PERFECT GAS 


In measuring the double refraction of a specimen, we effectively determine 
the difference between the refractive indices m, and n, of the sample in the 
direction of, and at right angles to, the optic axis. In this section, we shall derive 
the fundamental equations for the double refraction of an assembly of like 
independent molecules in a rapidly oscillating electric field & = &) cos (271), 
the direction of the electric vector being that of the unit vector e4, where e- is 
a fixed direction at right angles to the direction of propagation of the light beam 
which we shall represent by the unit vector e!'!. One half of the waves comprising 
the beam may be supposed to have electric vectors vibrating in the direction 
of e+, those of the other half being at right angles both to e! and to el’. 

In the notation of Buckingham and Pople (1955), we represent the energy of 
a molecule in the field by u(r, &), where 7 describes the position and orientation 
of the molecule at a particular instant. We shall write 


- 6 
: ,. {¢ 
u(r, 6) =u — | Moly AE 
~ 0 


=U ~ pet 6 — har gen reg 6? — LBap,Cnregte,? 5? 

Bi) appa CB ep Ce 6 ee fe a (2:1) 
where j, is the total dipole moment of the molecule and j19,, %4g, Bag,» YoBys> ++ 
are tensors symmetric in all sufhxes. The quantities 9, and %,g are simply the 
permanent dipole moment and polarizability tensor of the molecule, while 
PoBy» Yay +--+ describe the departure from linear dependence of the induced 
dipole moment on the field strength. If we suppose that the period of oscillation 
vy! is too small for the molecules to follow the field, then the ‘effective’ energy 
is found by averaging u(r, &) over one complete oscillation. Writing this average 
with respect to time for a given configuration 7 as [u(r, &)], we have 


ee Cay J, “ul, @)dt 


=u) — 40 py pC oy" — FiV opel CB ey Cx So ete tent (2.2) 
It is this time-averaged energy [u(7, &)] that must be inserted into the appropriate 
Boltzmann type weighting factor when we perform the averaging over 
configuration space. 

The quantity we are concerned with is the difference between the mean 
polarizabilities of a molecule in the directions e' and e+. Again using the 
notation of Buckingham and Pople (1955) we write for this difference 

aT), 6) = Wag Cee eye") pee ele (2.3) 
where 7g is the ‘differential polarizability tensor’, defined by 
Oy 07u(7, &) 
"B™ G(Eeg!) A( &e,A)o( &eg+) 
= dag t Pepe, C+ 2Vapyly eo Seti. eres (2:4) 
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If there are V/V molecules in unit volume 


oe [nO] ee eee (2.5) 


ere ae 
where : 
[n(z, &)J=v | m7, &)at 
J0 
= (%g + EV oBysly 6 64" +.5 )eql'egt = ey /€g"); botnet: (2.6) 
and where the bar in (2.5) signifies an average over all configurations; thus 
[n(7, &) = { [x(7, é)| exp { = [u(z, é)| IR IB: at 
Cs Ni Lexp{—lwG, 6)\/RT 3dr i 
We shall now expand [x(7, &)] as a power series in & , and shall use the 
notation (X) for the average value of a quantity [X(z7, &)] in the assembly 
with ¢4=0— That is 


Os a, ‘| [X(7, 0)] exp = wOlRT} dt 
; fexp {—wO/RT} dr 


The leading non-vanishing term in the expansion is the one in &,’, the coefficient 


being 
1 /0°[a(z, €)] _ 1 /@[r(z, €)] 1 any (u(r, &)] 
3(a de, , a Fe arp ena) aR eee)! 


It will now be convenient to introduce a function L characteristic of the 
substance comprising the sample. For any specimen in which the electric 
intensity is independent of position 

(my — My) 
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122nV i r (2.10) 
= 5 Bh/,,/ ; im aN an Reo ay 
GEDA PHO gry C0) 
where Vp is the molar volume, n the refractive index and 6, the amplitude 
of the orienting beam’s electric vector in the medium. ’ is the refractive index 
of the medium for waves of frequency v. If ,—m, is measured with light of 
a different frequency, then 2 and v’ may differ on account of the effects of atomic 
polarization. & 9 = &{3/[(n’)? + 2]} in the case of a spherical specimen and (2.10) 
reduces to 


: ay Vm : ‘ re) 
l= iim ee it Fem (2.11 
3(n? + 2)? E+ Ey" ) 
For gases at low densities ” is unity, whence 
4Vm {"s ath | 47N 0? [ (7 é)| 
b= apes ( 2 ) sonenge eZ, 
ee a Cy j 27 065 ] & =o Sas 


where N is Avogadro’s number. 
From (2.2), (2.6), (2.9) and (2.12), we obtain 


Wes 2a 7 { I Sey pts Np ll 
= aT ) YaBre pp sey {e, €B (2, €5 — €, €5 )} ) 6 bodesn (2.13) 
By a simple trigonometrical analysis, it can be shown that 

(Gate g'( Chen eee) = Fy {— 28 agdy5 + 38uy8po + 38 qs0 py) «+++ (2.14) 
so that 27N 


3 
IL= 405 {26 ae RP eB %a8 == 347) } yiale — dees (2.15) 


where « = 4a,,, is the mean low-field strength polarizability. 
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By comparing (2.15) with the expression for the molecular Kerr constant »K 
deduced by Buckingham and Pople (1955), we see that 


ee 27N 3 ‘ 

L=mK A05RkT" 41.o0P 8B a3 kT (%BHooMop — X49 )| edison (2. 16) 
where we have neglected the effect of atomic polarizability on »K. Hence, for 
a gas consisting of molecules without permanent dipole moments (i.e. jo, =0), 
i; == aH ee 

For molecules with spherical symmetry (2.15) becomes 
L=4rNy/81, 00a (2.17) 


and y is such that the moment of a molecule in a strong field E is («E+ {yE?+...) 
in the direction of F. 


§ 3. "THE EFFECT IN A DENSE MEDIUM 

The results of §2 will only be strictly applicable to gases at low densities, 
for the molecules were assumed to be independent. In this section, the theory 
will be extended to dense media, but since the problem is analogous to that of 
the Kerr effect previously discussed by Buckingham (1955), the results will be 
presented tersely. 

We shall only consider specimens in which the light beam is parallel and 
uniform. For a sample consisting of molecules which are spherically symmetric 
when isolated, we find that 

Dinh 4a Ny Sl, ee | anise (3.0) 
Equation (3.1) applies at all densities, and depends for its validity upon the fact 
that the mean local field acting on a molecule is &{1+O(a?)}, and since « is 
usually small, this field is effectively equal to &. 

A discussion similar to that employed in the treatment of the Kerr effect 


leads to the result 
Q27N SX ‘ 
Ll WSRT (Sie ag” ea age” >, meee ees GZ) 


= 
for an assembly of molecules whose polarizabilities are independent of the 
field strength; x," is the polarizability tensor of the zth molecule. Equation (3.2) 
is accurate to the order of «?, but it omits terms proportional to «3. On writing 
(3.2) in terms of the three principal components of polarizability «,, «, and a, 
it becomes 


= — {> (a,)?— 3a? + ee Gh Oy | | (cos? ,,— 4)n.(r, w) dr do eae) 
where 6,, is the angle between the s-principal axis of molecule 1 and the ¢-principal 
axis of another molecule whose position and orientation are represented by (r, w) 
referred to molecule 1 fixed at the origin, and where ,(r, w) is the probability 
of there being a molecule in the volume element dr and orientational element dw. 
For axially symmetric molecules, (3.3) reduces to 


a Nic2y2 ae 
“SS {243 | | (cos? 6 — 3)na(r, w) dr da eee (3.4) 


where «=(a3—%,)/3% (the axis of the molecule being in the 3 direction) is a 
measure of the anisotropy of the molecule, and where 0 is the angle between 
the axes of the molecules. 
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We note that L=mK at all densities (to the order of accuracy of our results, 
which neglect higher powers of «) for molecules with centres of inversion, but 
for molecules with permanent dipole moments the two quantities will differ. 

From (3.3) we see that for molecules whose interaction energies are independent 
of orientation, L is independent of density and given by 
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§ 4, DISCUSSION 

The results of §§2 and 3 indicate that measurements of the double refraction 
resulting from the application of an intense beam of parallel light will be a 
valuable supplement to Kerr constant and light scattering data for information 
concerning the polarizabilities of molecules. ‘Thus, from (2.16), if mnK—JL, 
Xp and fo, are known, an estimate of the magnitude of the tensor Bug, could 
be made. 

In an actual experiment whose object is to investigate this new effect, the 
measuring techniques would be similar to those employed in a measurement 
of the Kerr constant. The chief difficulty is likely to be in the production and 
maintenance of the intense source of parallel light. The amplitude of the electric 
vector of a light beam of energy density 1 watt cm-? is only 27-5 voltem~!, and 
since &, is proportional to the square root of the energy density, one would 
need a beam of the order of 10° watts cm? in order to obtain a readily measurable 
phase difference, if one uses a cell similar to those employed in observations of 
the Kerr effect together with existing detection techniques. Such intensities 
are normally available only as flashes. However, there is no limit to the length 
of the specimen, and the linearly polarized beam used for determining the 
birefringence could in theory be passed through the cell any number of times. 
Thus in this way it may be possible to make measurements utilizing easily 
obtainable light sources whose energy output is constant. 

The optic axis of the specimen through which the intense light beam is 
passed is in the direction of propagation, so that the weak linearly polarized 
beam for measuring the double refraction may have any direction at right angles 
to this axis, but its plane of polarization should be at an angle of 45° to it. Any 
experimental difficulties which might arise as a result of light being scattered by 
the molecules could be avoided by the use of light of different frequencies for 
the measuring and orienting beams, together with appropriate filters. In this 
case, the formulae of $§2 and 3 would require slight modification to allow for 
possible differences in the polarizabilities of molecules for the two frequencies. 
Thus (3.3) would be changed to 

27N f 2 
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where «, and g, are the principal polarizabilities for the two frequencies. 
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Abstract. The intensity of light scattered at 90° to the incident beam has been 
investigated as a function of wavelength for a specimen of colourless, apparently 
perfect, quartz. The wavelength function indicates that, in addition to the light 
scattered by thermal fluctuations of density, to be expected in any crystal, however 
perfect, there is a contribution from some real-structure possessing a linear 
dimension of about 3000A. Previous work by the present author pointed to 
a similar effect in NaCl crystals, in which a dimension of about 1500 A was derived, 
and a preliminary interpretation of the effect was offered in terms of a theoretical 
real-structure first suggested by Born and later discussed by Firth. It is now 
pointed out that the formula given by Born does lead to a dimension for quartz 
about twice that for NaCl. But since more than one kind of imperfection could 
produce this ‘size effect’ a discussion is given of imperfections from this point of 
view. ‘Two kinds come into consideration: (i) clusters of the correct size 
randomly embedded in the lattice, (ii) a three-dimensional net throughout the 
lattice, made up of surfaces of disorder enclosing regions, of the correct size, of 
perfection. It is argued that the former will produce discrete appearances in 
the beam of light, detectable by ultra-microscope, and that an entirely diffuse 
beam of light indicates their absence. This is the case with several crystals 
which nevertheless exhibit the size effect, and it seems therefore that the latter 
alternative, the net, has to be accepted. This conclusion is discussed with 


reference to present knowledge of subgrain structure as well as to the theory of 
Born and Firth. 


§ 1. INTRODUCTION 


HE author, in a previous paper (1955), investigated the intensity of light 

scattered transversely by NaCl single crystals as a function of wavelength, 

and found that the results were not in accordance with the theory for 
perfect material. This theory requires that the scattered intensity be due 
entirely to thermal fluctuations of density, of dimension small compared with the 
wavelength, and that therefore it be proportional to the inverse fourth power of 
the wavelength (44 law). The observed wavelength function was different, 
and indicated that there were scattering centres in the crystal of size comparable 
with the wavelength. 

A model was proposed in which the scattering was said to be due to the 
summation of wavelets scattered from disordered boundaries, the boundaries 
being the inter-surfaces of regions within which the lattice was assumed to be 
perfect. ‘The shape of the perfect regions was said to be compact but irregular, 
and the total effect was assumed to approximate to a random assembly of dielectric 
spheres of refractive index equal to that of the crystal. ‘There would also be 
thermal scattering from within the perfect regions, but in the particular cases 
studied this was shown to be an unimportant fraction of the total scattering. 
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Computed tables (see references) for the scattering by dielectric spheres 
of refractive index 1-55 were utilized. From these tables the total luminous flux 
scattered per unit solid angle by a sphere of radius 7, irradiated by unpolarized 
light of wavelength A and unit intensity, can be obtained for various angles to the 
incident beam and for various values of the parameter «=2zr/X. A feature of 
90° scattering by spheres is a maximum of intensity at «=1:8. Thus a maximum 
at a certain wavelength allows a linear dimension, or equivalent diameter, 27 to be 
inferred. 

The experimental curves for .NaCl agreed rather well with the theoretical 
curves for spheres, not only in the observation of maxima in certain cases, but 
also in the general form of the curves, and indicated the presence of a quite sharply 
defined linear dimension of about 15004. This dimension did not vary much 
from crystal to crystal, and it was suggested that there was evidence here in favour 
of a theoretical real-structure first proposed by Born (1947) and later discussed 
by Firth (1949). But, as already pointed out by Theimer and Lell (1953), 
more than one type of imperfection in a crystal may scatter light in a manner 
deviating from the A* law, and it is not correct to cite departure from the X 4 law 
as conclusive evidence for a particular real-structure. However, the small 
variation in the derived dimension, and the absence of visible imperfections in 
the illuminated volume of the crystals, was thought to be evidence for something 
intrinsic rather than accidental. 

In the present paper a marked departure from the \~# law is reported also for 
a specimen of good colourless transparent quartz. But before adducing this as 
new evidence in favour of the suggested real-structure, it has been thought 
advisable to review various kinds of slight imperfection and to consider whether 
any of them could serve as explanation for the observed effects. This review, 
given in §4 below, mentions localized clusters of imperfection which would 
scatter light relatively intensely, and which might have sizes comparable with the 
wavelengths employed, and thus produce the observed intensity, wavelength 
effects. But they would also be detectable visually by ultra-microscope, in whose 
field they would appear as discrete points of light. 

Therefore the interior of all crystals has been examined by microscope 
transversely to a beam of intense light passed through the crystal. Only those 
crystals in which no trace of localized appearances can be seen have been taken 
into consideration. With them, illumination of the field of vision, though not 
always uniform, is entirely diffuse. 


§ 2. EXPERIMENTAL 


The apparatus and procedure is basically that already described in the 
author’s 1955 paper, but certain changes have been necessary, caused by the lower 
intensity of light scattered by the quartz specimen. In the previous work the 
comparison between scattered light and incident light was made by means of 
anull method. ‘This gave increased convenience and accuracy but was practicable 
only because the NaCl specimens scattered sufficiently. ‘The method depended, 
for sensitivity, on detecting the difference of two nearly equal quantities— 
photocurrent from scattered light, and controlled photocurrent from a source 
proportional to incident light. ‘The sensitivity becomes low if the scattered light 
is feeble, because the difference of two nearly equal small quantities has to be 
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detected. This was the case in the present work on quartz, and the comparison 
between scattered and incident light had to be done in separate experiments. 
In the event, however, the decrease in accuracy was tolerable. 

Secondly, it was found in the previous work that parasitic light from the 
polished NaCl surfaces was an insignificant fraction of the light scattered from 
the interior. But with the quartz, in the work now described, the parasitic 
light was appreciable despite the high polish possible of a quartz surface. In 
view of the intention to carry the observations as far as possible into the ultra- 
violet, it was decided not to immerse the crystal in a liquid such as benzene of 
similar refractive index. Instead, end pieces were affixed by ‘ optical contact’ 
to the quartz block. ‘This expedient, see figure 1, sets back the entrance and exit 
surfaces so that diffuse reflections from them cannot reach the viewing surface. 


Entrance : 
SUPRaCE< ct, um em er ee eee Incident 
ee 5 |i oe Optic Axis Beam 
Exit Surface 


| 
| 
| 
| 
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Viewing Surface 
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Scattered 
Light 


Figure 1. Block of quartz with affixed end pieces in order to prevent diffusely reflected 
light from entrance and exit surfaces from reaching the viewing surface. All surfaces 
except these three are painted black. 


§ 3. RESULTS 


3.1. Ultra-Microscopic Examination of Crystals 


All the NaCl crystals of the previous paper, and the quartz crystal of this 
paper, have been examined ultra-microscopically in order to detect localized 
light-scattering, imperfections. Only one of them has been found to Saitenn 
them; this is the synthetic solution-grown NaCl crystal designated in that paper 
as crystal No. 4. This crystal scattered light 20 times more intensely than the 
others, and also showed a departure from 4 law. This bears out a conclusion 
drawn later in the present paper, in §4, that localized imperfections which are 
large enough to depart from A“ law are also relatively intense scatterers. Further 
evidence on this point has been obtained in the examination of synthetic melt- 
grown crystals (method of Bridgman) of KCl, KBr and LiF. (It had been hoped 
to extend the results obtained with the NaCl crystals to other alkali halide crystals 
but so far none have been found which are free from ultra-microscopically Bele 
imperfections.) 

The scattering of these crystals is relatively intense, of the same order as that 
of the solution-grown NaCl crystal mentioned above. Ultra-microscopic 
examination reveals a dense system of points of light, arranged in an interesting 
manner in the neighbourhood of subgrain boundaries and other complex 
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dislocation systems. It is hoped to publish photographs and further discussion 
on another occasion. ‘These points of light almost certainly arise from clusters 
of impurity atoms. The manufacturer has informed the author that impurity, 
much of which collects into an opaque boule in the growing crucible, has been 
very troublesome. 

Intensity/ wavelength study of these crystals shows departure from 4 law, 
but fluorescence in the near ultra-violet prevented an estimate of equivalent 
diameter. The clusters, nevertheless, must be of an average size comparable 
with the wavelength. But the point to be made is that their visual appearance 
under the ultra-microscope and their intense scattering power prevents them 
from being confused with the structure actually under investigation. Although 
both structures show departure from A* law, the latter is distinct in its relatively 
feeble scattering power and its entirely diffuse appearance ultra-microscopically. 


3.2. Intensity, Wavelength Results for the Quartz Crystal 


Curve A of figure 2 shows a quantity proportional to scattered flux per unit 
incident intensity plotted against 4~*. There is clearly departure from the 
4 law, under which the curve should be a straight line through the origin. But 
there is, nevertheless, an appreciable contribution from thermal scattering, and 
in fact curve A represents a superposition of real-structure scattering on thermal 


Proportional to Scattered Flux per Unit Incident Intensity 
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Figure 2. Scattering of light by quartz specimen as function of wavelength. Abscissa 1s 
inverse fourth power of wavelength in microns. A, total scattering ; B, estimated 
thermal scattering; C, real-structure scattering; D, theoretical curve for spheres of 
diameter 3000 A, with ordinate scale adjusted for coincidence with curve C at short 
wavelengths. 


scattering. ‘The scattered flux was compared, at a wavelength of 6000 A, with that 
from a sample of benzene contained in a vessel of the same cross-sectional dimen- 
sions as the main quartz block. ‘There was a slight difference between the 
illuminated volumes viewed, since the end pieces attached to the quartz block 
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modified the optical geometry. But it is not considered that this is large enough 
to affect the conclusions drawn. The flux ratio, quartz to benzene, was measured 
as 0-045. 

Chapelle and Taurel (1955) give this ratio, based on purely thermal theory, 
as 0:0065. So at 6000A this quartz specimen is scattering about seven times 
more intensely than if the scattering were entirely thermal. 

A straight line representing thermal scattering has therefore been drawn. 
This is curve B. It passes through the point, at 6000 A, which has an ordinate 
value one seventh of that of curve A. 

After subtracting the thermal curve B from curve A, curve C is obtained, 
which represents the real-structure scattering. ‘There is a maximum at 52004, 
and if this be taken to correspond to = 1-8 (see § 1 above) an equivalent diameter 
of 3000 A is derived. 

A theoretical curve, curve D, for spheres of refractive index 1:55 and diameter 
3000 A is also shown in figure 2. The scale of the ordinates is adjusted so that the 
level portions beyond 3600 A coincide. There is satisfactory correspondence in 
form between the theoretical curve and the experimental curve. 


§ 4. DISCUSSION 


It appears from the results of this and the previous paper that in regions of 
single crystals which are free from ultra-microscopically visible localized 
imperfections, there yet exists a type of imperfection which scatters light as though 
4 definite linear dimension were possessed. 

It will be helpful to consider known types of imperfection from this point of 
view. 


4.1. Primary Imperfections 


Under this heading may be listed single vacant lattice sites, interstitial atoms, 
and substitutional foreign atoms. Purely electronic defects will not be included ; 
they could not give rise to the effects here discussed. Now the linear dimension 
experimentally derived is of the order of a few hundred atomic spacings. 
Although there will be a region of disorder around a single primary imperfection, 
it cannot be imagined to extend detectably as far as a hundred or so atomic 
spacings, and for this reason primary imperfections may be excluded as explanation 
for the size effect. 


4.2. Clusters of Primary Imperfections 


Clusters can form because primary imperfections are mobile in the lattice 
under the influence of thermal fluctuations and interact with each other. Clusters 
of interstitial atoms are unlikely, at least in alkali halides; the energy of formation 
of even a single interstitial atom renders it rare (Seitz 1952, p. 34). Clusters of 
vacant lattice sites are possible, but these would approximate to voids in the 
lattice and would produce relatively intense scattering if they were at the same 
time large enough to produce the size effect. ‘This size also precludes there being 
so many of them per unit volume that the ultra-microscopic appearance becomes 
diffuse; such a crystal would be greatly reduced in density. Clusters of foreign 
atoms are possible and will be visually detectable if there is sufficient optical 
discontinuity between them and the host lattice. ‘This is certainly the case in the 
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melt-grown alkali halide crystals described in the previous section. But if the 
cluster formed a lattice of its own, with small optical discontinuity between it 
and the host lattice, it might evade ultra-microscopic detection. This suggestion 
is difficult to accept, and in any case it is sufficient for the present argument 
to emphasize the very uniform dimension derived in the light scattering 
experiments. ‘There is no reason to expect foreign clusters to be all nearly of the 
same size. 


4.3. Dislocations 
Lines and surfaces associated with dislocations can act as sinks for primary 
imperfections, single or in clusters. But the arguments already given, which 
rule out primary imperfections, or chisters thereof, as explanation of the size 
effect, apply here. 


4.4. Dislocation Networks 


This is the last remaining possibility to explain the size effect. An early 
proposal for this kind of structure was that of Darwin (1914) who postulated 
a ‘mosaic’ structure in order to account for an apparent breakdown in long-range 
order in the interpretation of x-ray patterns. This view has lost favour in recent 
years. For example Guinier (1952) points out that the full picture of a closed 
mosaic is not essential, and that it is enough to postulate some breakdown of 
coherence at intervals of about 10-*cm, which can be provided by relatively 
sparse dislocations. ‘These can also account for the observed slight disorientation 
of reticular planes. But even if there is uncertainty whether the x-ray technique 
can distinguish between closed and unclosed dislocation systems, there is much 
direct evidence of networks from optical and electron micrography. Recent 
examples are the observations in synthetic NaCl of Amelinckx et al. (1955), 
which followed on similar observations in AgBr by Hedges and Mitchell (1953). 
There is also the large class of phenomenon, termed ‘subgrain structure’, studied 
mostly in metal crystals, which has received interpretation in terms of dislocation 
theory. 

The question arises whether the light scattering results are explicable in 
similar terms, or whether they reveal a ‘finer’ structure which is additive to any 
coarser dislocations which may happen to be present, and which is perhaps of 
different physical nature. 

It is not intended in this discussion to adopt a viewpoint one way or the other, 
but to point out that certain facts make the light scattering results, at least in the 
natural crystals, rather distinct from the observations of dislocation networks 
and subgrains mentioned above, and that the theory of Born and Firth mentioned 
in §1 fits, as far as it goes, the light scattering results rather well. 

In the first place, the minimum dimension of the dislocation networks and 
subgrains seems to be of the order 10°-+cm, which is larger by a factor of 10 than 
that derived from light scattering. In the second place, the dimension derived 
from light scattering is more uniform than that of the subgrains. In the third 
place, and perhaps more significantly, the contemporary view is that the sub- 
grains are created only after previous deformation, intentional or accidental, 
and that they are less likely to appear in natural crystals, particularly if these have 
not been formed from the liquid. It is noteworthy in this connection that 
Guinier (1952, p. 418) refers to quartz as a natural crystal which is perfect, it 
having been formed after a transformation in the solid state. 
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In the theory of Born and Furth there is said to be an intrinsic limit to the 
linear extent of perfection in a crystal, of the order of a few hundred atomic 
spacings, so that there is spatial periodicity with the order breaking down at 
intervals with this dimension. The degree of disorder is not specified and there- 
fore the absolute intensity of scattered light can vary without much alteration 
in the size-dependence of the scattered light. This is in accordance with the 
experimental findings. The dimension of a few hundred atomic spacings 
agrees better with the light scattering results than that of the subgrains, but the 
agreement (see below) is not exact. 

The structure is said to be intrinsic. This claim would be invalidated if 
a perfect crystal were found, but the required accuracy cannot be specified 
because one cannot define just how near to perfection a crystal with the Born 
Firth structure may be allowed to approach. At least one crystal, a synthetic 
NaCl specimen, is reported (Taurel and Chapelle 1955) to scatter light in 
accordance with thermal theory as regards intensity and polarization. This crystal 
(private communication from Professor Chapelle) does not exhibit this 
‘perfection’ thoughout its volume, there being regions which show excess 
scattering, but nevertheless volumes of a few mm? can be found in which the 
scattering agrees with thermal theory within the error of the experiments. 

The estimate of the limiting dimension Lat T°K given by Born is 

2a 0 


tanh ~— 


‘= Bp DT 


where a is the lattice constant, B the coefficient of linear expansion, and @ the 
Debye characteristic temperature. It is worth pointing out that this formula 
does predict a dimension at room temperature for quartz which is about twice 
that for NaCl, in agreement with the experimental findings. Putting in values 
for NaCl; @=5:6%10, em, pa 10-5 deg!, @=281°K, we get 1=440 A. 
For quartz, ignoring anisotropy and taking mean values of the relevant quantities, 
we have a=5-1 x10-8cm, B=1-1 «10-5 deg}. The Debye temperature calcu- 
lated from elastic constants is 650°K, from specific heat is 730°K, and from 
reststrahien is 717°K. Taking 700°K as a mean value we get /=1100A, which is 
9.5 times that calculated for NaCl. The experimental values were 1500 A for 
NaCl and 3000 for quartz, so that, although the relative values agree with the 
theory, the absolute values are three times too high. Nothing can yet be said 
on this point, since Born’s discussion makes no claim beyond order of magnitude. 

The present author intends to investigate the temperature dependence of the 
dimension, but in the meanwhile attention can be drawn to a reversible temperature 
dependence of scattered intensity, but using white, not monochromatic, light, 
found by Taurel and Chapelle in the case of another NaCl crystal studied in their 
1955 paper. ‘This temperature dependence was quantitatively not in accordance 
with thermal theory, and is attributed by the authors to some real-structure. 
This particular observation is also commented on by Fiirth (1956), from the point 
of view of his theory. 
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Abstract. A new experimental technique is described for measuring scintillation 
decay times in the millimicrosecond region. ‘The method developed uses the 
fact that a pulsed current, as delivered by the photomultiplier scintillation counter, 
produces a far greater power dissipation in a resistive load than does the same 
mean steady current. By measuring the power dissipated the pulse duration, and 
hence the scintillation decay time, may be found. A particular advantage of 
this method is that stochastic fluctuations of events in the scintillation counter 
may be neglected. ‘These fluctuations give the multiplier output pulse a very 
irregular profile and are analysed in detail using statistical generating functions. 

The shapes and durations of scintillations excited in anthracene, trans-stilbene 
and para-terphenyl crystals are investigated. For anthracene the scintillation 
pulses delivered at the multiplier anode are exponential with decay times of 
31mpsec and 53 mysec for electron and alpha particle excitation respectively. 
The shapes of these pulses are corrected for the effects of transit time spread in 
the multiplier and for the effect of self-absorption of fluorescence in the crystal 
to determine the true shape of the molecular scintillation. For both electron 
and alpha particle excitation this consists of a short initial spike of fluorescence 
followed by a long decay, non-exponential, component; the major part of 
the emission is contained in the long decay component. A qualitative analysis 
of the measurements for trans-stilbene and para-terphenyl shows that the 
scintillations from these crystals are also of this general form. 

These results are interpreted in terms of the description proposed previously 
by the author for the scintillation process in organic crystals. This description 
predicts this shape for the molecular scintillation and is therefore supported by 
the present measurements. 


S 1. INTRODUCTION 


HE decay times of fluorescence from organic crystals are extremely short. 

They are consequently very difficult to measure and it is only recently 

A that reliable techniques have become available for investigating photo- 
fluorescence decay times (cf. Bailey and Rollefson 1953) and the decay times of 
scintillations excited by electrons (cf. Phillips and Swank 1953). For organic 
systems such measurements are of great importance since they provide much 
useful information about the fundamental mechanisms of fluorescence. It is 
generally believed that both fluorescence and scintillation decays are exponential, 
indicating first order processes, but that the latter are generally much longer than 
the former: both are increased by any self-absorption of fluorescence in the 
crystal. ‘The present measurements provide further information about the shape 


+Now at Mullard Research Laboratories, Salfords, Redhill, Surrey. 


Scintillation Decay Times of Organic Crystals 359 


and duration of scintillation pulses excited in anthracene crystals by electrons and 
alpha particles and in trans-stilbene and para-terphenyl crystals by alpha 
particles and support the description of the scintillation process proposed previously 
by the author (Wright 1955a). 

A new method for measuring scintillation decay times has been devised for 
the present investigation. This method is based on the fact that a pulsed current, 
as delivered by the scintillation counter, produces a far greater power dissipation 
in the resistive load than does the same mean steady current. By measuring 
the power developed the duration of the scintillation pulses may be obtained. 
This method is quick and accurate and possesses two very considerable advantages 
over previous methods. ‘These are that only very simple apparatus is required 
and the same apparatus may be used for measuring photofluorescence decay 
times as well as decay times of scintillations excited by both electrons and alpha 
particles. 

§ 2. "THEORETICAL 
2.1. Scintillation Decay Times 

Previous measurements by other experimenters indicate that the scintillation 
pulse from pure organic crystals is approximately exponential at the multiplier 
anode. For convenience this discussion will therefore be based on a decay 
curve of exponential shape. 

If transit time spread in the multiplier is negligible each individual ionizing 
particle absorbed in the crystal produces an exponential pulse at the multiplier 
anode. This pulse is partially smoothed by the stray capacity of the anode 
circuit. (The pulse shape is also affected by lead inductances but a detailed 
calculation for the multiplier used in these measurements, an RCA type 5819, 
showed that the effects of these are very small.) Thus the effective anode circuit 
consists of a capacity C in parallel with the resistive load R. This is shown in 
figure 1 which also illustrates the smoothing action of this circuit. The power 


Figure 1. Equivalent anode circuit of the photomultiplier. 2, resistive load ; C, stray 
capacity; (a) shape of input pulse, (6) shape of output pulse. 
developed in the resistance by exponential input pulses of decay time 7, and 
repetition frequency Z (where Z<1/7 so that the pulses do not overlap) is: 
We2PR 2A rs RE) 9 ees (1) 

and is larger than the steady current value W=7?R. ‘This is the basic equation 
used for the measurement of scintillation decay times. Various modifications 
are required, however, before it may be used in practice: (a) Statistical fluctua- 
tions in the rate of emission of photoelectrons from the cathode of the photo- 
multiplier during the scintillation produce an output pulse of irregular shape. 
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The power developed by this pulse differs from that given by a smooth exponential. 
(b) Due to a variety of causes (Garlick and Wright 1952, Wright and Garlick 
1954, Wright 1954a, b, c) successive scintillation pulses vary in magnitude even 
when the phosphor crystal is receiving mono-energetic particles. 

The effects of these variations are treated most readily by using statistical 
generating functions to analyse the individual scintillation pulses. 


Statistics of scintillation pulses. 

We first consider the crystal to be receiving mono-energetic ionizing particles 
so that successive scintillations have the same mean intensity, and discuss (a) 
above. If the optical collection geometry for the photons of each scintillation 
is the same then each photon has the same chance p of producing a useful photo- 
electron, i.e. one which enters the multiplier (Wright 1954a). If the mean 
number of photons in each scintillation is # the mean number of useful photo- 
electrons is mp and the probability of obtaining mp in any given scintillation is 
P(np) (the Poisson distribution with mean 7p). During the scintillation random 
fluctuations occur in the rate of emission of photoelectrons. The mean number 
of these produced in the interval d/ at time ¢ after the absorption of the particle 
is m=npexp(—t/r)dt/7. Thus the probability that m useful photoelectrons 
are produced in this interval is P(m). We may now evaluate the generating 
function describing the arrival of charge at the multiplier anode during the 
interval dt. ‘This is 

G(0)=eexp(—m)exp {mH(A)} eee (2) 

where e is the electron charge and H(@) is the generating function describing the 
statistical multiplication process in an electron multiplier containing 7 uniform 
dynode stages each of mean gain s (Morton and Mitchell 1948, Wright 1954a). 

From this generating function we find that the mean charge arriving at the 


anode in the interval dt is 
— (0G = 
dO => (So = ems’. 


At a later time ¢’ this charge contributes a charge dO exp {—(t’—t)/RC} to the 
actual charge on the output capacity at this time. This actual charge is therefore 
given by 

Far Ree ORG ry | 

O= | dQ exp {—(t'—2)/RC}= fexp(—?'/r)—exp(—t'/RC)}. ..(3) 


/0 hae 


In this equation Qy = enps’ and is the total charge which tlows on to the anode 
during the whole scintillation. 
The variance of the charge which arrives in the interval df is: 


ant LG AeGwe (CGNs WS) Ss 
vat (Q)=| + a (3) 7% m = - sass (4) 


At a later time ¢’ this contributes an amount var (dQ) exp { — 2(t’ —t)/RC} to the 
variance of the actual charge on the capacity at this time. (The factor of 2 in 
the exponent occurs because the decay constant for the square of the charge is 
twice that for the charge.) 

‘Thus 


var (Q) = f var (dQ) exp f 2(¢' bn t)/RC} 


EN ' ~ sien MORO hon 5) 
Pern obit wa ; — 
var (Q)= 2, RC ApG aD) fexp (—?'/r) — exp (— 2t’/RC)}. | 


Scintillation Decay Times of Organic Crystals 361 


Equation (3) describes the mean shape of the scintillation pulse at the multiplier 
anode and equation (5) describes its irregularity of profile. These equations show 
that the pulse maximum occurs at a time 


; 7tRC T 
ty = — In= 
t—RC RC 
and that the variance is a maximum at a time 
: tRC 2r 
ty = ia tear In a . 
27—KRC- RE 


Equations (3) and (5) are illustrated in figure 2 which shows a scintillation pulse 
for an anthracene crystal. A decay time of 31mpsec has been used and the 
mean number of useful photocathode ‘electrons produced during the scintillation 


{a} 


(b) 


msec 


Figure 2. Shape of anthracene scintillation pulse delivered at the multiplier anode. 
(a) schematic illustration of the irregularity of the pulse profile ; (d) —, 
mean shape of the pulse profile, - - - - - - , average fluctuations of the pulse profile 
from its mean shape. 


has been taken as one hundred. ‘The decay time of the resistance—capacity 
output circuit has been taken as 6mpsec; this approximates to the extent of 
multiplier transit time spread which is of this order in the RCA type 5819 photo- 
multiplier (Hamilton and Wright 1956). Figure 2 (a) indicates the irregularity 
of profile of the typical scintillation pulse and was constructed numerically using 
a table of random numbers and the expressions for P(m) and O. The mean 
shape of this scintillation pulse is shown by the full curve in figure 2 (5); the 
broken lines in this figure indicate the average fluctuations of the pulse profile 
from the mean, 
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Our particular interest 1s in evaluating the mean power developed by the 
scintillation pulses. Since the instantaneous output current is proportional 
to the charge on the output capacity the mean power developed by each pulse is 
proportional to the integrated mean square charge for each pulse. This may 
be evaluated immediately from equations (3) and (5). We find: 


ee “es ES yap is 
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The power developed is WaZlO dt'|RC? where Z is the pulse repetition 


frequency. Since the mean output current is i= ZQ, we have 
W= os | Re a eee | eee (6) 
I7| 7 RE npRC(s—4) 

Comparing this expression with equation (1) we see that the statistical variations 
increase the power developed. For small values of RC the additional term 
describing the statistical effects becomes predominant, the power developed is 
i2R5/2ZnpRC(s — 1) and is independent of the scintillation decay time 7. This 
is because the output current has now degenerated into a series of amplified single 
electron pulses, varying in magnitude (the fractional variance of the single 
electron pulse distribution is 1/(s—1)) and occurring with a repetition frequency 
Zip. A further point of interest is that the power level becomes infinite as the 
output capacity C is reduced to zero. This is a consequence of neglecting electron 
transit times. On our assumptions as the time constant of the anode circuit is 
reduced to zero the amplified single electron pulses from the multiplier pass 
instantaneously down the output resistance. Thus in this resistance there is an 
instantaneously infinite current passing for an infinitesimal time; it is readily 
verified that under such conditions although the time average of the current 
remains finite the power level becomes infinite. 

Using equation (6) we may estimate the effects of statistical fluctuations in 
a practical case. Excitation of an anthracene crystal with 5 Mev alpha particles 
produces an average of about four hundred useful photoelectrons in each scintil- 
lation. Even if RC is permitted to become as small as 7/10 the statistical 
fluctuations in the rate of emission of photoelectrons increases the power level by 
less than 5%, ; for larger values of RC, com parable with 7, the increase is negligible. 
Even if the scintillation pulse is not exponential, as assumed for this discussion, 
clearly the statistical fluctuations will be comparable in magnitude. In general 
then we may neglect the effects of statistical variations as described in modification 
(a) and illustrated in figure 2 (2). ‘That this may be done is one of the advantages 
of the present method, for irregularity of the pulse profile has been a major 
difficulty in previous studies of scintillation decay times. This is particularly 
so for alpha particles for which it is necessary to study individual scintillations. 
It is the main reason why no reliable measurements have yet been made of the 
shapes and durations of alpha particle scintillations. 

The effects of variations in pulse size as described in modification (b) cannot 
be neglected, however. In general the scintillation counter produces a broad 
pulse height distribution. By dividing this distribution into intervals and 
summing the power developed by pulses in each interval it is evident that the 
appropriate equation 1s now 


var (V) 12R 
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where V is the mean of the pulse height distribution and var (V) is its variance. 
If the pulse height spectrum is very broad (as for gamma ray excitation) it will 
contain an appreciable number of small pulses for which it may not be justifiable 
to neglect the statistical variations described in modification (a). However, 
because of their small size such pulses contribute only a very small part towards 
the total power developed and the error in neglecting these variations and using 
equation (7) is still very small. 

This analysis of stochastic events in the scintillation counter has so far neglected 
the effects of multiplier dark current, non-uniform dynode sensitivity and multi- 
plier transit time spread. The first two of these are readily included by modifying 
the expressions for G(#) and H(@) respectively (Wright 1954a). They slightly 
increase the variance of the output charge but the increase in the power output 
is negligible. It is not possible to make any simple modification of the analysis 
to include the effects of multiplier transit time spread. However, irrespective 
of what occurs inside the multiplier it is evident that equation (7) is applicable 
if the scintillation pulse delivered at the multiplier anode is exponential. It is 
convenient therefore to use equation (7) to discuss experimental results initially 
in terms of the shape of the scintillation pulse delivered at the multiplier anode 
and to correct subsequently for the effects of transit time spread. 


2.2. Photofluorescence Decay Times 


Although the experimental work described in the next two sections is confined 
to measurements of scintillation decay times it is of interest to discuss how 
photofluorescence decay times may be measured. 

When a crystal is excited with light which varies in intensity in a periodic 
fashion the fluorescence intensity of the crystal varies in a similar manner. If we 
express the variation of the exciting light as a Fourier set of components then for 
each of the harmonic components there is a corresponding component in the 
fluorescence emission. Compared with the exciting component the fluorescence 
component is retarded in phase and reduced in amplitude because of the finite 
decay time of the fluorescence. The decay time may be obtained by measuring 
the difference in phase or amplitude between the exciting component and the 
fluorescence component; the present method measures the amplitude difference. 
The discussion may be simplified by considering only one component of the 
exciting light. This is justifiable since the various components may be separated 
with a selective circuit at the output of the detecting instrument, usually a photo- 
multiplier. 

The intensity of the exciting light may be expressed as d+asinwt. ‘The 
intensity of the fluorescence light is then const {A + asin(wt—¢)/(1+wt?)!"}, 
where 7 is the decay time and the constant, less than unity, is introduced because 
the fluorescence quantum efficiency is less than unity and only a fraction of the 
fluorescence is collected. The ratio of the fraction modulation of the fluorescence 
light to the fraction modulation of the exciting light is D=(1+@7*)1?. By 
measuring this ratio the decay time may be obtained. ‘To measure this ratio it 
is necessary to separate the steady component and the varying component of the 
multiplier current and measure each separately first for the exciting light and then 
for the fluorescence light. The former is readily obtained with a suitable meter ; 
the latter can be accurately found by measuring the power developed by it in a 
resistive load. If the mean current and power are respectively 7, and Wy for 
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the exciting light andarei, and W;, for the fluorescence light then D? = in? Wyte? W 
and we have t=(1—D?)1?/wD. 

The main error in the measurement will be due to multiplier noise arising 
from statistical fluctuations in the rate of emission of electrons from the photo- 
cathode, This may be reduced by using a large photocathode current and a 
selective circuit with a narrow bandwidth to isolate the varying component. 


§ 3. EXPERIMENTAL 


The crystals used for these measurements were laminae approximately 1mm 
thick freshly cleaved from 1cm cube crystals obtained for scintillation counting 
from the Larco Nuclear Instrument Company. The crystal lamina in use was 
placed on a thin Perspex disc the underside of which was shaped to fit the cathode 
window of an RCA type 5819 photomultiplier tube mounted vertically. To 
improve optical contact the lower face of the crystal was polished smooth and a 
thin film of glycerine was introduced between all surfaces. 

For alpha particle measurements a 210Po source was mounted about 1 cm above 
the crystal. The energy of the particles received by the crystal was 3:6 Mev 
and these were incident upon a circular area about 2 mm in diameter in the centre 
of the crystal face; the remainder of the crystal surface was protected by a thin 
metal foil screen. For electron measurements a 137Cg source was used mounted 
about 2cm above the crystal and the whole crystal surface was exposed. Pulse 
height distribution curves and counting rates were measured using standard 
scintillation counting techniques. The maximum counting rate used was limited 
to about 104counts/second so that the correction for counting rate losses should 
be small. 

Approximate calculations showed that under favourable conditions the power 
developed by the scintillation current would be of the order of a fraction of a 
microwatt. To measure these very small power levels a thermistor bridge was 
assembled using Western Electric type D-166382 thermistors. These have an 
upper frequency limit of 5000 Mc/s which is adequate for scintillation decay 
time measurements. ‘The experimental arrangement adopted is illustrated in 
figure 3. ‘Two matched thermistors were placed in series to form one of the arms 
of a Wheatstone bridge of which all arms had the same resistance 4R. To isolate 
the pulsed scintillation current from the rest of the bridge circuit the thermistors 
were presented in parallel to the multiplier and formed an effective resistance R 
for the scintillation pulses. The bridge was balanced by adjusting the resistance 7 
which varies the bridge current and consequently the resistance of the thermistors. 

The thermistors were mounted as near as possible to the multiplier anode pin 
to reduce stray capacity and inductance; the scintillation pulses were delivered 
to the thermistors through a non-inductive 500 pF silvered mica capacity. The 
power developed in the thermistors by the scintillation current changes their 
temperature and hence their resistance and therefore throws the bridge out of 
balance. By observing the resulting deflection of the bridge galvanometer a 
measure of the power developed is obtained. ‘T’o secure sufficient bridge sensi- 
tivity for the measurement of the very small power levels obtainable a lamp and 
scale galvanometer with a high current sensitivity was used to indicate the bridge 
balance. Greater sensitivity still was obtained by increasing the scale distance 
of the galvanometer to four metres. With this arrangement a sensitivity to 
10-8 wattmm-! was obtained, The large zero drift at this sensitivity was 
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reduced as much as possible by carefully lagging the thermistors with cotton 
wool. A further reduction in the zero drift was obtained by placing the potentio- 
meter chain of resistances which supplied the multiplier dynode voltages outside 
the multiplier chassis. This eliminated heating effects from these resistances. 
With these precautions the zero drift was reduced to about 20 mm/minute. 


Figure 3. Circuit diagram of the apparatus used for the measurement of scintillation 
decay times. ‘Tl’, thermistors (Western Electric type D-166382). 


To make the power level as large as possible and thus increase the accuracy 
of measurement in the presence of this zero drift the photomultiplier was operated 
at the highest gain possible. ‘The maximum usable gain is set by space-charge 
saturation, which distorts the shape of the pulse, and multiplier stability. The 
onset of space-charge saturation was investigated for each crystal by measuring 
the dependence of output power upon output current. At high output currents 
(~ 104) saturation effects became observable since the power increased less 
quickly than z?. ‘The output currents used were therefore kept well below this 
value. During these measurements it was found that after some little time in 
operation the multiplier gain became unstable and the dark current increased 
to several hundred microamperes. Both 5819 tubes available showed this effect 
even though shielded with an electrostatic screen at cathode potential. ‘The 
multiplier circuitry was checked for possible feedback effects which might cause 
this instability (Stump and Talley 1954) but none were found. ‘This gain instability 
was only eliminated by operating the tube at overall voltages of less than about 
one thousand volts. At this low voltage dark current and space-charge saturation 
effects were negligible. Only small scintillation currents could be obtained, 
however, and the difficulty in measuring the consequent small power levels was the 
main limitation in the accuracy of these measurements. 

With the scintillation pulses delivering power to the thermistors the bridge 
deflections obtained were about 30 mm for an output current of the order of 1 pa. 
This deflection was comparable with, but rather larger than, the zero drift which 
took place during the time required for a measurement. ‘To measure the bridge 
deflections readings were commenced with the bridge about 100 mm out of balance 
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and drifting towards zero. Readings of the deflection were taken at fifteen second 
intervals (twice the free period of the galvanometer which was slightly under- 
damped when in use) with the scintillation current alternately on and off until 
the bridge was about 100mm out of balance the other way. Readings were 
also taken with the zero drift in the opposite direction. Suitably analysed these 
readings eliminated the zero drift and gave the deflection due to the scintillation 
power alone. At the same time the mean scintillation current was observed. 

Between each set of scintillation readings the bridge was calibrated using a 
steady current method. If the resistance r is varied the bridge current J is varied 
and this produces a change in the steady power level dissipated in the thermistor. 
The total power change in both thermistors is dW = —2/*Rar|(r+4R). The 
deflection produced by this known power change was measured as described 
above and compared with the deflection produced by the scintillation pulses in 
order to obtain the absolute power dissipated by these in a resistance R. 

By adjusting the bridge current the resistance R could be varied between 
100 Q and 1000Q. For each crystal measurements of the scintillation power 
were made for values of R covering this whole range. These experimental 
results are given in the next section. 


§ 4, EXPERIMENTAL RESULTS 


The crystals investigated were anthracene, trans-stilbene and para-terphenyl. 
The decay time of scintillations excited in anthracene by electrons was first 


measured. ‘This was followed by decay time measurements for all the crystals. 
when excited with alpha particles. 


4.1. Electron Excitation 


Measurements of the power level for scintillations excited in anthra- 
cene by electrons are illustrated by curve a of figure 4. This curve is 
normalized to a mean scintillation current 7= 1 wa and an effective counting rate 


Z/(1+ var (V)/ V2)=10! counts/second. The quantity var (V)/V? was evaluated 
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Figure 4. Showing how the power level W, produced by the scintillation current depends 
upon the resistive load R ; (a) electron excitation of anthracene ; (6) a-particle 
excitation of anthracene ; (c) a-particle excitation of irvans-stilbene ; (d) «-particle 
excitation of para-terphenyl. Each curve is normalized to a mean scintillation 
current of 1 wa and an effective counting rate of 10? ccunts/second. 
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numerically as 0:39 from the pulse height distribution curve measured for the 
87Cs gamma rays. 

If the scintillation pulses delivered by the multiplier are exponential these 
measurements may be analysed using equation (7). Inserting the normalized 
values for the scintillation current and counting rate this equation may be written 

piapsecediben, 

Rt C= 1 
where the power IW’ is measured in millimicrowatts, the capacity C is measured 
in millimicrofarads and the decay time + is measured in millimicroseconds. 
Curve @ of figure 5 shows a plot of the experimental measurements giving 1/W 
in terms of 1/R. This is linear showing that the scintillation pulse delivered 
at the multiplier anode is exponential within the accuracy of the measurements. 
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Figure 5. Showing how 1/W depends upon 1/R ; (a) electron excitation of anthracene ; 
(b) a-particle excitation of anthracene ; (c) a-particle excitation of trans-stilbene ; 
(d) w-particle excitation of para-terphenyl. 


From the slope of this line the decay time was found to be 7,=31 musec. 
This agrees with the figure 31 mysec obtained by Phillips and Swank. From 
the intercept of this line upon the ordinate the stray capacity of the anode 
circuit was found to be C=29 pr. 


4.2. Alpha Particle Excitation 


Measurements of the power level for scintillations excited in anthracene, 
trans-stilbene and para-terphenyl by alpha particles are illustrated by curves 
b, c and d respectively of figure 4. ‘These curves are all normalized to a mean 
scintillation current of 1a and an effective counting rate of 10* counts/second. 


The quantity var(V)/V? was evaluated from the alpha particle pulse height 
distribution to be less than 0-01 for all three crystals and was consequently 
neglected. 

The scintillations produced in anthracene by alpha part cles are found to be 


exponential at the multiplier anode. ‘This is shown by curve 6 of figure 5 which 
2 A-2 
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‘s linear as for electron excitation. From the slope of this line the decay time 
was found to be ta =53 mpsec. From its intercept upon the ordinate the stray 
capacity of the anode circuit was found to be C=29 pF as before. i 

An analysis of the measurements for trans-stilbene and para-terphenyl based 
on equation (7) shows that for each of these crystals the scintillation pulse delivered 
at the multiplier anode is not exponential. This is shown by curves ¢ and d of 
figure 5 both of which are concave downwards instead of being linear as required 
for an exponential pulse. A more detailed analysis of these measurements cannot 
be made therefore until more information is available about the shape of the 
scintillation pulse. 


§ 5. DIscussION 


5.1. The Crystal Scintillation 

From measurements of the type illustrated in figure 4 it is possible in principle 
to find the shape of the scintillation pulse delivered at the multiplier anode and 
then the shape of the actual scintillation emitted by the crystal. This can be 
done readily for anthracene since the preliminary analysis given above shows 
that for both electron and alpha particle excitation the scintillation pulse delivered 
at the multiplier anode is effectively exponential. 

If we denote the shape of the scintillation from the crystal by C(t) and the 
shape of the single electron pulse at the multiplier anode by K(t) then the shape 
of the scintillation pulse delivered at the anode (denoted by A(t)) 1s given by the 
integral equation 

rt 

A(t)=| C()K(—u)du, tee (8) 

¥ 0 
For anthracene the experimental measurements show that A(t) is exponential 
and we may write A(t)=aexp(— at) where a=1/7; for convenience this 
representation of the anode pulse is normalized to unit area. The shape of the 
single electron pulse K(t) which describes the effects of transit time spread in the 
multiplier, is not known exactly but equation (8) may be solved for any arbitrary 
shape of this pulse. In this way it is found that the shape of the scintillation 
from the crystal is described by the expression : 


0 
C(t) = > sim ‘(£)[a"c, — qi Se ae fia 


+8(t)[ac, —a@2cg+...]+e[l—acqt+ Gig ae |e eee (9) 
The coefficients ¢,,¢,,-.. are defined by the equation 


pIR(p)=1t+ apt cop? + csp? +... 
where k(p)=p _ e-K(t) dt 
/0 


and K(t) has been normalized to unit area. 

The first term in this expression contains impulse functions S(t) of order 
higher than the first and it does not contribute to the scintillation since its integral 
is zero. Its presence is required to produce a mathematically exact solution to 
equation (8). The second term contains the impulse function of the first order 
and describes an initial spike of fluorescence. The third term describes an 
exponential fluorescence component with the same decay time as that observed 
at the multiplier anode. 
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For both electron and alpha particle excitation of anthracene then the 
scintillation from the crystal consists of an initial surge of fluorescence followed 
by an exponential tail. We may estimate the proportion of fluorescence con- 
tained in the initial surge by using the expression K(t)=b2t exp (— bt) to describe 
the shape of the single electron pulse. This expression has been used previously 
and gives a good representation of the single electron pulse (Hamilton and 
Wright 1956); its shape is shown in figure 6 and may be compared with the shape 
shown in figure 7 which was measured for the C-7165A multiplier (Swank 1954). 
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Figure 6. Shapes of scintillations excited in anthracene by electrons ; (a) shape of crystal 
scintillation ; (6) shape of molecular scintillation. Also shown in this diagram is the 
shape of the function K(t)=6?t exp (-bt) used to represent the single electron pulse. 

Figure 7. Shapes of scintillations excited in anthracene by alpha particles ; (a) shape of 
crystal scintillation ; (6) shape of molecular scintillation. Also shown in this. 
diagram is the shape of the single electron pulse from a typical electrostatically 
focused multiplier, the R.C.A. type C-7165 A (Swank 1954). 


Retaining only the physically real parts of the expression for C(t) we find: 


C()= 3 (26 —a)s() + © ze Bet | oe baleen (10) 


It is readily verified that C(t) has unit area as expected. For the RCA type 5819 
photomultiplier the width at half maximum of the single electron pulse is about 
6myusec giving b=4~x 108sec!. Using the appropriate measured values for 
the scintillation decay times we find that for electron excitation a fraction of about 
0-15 of the total scintillation is contained in the initial spike and for alpha particle 
excitation a fraction of about 0-09 is contained in this spike. (These figures are 
only approximate because the shape and duration of the single electron pulse 
are known only approximately.) The shape of the scintillation emitted by the 
crystal is illustrated in figure 6 (a) for electron excitation and in figure 7 (a) 
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for alpha particle excitation. In these diagrams the initial spike of fluorescence 
has been represented schematically. 


5.2. The Molecular Scintillation 

Many organic crystals are opaque to part of their own fluorescence and self- 
absorption of fluorescence in these crystals modifies the shape of the scintillation 
emitted. Self-absorption is not a fundamental part of the scintillation process 
and it is necessary to estimate its effects if the true shape of the scintillation is to 
be determined. (This may be termed the molecular scintillation to distinguish 
it from the scintillation emitted by the crystal.) 

If we denote the shape of the molecular scintillation by S(¢) then the intensity 
of the emission at time ¢ is S(#)dt. Of this a fraction « escapes immediately from 
the crystal and a fraction 1—« is re-absorbed and subsequently emitted as photo- 
fluorescence with a decay time tp. (For the thin anthracene crystal used the 
absorption escape coefhcient x=1/3 giving a photofluorescence decay time 
Tp = 6:4/« = 19 mpsec (Wright 1955 b).) ‘Thus the shape of the scintillation emitted 
by the crystal is given by the integral equation : 


C(t) =«B8(t) + (1 —«) BBe + «(1 — B)s(#) 
+(1—«)(1—B)B [sae BIO) diy 1 ieee (11) 


where S(t) = B8(t)+(1— B)s(t) and tp=1/8. In deriving this equation it has 
been assumed that the photofluorescence quantum efficiency of the crystal is 
unity. This is sufficiently accurate for anthracene which has a molecular 
quantum efficiency of 0-94. Solution of this integral equation shows that the 
shape of the molecular scintillation is described by the expression 
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where B=a(2b—a)|xb®. This expression is illustrated by the curves shown in 
figures 6 (b) and 7 (b) which show the shapes of the molecular scintillations excited 
in anthracene by electrons and alpha particles respectively. Although a detailed 
analysis has been made to obtain these curves, they should be regarded only as 
qualitative illustrations because of the approximations made in the analysis 
particularly for the shape of the single electron pulse. 

The foregoing analysis for anthracene scintillations is of assistance in inter- 
preting the measurements for trans-stilbene and para-terphenyl for we may 
expect all the organic crystal phosphors to have similar characteristics. Numerical 
calculations show that if the scintillation pulse from the multiplier has a leading 
edge which is appreciably peaked then a plot of the type shown in figure 5 is 
concave downwards; if the leading edge of the pulse is appreciably depressed 
then this plot is concave upwards. ‘The experimental curves plotted in figure 5 
for these two crystals are decidedly concave downwards showing that the scintilla- 
tion pulses delivered at the multiplier anode have leading edges which are 
appreciably peaked. In view of the above analysis for anthracene these results are 
interpreted as showing that the scintillations emitted by these crystals commence 
with an initial surge of fluorescence which contains an appreciable proportion of 
the whole scintillation emission. For both these crystals the initial spike is 
larger than for anthracene since it is apparent even at the multiplier anode. 
This is because self-absorption in trans-stilbene 1s small and in para-terphenyl is 
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negligible (Wright 1954 d, Birks and Wright 1954). The shape of the molecular 
scintillation is therefore little affected by self-absorption and the initial spike of 
fluorescence, which in anthracene is much reduced by this effect, is only slightly 
diminished in the scintillations from these crystals. 

The foregoing analysis of the experimental measurements shows that for 
all three crystals investigated the molecular scintillation consists of an initial 
surge or spike of fluorescence followed by a component of much longer duration 
and non-exponential shape; most of the emission is contained in the long 
component of the scintillation. 

A detailed description of the scintillation process in organic crystals has been 
proposed previously by the author (Wright 1955 a) and predicts this shape for 
the molecular scintillation. In this description the incident particle loses its 
energy by ionization and excitation of the molecules along or near its path forming 
a primary excitation column consisting of ionized molecules and molecules 
raised into excited electronic states. This column has an initial width of a few 
molecular diameters and consists of a high concentration of positive ions located 
in a narrow core surrounded by negative ions and excited molecules spread 
throughout a larger volume; excited molecules initially outnumber ionized 
molecules two or three fold. The excitation column also contains some molecules 
damaged by ejection of an atom and a larger number of temporarily damaged 
molecules the component parts of which quickly recombine by the Franck— 
Rabinowitch cage effect before dissociation becomes permanent; the concentra- 
tion of damaged molecules is much greater for the heavy particles than for electrons. 

Although a large number of excited molecules is produced in the initial act 
of absorption of the particle it is considered that fluorescence of most of these 
molecules is quenched by non-radiative interaction with each other, with damaged 
molecules and with the strong electric fields surrounding ions. ‘These quenching 
processes are aided by intra-molecular migration of the excitation energy (Wright 
1955 cc) which brings excited molecules into contact with the various quenching 
centres. Because of these additional quenching processes the decay time of the 
fluorescence from the small number of molecules which do emit is much shorter 
than the normal photofluorescence decay time. ‘This results in the initial spike 
of fluorescence observed in the molecular scintillation. 

The slower process of diffusion of negative ions back into the excitation 
column followed by ion recombination and fluorescence of most of the excited 
molecules so formed results in the long decay component of the molecular 
scintillation. This process of charge diffusion and ion recombination is produced 
by the steep potential gradients existing in the region of the excitation column 
and becomes slower as these potential gradients are reduced. It is possible that 
weak emission during the final stages of this diffusion process is partly responsible 
for the very long decay components (of the order of a few microseconds) observed 
in scintillations from organic crystals (Harrison 1954). 

For scintillations produced by alpha particle excitation of anthracene it is 
observed that the duration of the scintillation is longer than for electron excitation. 
This is a consequence of the greater excitation densities produced by the heavy 
particles. Because of these high excitation densities most of the excited molecules 
formed in the initial stages of ion diffusion and recombination are quenched by 
the high concentration of ions still remaining. ‘This reduces fluorescence emission. 
during the early stages of the scintillation and results in an effective increase 1n 
the observed duration of the scintillation. 
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Two-dimensional Strain Measurement by Moire 
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Abstract. Applications of moiré to surface strain measurement are described. 
A theory of moiré is developed, based on the concept of the covariant vector, 
which leads to a simple description of infinitesimal strain fields. Extension 
to the case of finite strain is considered, and parallels with crystallography are 
drawn. 


§ 1. INTRODUCTION 

N the investigation of the rheological properties of paper, fabrics and other 

materials in sheet form it is necessary to determine their dimensional changes 

whilst being subjected to stress or moisture absorption for example. Precise 
determination of these changes is not easy and the methods at present in use are 
generally confined to an overall measurement in one direction (e.g. the principal 
direction of stress in a tensile test). "The technique outlined below yields accurate 
information on the complete strain tensor of two-dimensional homogeneous. 
deformation and provides sufficient data for the calculation of the whole strain 
field in the heterogeneous case.f 


§ 2. PATTERNS AND Motrré 


Patterns are a feature of many sheet materials as, for example, the weave of 
fabrics or the follicles of leather, and a plain surface such as that of paper can be 
provided with a simple pattern by printing a uniform half-tone upon it. The 
method of strain measurement to be described requires the presence of such 
a pattern which, in so far as it is uniform, consists of a basic unit (the ‘ motif’) 
repeated at regular intervals in all directions. ‘The actual form of the motif is 
relatively unimportant and it is convenient to abstract from the pattern a regular 
array of points, which we call its /zttice, such that the points may all be made to 
correspond with a given element of the motif (Weyl 1952). 

An imteresting phenomenon occurs when two or more patterns are 
superimposed in any way. ‘lhe mutual ‘interference’ results in the emergence 
of a new pattern which is known as a moiré. ‘This phenomenon arises in the 
printing industry in connection with multi-colour printing and the reproduction 
of half-tones by re-screening (Tollenaar 1945) and the examples of moiré given 
in figure 1 (Plate) have been obtained with printing screens. ‘These examples 
illustrate the characteristic appearance of moiré, that is, one or more sets of 
‘interference’ fringes. 


+ Earlier work on rheological applications of moiré has recently come to the notice of the 
author. This is described by Kaczér and Kroupa (1952) and Ligtenberg (1952). 
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§ 3. THEORY OF Morr 


Consider first the simple case of two line screens approximately equal in size 
superimposed at a small angle (figure 1(@)). The resultant density of the moire 
ss least at the points where the two sets of lines intersect. Accordingly the 
fringes, which are regions of maximum density, run between the rows of inter- 
sections as shown in figure 2 and the fringe separation can be calculated by simple 


trigonometry from the two screen sizes and the angle of superposition. 


Lines of 
first screen 


Lines of _+ 
second screen 


Moire fringes 


Figure 2. Construction of moiré of two line screens. 


This diagram immediately suggests an analytical formulation in terms of. 
covariant vectors, which greatly facilitates the interpretation of more complex 
moiré patterns. A two-dimensional covariant vector, w, Say, is a tensor quantity 
which can be represented geometrically by an ordered pair of parallel lines, the 
components w, and ws, being the reciprocals of the intercepts on the coordinate 
axes. (In three dimensions a covariant vector would be represented by a pair 
of parallel planes, and so on.) This is analogous to the representation of an 
ordinary (contravariant) vector by an ordered pair of pointst and in contra- 
distinction to the ‘ parallelogram law’ of addition, covariant vectors add according 
to the scheme shown in figure 3 (Schouten 1951). The sense of the vectors has 
been indicated by an arrow (not necessarily straight) joining each pair of lines. 
The similarity between figures 2 and 3 is evident, and enables us to say that if 
the two original line screens represent (approximately equal) covariant vectors 
the moiré fringes represent their covariant vector difference. 


Vy 


uy* Ve 


Uy 


Figure 3. Addition of two-dimensional covariant vectors. 


ap is true that a contravariant vector is commonly represented as an arrow. However, 
the barb is simply an ordering device and the line need not be straight, only the end-points 
being fixed relative to one another. 
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‘To generalize this result we must return to the array of points which constitute 
the lattice of a pattern. This is the two-dimensional counterpart of a crystal 
lattice and corresponding to the crystallographic ‘ planes’ we have sets of parallel 
lines passing through the points in various directions as illustrated in figure 4. 
For want of a better term we shall call any one set of lines a lattice stratum and, 
clearly, with each stratum a covariant vector can be associated. A coordinate 
system of reference which has the two greatestf lattice strata for its covariant 
base vectors we shall call a cardinal coordinate system for the lattice. Relative 
to such a system of reference the components of a stratum are always a pair of 
relatively prime integers, corresponding to the Miller indices of a crystallographic 
‘plane’. Any pair of lattice strata with the same unit area as the base vectors of 
the cardinal coordinate system may be said to generate the given lattice. 


oe 
oe 
So 
Se x 


Figure 4. Examples of lattice strata. 


Each stratum within a pattern has its characteristic size and contrast, the 
former depending solely on the lattice structuref. The contrast of a stratum w, 
may be defined as the range of mean density observed through a thin slit which is 
translated over w, and this obviously depends on the motif. As the largest 
lattice stratum in a printed half-tone also has the highest contrast there can be 
little doubt of its pre-eminence in the structure of this pattern: the situation 
is not so simple when two or more half-tones are superimposed because the strata 
of the separate patterns are supplemented by others arising through the 
‘interference’. In fact, every pair of independent strata must be imagined to 
generate a ‘sub-lattice’, the ‘sub-strata’ of which all contribute to the composite 
pattern. The proportionality between size and contrast does not necessarily 
apply to these sub-strata: in general they are of low contrast, but in certain 
cases and for particular pairs of strata they may be very large, so that they become 
the most distinct elements of the pattern. Evaluation of the appearance of 
a moiré, depending as it does on the relative size and contrast of its various strata, 
can be extremely complex. We shall discuss by way of illustration the examples 
of moiré already given. 


3.1. Superposition of two Line Screens 
A line screen is really a one-dimensional pattern, its lattice having only one 
stratum of non-zero magnitude, and accordingly the moiré produced by the 
interaction of two line screens contains only one sub-lattice. In favourable 


+ The magnitude | w| of a covariant vector w, is an invariant defined by 
1 
e 


d 
al Het oki 20). 
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cases the largest stratum of this sub-lattice appears as a uniform system of fringes, 
a fortiori because it also has the highest contrast in this simple type of moire. 

An important special case is that in which the finite strata of the two screens: 
are roughly equal (in magnitude and direction). ‘The sub-stratum given by 
their covariant vector difference is then much larger than any other, and produces: 
a set of fringes (figure 1(a)). H the relative orientation of the two screens is. 
varied, their strata are most nearly equal when they are parallel, and at this point 
the fringes are of maximum size. 


3.2. Superposition of a Line Screen and a Half-tone 


Each sub-lattice in the moiré resulting from this superposition arises from 
the interaction of the finite stratum of the line screen and a different stratum of 
the half-tone. If one sub-lattice contains a stratum which is far more prominent 
than any other the moire exhibits a set of fringes (figure 1(5)). The stratum of the 
half-tone which is responsible for the fringes is most easily distinguished by 
rotating the line screen until the fringes attain their maximum size, when the 
required stratum must be parallel to that of the line screen, and this suffices to 


determine it uniquely. 


3.3. Superposition of two Uniform Half-tones 

This moiré consists of the doubly infinite set of sub-lattices generated by 
pairs of strata, one from each of the half-tones. ‘The symmetry of the latter 
demands that the sub-lattices occur in identical pairs at right angles to one another, 
and therefore the moiré itself has the same symmetry (figure 1(c)). In general 
it contains two prominent sets of fringes of equal size in perpendicular directions, 
and the strata whose interference produces these fringes may be found by trial 
and error. In the particular case of two half-tones of equal size, however, there 
are just two possibilities. When the two patterns are not far out of coincidence 
(i.e. an angular deviation of less than 30°) the interfering strata belong to the form. 
{1,0}, producing what Tollenaar calls the primary moiré. Between 30° and 45° 
the so-called secondary moiré appears, in which the fringes arise from the 
interaction of strata belonging to the form {2, 1}. 


§ 4. MEASUREMENT OF INFINITESIMAL SrraIn IN Two Dimensions] 


If there is not already a pattern on the surface a dark half-tone is printed upon 
it preferably when the material is in its standard (strain-free !) condition. The 
orientation of the print with respect to the surface is not important, although 
a special choice may simplify the subsequent calculation. To fix ideas we shall 
assume the pattern to be such a half-tone: the modifications necessary to utilize 
an existing pattern should be quite evident. 

When the material is ready for testing, the pattern is photographed, and after 
the deformation has occurred it is photographed a second time on the same plate. 
Now consider the stratum w, at the point é* of the half-tone. On the photo- 
graphic plate the strain-displaced vector from the second exposure is superposed 

+ The term ‘ form’ is used here in its crystallographic sense. 

{ We shall make use of the ‘ kernel-index’ tensor notation described by Schouten, 
in which each quantity is denoted by a fixed kernel letter, transformation to another 
coordinate system being indicated by a change in the type of index (from unprimed to 


primed indices, for example). ‘This accords more nearly with physical ideas than does the 
usual notation. 
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on a parallel-displaced vector from the first (figure 5). Clearly the major 
contribution to the resulting moiré is their covariant vector difference. It can be 
shown (see Appendix) that this difference is given by 
Sy > a, (1) 

where w* is the (small) displacement of the material at the point €* and the comma 
denotes covariant differentiation. The moiré contains two fringe systems, 
which are obtained from (1) by taking for w, the covariant base vectors of the 
cardinal coordinate system, say (x). Denoting the base vectors by @, these 
moiré strata become 8é,, and we have from equation (1) 

dé, = — €,u% 

ts 


= —u, , since («) is here Cartesian. + 


Hence with the usual definition of infinitesimal strain, 
set 3(Ux, hee Uz. *)) 
= =4(06,4+62,)) - . weave (2) 


Q 
@ 
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Parallel - displaced 
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Strain-displaced 
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Figure 5. Construction of moiré of infinitesimal strain. 


In practice it is not necessary to use photography. ‘The original pattern 
can be preserved by printing the half-tone on to a thin sheet of glass or some other 
transparent material. This is then superposed on the strained material with 
the two patterns as nearly as possible in register to obtain the moiré. ‘The effect 
of any small disorientation is eliminated during the calculation of the strain 
tensor by virtue of the mixing process in its definition. 

The moiré obtained in this way can be improved in contrast by using a light 
tone for the transparent print, roughly complementary to the one on the surface. 
For maximum contrast the latter should be of uniform 54° printing area and the 
transparency made from it in the form of an equal-size photographic negative. 


§ 5, EXAMPLE OF HOMOGENEOUS STRAIN 
The method outlined above was used to measure the swelling of flong 
(a hygroscopic papier-maché material used in stereotyping). A uniform 60% 
printing area half-tone with 85 dots to the inch was printed on an air-dry sample 


+ The sign * means that the equation is not in invariant form and is not necessarily 


valid for coordinate systems other than those specified. 
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of the flong containing 5%, moisture. The transparent grid was made by 
preparing a glass negative of the same size and marking on it a pair of cardinal 
axes in indian ink. 

The flong was then damped down to a moisture content of 53°, and the 
transparent grid placed on top with the two printed surfaces in contact and 
approximately in register. Before proceeding to measure the moiré fringes it 
was necessary to label them correctly. The vectors 52, and Sé, were readily 
distinguished since 3é, was either parallel to e? or could be made so by a small 
rotation of the transparent grid. The sense of dé, was then the same as that of e, 
if it rotated through this position in the opposite direction to that of the transparent 
grid and vice versa. 

Having identified the 5é, with the moire fringes the transparent grid was 
carefully adjusted to make them as large as possible. They were then measured 
by means of a Douglas protractor which enabled the magnitude and direction 
of a stratum to be measured simultaneously. The moiré and its fringe 
measurements are shown in figure 6 (Plate). 

From these data the 5é, were calculated by elementary trigonometry. ‘Thus, 
from one set of fringes: 


‘ cos 267 5 Weare 
tie = Bae 0.13 em 
and 7 sin 264° 
— — ():012: 
dey 35 x 0-42 0-0124 
whilst from the other set: 
4 Sit. 
de, = 85 x 0-38 — 0 0141 
and 2 cos 27 
dé, = = —0)-0276. 
eee ten 
Substitution in (2) then gave the strain components 
ei 0025 
19 eo, = 0-0132 
ene 00276; 


This tensor has principal components 0-013 and 0-040, found by rotating the 
(x)-axes through 424°, giving the strain in the machine and cross directions 
respectively. 

§ 6. MEASUREMENT OF HETEROGENEOUS STRAIN 


The method of strain measurement described above may not be suitable 
in the case of small heterogeneous strains because the moiré fringe pattern is 
a large one, making it impossible to study small areas separately. ‘The difficulty 
can be overcome by a suitable rotation of the auxiliary grid relative to the surface, 
making the moiré fringes as small as desired, but this renders the foregoing analysis 
no longer applicable since it can only allow for infinitesimal rotations. The grid 
and surface patterns must then be kept distinct, each having its own cardinal 
coordinate system, which we denote by («) and («’) respectively. Provided 
the strain is not too large (but possibly finite, nevertheless) the moiré fringes 
measure the differences between the covariant base vectors of (x) and (x’) at 
each point, e.g. using the same notation as far as possible, 


ee (3) 
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whence the base vectors of («’) can be determined relative to («). An estimate of 
the angle by which the patterns have been Aes out of register can then be 
found: it is, in fact, approximately tan- “(z, —@, 3) (@,+é@,)} at each point. 
Let («”) be the coordinate system obtained by rotating («) through such an angle. 
The base vectors of («’) can be transformed to this system of reference and then 
substituted back into equation (3), re-written with respect to(«”). This coordinate 
system is sufficiently coincident with that on the material for the components 
de,, obtained to be substituted into equation (2) to give the strain tensor relative 
to (K’ ). 

Alternatively, if the strain must be considered finite we may proceed as 
follows. From the moiré fringes the €, are calculated as before. The 
transformation €*~€* is then known, since (Schouten 1951) 


BES at 
et = ea alpen Pee (4) 
The coordinate system («’) deforms with the surface, since it is embedded in it, 
and the use of such a ‘convected’ system of reference has been advocated by 
several authors (Weissenberg 1948, Oldroyd 1950, Lodge 1953) amongst whom 
Oldroyd attributes the idea originally to Hencky (1925). Referred to such 
a system the metric tensor is naturally not constant and the metric field at any 
stage of the deformation can be regarded as a measure of the form of the surface. 
This field can be calculated by transforming the known metric tensor of Cartesian 
(x) in the usual mannert using the coefficients obtained from equation (4). 

Finally, the strain at © is conveniently defined as half the difference between 
the metric tensors at €“ in the initial and final stages, agreeing in the limit with 
the usual definition of infinitesimal strain. 

It is to be noted that using this technique the auxiliary grid is purely an 
intermediary, and need have no relationship to the pattern on the material, 
although it is usually convenient to make the two congruent for some condition of 
the material. 


§ 7. EXAMPLE OF FINITE HETEROGENEOUS STRAIN 


A specimen of flong 2 inches wide, carrying the same 85-screen half-tone, 
was stretched at the rate of lin. per minute on a Hounsfield tensometer with the 
clamps initially 6 in. apart. Shortly before the breaking strain was reached the 
machine was stopped and the specimen removed. ‘The non-uniform permanent 
strain remaining in it gave rise to the rather irregular moiré shown in 
figure 7 (Plate) when the transparent grid was placed over it. ‘Three points, 
marked A, B and C, were chosen to illustrate the finite theory propounded above. 
The procedure for measuring the moiré fringes remained unchanged except 
that care was necessary to make the measurements exactly at the points in question. 

At point A the moiré components were found to bef 
—0-0356 —0-0444 
( 0-1063 pa) 

and so, from (3), x (ae ee 
ASN) OGeee 9793 


t We have gyy7=ASA/g,, where Ax, A = 6« (the Kronecker delta). 
{In dealing with expressions with. ae dices and their corresponding matrices we 
agree that the first (or upper) index numbers the columns and the second (or lower) the rows. 


me 
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Following the procedure outlined above, the metric tensor of deformed («’) was 
found to be 
re 1:0666 —0-0680 
oK4" \ —0-0680 1-0448}’ 
and the strain from the initial state 
s 00333 —0-0340 
“ev \ —0-0340  0-0224) 
Similarly the moiré components at B and C were 
—0-0309 —0-0520 oo —0:-0450 —0-0193 
0-1077  —0-0169 ; 0:1087 —0-0341 
which gave for the strain at these points, relative to («’), 
0:0277 —0-0302 pe 00484 —0-0508 
—(0-0302 0-0177 —0-0508 0-0428 
The orientation of the printed half-tone was such that the axes of («’) were initially 


inclined to the edges of the specimen at 45°. The strain components relative 
to axes parallel to these edges were therefore 


( 0-062 md) ( 0-053 yore ( 0-096 Bey 


> 


) respectively. 


—0-005 —0-006 —0-005 —0-008 —0-003 —0-005 
at the points A, B and C respectively. 


§ 8. COMPARISON WITH X-RAY CRYSTALLOGRAPHY 


‘The correspondence between pattern and crystal extends to the experimental 
techniques used in studying them. ‘Thus, the investigation of crystals by means 
of plane x-radiation is analogous to obtaining a moiré between a pattern and a line 
screen in the manner of figure 1(4). ‘The typical moiré fringes cannot be observed 
in the former case, however, because their wavelength is so large as to give rise 
to complete absorption. ‘The Bragg equation expresses a sufficient condition 
that a stratum exists in the three-dimensional moiré with the same wavelength 
as the incident x-rays. It is therefore not absorbed, but appears as ‘reflected’ 
radiation. ‘This would seem to be a primitive application of the moiré technique 
which is dictated by the physical conditions of the experiment. 


§ 9. CONCLUSIONS 


Methods have been described which are capable of giving full information 
about two-dimensional strain fields with a minimum of apparatus. Where the 
strain is supposed to be homogeneous a direct check is available in the uniformity 
of the moiré pattern and the technique should have wide applications in the study 
of heterogeneous strain fields. 
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APPENDIX 


DERIVATION OF EQuaTION (1) 
Following Schouten, let the particles of a piece of matter which occupies 
a region of ordinary space undergo a small displacement u*, and let w, be an 
infinitesimal vector at the point €* which is fixed in the matter. Then if («’) 
is the coordinate system arising from (x) by dragging along over the infinitesimal 
vector wu“ we know that (Schouten 1951) 


A® £88 (4:- aa 


and consequently the displaced vector w, in €*+u* has the components 

on ee 

W, — W, 3gh with respect to (x). 

If the vector w, is parallel-displaced to é*+ d&* the components become 

w,+ Tw’. 
Hence the variation of the vector w, seen from the point of view of an observer 
whose system of reference undergoes parallel displacement is 

ous 

~ te agi 


oO 


=U 7. 


Ww, = a BT 


This is the quantity which, in the particular case of two-dimensional deformation, 
can be obtained from the moiré pattern. 
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The Propagation and Reflection of Sound Pulses of Finite Amplitude 
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Abstract. Experimental results are discussed covering many aspects of the 
propagation and reflection of finite amplitude sound pulses and weak shock 
fronts. These are compared with theory and show amongst other features 
(a) that an N-shaped wave form tends to shorten on reflection and (b) that a shock 
front disappears on reflection at an open-ended tube. 


§ 1. INTRODUCTION 


theories of Stokes (1848), Earnshaw (1860), Rankine (1870), Rayleigh 

(1910), Taylor (1910) and others describe accurately the behaviour of sound 
pulses of finite amplitude. Pulses up to 5cm of mercury pressure amplitude, 
travelling into undisturbed air at atmospheric pressure have been investigated 
experimentally. An apparatus suitable for this work has been described by 
Timbrell (1951); the present author has made a number of modifications with 
the purpose of simplifying the experimental technique and enabling results to be 
determined with greater accuracy. All measurements were made at a constant 
ambient air temperature of 20°+1°c and barometric pressure of 76+1cm of 
mercury. ‘The sound pulse, which was a decaying wave train of sinusoidal 
form, was produced (Timbrell 1953) by the discharge of a condenser through the 
voice coil of a horn-type loudspeaker and was propagated as a one-dimensional 
wave (i.e. a wave defined by a single space coordinate «) through the air contained 
in a heavy, approximately circular, cylindrical steel tube of about 4cm internal 
diameter. A beam of light was passed along a tube diameter through two plane 
optically perfect windows, which were flush with the smooth inside surface of 
this tube and which could be moved to any point along its length. This light 
beam represented one of the two interfering light beams of a Mach-Zehnder 
interferometer. As the sound pulse was propagated along the tube the air 
underwent small changes in density; when these traversed the light beam the 
fringe system formed by the interferometer moved by a proportional amount 
in a direction perpendicular to the length of the fringes. ‘These fringes were 
arranged to be perpendicular to the axis of the propagation tube and to be formed 
as a virtual fringe system in the plane of this tube; by means of a lens a real image 
was thrown on to a narrow slit placed in front of a photomultiplier cell whose 
output was amplified and applied to the Y-plates of a cathode ray oscillograph. 
The vertical deflection of the cathode spot was a function of the density changes 
taking place in the sound pulse at the position of the light beam (more correctly 
the average density along the diameter of the shock tube at this point), this function 
being determined by the distribution of light intensity in the fringe system. 


+Now at the Division of Applied Physics, National Research Council, Ottawa, Ontario, 
Canada. 


Te results of this paper represent an attempt to determine whether the 
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The wave traces were recorded photographically, using a single stroke time base. 
To interpret these traces it was necessary to calibrate the horizontal deflection 
in terms of a known timing signal, and the vertical deflection in terms of known 
density, or pressure changes in the tube. The latter calibration was performed 
by using a semi-automatic electrical manometer (Embleton 1954) which enabled 
the vertical deflection of the cathode spot to be determined as a function of the 
excess pressure in the sound wave, above or below atmospheric pressure: this 
calibration was displayed on the oscillograph and recorded photographically. 
Hence it was possible to produce and measure a sound wave form as a function 
of time at any desired position along the axis of the propagation tube. By 
reproducing exactly the same pulse at the loudspeaker with the interferometer 
placed at some other point along the tube, any changes undergone by the pulse 
during its propagation may be studied. 

All the wave forms discussed here have the general shape of one of the types 
shown in figure 1. In discussion of N-shaped waves, (figure 1 (c)) it is usual for 
authors to refer to the two shock fronts in the wave as the ‘head’ and ‘tail’ shocks 
respectively and this system of nomenclature will be followed here. However, 
many authors also refer to that point in the pulse at which the excess pressure 
returns to zero at the end of the first half cycle as the tail of a triangular wave: 
to avoid confusion this point is here referred to as the ‘origin’. ‘The origin is 
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taken as the zero of both the excess time At (the difference in time between the 
passage of any element of the wave and the passage of the origin past the point of 
measurement) and the excess pressure Ap coordinates in the pulse. The points 
of maximum excess pressure in the pulse are referred to as the “compression : 
or ‘rarefaction’ peaks, when the excess pressure is positive or negative respectively. 
That part of the pulses discussed here can be divided into three ‘regions ’— 
ahead of the first peak is the ‘head region’; between the peaks of the first and 
second half cycles and containing the origin is the ‘ central region’, whilst between 
the peaks of the second and third half cycles is the ‘tail region’. Upon distortion 
of a wave form of initial compression, as in figure 1 (a), the head and tail regions 
are those which ultimately contain the head and tail shocks respectively of an 
N-shaped wave form. All pulses are denoted by their total distances of propaga- 
tion x, since genesis at the loudspeaker. When considering reflected pulses, the 
location of the reflector surface with respect to the loudspeaker is denoted by the 
distance r. It should be noted that the phenomena presented here relate to 
details of pulses of such small amplitude that they have no satisfactory representa- 
tion as characteristic curves in the (x, ¢) plane which is conventionally used in the 
discussion of shock waves. For example the excess times Az of the largest excess 
pressures discussed in this paper change at about 1% of the rate for the elapsed 
times ¢ and it is with discrepancies in the rate of change in A¢, and quantities of 
similar magnitude that much of the present paper is concerned. 


§ 2. THE PROPAGATION OF PULSES 


Only compression pulses will be discussed here, i.e. those which initially 
are of a decaying sine wave form and which have a compression peak in their 
first half cycle. Whilst results have been reported for rarefaction pulses (Barber 
and Embleton 1953) it is felt that too little is known of their behaviour to warrant 
any detailed description here. The properties of all the pulses can be treated in 
terms of a general, hypothetical pulse—examples being obtained by reference to 
individual pulses—since the same general type of wave form is shown both by 
a pulse of large amplitude after propagation over a short distance and by a pulse 
of smaller amplitude propagated over a larger distance, assuming each has a 
similarly shaped wave form at some initial position. Measurements were made 
on sound pulses of seven different amplitudes and these will be denoted by the 
letters A to G in order of increasing pressure amplitude. 

Figure 2 shows a selection of experimentally determined wave forms and gives 
some idea of the rates at which distortion and amplitude attenuation take place 
in sound pulses of different amplitudes. Figure 2 (a2) shows the changes occurring 
during the propagation of a wave train of comparatively small amplitude in which 
distortion due to the finite amplitude of the pulse plays an almost negligible part. 
Figures 2(6) and 2(c) show the increasing rates of distortion and the formation 
of head shocks which accompany the increasing amplitude of the pulses. Figures 
2(d) and 2(e) demonstrate the continuing distortion of the pulses from the time 
one shock is present until an almost perfect N-shape is achieved. ‘The velocity 
of propagation of the origin is equal to that of disturbances of infinitesimally 
small amplitude c, until a head shock is first formed in the wave; thereafter, the 
velocity of propagation of the origin will be modified but it is still allowable to 
consider the velocity as c, at least as a first approximation, because of the small 
value of Ap/py which for the results here never exceeds 0:07. ‘The compression 
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peaks travel forward, in the direction of propagation of the wave, and the rare- 
faction peaks backwards, with respect to the origin. At some time during the 
propagation the head region becomes discontinuous at a point near its centre 
where the gradient is initially steepest. ‘The distance of propagation of the wave 
up to the position where the head shock is first formed in this way will be called 
Xgy. Similarly a tail shock is formed after a distance of propagation xgp. In 
general xg, > xg Since the maximum gradient in the tail region of a continuous, 
decaying wave form is numerically less than that in the head region. 

If the maximum gradient in either a head or tail region is known for a wave 
form which is continuous at some initial position, then the theoretical value of 
Xs OF Xyp may be calculated using the method of Stokes and employing the 
results of Earnshaw that are applicable to a gas obeying the adiabatic law. ‘These 


values are shown in table 1. 


‘Table 1 
Pulse A B © D E FE G 
Ney theor. (cm) 526 241 ii 12056 — = = 
Xey fig. 3 (cm) 400 290 ils) 118 <89:0 <89:0 <89-0 
Xgp theor. (em) 1131 338, 347 281 210 171 127 


xsp fig.3(cm) — = fe ea ~~ 270 210 
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Figure 3 shows the changes in excess time taking place in three of the pulses 
during propagation for several values of excess pressure—thus it shows primarily 
the process of distortion. Curves relating to the head or tail region are repre- 
sented by broken lines, the central region by full lines. These curves are 
extrapolated beyond the range of the experimental points in order to show certain 
features of the propagation which might not otherwise be apparent: knowledge 
derived from other pulses, not shown, has been used in this extrapolation. It may 
easily be shown that the gradient of any line in figure 3 associated with an excess 
pressure Ap can be expressed as 
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where y is the ratio of the principal specific heats of the gas, py the ambient 
pressure and c the velocity of propagation of infinitesimally small disturbances. 
Hence the plotted curves, being drawn with Ap as parameter, should be straight 
lines. The gradient of each should be proportional to its value of Ap; anda pair of 
lines relating to the same Ap, one in say the head region and the other in the central 
region, should be parallel. Figure 3 shows that the experimental points lie 
approximately on straight lines provided that the excess pressures to which they 
refer are removed from the nearest peak by a certain fraction of the peak excess 
pressure. In the head region the fraction probably has the same value as in the 
central region up to the time a shock is formed but in this case an individual 
excess pressure then becomes absorbed into the head shock. It will so remain 
until the amplitude of the pulse has been attenuated to such an extent that this 
excess pressure becomes the upper excess pressure limit of the shock. As the 
pulse further attenuates this excess pressure leaves the shock and has a brief 
independent existence until it finally disappears at the compression peak; this 
represents the ‘rounding-off’ of the peaks which is evident in figure 2. The 
strongest head shocks measured in these experiments occupied 97-99%, of the 
excess pressure change in the head region of their respective wave forms and there 
was nothing to suggest that shocks of up to 5cm Hg pressure amplitude ever 
extended completely to the peak. As a pulse distorts the excess time of a peak 
at first approaches towards that of its corresponding shock but ultimately differs 
from it by a small and approximately constant amount. There appears to be 
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no further tendency for the peaks to coincide with the shocks, i.e. for the pulse 
to become perfectly N-shaped, however far it may be propagated. It has been 
recently suggested by subsequent workers that the ‘rounding-off’ of the peak is 
due to a limitation in the recording apparatus and that the peaks are in fact more 
sharply pointed than these present results indicate. 

Figure 3 also shows the distance of propagation at which a shock is first formed 
in a wave form by the concurrence of two or more lines in either the head or tail 
region. When this occurs two-or more different excess pressures co-exist at the 
same excess time, which 1s the necessary requirement for the existence of a shock. 
The values of vg and xy, obtained in this way are compared with the theoretical 
values intable 1. In the case of xg), the agreement between theory and experiment 
is very good if it is remembered that pulses A and B have the smallest amplitudes 
and consequently x, must be determined experimentally from the concurrence 
of two lines which converge only slowly; a very small error in the gradient of 
these lines will lead to serious inaccuracy in the value of xg. In the three 
largest pulses head shocks were already present in the wave at the position at which 
their wave forms were first measured and consequently no theoretical value of 
Xgy can be calculated. The measured values of xy, were in all cases much greater 
than those predicted theoretically, for reasons which were not fully understood ; 
this was one of several discrepancies associated with the second half cycle of the 
sound pulses. 

It was found experimentally that a pair of lines (figure 3) relating to the same 
excess pressure, one on either side of a peak in the same wave form were not 
exactly parallel as predicted above, but tended to converge very slightly as the 
pulse was propagated. ‘This feature was most clearly seen before any shocks 
were formed in the wave, i.e. before the lines started to curve towards the peaks, 
and was due to attenuation of the pulse caused by energy dissipation through 
the agencies of thermal conduction and viscosity. ‘The rate at which a pair 
of lines converge may be related to the amplitude attenuation coefficient of the 
pulse. In principle it is therefore possible to compare the attenuation coeffi- 
cients derived from the various excess pressure levels with those from the peaks 
within the same pulse—and also to compare the attenuation coefhcient derived 
from a certain excess pressure when at a peak with that when removed from the 
neighbourhood of a peak. In practice the gradients of the lines could not be 
determined with sufficient accuracy to allow this comparison to be made accurately, 
though it was found that, before a shock was formed in the pulse, all were of the 
same order of magnitude; for the first half cycle the experimental results varied 
from 5 x 10-4 to 12 x 10-4cm~", in the second half cycle the results were somewhat 
higher and varied from 11 x 10-4 to 36 x 10°*cmt. 

The amplitude attenuation of the peaks, both before and after a shock is 
present, may be determined from the envelopes of the curves in figure 4 which, 
if drawn for the same pulses would present the same information as figure 3 
but in a different form; these values of attenuation coefficient are shown in 
table 2. Figure 4, obtained by plotting the changes in excess pressure during 
propagation at a series of excess times shows primarily the amplitude attenuation 
within the pulse but the presence of distortion and shock formation is also evident. 
In the central region distortion results in an increased ‘attenuation’ of the various 
curves which otherwise would have a smaller gradient than the corresponding 
peak line at the same distance of propagation. In the head and tail regions the 
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Table 2. Amplitude Attenuation Coefficients « 


Pulse A B Cc D E F G 
Compression peak x 104 Neil 12 7°8 7°8 
— — 22-7 SOO 24-7 Dict 33 
Rarefaction peaks «10? MOoe its Bil) 14-5 By IO, 1S 
Pulse A 
Ap O-1 0:2 0-3 0-4 0-5 0-6 Oy, —(0-1 —0-2 —0-3 
aXx104 11-4 6:9 6-6 7°8 7:8 RF, 10°3 36 D1 18 
Pulse B . 
Ap 0-2 0-4 0-6 0:8 1-0 —0):2 —0:4 —0-6 
a x 104 5ye3) 16-3 18-1 11 il 


effects of distortion outweigh the amplitude attenuation which exists as a result of 
energy dissipation and at excess times lying in these regions the excess pressure 
shows an increase. Whena shock, which increases its separation from the origin 
during propagation, passes through the value of excess time associated with one of 
the curves in figure 4 then the excess pressure coordinate of this curve shows 
an abrupt change. 
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The difference in gradient of a pair of lines (figure 3) gives rise to a spurious 
difference in the particle velocity, calculated from these gradients and associated 
with this excess pressure. Considering the first half cycle of the wave the 
particle velocity appears increased above its true value in the central region and 
decreased in the head region. ‘The particle velocity, in terms of the gradient 
of a line in figure 3 is given by 

Le" 2 CCN) 
(v+1) Ox ~ 
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Similarly the acoustic impedance of the medium is 


Ap _(yv+1)__ Ap 

us 2c®_— A(At)/ex 
which also has different values when calculated from different regions of the 
wave form. The values of d(At)/dx are obtained directly as the gradient of lines 
in figure 3, for which the corresponding Ap’s are the parameters of these lines. 
Some numerical values of particle velocity and acoustic impedance are given 


in table 3. Values are given only for those regions of a wave form which are 
Table 3. Experimental Values of Excess Pressure, Particle Velocity and 
Acoustic Impedance 
Head region : Central region Tail region 
Pulse Ap Particle Impedance Particle Impedance Particle Impedance 
(cm Hg) vel. (c.g.s. vel. (c.g.s. vel. (c.g.s. 
(enisec 4) units) (cm sec!) units) (cm sec!) units) 
A 0-6 ow 70°5 290 Digf = = 
0-4 94 55°6 160 33 = = 
0-2 28 94 84 Silo = = 
—0-2 = — —84 Sih? 197 —133 
B 1-0 — — 553 23:8 = == 
0-8 356 29-5 412 MEYES = ar 
0-4 216 24-4 216 24-4 = = 
—~Q-4 — — —178 29/5 = = 
iE 1-0 = — 422 Silo eS = 
0-5 — — 178 37 = == 
—0-5 — = —150 44 0) HO 
D (kes — — 562 55 == — 
1-0 — — 338 39 — == 
0-5 — — 188 35 == == 
—(:5 — — Oo 39 — 56:2 IG 
—{-0 — = 3/5 35 —234 56 
E 2-4 —- — 937 34 = 
1E 6 — _ 600 35 — = 
0:8 — — 328 62 sos = 
0:8 = - aay 43 as — 


apparently unaffected by the presence of shocks in other parts of the pulse, 
i.e. where there is no curving of the excess pressure lines in figure 3 towards their 
respective peak lines. Amplitude attenuation of the pulse should lead to an 
increase in the apparent acoustic impedance measured from a head or tail region 
and to a decrease if measured from a central region. Few results are available 
from the head regions of the measured wave forms because of the formation of 
shocks but the impedance calculated from the head region in pulse A is con- 
siderably greater than that calculated from the central region and also greater 
than the theoretical value of 42 c.g.s. units. From inspection of figure 2(@) 
the negative impedance calculated from the tail region of pulse A may easily be 
recognized as a large increase in the positive impedance caused by attenuation 
of the wave form. Similarly the various values of impedance calculated from the 
central regions of the wave forms are in general less than the theoretical value of 
42¢.g.s. units. If allowance is made for the modification of the results caused by 
amplitude attenuation of the wave form, the experimentally determined values 
of acoustic impedance are in agreement with the theoretical value. However, 
for this same reason it is not possible to use this method for the determination 
of impedance since amplitude attenuation is inherent in all wave propagation 
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(energy dissipation) and is an essential feature of the propagation of finite 
amplitude pulses which contain shock waves (due to lengthening of the pulse). 
The excess velocity of a head shock, determined from the slope of the shock 
line in figure 3, was considerably greater than the value predicted theoretically 
from Rankine’s relation 
(y+1) Ap 
Ay Po 
This was so if the peak excess pressure was employed for the purposes of calculation 
and the discrepancy was even greater if only the change in excess pressure in the 
abrupt part of the head region was taken. However, if the peak has been rounded 
off by some limitation of the recording apparatus and is in fact more angular and 
of greater amplitude, then the discrepancy becomes much smaller. Furthermore 
it has been assumed that the velocity of the origin is at all times c, but this is 
strictly true only up to a time just later than that at which the head shock is first 
formed. This latter point may also explain yet a further discrepancy in the 
behaviour of the second half cycle of the wave forms—once a tail shock has been 
formed it does not increase its separation from the origin as rapidly as predicted 
from Rankine’s theory. This is seen very clearly in figure 5 which relates to 
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Figure 5. 


pulse F after an approximately N-shaped wave form has been obtained: the 
head shock is rapidly increasing its separation from the origin but the tail shock 
shows only a very slight increase. 

When considering the propagation of a wave form of the type discussed here, 
it is not allowable to consider each region separately. This is achieved in 
Friedrichs’ (1948) theory which takes into account the interaction of one region 
with another. It is probable that the presence of shocks within the wave will 
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modify the propagation in the immediate neighbourhood of the origin. On this 
assumption the point referred to in this paper as the origin will not be propagated 
with the normal sonic velocity c after a certain length of time has elapsed from 
the formation of a shock in the wave form. In this event the value given here for 
the excess velocity of a head shock will be modified; if it were reduced, assuming 
Rankine’s theoretical expression is correct, the excess velocity of the correspon ding 
tail shock would be altered in such a way that its experimentally determined 
velocity would also approach more nearly its theoretical value. 


§ 3. REFLECTION OF PULSES 
3.1. Ina Tube with a Closed End 


The solid material normally used for reflecting the sound pulses was brass, 
in the form of a cylindrical plug 10cm long. In order that sound pulses might be 
propagated over different distances before reflection several cylindrical extension 
tubes were used, of the same internal diameter as the propagation tube, into the 
ends of which could be inserted the reflecting plug. This plug fitted each tube 
closely and when packed round with vaseline, to make the system airtight, it 
required a steady force of 5 to 10]bwt to draw it from its tube. Experiments 
were also carried out with reflecting plugs of varying lengths and composed of 
other materials; plugs of copper, teak, balsa wood, sponge and magnesium 
oxide were used covering a range of thermal diffusivity from 10-1 to 
3x 1i10-4cm?sec"!. With the exception of those reflected from the sponge, all 
the wave forms were identical within the limits of experimental error. It 
therefore appears that the thermal diffusivity of a reflector surface has a negligible 
influence on the reflected wave and that the important criterion is that the surface 
should be free from pores of any appreciable size. It was also found that the 
properties of the reflected wave were unaffected by varying the length of the 
reflector plug between 2:5 and 10cm, but changes would probably occur if the 
plug were so thin that it behaved as a membrane and did not remain plane under 
the impulse of an incident shock. 

The incident and reflected wave forms of each sound pulse were measured 
at a series of positions along the propagation tube, at a sufficiently great distance 
from it that each reflected wave form was obtained without the superposition 
of its corresponding incident wave (and vice versa). The reflected wave forms 
measured by the interferometer could not be determined with as great an accuracy 
as the incident wave forms. Even when observations were made | metre from 
the reflector the reflected wave arrived at the interferometer before the ambient 
pressure in the tube had returned to a steady state. ‘The recorded wave forms 
could largely be corrected for this disturbance but nevertheless there was some 
uncertainty (of an amount up to about 20sec) in locating the exact point in the 
pulse to be taken as origin. The recorded wave forms were used to plot graphs 
of the types shown in figures 3 and 4; these were then extrapolated to the position 
of the reflector surface. In this way the incident and reflected wave forms were 
obtained as they would exist at the reflector, each without the superposition of 
the other. 

Figure 6 (a) and (6) shows typical pairs of corresponding incident and reflected 
wave forms and it can be seen that the general type of the wave form is unchanged 
by reflection at a solid surface. Thus the wave form is reflected without change 
in the sign of the excess pressure at a boundary of increased acoustic impedance, 
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as is to be expected from theoretical considerations. Also, if a shock is present 
in any region of an incident wave form, then a shock is also present in the same 
region of the corresponding reflected pulse. There is nothing in the experimental 
results to indicate that the reflection coefficient was influenced to any measurable 
degree by the amount of distortion present in the wave form. Inspection of 
corresponding pairs of incident and reflected wave forms showed that (1) the 
amplitude reflection coefficient, 1.€. the ratio of reflected to incident pressure 
amplitude from peak to peak, is in general greater than unity and (2) there 1s 
a tendency for the wave forms to shorten on reflection, i.e. for the length of the 
wave in terms of excess time, from peak to peak, or from head to tail shock, to 
become less. These two effects are shown in figure 7 for one position of the 
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reflecting plug but are typical of results obtained at all positions of the plug- 
The plotted points show a large scatter which may be attributed to the large 
number of graphical processes to which the experimental results have been 
subjected in order to arrive at these points. However, the phenomenon of 
shortening itself cannot be attributed to experimental error since in asmall number 
of cases the reflected wave forms at the point of measurement were shorter than 
the corresponding incident wave forms at the same point by an amount several 
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times greater than the estimated experimental error in measurement of excess 
time. In figure 7(b) the percentage change in length of a wave is shown for both 
the separation between the head and tail shock (or midway along the head and tail 
regions if a shock is not present) and also between the compression peak and the 
rarefaction peak. Of 40 such points, 4 indicated an increase in length, 3 indicated 
no change whilst 33 showed a decrease in length. The points show too great 
a scatter to allow any correlation to be attempted between the amplitude of the 
wave and its percentage shortening. 

It a wave form on reflection retains its same general shape then a shortening 
of the wave form appears to be a necessary consequence of any increase in amplitude 
during the reflection process since there is no source of energy present at the 
reflector. An analysis by Finkelstein (1947) indicates that for a simple triangular 
wave form propagated in a gas the pressure ona solid reflector surface is prolonged 

- in duration, the shape of the wave form is altered and the reflected wave form is 
increased in length, which is contrary to the experimental results discussed here. 
An explanation of the process of shortening of the wave form upon reflection has 
been sought (Embleton 1952) by an analysis similar in form to that of Finkelstein 
but considering the process in greater detail. It shows that during part of the 
process of reflection a shortening of the wave does in fact occur although this is 
nullified by an increase in length at a later stage. The total lengthening predicted 
by this theory is much less than that predicted by Finkelstein, but does not 
explain the shortening of the wave form which is found experimentally. The 
theory indicates that any sound pulse, having a first half cycle of triangular form, 
should lengthen by a fraction of its length equal to 


w(3—y)y +1) 
2{4c + (y— 1)u}{4e—(3 —y)u} 


where wu is the particle velocity associated with the peak of the wave form. For 
wave forms of the amplitudes investigated here this fraction is negligibly small 
(of the order of 0-01%). 


3.2. In a Tube with an Open End 


For the purpose of obtaining wave forms propagated back along a tube after 
reflection at an open end only the propagation tube itself was used, without any 
extension tube. The open end of the tube was flush with, and surrounded 
by, aheavy concentric cylinder of steel, about 13 cmindiameter. For the purposes 
of the present description it may therefore be assumed that the open end is 
effectively a circular orifice in an infinite plane wall at least for the first half cycle 
of the pulse. 

The wave forms as they existed at the open end (in the absence of the incident 
wave) were obtained by extrapolation, as were the waves reflected from a closed 
end. Figure 6 (a) and (c) shows typical pairs of corresponding incident and 
reflected waves and it may be seen that at an open end the wave forms are reflected 
with the sign of the excess pressure reversed in each half cycle. ‘This is to be 
expected on theoretical grounds since such a phase change is necessary between 
the incident and reflected wave in order to satisfy the boundary condition of an 
open end that the excess pressure should at all times be zero. 

Chester (1950) has recently discussed the reflection of a sound pulse at the 
open end of a two-dimensional channel, bounded by two parallel planes, in which 
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it is being propagated. In principle his analysis may be applied to the one- 
dimensional case of reflection at the open end of a tube. He shows that the 
reflected wave may be expressed as the sum of a series of singly and multiply 
reflected and diffracted waves from the edges of the open end and the walls of 
the tube. None of these wave fronts is perpendicular to the axis of the tube 
(except at an infinite distance fiom the open end) but continually cross each other 
as they are reflected in the walls of the tube. From this it is not surprising that 
no evidence of any shock exists in the reflected wave forms. Even if the original 
diffracted waves, which are the only source of the reflected waves (formed when 
the incident wave form reaches the open end of the tube), were discontinuous 
their energy is so dissipated by propagation according to the inverse square law 
and generation of secondary diffracted waves that they soon lose their discon- 
tinuous character. If such a2 discontinuity takes the form of a rarefaction shock 
it is an unstable system and immediately becomes continuous. 

It is reasonable to assume that the reflected wave forms were approximately 
plane and perpendicular to the axis of the propagation tube by the time they were 
recorded, since they were propagated back from the open end a distance of about 
twelve times the diameter of the tube before the first measurements of them were 
made. Thus the measured wave forms were at least a close approximation to the 
reflected waves at the point of measurement, although it is doubtful, according 
to ‘Chester’s analysis of the problem, whether the wave forms at the open end 
obtained by extrapolation bear any resemblance to a wave system which has 
a physical existence. There is a tendency for the reflected wave forms in figure 6 
not to recross the line of zero excess pressure in the neighbourhood of — 400 sec 
of excess time: this is probably due to the ‘ unallowable’ extrapolation of measured 
wave forms back to the open end of the tube; any unusual features would be most 
likely to occur in the tail region since this is formed by the sum of several wave 
systems whereas the head region may have only one or two component systems. 


§ 4. CONCLUSION 


The results described in this paper allow a reasonably consistent understanding 
of the properties of finite amplitude sound pulses to be obtained. ‘This is in 
qualitative agreement with current theory but quantitatively there are 
discrepancies on several points. ‘The amplitude attenuation coefficient associated 
with the second half cycle is less than that associated with the first half cycle in 
each pulse. Also the experimentally determined shortening of 2 wave form 
upon reflection at a closed end is contrary to any change in length predicted by 
current theory. 

It is desired to emphasize that in finite amplitude pulses the phenomena of 
particle velocity, distortion of the wave form, shock formation, amplitude 
attenuation and acoustic impedance are all interrelated: none of these may be 
considered in any detail without reference to the others. 
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Abstract. The emission and excitation spectra of the luminescence produced 
in potassium and sodium chlorides by thermal shock, mechanical strain or by the 
‘ntroduction of the divalent ions Ba, Sr or Ca show similarities in the same host 
crystal which are explicable on the assumption that the positive ion vacancies 
comprise or are part of the luminescent centre. Differences in the emission 
spectra in the same host crystal activated in these various ways are attributed to 
differences of association of the vacancies. ‘The electrical conductivity of pure 
annealed material as determined by an a.c. method is increased by thermal 
shock or mechanical strain. The similarity of the gradients of the graphs showing 
log conductivity plotted against reciprocal temperature of the thermally or 
mechanically strained samples with those of the annealed samples containing 
added divalent ions shows that the increased conductivity is due to positive ion 
vacancies; the magnitude of the increase as compared with the pure annealed 
crystals indicates that the number of ‘free’ vacancies is increased some four or 
five times by the thermal shock. 


§ 1. INTRODUCTION 


HERE is now evidence that lattice defects may determine the efficiency 

and even the appearance of luminescence in crystals (Ewles and Lee 1953). 

It is also generally accepted that in many cases one type of defect, 
lattice vacancies, is responsible for the electrical conductivity of ionic solids. 
Such vacancies are increased in number with rise in temperature and may be 
“frozen in’ by quenching from a high temperature. ‘I’hey may also be increased 
in number by the introduction of an ion different in valency from those of the host 
crystal. ‘The object of the experiments described in this paper was to investigate 
any correlation between the luminescent and electrical properties of some 
monovalent ionic solids in which defects had been deliberately introduced by 
thermal treatment or by the introduction of heterovalent ions. ‘The materials 
investigated were ‘Specpure’ potassium chloride and sodium chloride and the 
heterovalent ions introduced as desired were barium, strontium or calcium. 

The luminescent emission and excitation spectra and the electrical conductivity 
over a range of temperature were examined for (1) pure annealed single crystals, 
(ii) pure material quenched suddenly im vacuo from the melting point to the 
temperature of liquid nitrogen, (111) pure matertal sublimed7z vacuointo a platinum 


+ Now at the Admiralty Research Laboratory, ‘Teddington, Middx. 


Defects as Luminescent Centres in Alkali Halides S07, 


crucible cooled to the temperature of liquid nitrogen and (iv) annealed single 
crystals from melts containing small additions (~6 x 10-4 atomic concentration) 
of barium, strontium or calcium. 


§2. EXPERIMENTAL ARRANGEMENTS 
2.1. Materials 


All materials were of ‘Specpure’ quality. Single crystals were grown from 
the tip of a platinum thimble immersed in a melt contained in a platinum crucible 
which was very slowly cooled (about 1°c min-}). 


2.2. Luminescence 


The emission spectra were excited by a 125 watt high-pressure Mercra mercury 
vapour lamp with the outer glass envelope removed and optically filtered to 
eliminate all wave lengths between 3341 A and 5779A by the Bowen liquid filter 
(Bowen 1935). The spectra were recorded on Kodak OB or IF plates by means 
of a Hilger E2 spectrograph and photometered on a recording photometer to be 
described elsewhere. 

The excitation spectra were investigated by a modification of the now well- 
known method of photoelectric fluorescent photometry previously described 
by one of us (Ewles 1949) using a hydrogen arc as source of continuous ultra-violet 
exciting light, a Hilger D 246 monochromator for dispersion and an E.M.I. 5060 
photomultiplier together with a comparison target of constant quantum efficiency 
(sodium salicylate) as receiver, feeding signals into a d.c. electrometer amplifier. 
Scattering in the monochromator and dark current in the photomultiplier were 
allowed for by the interposition of a glass plate for each zero reading and scattering 
of the exciting light by the target was eliminated by the interposition of an 
appropriate glass filter between this target and the photomultiplier. 


2.3. Electrical Conductivity 


In any d.c. method for determining electrical conductivity of ionic solids, 
measurements are complicated by polarization effects depending on the potential 
applied and the time for which it is applied. In previous work a.c. methods 
have been limited by stray capacitance effects to resistances of not more than 
about 10’ ohm so that investigations could only be carried out with alkali halides 
either at temperatures above about 300°c or with the unsatisfactory d.c. method. 
It was found possible, however, to construct a Schering bridge with further 
modification of the ingenious arrangement of Hall (1952) which, by the elimination 
of stray capacitances, enabled resistances up to at least 10! ohms to be measured 
with an a.c. method (Dawson and Stead 1954). ‘The specimen, in the form of 
either a single crystal or a compressed tablet of the order of 1 cm? area and 1mm 
thick was held between platinum-rhodium discs serving as electrodes. Platinum— 
platinum-rhodium thermocouple wires welded to the back of these discs passed 
through capillaries in flat ended silica rods. ‘This assembly was contained in 
a silica tube considerably wider in the middle than the specimen and.narrowed 
down at the ends so as to fit snugly the silica rods holding the specimen. Springs 
between hooks fused to the silica rods and the silica tube held the assembly and 
crystal specimen firmly in place. The whole was contained in an electric 
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§3. THE EXPERIMENTAL RESULTS 
3.1. Excitation Peaks 
The excitation peaks are shown graphically in figure Le In all cases the 
treatment of the crystals whether thermal, mechanical or by addition of divalent 


ions produces an extension of the fundamental excitation tail of the pure annealed 
crystals to at least 2200 A. 
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Figure 1. 
3.2. Emission Spectra 


Figures 2, 3 and 4 are from photographic copies of the actual photometer 
curves. It seems clear that the emission spectra consist of 2 number of over- 
lapping broad bands. Assuming a gaussian form for the individual bands, an 
attempt has been made (as indicated by the dotted lines) to estimate the course 
of these bands. While of course a reliable estimate would require a replotting 
in terms of energy against frequency the rough method used should give some 
idea of the nature and number of the component bands. 


3.3. Conductivity 
Observations have been confined in this work to sodium chloride. ‘The 
nature of the results are indicated in figures 5, 6, 7 and are discussed in the next 
section. More detailed work on potassium chloride, pure and containing 


various concentrations of barium, has been carried out in this laboratory and will 
be reported later, 
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Figure 5. Figure 7. 


$4. Discussion oF RESULTS 


The close similarity of the excitation peaks of KCl pure quenched, KCl 
pressed, KCl annealed single crystals containing Ca or Sr or Ba and of the excitation 
peaks of NaCl pure quenched, annealed NaCl single crystals containing Ca or 
Sr or Ba, suggests that in each case the excitation occurs in a common centre. 
The fact that the addition of a divalent ion to a monovalent lattice increases the 
efficiency of this common excitation and is well known to increase the number of 
positive ion vacancies strongly suggests that the common centre is the positive 
ion vacancy or a complex associated with it. 

In the emission spectra, although there are similarities, e.g. between KCI: Sr 
and KCl: Ba at 77°k, the differences are too marked to be ignored. In the 
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conductivity work on KCl crystals containing various amounts of barium, which 
has been carried out here by J. B. Dawson, it would appear that in the lower 
temperature regions (below about 400°c) the conductivity is independent of 
the amount of barium added, a result which might most easily be accounted for 
by supposing that below 400°c the positive ion vacancies necessarily created by 
the introduction of Ba?* into the K*+Cl- lattice are immobilized by association 
with the Ba?* ions. On this view the similarity of the excitation spectra produced 
by the introduction of different divalent ions or by thermal shock is due to the 
fact that the centres are positive ion vacancies closely associated with any divalent 
positive ion; the small differences in the emission spectra are due to the fact that 
the divalent ions are different. 

The similarity of the slopes of the “structure sensitive’ lower portions of the 
conductivity curves of the crystals containing divalent ions with those of the 
quenched or evaporated or even the annealed crystals (figures 5, 6, 7) is in accord 
with the well-known supposition that the current is mainly carried at the lower 
temperatures by the positive ion vacancies. The differences in the ascending and 
descending portions of the conductivity graphs for sodium chloride sublimed 
into a cooled platinum crucible (NaCl evap., figure 5) are no doubt due to the 
solution in the lattice of the vacancies produced by thermal shock by the annealing 
process of slow heating and cooling during the course of the measurements. 
A comparison of the conductivities with that of the ‘pure’ annealed crystal at say 
300°c indicates that the number of ‘free’ vacancies is nearly four times as many 
for the sample quenched from the melt and nearly five times as many for the 
sublimed sample. The fact that the deliberate introduction of divalent ions 
does in fact increase the conductivity appreciably is at first sight difficult to 
reconcile with the observations of Dawson that the conductivity of potassium 
chloride in the low temperature region below about 400°c is independent of the 
barium concentration. There are two possible explanations: (a) While the 
extra positive ion vacancies necessarily created by the introduction of a divalent 
ion are prevented by association from taking part in conduction in this temperature 
region, the existence of the dipoles (divalent positive ion and positive ion vacancy) 
disturbs the surrounding lattice and so makes it easier for thermal vacancies 
to be created or, in other words, lowers the energy barrier for the migration of 
normal lattice ions. It is interesting to note in this connection that mechanical 
and thermal strains undoubtedly produce a luminescence attributable to positive 
ion vacancies and that such strain induced luminescence is very greatly enhanced 
if the substance contains heterovalent ions. (A fuller report on these effects is in 
preparation.) (5) The divalent ion has a limiting solubility in the lattice at the 
lower temperatures, separating out as BaCl, for instance. 

It is possible that both (a) and (6) are true. 


§5. CONCLUSIONS 


It is considered that this work affords support for the ideas that (i) thermal or 
mechanical strains produce or facilitate the production of lattice vacancies, 
(ii) positive ion vacancies either alone or in association with lattice ions or with 
the foreign ions or with both can act as luminescent centres, (iii) the nature of the 
foreign ion, if this is part of such a centre, only slightly affects the excitation and 
emission energy levels involved in the excitation and emission of luminescence. 
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Low Temperature Magnetoresistance Anomalies in Indium 
Antimonide 


By I. M. MACKINTOSH 
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Communicated by L. F. Bates ; MS. received 2nd November 1955 


ECENT investigations (Hung and Gliessman 1950, Fritzsche 1955) have 

indicated that at temperatures below about 10°K germanium exhibits 

anomalous behaviour of the Hall constant R, the resistivity p, and the 
magnetoresistive ratio Ap/py, py being the resistivity in an applied magnetic 
field H. These investigations of the electrical properties of semiconductors 
at low temperatures have been extended to indium antimonide (Fritzsche and 
Lark-Horovitz 1955) and essentially similar behaviours of the Hall constant 
and resistivity have been observed. A point of particular interest, however, 
is that with the latter material negative values of the magnetoresistive ratio have 
been observed at temperatures below about 8°K, for which no explanations 
have yet been offered. 

The anomalies in germanium have been attributed by Hung (1950) to a small 
but finite conduction in the impurity band at low temperatures, and this model 
can account qualitatively for the observed behaviour of germanium, although 
a detailed theory of impurity band conduction has not so far been evolved. It is 
doubtful whether Hung’s model alone could predict a negative magnetoresistive 
ratio, and in this note an attempt is made to show that a mechanism which might 
be important at low temperatures, and which might explain the phenomenon, 
is provided by the changes in the concentrations of charge carriers which occur 
when the impurity levels supplying these carrievs are split in a magnetic field. 

The analysis assumes a theoretical model of a semiconductor with a set of 
localized impurity (donor) levels at an energy E below the bottom of the conduction 
band £,. The application of a magnetic field H splits these impurity levels into 
two sets of localized levels displaced by an energy AF from their original position. 
Neglecting any possible conduction in an impurity band, the conductivity in the 
absence of a magnetic field will be given by 

P= HUM) j= — | ) | aie eee (1) 
where e is the electronic charge, the density of conduction electrons and u their 
mobility. The change in the conductivity when a field is applied will then be 
due to changes in both n and yp, Le. 


do do 
eA sss a a a ee ere 2 
Ao Bi + An~ (2) 
which gives 
se = (EY bien (3) 
PH a ie i 


Thus Ap/p,, may take negative values if the relative increase in the population of 
conduction electrons An/n exceeds the relative decrease in their mobility Ay/p. 
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If N is the density of impurity levels, and also the density of electrons in these 
levels at 0°, E,, is the Fermi level, and mp the effective mass of electrons in the 
conduction band, then for Fermi—Dirac statistics the situation at any temperature 
T may be represented (Hutner et al. 1950) by 

2N,. N 


Nv ab eo 4 
FO) Te exol(B Ea RT o 


where 
N, = 2(27mpk T/h?)??? ; n=E,/kT 


and 
p cc yh 2 


F(n)= | 4 can eee a8. | eee (5) 


Values of F(j) between —4 and +20 are tabulated by McDougall and Stoner 
(1929). In equation (4) the first term represents the density of electrons in the 
conduction band and the second term is the density of electrons in the impurity 
levels. 

The distribution of electrons in the presence of a magnetic field is similarly 
given by 

2N £N LN 


= == Ni 
wes Ttexp{((E+AE—E,) kT} * Ttexp(h-AE—-E,ykT) 


The position of the Fermi level can then be found in each case by plotting the 
left-hand sides of equations (4) and (6) as functions of E,, and equating them to 
N. The density of conduction electrons is subsequently found by substituting 
these values of E} in the term (2N,/\/7)F(y). An alternative method of analysis 
yielding essentially the same results, is given by Stevens (1956). | 


In order to make a qualitative comparison with the results obtained by 
Fritzsche and Lark-Horovitz with their purest material (specimen c), the values 
N=10''cm™? and E=0:5 x 10-3 ev were taken. The analysis was then carried 
out at various temperatures between 2°K and 10°k assuming three different values 
for AE. It should be noted, however, that the experiments were actually carried 
out on p-type indium antimonide, but this should not detract greatly from the | 
value of such a comparison. 

The magnitude of the splitting to be expected is calculated from the expression 

AE =s28H* = 7S = ihe ee eee (7) 
where £ is the Bohr magneton, and g is the Landé splitting factor, assumed to 
have the value 2. The values of AE used in the calculations were 0-025 x 10 
0-05 x 10 and 0-10 x 10-%ev corresponding approximately to fields of 4000, 
8000 and 16000 oersteds respectively. 

The normal magnetoresistance effect in cubic semiconductors was investigated 
theoretically by Seitz (1950). From his general expression, the transverse 
magnetoresistive ratio is found to be 

A On 7 
- = ice ( *) pell2 | ee (8) 
Assuming that this expression is valid at low temperatures, and neglecting any 
population changes due to the magnetic field, from equations (3) and (8) we have 
Au Ap 


a Se ee ( 
i Pu ‘ ”) 
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Experimental data on the mobility in indium antimonide are not available for 
temperatures much below 10°x. For the purposes of comparison it was therefore 
assumed that «= 10% cmvolt-tsec"! at 10°K, in close agreement with the value 
obtained for specimen c by Fritzsche and Lark-Horovitz, and that at lower 
temperatures ionized impurity scattering predominates and the mobility takes 


the form 
Pee eh Sh en (10) 
where 4 is a constant. 

Figure 1 shows the assumed temperature variation of — Auw/p, and the calculated 
curves of Anjn for the three values of AE. The region of curve d at 
temperatures above about 3°K is somewhat uncertain since these very small 
changes in An/x represent almost the limit of accuracy of the graphical method 
used to determine An. The theoretical curve of (logAp/py, 1/7) for 
AE=0-025 x 10- ev as calculated from equation (3), and the experimental curve 
for specimen c, are shown in figure 2. 
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Figure 1. Variation of log(—Ap/y) with 1/T (curve a), and log An/n with WIP aKoye 
AE=0-10 x 10-3, 0:05 x 10-*, and 0-025 x 10-3 ev (curves 0, c and d respectively). 


The magnitude of the relative population changes in a simple model of this 
type are seen to be quite small. The normal magnetoresistance effect is also very 
small at these low temperatures, however, and there is a qualitative agreement 
between the theoretical curve of figure 2 (H = 4000 oersteds) and the experimental 
curve for specimen c, obtained by Fritzsche and Lark-Horovitz with H = 3500 
oersteds. 

The following points arise in considering the results of these calculations : 

(1) There is a discrepancy between the shapes of the two curves and between 
their magnitudes at any particular temperature. 
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(2) The magnitude of the calculated negative magnetoresistive ratio increases 
approximately as the square of the magnetic field at any particular temperature, 
whereas Fritzsche and Lark-Horovitz have observed a linear dependence for 
fields greater than about 1500 oersteds. 

(3) The effect of a higher density of impurities, neglecting any effect this may 
have on the width of the impurity band, ‘will cause greater relative changes in 
population at any given temperature, i.e. greater values of An/n, and will therefore 
tend to move the zero of the magnetoresistance curves to higher temperatures. 
This is observed experimentally. 

The discrepancies in magnitude and shape of the curves and in the character 
of the field-dependence of the effect are serious evidence against the theory of 
magnetic splitting of the impurity levels as an explanation for the negative 
magnetoresistance effect. Nevertheless it is thought to be of interest to report 
the perhaps surprising result that quite small changes in magnetic energies 
may result in a reversal of sign of the magnetoresistive ratio at temperatures 
above 1°K. Other possible mechanisms which may be important at these low 
temperatures are the magnetic splitting of levels in the conduction band, changes 
in the shape of the surfaces of constant energy, or variations in impurity band 
scattering, and it is possible that a comprehensive theory of electronic conduction 
at low temperatures will have to take into account all such effects as well as the 
mechanisms of impurity band conduction and population changes in a magnetic 
field. 
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it seems of interest to present an alternative approximate method of finding 
An/r. In place of Mackintosh’s equation (6) we consider instead the more 
general relation: 


| HAVE seen the preceding note (Mackintosh 1956) prior to publication and 


Niel (ee A 
N=} | E i ets ol 
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where f(<) represents the density of all the levels, conduction and impurity, in 
the absence of the magnetic field. This equation, which defines F,,, is unaltered 
on reversing the sign of H, so we may expect to be able to expand Ey in a power 
series in H?, thus: 

Ey=C+bH? +... 
Assuming that bH?<RT it is then found that 


| es oa = eA - i - / | iS = oe iz i| aS 


The numerator can be expressed alternatively, by integration by parts, as 

=i: jo expi—(C-<)/RTj[1 exp, —(C—e)/RT}) 

QRT [exp {—(C—e) RT} +19 : 
showing that the condition bH?<kT is equivalent to BH<kT. If we split 
iG) into two parts, g(e) and h(e), where g(e) represents the density of levels in the 
impurity band and is large near « = — A and possibly elsewhere at lower energies, 
and where h(c) represents the conduction band and is zero for « less than 0, the 
number of conduction electrons is 


b= —1kTB? 


de 


eet [ h(ce + BH)+h(e— BH) 

Jexpy —(C+0H?—«)/R7} + 1 
from which An, can be obtained as a rather complicated expression which it is 
not necessary to give explicitly because, under the conditions envisaged, it 
simplifies considerably. However, before considering this simplification, it is 
of interest to note that chis analysis expresses An/n in terms of the Fermi level 
¢ in the absence of H, and that it does not contain the actual number of available 
electrons explicitly. This information is of course contained implicitly in @, 
and it would seem important, in a general treatment, not to make the assumption 
that the number of electrons is equal to the number of levels in the impurity 
band ate=—A. It may be true that the total number of electrons is equal to 
the number of impurity levels, but we cannot assume that all these impurity 
levels are at —A. Provided that the number of levels in the impurity band is 
appreciably less than the number of levels in a range of order RT at the bottom 
of the conduction band (where T~1°k) we may expect that over the range of RT’ 
from 1 to A, ¢ will be approximately equal to RT. ‘This follows because in this 
range there will be many electrons in the conduction band occupying levels 
up to about RT. At higher temperatures ¢ will not rise so rapidly, and below it 
willeventually fall below zero. Inthe range of interest, with =k7, the expression 
for An/n is found to approximate to — Af?H?/k?T?, where A varies only slowly 
with temperature and is of order unity. The width of the impurity band proves 
to be relatively unimportant provided that it is much less than A (not BH as might 
perhaps be expected) and we may sum up by observing that it is A which controls 
the temperature at which An/n begins to grow from zero and that its magnitude 
is determined by 62H?/k?7?. For temperatures above 1°K this is quite small, 
but so also is Ay/j, and as Mackintosh has shown in the preceding note it is 
possible to get a reversal in the sign of the magnetoresistance, though the observed 
variation with H suggests that some other mechanism is also operative. 
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The Influence of *He on the Lambda Point 
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T, of the mixture towards temperatures lower than 7,°, that for pure *He. 
This was shown by Abraham, Weinstock and Osborne (1949) for mixtures 
with moderate ?He concentrations of 2°, to 25°%, and by Daunt and Heer (1950) 
for mixtures with high concentrations of 40%, to 90%. Similar measurements 
were also made by Esellson and Lazarev (1950) for concentrations less than 2% 
and recently by King and Fairbank (1953) for concentrations less than 4%. 
Several theoretical attempts have been made to calculate the dependence of 
the lambda point on the #He concentration. In the theories of de Boer and 
Gorter (1950), and of Rice (1949, 1950), Engel and Rice (1950), a thermodynamic 
evaluation is made of the change of the lambda point with ?He concentration, 
on the basis of the Taconis hypothesis (Taconis et al. 1949). Daunt and Heer 
(1951) suggested that >He mixtures can be regarded as due to an ideal mixture 
of a degenerate Bose-Einstein (BE) gas and a non-degenerate Fermi—Dirac (FD) 
gas. Assuming statistical independence of the BE and FD gases in solutions 
of ?He in *He and a perfect gas spectrum E = p?/2m, they showed that the variation 
of the lambda temperature can be predicted in rough agreement with the observed 
data. The perfect gas spectrum is presumably distorted in the liquid state. 
The hypothesis is accordingly made that the spectrum is determined by 


E = Apa. 
where A =1/2m and r is a simple function of the concentration X = N,/(N; + N,) 
of He atoms, Ny, and N, denoting the number densities of 7He and He atoms in 


the mixture, respectively. In accordance with the calculations of Daunt and 
Heer it follows then that 


Tz presence of *He in a mixture of ?He and ‘He shifts the lambda point 


T, Nive 1/8r | 
AS Ee V+, =| eae (1) 
or in terms of *He concentration X, 
L, eX 1/3r 
TAS E aie 5 | ae (2) 


where 7’, is the lambda temperature of mixture, 7;,° is the lambda temperature 


of pure *He, and V, and V, are the known molar volumes of He and 4He, 
respectively. ‘The dependence of r on concentration X is taken as follows, 


ENA E 

=" NTN, % X205, (3) 
and 

a N, Va 

jie NV,+NV, for X05... - 9... (4) 


where 7y)=0-5, the value for the perfect gas spectrum. A comparison with 
experiments and with other existing theoretical evaluations is given in the figure. 
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The slope of the (7,/7,°, X) curve for very low concentrations of #He can 

be written as 

OT; TOV, 

x Thi ee (5) 
For a concentration of 2:4°% the value of r given by equation (4) is 0-484, which 
when substituted in equation (5) gives a shift of — 2-04 degrees per mole. This 
may be compared with the recent measurements of King and Fairbank (1953) 
who found that for concentrations below 4° this shift is of — 1-5 degrees per mole. 


0 0-2 0-4 0-6 0:8 1:0 


x 


The ratio of T;, the lambda temperature of a mixture to 7,° that of pure He as a function 
of concentration X. 
AWO, experimental results of Abraham, Weinstock and Osborne. DH, experimental results 
of Daunt and Heer (1950), LL, Leiden specific heat results. 
Curve A, de Boer and Gorter (1950), curve B, de Boer (1949), curve C, ideal mixture, 
y=0:5. ‘The broken curve shows the present results. 


The more recent measurements of Dash and Taylor (1955) also yield a slope of 
the same order for low concentrations. For a concentration of 20-3°% the value 
of r is 0-371 and that of the shift is — 2-67 degrees per mole which is the same as 
given by de Boer and Gorter for lower concentrations of this order. ‘The 
general agreement of the two computed branches of the curve with the observed 
data is also good. 

Further applications of this model have been worked out and will be published 
elsewhere. 
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§ 1. INTRODUCTION 


ost diamonds are good insulators, having resistivities of the order of 

10!5ohm cm at room temperature. Recently, however, it has been 

shown that there are diamonds which are semiconductors at room 
temperature (Custers 1952, 1954, 1955). These diamonds are usually, but not 
always, blue, and have been classed as type [1b by Custers. Work done on some 
of the electrical properties of these diamonds will be described in this paper. 


§ 2. RECTIFICATION CHARACTERISTICS 


The relation between current and applied voltage for a metal-semiconducting 
diamond contact has been investigated, using both low d.c. voltages and compara- 
tively high a.c. voltages. ‘The d.c. measurements were made potentiometrically, 
and the a.c. characteristic was displayed on the screen ofa cathode-ray oscilloscope 
(see figures 1 and 2). 


HS) +10 +05 ONS -1\0 15 Volts 
Volts 


Figure 1. Low voltage d.c. rectification Figure 2. High voltage a.c. rectification 
characteristic, characteristic 


Research Notes 411 


The non-rectifying base contact was a layer of evaporated silver, and the metal 
used for the point contact a thin tungsten wire. Only at certain points on the 
diamond surface was the probe contact resistance low enough for measurements to 
be made. 

The sign of rectification suggests that the conduction is predominantly p-type. 
The rectification ratio at 1 volt is approximately 60, and there is a breakdown of the 
rectification at 60 to 70 volts. 


§ 3. VALIDITY OF OHm’s Law 


The validity of Ohm’s law at low applied voltages has been investigated for two 
specimens. ‘The usual ‘ probe’ method was used to eliminate the effect of non- 
ohmic base contacts. The current through the diamond and the voltage between 
probes were measured potentiometrically. A plot of current against voltage was 
strictly linear, showing that Ohm’s law is valid over the range of voltages applied 
(O—4 volts). 

The homogeneity of the specimen was investigated by taking readings at room 
temperature of current and probe potential difference at different (known) probe 
separations, and calculating values of resistivity from these. The resistivity was 
found to be 80 ohm cm + 10%, assuming constant specimen cross section. The 
range of measured values is not believed to be due to specimen inhomogeneity, 
as variations in specimen cross section, together with experimental error, result in 
an uncertainty of about this order. 


§ 4. "TEMPERATURE DEPENDENCE OF CONDUCTIVITY 


The bulk resistance of one specimen (D 106) has been measured at temperatures 
ranging from 200°xK to 1040°k. Again a potentiometric ‘ probe’ method was used, 
and the applied voltages were within the range for which Ohm’s law had been 
proved to be valid. 

A plot of log r against 1/T (r=bulk resistance, 7'= absolute temperature) is 
linear in the range 200°k to 290°K, and shows that the resistance has a minimum 
at about 590°K (see figure 3). The slope of the linear portion of the curve gives a 
dependence of 2kInr upon 1/T of 0-77ev (R=Boltzmann’s constant). This 
value is related to the activation energy but should not be assumed to be equal to 
the activation energy. 


§ 5. Hatt CoEFFICIENT 


Preliminary measurements of the Hall coefficient at room temperature showed 
the specimen (D 106) to be a p-type semiconductor. ‘The carrier concentration at 
room temperature was found to be 8 x 10" carrierscm *, assuming only p-type 
conduction to be present. 


§ 6. CORRELATION WITH OpTicaL DaTa 


In all, eight specimens were examined and a correlation found between the 
conductivity and the intensity of the blue colour. It has been shown (Clark, 
Ditchburn and Dyer 1956) that the blue colour is caused by one of a series of 
bands extending into the infra-red, observed only in type IIb diamonds. Accurate 
measurements of these bands in four specimens confirms that the conductivity 
at room temperature is related to the infra-red band strength. 
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Figure 3. Resistance of type IIb diamond as a function of the inverse absolute temperature. 
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REVIEWS OF BOOKS 


Optical Glassworking, by F. Twyman. Pp. viiit+275. (London: Hilger & 
Watts Ltd., 1955.) 24s. 

One cannot, I believe, make an optical surface with written instructions 
alone. In many books the detailed instructions are omitted—there is much 
which must be learnt by trial and error. Although not intended for the amateur, 
Twyman’s book Optical Glassworking does in fact give some excellent detailed 
descriptions of procedure. The book is an abridged version of the second 
edition of the author’s Prism and Lens Making, and has been written by request 
to “meet the needs of those engaged in, or studying glass-working’. The 
account of ‘Single surface working’ gives descriptions of cutting, edging, 
grinding and polishing a prism and a singlet lens, including many of the wrinkles 
which one has at one’s finger tips but often finds difficult to, or forgets to, record. 

The author has drawn freely from other published work and some may feel 
that frequent reference to optical workshop practice of the early part of this 
century makes the book somewhat out of date. This, I think, is not so, for 
many features of the art of optical glassworking have changed little over the 
years. Indeed the two chapters on ‘ Testing optical work’ could well have 
included a more lengthy description of the Foucault knife edge test. 

Several writers have contributed to the book. ‘There is an appendix by 
S. J. Underhill, on ‘ Making polarising prisms ’, a chapter on the ‘ Production 
of spectacle lenses’ by A. A. S. Moore, and one on ‘ Microscope lenses’ by 
R. J. Bracey, the latter containing information on pinhole testing which would 
help users of microscopes. 

The book is intended primarily for optical technicians, and it is a pity that 
an abstract from a lecture is all that is included 1n a chapter of some four pages 
in length devoted to non-spherical surfaces. It may be that such work was 
considered out of place in this book, but on the other hand, there is a chapter 
of some thirty pages on ‘ Large object glasses’ taken from the work of Draper, 
Grubb and Ritchey, with an account by J. V. Thompson of the 200-inch Mount 
Palomar mirror. 

There are chapters on the production of prisms and lenses 1n quantity and 
one on the deposition of reflecting and anti-reflecting films. 

This book will be of great assistance to optical technicians, and some will 
be glad to find that throughout the text names and addresses of suppliers of 
materials and machines are included, and that there is a list of reference books 


on optical glassworking. W. J. BATES. 


Ultrasonic Engineering (with particular reference to high power applications), by 
A. E. Crawrorp. Pp. x+344. (London: Butterworths Scientific 
Publications, 1955.) 45s. 

This book describes methods of generating and applications of ultrasonic 
waves, from the engineer’s point of view.. The first chapter summarizes the 
main features of ultrasonic propagation and the second discusses cavitation. 

The next four chapters describe piezoelectric, magnetostrictive, and electro- 


magnetic generators, and whistles and sirens as ultrasonic sources. In a further 
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six chapters there are described numerous applications of high power ultrasonics. 
for such purposes as precipitation of smokes and fogs, emulsification of 
immiscible liquids, soldering of metals and inactivation of enzymes and in 
chemical processing. The last chapter deals with ultrasonic instruments such 
as flaw detectors and echo sounders. 

The treatment of most topics is brief and descriptive but references are 
given at the end of each chapter for further reading. A great deal of the 
‘nformation is new and could only be found elsewhere, if at all, by diligent 
reading of original papers and patent specifications. For the most part informa- 
tion of practical use to the engineer is given in preference to theory. One 
would conclude that the author decided not to overlap previous books on 
ultrasonic physics, and this seems to have left the book a little unbalanced. 
Considering the many topics included it is surprising to find no mention of the 
increasing applications of ultrasonic delay lines in radar and electronic 
computers. 

The author writes clearly, and the text is well illustrated by photographs 
and diagrams; there is an index. ‘The book can be recommended to engineers 
and physicists who want to find out how to generate ultrasonic waves of high 
intensity and what they can be used for. J.-M. M. P: 


Radio Astronomy, by J. L. Pawsey and R. N. BRACEWELL. Pp. x+361. 
(Oxford: Clarendon Press, 1955.) (International Monographs on Radio.) 


HDs. 


By 1945 only a few observations had been made that could be described as 
radio astronomical, yet today there are at least twenty receiving stations in 
operation all over the world, there have been a great many papers published, and 
the subject is regarded as so important by astronomers that in August a confer- 
ence was specially organized at Jodrell Bank in connection with the triennial 
congress of the International Astronomical Union. There is in addition a 
good deal of general interest in the new branch of science and the time is 
certainly ripe for the appearance of this book, the first comprehensive text on 
the subject. 

Dr. Pawsey directs the radio astronomy section of the Radiophysics 
Laboratory of C.S.I.R.O. at Sydney, where much of the research has been 
carried out, and Dr. Bracewell has also been working at Sydney so the authors 
are well qualified to present the balanced account that is needed in such a 
volume. They “have tried to make it readable by anyone with a background 
of physics” and by including some of the radio fundamentals for astronomers 
and introductory chapters on solar physics and astrophysics have, on the 
whole, succeeded in their aim. 

The main topics considered are techniques of observation, theory of radio 
waves in ionized gases, solar radio waves, and cosmic radio waves, with shorter 
chapters on thermal radio waves from the moon, extraterrestrial radio echoes, 
meteors and atmospheric effects, and they are very competently dealt with, but 
it seems a pity that with one or two minor exceptions the subject-matter is 
only taken to the middle of 1952. It should surely be possible to get a manu- 
script into print with less than a three-year delay, this being particularly 
important when knowledge is accumulating as rapidly as it is in radio astronomy 
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at present. If the book were written this year for example, one of the largest 
sections would have to be concerned with the observations of the neutral 
hydrogen line at 1421 Mc/s. In the present volume only nine pages appear 
on this work. The chapter on cosmic radio waves and discrete sources would 
also need to be much longer. 

There are some half a dozen slight errors but only on page 131 could a 
reader be seriously misled, by some wrong numerical values. A surprising 
omission is any reference to’ what now seems one of the most plausible 
mechanisms of production of the radio waves in certain cases, namely, the 
acceleration of relativistic electrons in magnetic fields. 

The book then is clear, readable and well-produced (as would be expected 
from the O.U.P.) and very welcome as an introduction to radio astronomy, but 
it is to be hoped that another edition is in preparation to include the great 
amount of work published since 1952. J. R. SHAKESHAFT. 


Sonics, by 'T. F. HueTer and R. H. Bott. Pp. xi+456. (London: Chapman 
and Hall ; New York: John Wiley, 1955.) 80s. 


Optics, mechanics, electronics and now sonics! This latter word has been 
coined by the authors to describe ‘‘ the technology of sound as applied to prob- 
lems of measurement, control and processing ’’. It is a little unfortunate that 
the term ‘ ultrasonics ’ has come to imply both the pure and technological aspects 
of high frequency acoustics. 

In their most delightful book the authors, both leading workers in the 
acoustic world, commence with a brief introduction ; this is followed by two 
chapters devoted to the development of the basic theory necessary as the back- 
ground for the later chapters which deal with transducers and the various 
physical aspects and techniques of sonic processing. A noteworthy balance 
between theory and practice is maintained throughout the book ; the general 
pattern is exemplified by the sections on piezoelectricity and magnetostriction, 
which start with a summary of the essential theory, followed by a discussion of the 
factors governing its application to practice and end with a description of relevant 
experimental work and a comprehensive list of references. 

The authors have avoided a common pitfall of cataloguing indiscriminately 
the numerous chronicled ultrasonic effects and applications, spurious and 
otherwise, and are to be congratulated on the wisdom of their choice which 
contains examples representative of the latest developments in the subject. 

A useful appendix to the book gives a very clear account of acoustical relaxa- 
tion mechanisms in fluids and describes the use of acoustical techniques in 
yielding information about fundamental physical processes. Many books have 
been written on acoustics in recent years but it can be truly said that Sonics 
makes a definite contribution to the literature of the subject and it should be 


a treasured possession both of the student and of the advanced worker in sound. 
R. W. B. S.. 
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Magnetic Anisotropy and Cold Worked Texture of Titanium 


By J. REEKIE ann: Y. L. YAO 
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Ottawa, Ontario, Canada 


AMIS. received 20th October 1955, and in revised form 5th December 1955 


Abstract. Magnetic susceptibility determinations have been made for commer- 
cially pure titanium metal following various mechanical and thermal treatments. 
Making use of the known texture of heavily rolled titanium, values have been 
deduced for the principal susceptibilities and magnetic anisotropy of the 
hexagonal metallic lattice. The values obtained are: y,=3-34) x10-® and 
X1=3°08, x10-%e.m.u.g-? at 25°c. These figures have been confirmed by 
preliminary measurements on an oriented single crystal of titanium. 

Knowing the magnetic anisotropy it is possible to estimate the texture in 
a specimen of the cold worked or annealed metal from susceptibility measurements 
made in three orthogonal directions. This has been done in a number of cases, 
and the practical use of this aspect of the work is discussed. 

It is shown from magnetic measurements that heavily compressed titanium 
has a texture in which the basal planes of the hexagonal lattice are normal to the 
compression direction. Assuming that a compressed specimen approximates 
magnetically to single crystal behaviour, the temperature variations of the principal 
susceptibilities have been determined from 25°c to 300°c. The magnetic 
anisotropy is found to be temperature independent over this range, and the 
temperature coefhcient of susceptibility, dy/dT, 1s 0-0011 x10-%e.m.u. g-'deg 4. 


§ 1. INTRODUCTION 

N metallic single crystals it is generally true that many physical properties 

are anisotropic. While in annealed cubic metals anisotropy appears to 

be restricted to mechanical properties, hexagonal metals show marked 
directionality also in electrical, thermal and magnetic properties. ‘There is in 
these cases rotational symmetry about the hexagonal axis, and the extreme values 
occur parallel and perpendicular to this axis. If we denote by p(x) the value of 
the electrical, thermal or magnetic property in a direction making an angle « 
with the hexagonal axis, and if p, and p, are respectively the values of p parallel 
and perpendicular to the axis, it follows that 


C=) gSUlA oD COS" Oe Es (1) 


Elastic and plastic properties do not conform to this simple relation, nor are the 
extreme values necessarily in simple crystallographic directions. 

For a hexagonal polycrystalline aggregate it is possibie in principle to calculate 
the values to be expected for those properties conforming to equation (1). 
Crystalline interaction and grain boundary distortion effects render calculations 
difficult, however, and it is not unusual to ignore such effects. Justification 
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for these omissions rests in the fact that good agreement is found between observed 
and computed values for electrical and thermal properties of annealed materials. 

For a small-grained polycrystalline specimen it is easy to obtain the mean 
value of any property with rotational symmetry about one direction. ‘Thus in 
hexagonal metals with a completely random arrangement of crystallite axes, 
averaging (1) over all orientations leads to 


p ay 3P1 a 3Pu- G25%O0 (2) 


Departure from a random distribution will normally result in directional effects 
being evident in the observed values of the property Pp. In such cases preferred 
orientations in a polycrystalline aggregate can be inferred from measurements of 
p in three mutually perpendicular directions. Provided the principal values of 
p are known, the degree of orientation can be estimated in simple cases from 
equation (1). When complex textures are present the answer is not necessarily 
unique; however, the information obtained is still a valuable supplement to that 
deduced from conventional x-ray or optical determinations. 

In the work described in this paper magnetic susceptibility determinations 
have been made on a number of specimens of commercially pure titanium metal, 
after various mechanical and thermal treatments. Both rolled and compressed 
specimens have been investigated, and, making use of earlier determinations 
of texture in heavily rolled titantum (McHargue and Hammond 1953), values 
have been inferred for the principal susceptibilities of the hexagonal titanium 
lattice. Using these values estimates have been made of the average degree of 
preferred orientation at various stages during cold working or annealing of the 
rolled and compressed metal. 

Using titanium compressed to 80°, reduction and assuming an approxima- 
tion to single crystal behaviour for the magnetic properties, the temperature 
variations of the principal susceptibilities have also been investigated over the 
range from 25°c to 300°c. The mean value of susceptibility obtained using 
equation (2) then agrees closely over this temperature interval with that found for 
samples which are initially magnetically isotropic. 


§ 2. EXPERIMENTAL PROCEDURE 


2.1. Balance and Magnet 


Magnetic susceptibilities were measured using the Faraday method and 
experimental arrangements were sufficiently conventional to require only a 
minimum description. Specimens of the commercially pure titanium ranged 
in mass from about 0-08 g to 0-5 g, and forces were determined by an Ainsworth 
FHM type micro-balance mounted appropriately over the electromagnet. 
Oil damping was used on the balance, reducing the initial sensitivity of 2 micro- 
grammes to a value of 10 microgrammes per division; this sensitivity was adequate 
for the accuracy required here. 

Specimens were cemented to a fine quartz fibre suspension, and adjusted 
appropriately in relation to the magnetic field by raising or lowering the balance. 
No provision was made for evacuating the balance system, but an arrangement 
of glass tubing around the specimen protected it from external disturbances. 
The small necessary corrections were applied for magnetic effects due to the 
quartz suspension and due to the air surrounding the specimen. 
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The electromagnet was energized from storage batteries, and hand regulation 
of the magnet current to closely reproducible meter settings was used to control 
the field. All force determinations and field calibrations were carried out at 
these same settings. Maximum fields available, at the specimen position, were 
about 7000 oersteds. To obtain a reasonable volume having a uniform value of 
H(dH/dy), special pole-pieces were made (Donoghue 1953) and fitted to the 
magnet. With these pole-pieces values of H(dH/dy) reaching 11-5 x 108c.g.s. 
units were attainable. ; 

2.2. Field Calibration 

Values for the field and field gradient in the present work were obtained in 
the following manner. A direct calibration was first made using a rotating 
search coil and fluxmeter to obtain the field H along a vertical line through the 
centre of the magnet gap. Large scale plots gave provisional values of the field 
gradients for a number of different magnet currents. Susceptibility determina- 
tions were then made using six different specimens of annealed high purity 
aluminium, each one containing a different amount of ferromagnetic impurity. 
(Impurity contents varied from 1 to 13 parts per million by weight.) A Honda- 
Owen plot of apparent susceptibility against 1/H was made for each sample, 
using the H and dH/dy values obtained from the search coil calibration. 
Consistent deviations from the linear plot of the susceptibility values for all the 
samples at one nominal field value can be attributed primarily to an incorrect value 
of H or of H(dH/ dy) at that field. It was first assumed that H was correct and 
small changes made in the H(dH/dy) value until no consistent deviations from 
linearity appeared in the 1/H plots for the three samples of lowest ferromagnetic 
content. Any deviations then remaining for the other three samples were 
reduced by a small change of the H values; this has to be done with discretion 
to avoid unduly impairing the linearity of the plots for the first three samples. 
Finally, after these adjustments have been made, it is necessary that the best 
straight lines through the corrected points should all extrapolate at 1/H=0 to 
the same value of susceptibility for each sample. 

This ‘trial and error’ method of reducing systematic deviations arising from 
inaccuracies in H and dH/dy is simple to carry out and considerably improves 
the internal consistency of the results. In the measurements on titanium random 
errors in force determinations appear to account for the major part of the remaining 
inaccuracy, and it is estimated that the absolute values deduced for susceptibilities 
should not be in error by more than 1%. These values were in all cases the 
extrapolated values, obtained from the plot of apparent susceptibility against 
1/H. Field dependence of susceptibility, dy/d(1/H), was approximately 10% c.g.s. 
units-oersted, corresponding to an impurity content, assumed to be ferromagnetic 
iron, of about 5 parts per million by weight. 


2.3. Material and Treatment 


A complete analysis of the commercially pure titanium used in this work 
showed the following weight per cent of elements present: C, 0:074%; 
N, 0:057%; Fe, 0:15%; Cu, 0:005%; Mg, 0-003%; O, 0:087%; H, 0:007%. 
Cold working was always carried out at room temperature, either in a compression 
testing machine or by passing between rollérs, and is expressed conventionally 
as a percentage reduction in thickness. Initial heat treatment or annealing was 
dependent on the experiment being carried out and is detailed in each case with 


the relevant susceptibility measurements. 
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§ 3. RESULTS 
3.1. Susceptibility of Cold-Rolled Titanium 


The starting material for these investigations was a rod of the commercially 
pure metal, swaged to a diameter of 0-5 inch, then heat treated by annealing in 
vacuum for four hours at 960°c followed by slow cooling. This particular 
treatment had been found from preliminary experiments to result in the poly- 
crystalline titanium being magnetically isotropic to within about 0:5". A 
number of samples was then cut from the rod after cold-rolling at room temperature 
to successively increasing reductions. Rolling was always carried out in the 
same direction and after each reduction the corresponding sample cut from 
a region near the centre of the cross section. Eight samples were prepared in 
this way, their masses varying between 0-3g and 0-15 g and the reduction in 
thickness extending up to 90%. After etching, each specimen was mounted 
and its susceptibility measured in three mutually perpendicular directions, 
perpendicular to the rolling plane and parallel and transverse to the rolling 
direction. Unless otherwise stated, all susceptibility measurements were made 
at a temperature of 25°c + 1°c. 

The results of this set of experiments are shown in figure 1. Commencing 
with the quasi-isotropic material the susceptibility in the rolling plane decreases 
as reduction proceeds, while perpendicular to the rolling plane there is an increase. 
This continues up to 60°% reduction, beyond which more elaborate changes 
become evident. The significance of these results in relation to the deformation 
texture 1s considered in § 3.3. 
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Figure 1. Susceptibility of cold-rolled titanium. 


Several X-ray investigations have been made of the texture of heavily rolled 
titanium, and of the texture when subsequently annealed (see for example Clark 
1950, Williams and Eppelsheimer 1953, McHargue and Hammond 1953). The 
latter authors concluded that the ultimate texture in rolled material was one with 
the basal plane parallel to the rolling direction but inclined at an angle of 27° 
to it, and with a [1010] direction parallel to the rolling direction. This situation 
is shown 1n figure 8(a)._ McHargue and Hammond further found that annealing 
at various temperatures up to 820°c resulted in a texture change which could be 
represented by a rotation of 30° about the normal to the basal plane, the latter 
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still remaining tilted at 27° to the rolling plane; this is shown in figure 8 (6). 
This texture should be indistinguishable magnetically from the heavily cold-rolled 
texture. ‘To investigate this point, susceptibility determinations were made 
after subjecting the 90°, cold-rolled specimen to successive one-hour vacuum 
anneals at progressively higher temperatures up to 850°c (except at 300°C where 
a four-hour anneal was given). The results obtained for susceptibilities in the 
three significant directions are shown in figure 2(b). While there is probably 
a slight progressive fall in two of the susceptibility values as the annealing tem- 
perature is raised, this is within the experimental error and the magnetic results 


conform substantially with the annealing texture found by McHargue and 
Hammond (1953). 
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Figure 2. Effect of annealing on susceptibility of cold-rolled titanium. (Significant 
directions are indicated in the same manner as in figure 1.) (a) initial reduction 


55%, followed by vacuum anneal. (4) initial reduction 90°/, followed by vacuum 
/0 ) /0) \ 
anneal. 


It should be noted that McHargue and Hammond’s results refer to iodide 
titanium. From other work (Williams and Eppelsheimer 1953) it appears 
unlikely that there is any significant difference in textures of iodide and 
commercially pure titanium. 


3.2. Calculation of Principal Susceptibilities 
Assuming the tilt of the basal plane relative to the rolling plane is known 
and that the texture is ideal, it is then possible to calculate the principal suscepti- 
bilities from the observed values y,, yo, x3. Referring to figure 8 (a) we have the 
following relations : 
DOO Sele ict a1? rr (3) 
Ve=xpcossetyisin{O = § swswes (4) 


Vee Mow (5) 
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From a consideration of the results given in figures 1 and 2(b) the most probable 
values of mass susceptibilities for a completely idea] texture (assumed to be at 
100% reduction) are as follows: y,=3-29% x10-%, y,=3-14, x10, and 
¥3= 3:08, x10-Se.m.u.g. Taking 6 to be 27°, and using equations (3) and (5), 
we obtain yx, =3-34, x 10-6 and y, = 3-08, x10-%e.m.u.g-4. A check calculation 
of y, using equation (4) gives a value of 3-14, x 10-6 as compared with the measured 
value 3-14, x 10-6 Changing @ by 3° would put the calculated value of x, just 
outside the probable experimental error. From this we conclude that the texture 
is close to an ideal one and that the results are self-consistent with 6=27°. ‘The 
magnetic anisotropy of the commercially pure paramagnetic titanium is thus 
Mia 02, LU? eens 


3.3. Deformation and Annealing Textures of Cold-Rolled Titanium 


Using the previously determined values for the principal susceptibilities, 
@ in any specific case can immediately be calculated from equations (3) and (4), 
provided the textures are not complex. A consideration of figure 1 leads to the 
following conclusions regarding the texture of the cold-rolled commercially 
pure titanium. Starting from a quasi-isotropic condition, rolling to approxi- 
mately half-thickness results in a simple, almost ideal texture, with basal planes 
parallel to the rolling plane; this is the situation shown in figure 8(c). Further 
reduction causes a gradual tilt of the basal planes, which still remain parallel to 
the rolling direction, until at ultimate reduction the tilt reaches an angle of about 
27° to the tranverse direction, as found by McHargue and Hammond. Small 
differences between the observed values of susceptibility at 60° reduction and 
the principal values are attributed to a stress-induced component which can be 
removed by annealing at about 300°c; this point is discussed in § 4.2. 

Similar considerations can be applied to the annealing textures, and figure 2 
illustrates how the texture can depend on the initial deformation as well as on the 
annealing temperatures. A calculation of y using an integrated space average 
in which @ is allowed to have all values from zero (basal planes parallel to rolling 
plane) to a maximum Om, gives y,=3-27, x10-® and y,=y3=3-12, x10-® if 
6m=45°. ‘These values are close to those observed for the final texture of the 
material reduced 55% and annealed at 850°c. Thus a spread of tilt of the basal 
planes of approximately +45° from the rolling plane could develop in this case, 
in contrast to the heavily rolled material where similar annealing produces little 
change from the initial cold-rolled values of y. 


3.4. Susceptibility and Deformation Texture of Compressed Titanium 


In the following observations individual samples of material, initially 
magnetically isotropic with 0-5 °%, were cold-compressed by successively increasing 
amounts and the room temperature susceptibilities measured at each stage 
of compression. A maximum reduction in thickness of 80°% was obtained without 
undue cracking of the specimens. Figure 3 shows the results on one sample, 
which is typical of the changes observed in the susceptibilities measured parallel 
and perpendicular to the compression direction. 

A progressive increase amounting to nearly 6°% is found in the susceptibility 
measured parallel to the compression axis, and the extrapolated value at ultimate 
reduction is about 3-36; x10-6e.m.u.g+. In the plane perpendicular to the 
compression direction the suceptibility is isotropic and, within the limits of error, 
unchanged up to 80% reduction, the value being 3-15, x EG=*emmiso 


Magnetic Anisotropy and Cold Worked Texture of Titanium 423 


3.5 


3.3 


EMU, 7GM 


6 
* x 10 


.e) 20 40 60 80 100 


PER CENT REDUCTION IN THICKNESS 


FIGURE -3 


Figure 3. Susceptibility of compressed titanium. © parallel to compression direction. 
©, @ mutually perpendicular, and at right angles to compression. 


Without additional data these results would be difficult to reconcile with 
those obtained from the cold-rolled titanium, since the value of y, is apparently 
greater than y, itself. The difference in this case again is attributed to a positive 
stress-induced component, removable by low temperature heating. Results 
given in figure 4 and discussed in § 4.2 show that a vacuum anneal at 300°c will 
remove the discrepancy; if approximate extrapolations are made through the 
annealed points in figure 4 the ultimate value obtained for y, is 3:32, x 10-°, and 
for y, and yz is 3-09, x10-%e.m.u.g-'. Both of these values are in sufficiently 
good agreement, considering the nature of the extrapolation, with those previously 
deduced for y, and y, from the rolled metal. 
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Figure 4. Effect of annealing at intermediate stages of compression. At A annealed four 
hours at 300°c, followed by compression to B, then further annealed two hours at 
300°C 


It is concluded that the deformation texture of highly compressed titanium 
is a simple one with the basal plane of the lattice normal to the axis of compression, 
approximately as shown in figure 8(c). The results of the present experiments 
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would allow a spread of nearly +3° from this ideal texture. This conforms to 
the findings of Yen (1950) on compression texture. 


3.5. Annealing Texture in Compressed Titanium 


Susceptibility changes occurring during the progressive annealing of a sample 
initially compressed to 75°% reduction are shown in figure 5 (a). Up to 300 e 
the annealing was carried out in air in a small tubular furnace surrounding the 
specimen, the latter remaining untouched during the measurements. The 
sample was rapidly heated to each temperature, held there for one hour, and 
allowed to cool to room temperature for the magnetic measurements. 
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Figure 5. Effect of annealing : O measured parallel to compression direction, ® measured 
in plane perpendicular to compression direction. (a) initial compression Ussiie 
(b) effective initial compression 25°. Shaded areas represent regions where stress- 
induced effects are probably operative. 


At the higher temperatures the specimen was, for each anneal, removed 
from the balance and sealed in an evacuated quartz tube, inserted for one hour 
in a large tubular furnace already at temperature, and then withdrawn. By 
appropriate insertion and withdrawal of the quartz tube an effort was made to 
keep the heating and cooling periods similar in both the large and small furnaces. 
This annealing procedure involved much highcr temperature change rates than 
those used previously. 

The susceptibility x, measured parallel to the original compression axis 
falls as the sample is successively annealed, from a value of 3-35; x 10-* to about 
3-12; x 10°° after annealing at 950°c. Although the experimental error is such 
that the decrease could be regarded as a smoothly progressive one, we have 
preferred to give greater significance to the trend of individual points so that the 
curve appears with an enhanced drop down to 350°c and thereafter a slight 
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flattening. Owing to the method of annealing, no observations were available 
in the temperature range to 350°c for the plane perpendicular to the compression 
axis, but the curve must fall in this region since the initial susceptibility value is 
higher than that measured after annealing at 450°c. The mean value, 
X=(X1+X2+xXs)/3, behaves similarly up to 350°c, then remains constant to 
850°c, and, with the other evidence previously mentioned in regard to figure 4, 
this again appears to be due to a stress-induced component which has annealed 
out at 350°c. : 

Following the 850°c anneal the texture has so changed that the material is 
magnetically isotropic; this could come about as a result of a complex multiple 
texture or from a truly random orientation of crystallites, and it is not possible 
to distinguish between these magnetically. Beyond 950°c a new texture appears 
to be developing. 

Another type of annealing curve for an initially compressed material is shown 
in figure 5(5). Here the specimen had an effective initial reduction of 25%. 
In this case there is no suggestion of the material becoming completely isotropic, 
although the plane normal to the compression axis again remains so. ‘There is 
also an initial decrease in the mean susceptibility, as previously observed. 
Assuming that a single texture is present in this case after the first anneal at 850°c, 
and taking x,;=3-24, x 10°, we obtain from equation (3) a value of 38° for the 
angle 6. Using equation (4) with this value of 6, and allowing for the random 
arrangement about the compression axis, the calculated susceptibility in the 
isotropic plane is then 3-13, x10-®. This is within experimental accuracy of the 
observed value, 3-12, x10-®. Thus the texture in this case could be one where 
the basal planes make an angle of about 38° with the plane normal to the 
compression axis and are randomly arranged about the axis. Alternatively, 
the texture may be such that 6 is uniformly spread from zero (basal plane perpen- 
dicular to compression axis) up to a maximum 6. In this case an integrated 
Space average, Using Gm—55 , gives 3:25, x10-° for x,, and 3:13,.x10-° for 
X2 and y;. This type of texture would therefore equally well satisfy the 
experimental results. 


3.6. Ambiguity in Texture Determinations 


As the above calculations illustrate, a measure of ambiguity must usually 
exist in the texture determination ; it is not in general possible to calculate a unique 
texture which will conform to the magnetic observations for any particular case. 
However, if one of the susceptibility values is the same as y, the texture can then 
only be such that the basal plane is at right angles to the direction in which this 
susceptibility is measured. This is the situation in heavily compressed material, 
as we have already seen. Furthermore, since this mode of deformation necessi- 
tates a random distribution in the basal plane itself, the ‘compression texture’ 
is uniquely determined from the magnetic measurements. Similarly, the 
texture in cold-rolled material at about 50 to 60% reduction is like the compression 
texture, though here the basal plane may have a directionality which could 
not be detected magnetically. 

Annealing textures are subject to the same indeterminacies, and again one 
can either postulate double textures or make calculations on the assumption 
of smoothly progressive texture changes. The latter was done in those cases 
already discussed. 
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Even though the complete specifications of the degree of preferred orientation 
may be uncertain, it is still possible to make some qualitative observations of value 
in regard to the actual working of the metal, using as a basis the observed annealing 
changes in susceptibility. For many purposes an isotropic texture is mechanically 
desirable in a metal which is being formed, and from the present results it is clear 
that, after an intermediate degree of rolling or compression, an anneal in the 600°C 
range will tend to return the material to a more isotropic condition. After 
heavy rolling, on the other hand, the texture still maintains its high degree of 
orientation irrespective of the annealing, up to 850°c at any rate. Heavily 
compressed material, after a quenching type of anneal, also tends to return to 
a magnetically isotropic state, as shown in figure 5(a). ‘The original swaged 
material becomes isotropic after annealing for several hours above the trans- 
formation temperature. ‘Thus in these cases, even if the texture details are not 
certain, the magnetic observations indicate whether one particular type of cold 
working or heat treatment will give a texture which is mechanically preferable 
to that produced by another treatment. 


3.7. Susceptibility Variation in Material of initially unknown Texture 

As a final example of more elaborate magnetic changes brought about by 
texture variations resulting from cold work, figure 6 gives susceptibilities in three 
significant directions for samples cut from a swaged rod and then subjected to 
compression. The direction of compression relative to the axis of the rod 
(and hence the swaging direction) is shown in the diagrams. Two features of 
these curves are evident. First, at relatively large reductions the susceptibility 
y1, parallel to the compression axis, increases and tends towards a maximum 
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Figure 6, Susceptibility of swaged material. (a) compressed in direction at right angles 
to swaging direction, (b) compressed in the swaging direction. 
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value in a manner similar to that seen in figure 3. Secondly, the susceptibilities 
x2 and y, measured in the plane perpendicular to the compression axis both appear 
to approach the same ultimate value, again similar to figure 3. The material 
is in fact acquiring the ‘compression texture’ previously discussed. 

Considering the starting values of the susceptibilities, it is clear that 
the swaged rod initially has a texture with all the basal plenes approximately 
parallel to the rod axis. The susceptibility measured in this direction is 
3-095 x 10-Se.m.u.g-!, indicating an absence of any stress-induced effect; in 
this respect the situation is similar to that in the case of heavily rolled material. 
Unequal susceptibilities in the plane normal to the axis are to be expected since 
both specimens were cut from a position near to the surface of the rod. This 
makes an exact calculation of crystal axes in the plane impossible; however, 
a spread of approximately +40° about the direction of y, in each case would 
be in fair agreement with the observed susceptibilities in the plane normal to the 
rod axis. These observations suggest that, if any stress-induced effects are 
first removed by a low temperature anneal, a reasonable estimate of texture should 
be possible in all cases where three independent susceptibility values can be 
measured. 


3.8. Temperature Variation of Mean Susceptibility 

The temperature variation of the average susceptibility has been measured by 
several workers, both for commercially pure and for iodide titanium (Klemm 
1939, Squire and Kaufmann 1941, Denney 1955). Room temperature values 
lie between 3-18 x 10-* and 3:31 x10-%e.m.u. g-1, with a temperature coefficient 
of 0-0012 x 10-%e.m.u.g-!'deg'1. There appear to be no recorded measurements 
on single crystals of titanium. 

The present results suggest that close approximation to single crystal values 
should follow from measurements on heavily compressed material, and ‘ principal 
susceptibilities’ for commercially pure titanium over the temperature range from 
25°c to 300°c have been obtained in this way. Starting with quasi-isotropic 
material a reduction in thickness of 80°%, was made by straight compression. 
Previous measurements show that this will result in a texture with the hexagonal 
axes of the crystallites all very nearly parallel to the compression direction. The 
susceptibility in this direction should therefore be close to the value of y,,, although 
probably modified by the stress-induced increase already noted after compression. 
Similarly, measurement in the plane normal to the compression direction will 
give approximately y,. We shall call the measured values of these susceptibilities 
¥max and ymin respectively. 

Following compression the sample was attached to the balance suspension, 
oriented to measure ymax, and surrounded by a small tubular furnace mounted 
between the magnet pole-pieces. A direct reading potentiometer was used to 
measure temperatures, connected to a copper—constantan thermocouple held 
centrally in the furnace and about 5mm below the specimen. It is estimated 
that the recorded temperatures are within +3°c of the specimen temperature 
over the range to 500°c. The initial value measured for ymax at 25°C was 
3:37, x10-8e.m.u.g 4, in close agreement with previously observed values for 
heavily compressed material. After heating for three hours at 300°c this had 
fallen to 3-32, x10-%e.m.u.g-! and was thereafter constant. Susceptibilities 
were measured in this orientation for a number of temperatures up to 300°c, 
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with the results shown in figure 7. The specimen was not touched during these 
observations, and the small corrections for the magnetic effect of the suspension 
and the surrounding air were applied as before; in the present instance the mass 
of the sample was approximately 0-1g and the total corrections amounted to 
nearly 2°, of the measured force. 
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Figure 7. ‘Temperature variation of ‘ principal susceptibilities ’ of titanium. §=— — — — 
average value y, deduced from principal susceptibilities. ©, @ measured suscepti- 
bilities of isotropic specimens. 


Similar observations were made with the specimen oriented to measure 
ymin. The value at 25°c, after the 300°c anneal, was 3:08, x 10 %e.m.u.g, 
again about identical with that computed for y, from the cold-rolled material. 
The temperature coefficients for ymax and ymin are very nearly equal over the 
measured temperature interval, the average being 0-0011 x10-%e.m.u. gt deg’ *.. 
This value agrees well with that found by Denney (1955). 

After the work described here was completed a piece of large-grained iodide 
titanium was very kindly made available by Watertown Arsenal, Massachusetts, 
U.S.A. From this a single crystal specimen of mass about 0-3 g was cut and the 
direction of the hexagonal axis determined by x-ray diffraction. Magnetic 
measurements on this crystal provided a direct check on the deductions already 
made from the results on the cold-worked metal. ‘The principal susceptibilities 
so determined are in good agreement with the values previously deduced. It is 
also apparent that the magnetic susceptibilities, at room temperature, of iodide 
and of commercially pure titanium are closely similar. Using the results of 
figure 4 to allow for slight changes in susceptibility which might be expected if the 
texture were completely ideal at the ultimate reduction, the table gives computed 
values of principal susceptibilities obtained from the various observations. 
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lated from results for 80%, compressed metal ; (3) observed values from single crystal. 


| 
| 


I 
} 
i 
] 


Magnetic Anisotropy and Cold Worked Texture of Titanium 429 


With a completely random arrangement of the crystallites in a sample of a 
hexagonal metal it follows from equation (2) that the average susceptibility would 
be given by x=(x,,+2yx,)/3. In figure 7 are also shown the measured suscepti- 
bilities for two other samples, over the temperature range up to 540°c, after they 
had been initially made magnetically isotropic. The broken line gives x calculated 
from the deduced values of y, and y,. It will be seen that the observed 
susceptibilities closely follow the calculated average value. 


(A) COLD ROLLED 


COMPRESSION 
AxIS 


(Cc) COMPRESSED 


Figure 8. Probable textures in heavily cold worked titanium. 


The best value of average susceptibility obtained from the present work with 
commercially pure titanium is 3-17 x10-§(+0-03 x10-*)e.m.u.g at 25°c. 
This differs appreciably from the figure of 3-31 x10~%( + 0-02 x10-®) given by 
Denney (1955) for a temperature of 23°c, but is in close agreement with the 
earlier results of Klemm (1939) and of Squire and Kaufmann (1941). The 
presence of oxygen, which is the most easily acquired impurity, should have 
negligible effect on the susceptibility for the amounts existent in the material 
used here (see Ehrlich 1939). Oxygen contents are not quoted in the other 
susceptibility determinations. 


§ 4. DiIscUSSION 
4.1. Preferred Orientations 


Potentially the most useful feature in the present results is probably their 
application to texture determinations in the cold worked or annealed metal 
during fabrication processes. ‘To obtain a complete estimate of such texture 
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it is normally necessary to carry out a detailed analysis of the x-ray or neutron 
diffraction from a sample of the metal; these analyses are often lengthy. Within 
certain limits, however, rapid estimates can be obtained from magnetic measure- 
ments alone. 

Texture determinations are only possible, of course, when an appreciable 
magnetic anisotropy exists inthe metal. All cubic metals in their normal condition 
are thus immediately eliminated in this connection. Although titanium is 
paramagnetic, any non-cubic diamagnetic metal could be equally well investigated, 
provided only that the anisotropy were sufficiently large. It will be clear that 
this method of deducing preferred orientation is similar to that which has been 
used in the determination of orientations 1n aromatic molecules (Lonsdale 1937). 


4.2. Stress-induced Magnetic Effects 


We have referred earlier to variations brought about in the mean value of the 
magnetic susceptibility of titanium by cold working. As figures 3 and 4 illustrate, 
increases of as much as 2°, may be produced by compression and can be removed 
by a low temperature anneal; the annealing details shown in figure 4 are self- 
explanatory. An increase in paramagnetic susceptibility on cold working is 
frequently regarded as evidence of ferromagnetic contamination or precipitation. 
The use of extrapolated 1/H plots to obtain true values of susceptibility, and the 
fact that the slope of the (x, 1/H) line was practically unchanged whatever the 
cold working, would seem to eliminate these possibilities in the present work. 
Explanations involving precipitation of other impurity elements appear equally 
unlikely, and the annealing experiments of figure 4 seem to provide fairly con- 
clusive evidence for the existence of stress-induced changes of a primary nature. 
Such effects have been discussed in earlier work and an elementary explanation 
suggested (Reekie and Hutchison 1948, McClelland 1954). 


4.3. Temperature Dependence of the Principal Susceptibilities 


There appear to be no previous observations recorded on the variation of 
principal susceptibilities with temperature, although Squire and Kaufmann 
(1941) investigated the average susceptibility as a function of temperature. 
Their results covered the range from about —200°c up into the f region at 1200°c 
and showed a positive, nearly linear, temperature coefficient for the measured 
susceptibility over a large part of the interval lying in the « region. Using 
initially isotropic samples the present results for y agree well, both as regards 
susceptibility values and temperature coefficient, with Squire and Kaufmann’s 
observations over the temperature range in common. 

A point of significance emerging from the present results is the fact that the 
principal susceptibilities themselves appear to have identical temperature 
coefhicients over the range from 25°c to 300°c. The validity of this deduction 
is dependent, of course, upon identifying ymax and ymin of figure 7 with X, and xy, 
respectively. From our limited single crystal measurements this appears 
justified. It is unfortunate that the temperature range over which the principal 
susceptibility values could be measured was restricted to a rather narrow interval 
in the present case, and it would be very desirable to extend these measurements. 


However, over this range, the magnetic anisotropy x— x, is independent of 
temperature, 
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bstract. An electron diffraction investigation has been made of the lattice 
spacings of cobalt and nickel electrodeposited on to a copper single crystal. 
By the use of radioactive cobalt to measure the thickness of electrodeposits, it is 
shown that no continuous metal deposition occurs at cathode current densities 
less than 90acm-2. At current densities greater than this value, oriented 
cobalt is deposited. The results for nickel are similar and the critical current 
density is 100jacm-. The results show that where cobalt and nickel are 
deposited they have their normal lattice spacings. Previous claims that these 
metals form pseudomorphic layers have been re-interpreted without this 
assumption. 


§ 1. INTRODUCTION 


H¥ electron diffraction technique is particularly suitable for the investigation 

of the structure of thin layers of electrodeposited metals, and many workers 

have studied how this structure is influenced by the substrate metal, and 
by the rate of deposition. When a single crystal substrate is used, the deposit 
often forms an oriented layer. "Thus, Thomson (1931) found that silver, electro- 
deposited on to a copper single crystal, grew with its lattice parallel to the copper 
lattice, and Finch ef al. (1947) found that thin electrodeposits of several metals 
on single crystals of copper and iron formed oriented layers. Cochrane (1936) 
investigated electrodeposits, made at various current densities, of several metals 
on copper single crystals. ‘The surprising results were that thin layers (up to 
about 100 A), of both cobalt and nickel, deposited at current densities of 4a cm? 
and 25 acm? respectively, formed oriented layers which possessed the lattice 
spacing of copper instead of their normal values, the accuracy being quoted to 
better than 1%. At a current density of 50macm™ ? a mixture of randomly 
oriented cubic and hexagonal cobalt was deposited. Nickel deposits at current 
densities greater than 300uacm-? were randomly oriented and thin layers 
were again stated to have the lattice spacing of copper. ‘The basis for this claim 
was that the diffraction rings due to the nickel passed directly through the spots 
in the pattern, which Cochrane attributed to the copper substrate. 

This effect of the lattice spacing of a thin deposit changing to fit exactly with 
that of the substrate has been called ‘ basal-plane pseudomorphism’ by Finch and 
Quarrell (1933). ‘There is, however, a fundamental objection to the occurrence 
of this effect in the case of a randomly oriented deposit on a single crystal substrate. 
If the interaction between the substrate and the deposit is insufficient to produce 
an oriented overgrowth, then there is no apparent reason why the lattice spacing 
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of the deposit should be in any way modified by the substrate lattice. In the 
case of oriented deposits, it is difficult to see how the lattice spacing of the deposit 
can be modified up to thicknesses of 100 A, as was claimed, since the range of the 
forces from the substrate atoms extend only to the first few atomic layers of the 
deposit. 

Two other cases of pseudomorphism have been reported by Finch and 
Quarrell (1933). These pertained to the growth of zinc oxide on zinc and 
aluminium evaporated on to platinum. ‘The interpretation of these experiments 
is now open to considerable doubt, however, as a result of further experiments 
performed by Raether (1950), Lucas (1951) and Shishakov (1952). Thus the 
results concerning the formation of pseudomorphic deposits reported by Cochrane 
are the only ones for which an alternative interpretation has not so far been 
given. Since the concept of pseudomorphism has gained wide currency, and 
has been used for example by Frank and Van der Merwe (1949) in their theory of 
orientation, it seems most desirable that Cochrane’s work be repeated. 
Electrodeposits of cobalt and nickel on a copper single crystal have therefore 
been re-examined in detail, particular attention being paid to the lattice spacings 
of the deposits. 


§ 2. EXPERIMENTAL PROCEDURE 


In all the experiments the etched (110) faces of copper single crystals were 
used. One crystal was cut from the rod originally used by Cochrane and the 
others were cut from rods of Johnson, Matthey ‘spec-pure’ copper single crystals. 
The crystals were polished on (0000) emery and then etched for ten minutes 
in a 10° ammonium persulphate solution, washed well in distilled water, alcohol 
and finally benzene before they were examined in the electron diffraction camera. 
The diffraction pattern obtained from a typical specimen is shown in figure 1 
(Plate) and is seen to consist of the usual cross-grating of spots due to the copper, 
together with some faint rings due to randomly oriented cupric oxide. ‘This 
randomly oriented oxide was presumably formed during the etching process 
or in the washing of the copper specimen. Since oriented deposits of nickel 
and cobalt have been found (see §3) it must be concluded that the oxide was 
dissolved by the electrolyte used in the plating cells. 

The plating cell consisted of a small dish with a flat disc of the metal to be 
deposited as anode. ‘The metals used for the anodes were of high purity and 
‘Analar’ salts were used for the electrolytes. ‘The composition of the electrolytes 
was (a) crystalline cobalt sulphate 300gI.-1, sodium chloride 3 gl." and boric 
acid 6 g1.-! and (6) crystalline nickel sulphate 300 g1.-', sodium chloride 3-1 g1.1 
and boric acid 6:2 g1.-! for the cobalt and nickel baths respectively; these were 
the same composition as in Cochrane’s experiments. ‘The etched face of the 
copper crystal was immersed just below the surface of the electrolyte during 
deposition so that only the freshly etched copper came into contact with the 
solution. All deposition was carried out at room temperature without agitation 
of the solution, after which the specimen was again washed well in distilled 
water, alcohol and finally benzene. 

Cochrane found that the structure of his deposited metals depended upon 
the cathode current density used for the deposition. ‘To test whether this 
effect was due to the characteristics of the plating cells, their properties have 
been examined over the range of current densities used by Cochrane. 
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The cathode current density was measured as a function of the potential 
across the cell, the curve obtained for the cobalt bath being shown in figure 2. 
A similar curve was obtained for the nickel cell, the values of V, and V, being 
—0-1vand +0:55v respectively. These curves were only obtained when special 
care was taken to clean the anode of the plating cell. Repeatable results were 
obtained if the anode metal was tirst polished and then lightly etched in nitric acid, 
followed by a thorough wash in distilled water before it was transferred to the 
plating cell. Without this procedure the normal e.m.f. of the cell varied with 
time and the polarity was even reversed in some Cases. 
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Figure 2. The relationship between current density and the applied cell potential for the 
cobalt bath. 


According to electrochemical data (see Glasstone 1945) metal deposition 
would only be expected to occur in region C. In regions A and B any cathode 
current is carried by hydrogen ions. The potential V, corresponding to the 
point P is known as the overpotential and is the sum of two overpotentials V, and 
V set up at the anode and cathode respectively. Vand V, depend on the surface 
state of the metal electrodes and hence if the anode is not thoroughly clean, 
repeatable cell conditions are not expected. ‘Thus, no metal deposition would 
be expected below the critical current densities of 90acm-? and 100 ua cm? 
which correspond to the values of V, for cobalt and nickel respectively when 
a cleaned anode is used in the plating cell. Hence, Faraday’s law cannot be used 
to estimate the thickness of deposits except in region C of the cell characteristics. 
Since it was vital to know the thickness of any deposit, an independent method of 
measurement had to be employed. 

A large number of radioactive isotopes is now available and it is possible 
to use tracer methods for thickness measurements in thin films. Co is a suitable 
isotope for this purpose and has therefore been used in the present work. Co 
disintegrates into ®’Ni with the emission of 1-2 Mev y-ray and an electron of 
0-308 Mev maximumenergy. ‘The active cobalt sulphate solution which contained 
the correct proportions of non-active sodium chloride and boric acid, had a 
specific activity of 1-2mcg™'. The f-rays were counted with a G.E.C. type 
GM¢4 counter which was enclosed in a lead chamber to reduce the background 
counting rate; this was about 15 counts per minute. The specimen to be counted 
was mounted close up to a brass aperture in. diameter immediately above the 
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counter window. In this way, the effective area of all specimens was the same 
and the thickness of any deposit was proportional to its counting rate, for the thin 
layers investigated. 

To obtain an absolute value of the thickness from the counting rate, it was 
necessary to carry out some form of calibration experiment. This was effected 
by the deposition of 1000 A of active cobalt according to Faraday’s law at a current 
density of 1-6macmr? which is in region C of the deposition curve and where 
Faraday’s law is expected to hold reasonably well. The sensitivity was thus 
found to be 2 counts mint A! which agreed well with further calibrations at 
other current densities and with different thicknesses of cobalt deposited in 
region C of the cell characteristic. It also agreed fairly well with the value 
calculated from the geometry of the.arrangement, the specific activity of the 
cobalt and the efficiency of the counter. If gas evolution did occur during 
deposition in the calibration experiments, then the sensitivity would be greater 
than that quoted above and all thicknesses given below would be smaller than 
stated. No corrections were made to the counting rates due to the decay of the 
cobalt since the half life of the isotope is 5-3 years, and the experiments in which 
the active cobalt solution was used only extended over a period of about two 
months. The counting was continued for each specimen until about 1000 counts 
had been registered. When the effect of the background counting rate is 
considered, this means that thick deposits of 100A were measured with accuracy 
to about +3%%, while very thin deposits of 1A in thickness were only measured 
with accuracy to +30%. ‘The accuracy of all measurements is also subject to 
any systematic errors in the calibration experiments which may have been as 
large as 20%. 

Unfortunately no corresponding radioactive nickel isotope was available 
to measure the thickness of the nickel deposits. However, since the character- 
istics of the nickel plating cell are similar to those of the cobalt, it is inferred that 
similar processes occur in both cells in corresponding regions of the characteristics. 

The lattice spacings of specimens were determined by comparison with 
a transmission specimen of thallium chloride on Formvar used as a standard 
(see Boswell 1950). The maximum possible error of these measurements was 
about 0:3°%, and hence the difference between the lattice spacings of a deposit 
of either cobalt or nickel and the copper substrate was readily distinguishable. 


§ 3. RESULTS 
3.1. Cobalt Deposits 

Current was passed for various periods at current densities of 4acm-?, 
20pacm?, 40uacm? and 80pacm, which would have produced cobalt 
layers of up to several hundred ingstréms if Faraday’s law held under these 
conditions. In addition, the copper crystal was also immersed in the platirg 
solution for periods of up to 17 hours without any current being passed. ‘The 
thickness of the cobalt layer on the copper surface after these treatments, was 
always about 1-24, as determined by the radioactive tracer technique, and was 
independent of the period for which the current was passed, 

The diffraction patterns obtained from these specimens, however, showed 
new features compared with the original pattern from the freshly etched copper. 


At the copper [110] azimuth there were strong streaks joining spots along (111) 
2 F-z 
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directions, extra spots due to twinning on octahedral planes and two sets of rings 
as shown in figure 3 (Plate). ‘The first set of rings was due to cupric oxide while 
the second set which was due to a face-centred cubic substance passed directly 
through the spots in the pattern. At the [001] azimuth some of the main spots 
were split into four subsidiary spots and the two sets of rings were again visible. 
These patterns are similar to those obtained by Cochrane who explained them as 
due to repeated twinning. (Similar patterns have also been obtained by Kirchner 
and Lassen (1935) for silver deposits on rock salt.) 

At current densities of 40 uAcm-? and 80uAcm? the intensity of these new 
features increased with increasing periods of immersion of the copper crystal 
in the cobalt plating solution, although the actual thickness of cobalt present 
remained constant at about 1-24. ‘The lattice spacing was measured for some 
of these specimens and all gave the normal value for copper. 

At a current density of 160 .acm ? cobalt metal appeared to deposit approxi- 
mately according to Faraday’s law and a layer of 150A in thickness could be 
detected by visual inspection of the specimen. Deposits of 100 A, 200 A and 4004 
thick all gave similar diffraction patterns except that the spots due to the copper 
became weaker as the thickness of cobalt was increased. Besides these spots, 
there were also spots due to both the face-centred cubic and the hexagonal 
modifications of cobalt. The cubic cobalt was oriented parallel to the copper 
and there was some twinning on octahedral planes giving rise to extra spots at the 
copper [110] azimuth. The orientation of the hexagonal cobalt was such that 
the (001) planes of the cobalt were parallel to {111} planes of copper, with <100) 
cobalt directions parallel to (110) copper directions. The growth which 
occurred on copper (111) planes perpendicular to the surface gave rise to extra 
spots at the copper [111] azimuth since this was also the cobalt [001] azimuth 
(see figure 4 (Plate)). The hexagonal cobalt which grew on the copper (111) 
and (111) planes gave rise to extra spots at the copper [110] azimuth, as this was 
also the cobalt [100] azimuth. In all cases, spots due to cobalt were quite distinct 
from those due to copper and measurements showed that the cobalt had its normal 
lattice spacing. 

At a current density of 320acm-, the patterns obtained were similar to 
those described for a current density of 160 .acm-? except that there were some 
weak rings present due to cubic and hexagonal cobalt. There were also some 
extra spots from another orientation of hexagonal cobalt with the (001) cobalt 
plane parallel to the (001) copper plane and the [210] cobalt direction parallel 
to the [110] copper direction. Some spots due to cobalt at the copper [112] 
azimuth could not be explained by the above orientations. They were, however, 
Bragg spots since the rings due to the randomly oriented cobalt passed directly 
through them. 

At higher current densities of 800 va cm 2 and 4ma cm? the patterns obtained 
were similar to those found at a current density of 320 uacm 2, except that the 
proportion of randomly oriented cobalt increased somewhat. 

All of these results were obtained with a cleaned anode in the plating cell. 
In addition, further experiments were carried out at current densities lower 
than the critical value of 90u#acm~? with an uncleaned anode. Cochrane 
(private communication) has stated that he found deposition under these con- 
ditions as deduced from an observed blackening of the copper surface. No such 
deposition was found in the present experiments, however, despite several 
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attempts to find the effect. As stated in § 2, the electrolytic cell is not running 
under reproducible conditions in this case and the present conditions may not 
therefore have been identical with those used by Cochrane (1936). 


3.2. Nickel Deposits 

Current was passed for various periods at current densities of 25 acm”, 
40 acm? and 80uacm-? and the copper crystal was also immersed in the 
plating solution for periods of up to 16 hours without current being passed. 
None of these specimens showed any surface colour change although the thickness 
of the deposits should have been several hundred angstréms according to Faraday’s 
law. It seems likely that only 1-24 of nickel was deposited in view of the cobalt 
results. ‘The diffraction patterns from these specimens were indistinguishable 
from those cbtained from specimens treated in the cobalt plating cell at the very 
low current densities (less than 90 uAcm-?). The lattice spacing of the specimens 
was found to be definitely that of copper in all cases. 

At current densities of 300,Acm-? and 600,Acm-?, which are in region C 
of the cell characteristic, nickel was deposited. A layer of 150A in thickness 
was observable by visual inspection of the copper surface. Deposits of 50 A, 
100A, 150A, 200A, 250A and 350A were made and the diffraction patterns all 
showed similar effects. Figure 5 (Plate) shows the pattern obtained at the copper 
[110] azimuth with a nickel deposit of 100A. It is seen that there are two sets 
of spots due to copper and nickel with its normal lattice spacing. ‘There is also 
some twinning in the nickel deposit and a certain amount of randomly oriented 
nickel. As the nickel thickness was increased, the pattern from the copper 
gradually became weaker and the intensity of the rings due to randomly oriented 
nickel increased. 

Additional experiments were carried out in which an uncleaned nickel anode 
was used in the plating cell. In some cases the surface of the copper became 
darkened when current was passed at the rate of 40uacm for long periods. 
It was not possible to measure the thickness of these deposits but they were very 
much thinner than the values calculated according to Faraday’s law. When the 
specimens were examined with an optical microscope the surface was seen to be 
covered with black specks while the rest of the surface appeared to be clean copper. 
The diffraction patterns obtained were identical in character to those described 
from specimens treated at low current densities in the plating cells under repeatable 
conditions and where only 1-24 of cobalt were deposited. ‘The lattice spacing 
of some of these specimens was measured very carefully and was found to be 
that of copper in all cases. These results are presumably similar to those found 
by Cochrane for nickel deposition carried out at very low current densities. 


§ 4. SUMMARY AND DISCUSSION 


The first part of this section is devoted to a summary and discussion of the 
results obtained in the present work when a cleaned anode was used in the plating 
cell. In the second part, the results obtained by Cochrane (1936) are discussed 
in relation to these experiments and to the experiments in which an uncleaned 
anode was used. nee 

By the use of radioactive cobalt to measure the thickness of deposits, it has 


been shown that cobalt does not deposit on to a copper single crystal according 
to Faraday’s law when current densities less than 90acm™? are used. The 
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actual thickness of cobalt present after current had been passed at these very low 
current densities was about 1-2A in all cases and was independent of the 
‘deposition’ period. When the copper crystal was examined by electron 
diffraction, the patterns showed new features (as described in § 3) compared with 
the original pattern from the freshly etched copper; the intensity of these new 
features increased with increasing periods of immersion of the specimen in the 
plating cell at current densities of 40jacm~® and 80yacm *. The measured 
lattice spacing of all specimens was found to be that of copper. 

The possible effect on the diffraction pattern of the small amount of cobalt, 
detected under these conditions, is now considered. It seems likely that the 
cobalt was in one of the three following forms: (a) as cobalt sulphate or some 
other cobalt salt which was not removed during the washing of the specimen 
after treatment in the plating cell; (6) as a uniform metallic film which was in 
thermodynamic equilibrium with the cobalt ions in the electrolyte; (c) as three- 
dimensional crystallites which were deposited on selected regions of the surface, 
such as on the peaks of projections. 

If the cobalt were in the form of (a) or (4), it would not give rise to any observable 
changes in the diffraction patterns. In any case, the observed changes could 
not have arisen from these types of deposit. Since fairly sharp rings and spots 
due to twinned crystals are observed, the crystallites giving rise to these patterns 
must have been of a three-dimensional character. If cobalt had deposited as in 
case (c), then it might be possible for the small amount present to give rise to the 
observed changes in the diffraction pattern (see Newman and Pashley 1955). 
If the rings were due to the cobalt, it would have to be concluded that randomly 
oriented cobalt possessed a pseudomorphic structure. This conclusion is 
untenable as there can be no basal influence on a randomly oriented polycrystalline 
aggregate. ‘The spot pattern, however (including the spots due to twinning) 
could be interpreted as due to pseudomorphic cobalt. If this were so, a local 
electrolytic cell would be set up on the surface of the copper and cobalt deposition 
would be expected to continue. (This point is discussed in detail below in 
connection with the work of Cochrane.) It suffices to give the conclusion that 
the fixed amount of radioactive cobalt found, independent of the time of immersion 
in the cell, precludes the interpretation of the spot pattern as due to pseudo- 
morphic cobalt. In support of this conclusion, it may be noted that the intensity 
of the spots due to twinned crystals increased to a marked extent with increasing 
periods of immersion of the specimen in the cell at current densities of 40 ua cm 
and 80jAcm~ while the amount of cobalt present on the surface remained 
constant. It must therefore be concluded that the deposited cobalt was in form 
(a) or (5) and that the new diffraction features were still due entirely to copper. 

This latter result can be explained quite simply by a process which is known 
to occur at the surface of electrodes (see Hillson 1954). During immersion 
small quantities of copper dissolve from the specimen and are subsequently 
redeposited. Some of this redeposited copper is twinned with respect to the 
original crystal and some is randomly oriented. It is impossible to assess the 
extent to which this process occurs here, since much of the redeposited copper 
is probably oriented parallel to the bulk crystal and hence does not produce any 
new diffraction features. This process also accounts for the changes observed 
in the patterns from specimens which had been immersed in the electrolyte at 
zero current density. Hence at very low current densities (less than 90 pAcm ?) 
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the question of detecting a pseudomorphic layer does not arise, since no cobalt 
deposits are formed which are observable by means of electron diffraction. 

The explanation of the results obtained at current densities less than 
100 vacm? with the nickel plating cell is considered to be similar to that given 
above, although no thickness measurements were possible in this case. 

At current densities only slightly greater than the critical values, both nickel 
and cobalt were deposited as oriented layers. ‘These deposits gave rise to separate 
spot patterns from the copper substrate and measurements showed that they 
always had their normal lattice spacings. Some randomly oriented metal was 
also deposited and the diffraction rings from this passed directly through the 
corresponding diffraction spots from the oriented metal. Hence it is seen that 
none of these deposits formed a pseudomorphic layer. 

The results obtained by Cochrane (1936) are now discussed in relation to 
the present work. He did not deposit cobalt at current densities just greater 
than the critical value, but only at very high and very low values, i.e. 50 macm-? 
and 4uacm * respectively. At 50macm® he obtained only randomly oriented 
cobalt. He did, however, deposit nickel at a current density of 300 acm 
which corresponds to a value only three times greater than the critical value found 
in the present work when a cleaned anode was used in the plating cell. He 
obtained a cross-grating pattern of spots with rings, due to a face-centred cubic 
substance, which passed through the spots. He concluded that the spots were 
due to copper and the rings were due to randomly oriented nickel. "This would 
lead to the conclusion that the randomly oriented nickel had formed a pseudo- 
morphic layer. It seems likely that in Cochrane’s work the pattern from the 
copper substrate was completely obscured by the nickel deposit. His pattern 
is thus to be reinterpreted as due to nickel oriented parallel to the copper lattice 
and to randomly oriented nickel. Hence, no assumption of an anomalous lattice 
spacing is necessary. 

The interpretation of Cochrane’s results at low current densities, 1.e. less 
than the critical values, is not clear since no special precautions were taken in 
his work to obtain repeatable conditions in the plating cell. It has been shown 
in the present work that if the anode of the cell is not thoroughly cleaned, there 
is no definite relationship between the applied cell potential and the current 
density. Whether or not metal is deposited is determined by the applied cell 
potential and the various overpotentials set up. Hence it is extremely difficult 
to say whether Cochrane obtained metal deposition in all cases under these 
conditions. Some of his specimens appeared somewhat darkened but the thick- 
ness of the deposits was obviously far less than that calculated from Faraday’s 
law (Cochrane, private communication). ‘This agrees with the results obtained 
in the present experiments with the nickel cell in which an uncleaned anode was 
used. In these experiments some nickel deposition definitely occurred and the 
measured lattice spacing from all specimens was found to be that of copper. 
This result therefore confirms the findings of Cochrane, although his interpretation 
is considered to be open to doubt, and an alternative will be put forward. 

The darkened appearance of the surface of these specimens was due to the 
presence of a large number of black specks, as determined by examination with 
an optical microscope. Thus the nickel had deposited only on to selected 
regions of the surface. Under these conditions a local electrolytic cell would 
be set up between these regions and the clean copper surface where no nickel 
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had deposited. As a result, copper would dissolve into the electrolyte and be 
redeposited on to the nickel. Thus, the surface of the specimen would consist 
of a thin layer of copper or an alloy of copper and nickel, the main constituent 
of which would be copper. Lattice spacing measurements would therefore be 
expected to give a value very close to that of copper. 

In the process outlined here, it is assumed that the nickel is not deposited 
continuously. ‘This assumption is not considered unreasonable since the 
deposition does not proceed in the usual way (the thickness of the deposit is much 
less than that expected from Faraday’s law, and the nickel is not deposited 
uniformly over the surface). 

An additional reason for rejecting pseudomorphism as an interpretation of 
these results is that despite a very careful search for the effect in experiments 
using clean anodes, no evidence for it was in fact found. ‘These experiments 
were carried out both in the region where deposition starts, the most favourable 
case, and at higher current densities. In all cases the deposit showed the normal 
spacing of either cobalt or nickel in the thinnest observable films. 
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Abstract. The resistivity was measured to slightly beyond the melting point 
and results compared with those from, previous determinations. ‘There was 
a small inflection in the curve of (resistivity/temperature) against temperature 
at about 250°K which could not be simply explained on present conductivity 
theories and the hypothesis that part of the high temperature resistance is due to 
lattice defects is considered. ‘The measurements on solid sodium were taken to 
within 0-04° of the melting point and no further anomalies were found. 

Attempts were made to measure excess resistivity due to defects retained 
after quenching the solid from temperatures near the melting point or after 
mechanical deformation at 63°K, but any defects so formed proved too mobile for 
their retention to be possible. 


§ 1. INTRODUCTION 


T temperatures near to their melting points some alkali metals display features 
in the temperature dependence of their physical properties which on the 
simple theories would be called anomalous. For example the experi- 

mentally determined specific heats at constant pressure of sodium and potassium 
rise unexpectedly just below their melting points (Carpenter and Steward 1939, 
Ginnings, Douglas and Ball 1950, Dauphinee, MacDonald and Preston-’Thomas 
1954). Calculations from these measurements, of the specific heat of the lattice 
alone at constant volume, based on any reasonable values of the coefficient of 
expansion and the compressibility, are in excess of 3R/mole. 

The two likely possible explanations are (1) that the thermal vibrations are 
no longer harmonic and hence the energy of an oscillator per degree of freedom 
can be greater than $k7;, or (ii) that there are defects formed in the crystal which 
can contribute independently to the specific heat, resistivity and thermal expansion 
(MacDonald 1953, Carpenter 1953). Regarding (1), the effects of anharmonic 
terms are not clear to us except that the observations would demand more than 
a small non-linear force term to explain them, since this only predicts a linear 
rise in specific heat with temperature at high temperatures. Regarding (11) we 
may be more definite. Localized defects such as Frenkel or Schottky (vacancy) 
defects must exist, their concentration probably following a simple Boltzmann 
emperature law. In this paper we think in terms of vacancies. 

In an attempt to obtain further information on the subject we have measured 
the electrical resistance of sodium over a range of temperature. In addition 
we have taken the opportunity of obtaining absolute resistivity measurements 
as accurately as possible, because of the scarcity of recent figures. 
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We have also attempted to produce, by quenching from high temperatures, 
increases in resistance which might be attributed to defects ‘frozen in’. Similarly 
we have mechanically deformed sodium at low temperatures in order to see 
whether defects could be produced and retained by this means. 


§ 2, RESISTIVITY 
2.1. Experimental Method 


The sodium was obtained in sealed glass ampoules from the Atomic Energy 
Research Establishment, Harwell. It had been filtered and distilled in a stainless 
steel still by the method developed by Horsley (1953). Analyses of samples of 
similarly prepared sodium showed that the purity was better than that normally 
obtainable by distillation in glass. The principal impurities were potassium, 
about 25 parts per million, oxygen, less than 5 parts per million. Distillations 
in glass were shown by Horsley to lead to boron and silicon concentrations in the 
sodium of about 2000 parts per million. 

Nickel tubes of | mm diameter, 4, mm wall thickness, 16mm long were used 
to contain the sodium. One end of the tube was pressed flat over a length of 
about 1mm and then soldered at the tip. This method of sealing prevented 
any contact between sodium and solder. The tubes were then mounted in 
a vacuum apparatus, heated to 120°c and evacuated to 10°°mm Hg at this 
temperature. Liquid sodium was melted out of the ampoule, under vacuum, 
and driven into the nickel tubes under a pressure of argon which slowly increased 
to one atmosphere. The tubes were then cooled in a steadily moving sharp 
temperature gradient starting from the sealed end with the argon pressure still 
on. When cold, they were nipped off and the end was pressed flat as before, 
extruding some sodium, and soldered. We think that this method of filling did 
not affect the purity of the sodium substantially and the method of cooling, in 
aiming to produce a plane solidification front, prevented the formation of cavities. 

Before each tube had been filled two fine copper—constantan thermocouples 
had been soldered on the outside 10 cm apart, with a third midway between them. 
These now provided for temperature measurement and also, by using the copper 
leads only, potential and hence resistance measurements when a current was 
passed through the specimen. ‘The centre copper lead was used to check that 
the resistances of the two halves of the specimen were always in the same ratio 
and hence that the existence of sodium cavities was virtually precluded. 

The thermocouples were calibrated against a standard platinum resistance 
thermometer and the mean temperature from all three thermocouples was always 
taken. ‘Temperature measurement was accurate to = degree over most of the 
range and to = degree below 100°x. ‘The maximum permitted temperature 
gradient was such that the potential difference between thermocouples was not 
greater than 2yuv. In this paper absolute zero is assumed to be —273-15°c. 
Above room temperature the specimens were suspended in a Dewar flask full of 
oil, with a small electric heater to balance heat loss. Below room temperature, a 
partially evacuated Dewar filled with an isopentane mixture and surrounded 
with liquid nitrogen was substituted. Below 115°K baths of liquid oxygen or 
nitrogen were used. 

From X-ray transmission photographs it was estimated that the specimens 
normally consisted of sodium crystals about 1 cm long occupying the full diameter 
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of the tube. The tubes were cleaned out and remeasured empty to determine 
the nickel resistance (~10 x sodium resistance) and hence that of the sodium 
alone. The distance between potential leads was measured by travelling 
microscope and the tube internal area determined from the length (measured 
by radiograph) of a weighed amount of mercury. The resistivity of the sodium 
was hence arrived at, allowance being made for the expansion of the nickel tube 
with temperature. 


- 2.2. Results 


Two tubes of sodium were measured and these had resistivities differing by 
less than 0-015 x 10-°ohmem over the whole temperature range. ‘The mean 
values are given in the table. 


Sodium Resistivity 


‘Temp. (*K) Res. x 108 (ohm cm) Temp. (°K) Res. x 10® (ohm cm) 
70 0-676+ 230 3-550 
80 0-854 240 3-741 
90 1-033 250 3-934 

100 1-211 260 4-132 
110 1-389 270 4-333 
120 e567 273°15 4-396 
130 1-743 280 4-535 
140 1-919 290 4-739 
150 2-095 300 4-945 
160 2-271 310 5157 
170 2-450 320 5-374 
180 2-629 330 5-598 
190 2-808 340 5-830 
200 2-988 350 6-070 
210 3-174 369 6:319 
220 3-361 370 6:571 


+ extrapolated from 78°K. 


Since the serious errors are likely to be unsuspected systematic ones, it is 
difficult to give a realistic value for the experimental error. However, considering 
the likely sources and comparing different independent measurements we estimate 
the average differential error in resistivity to be + 0-006 x 10-* ohm cm (and less 
than this for small temperature intervals). For absolute values the figure might 
be +0-01 x 10-*ohmcm. 


§ 3. QUENCHING AND COLD WorK EXPERIMENTS 


An attempt was made to see if any part of the resistance at high temperature 
could be retained on quenching and possibly be attributed to lattice defects. 
It was considered more important to have a rapid initial cooling rather than a very 
low end temperature if any defects were to be retained, since their mobility 
might well be expected to vary exponentially with temperature. Independent 
experiments had shown that it was better to quench into cooled organic liquids 
with a wide liquid temperature range rather than into boiling liquid gases such 
as nitrogen. Accordingly the isopentane mixture at 117°K was used as 
a quenching medium. Specimens were heated to within one degree of the sodium 
melting point and were then dropped into the mixture. ‘The rates of cooling 
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under these conditions were such that the time to reach half the total temperature 
interval (~240°K) was about 50 milliseconds. However, it was found that the 
change in resistivity of the specimens after heating and quenching was always 
less than 0-005 x 10°-®ohmem and therefore insignificant. 

Further annealed nickel tubes 10cm long with two thermocouples at 5cm 
apart were soldered into threaded bushes and filled with sodium as before. ‘The 
bushes were screwed into a simple rig made to extend a specimen at low 
temperatures. ‘This was placed in liquid nitrogen in a copper can, the whole 
being surrounded with liquid oxygen boiling under reduced pressure at 63°K. 

The specimen was then extended 10° in length, and the change of resistance 
measured as quickly as possible, the measurement being completed approximately 
two minutes after extension. Subsequent measurements up to one hour later 
showed no change of resistance with time. The rig and specimen were then 
removed into liquid nitrogen at 78°K (during transfer the temperature did not 
rise above 78k) and the resistance remeasured. Again no change with time was 
observed. ‘The specimen was heated to room temperature and ultimately to 
within eight degrees of the melting point and then measured in liquid nitrogen. 
Again no change in resistivity occurred. We conclude from this and a similar 
repeat experiment that either there was an increase in resistivity which did not 
anneal out within an hour at 63°k and annealed out in less than two minutes at 
78° or that any increase in resistivity due to deformation could not be retained 
even at 63°k. ‘The first alternative is very unlikely and so we say that the increase 
in resistance of the specimen on pulling at 63°K was due solely to the change in 
specimen dimensions. 


§ 4. RESISTIVITY NEAR THE MELTING POINT 


To check that no anomalies were occurring within the last degree or so before 
melting, measurements of resistivity were made as close to the melting point 
as possible. Arrangements were made for the oil bath temperature to rise or 
fall very slowly, i.e. at rates of 4° to 1° per hour. Resistance measurements 
on one specimen were taken at temperature intervals { to 4 degree with the 
temperature slowly increasing, until the resistance started suddenly to increase 
rapidly. ‘This point was taken to be the onset of melting (see figure 1, Run ‘Oy 
As soon as the resistance reached a steady value again, further measurements were 
taken, and this time the sodium was assumed to be all liquid. After raising the 
temperature to about one degree above the melting point, the specimen was 
cooled similarly ; it was found possible to supercool the sodium by about =, degree. 
As might be expected on solidifying, the resistivity did not recover to the original 
solid value since cavities formed. But by re-melting the sodium and cooling 
it with a moving temperature gradient as during the filling, it was possible to 
repeat the original solid measurements almost exactly, i.e. the cavities were 
eliminated (Run 2). As can be seen the measurements on the liquid sodium 
in Run 2 did not repeat as well as previously. ‘This, we suggest, may be due to 
a slight expansion of the nickel tube due to the sodium expanding on melting 
for the second time. However, since the solid measurements in Run 2 repeated 
closely those in Run 1, there can have been effectively no tube expansion in the 
first melting. For this reason we have taken Run 1, solid and liquid, and Run 2, 
solid only, as giving the most reliable figures. | 
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The results in figure 1 showed clearly that the melting point lay between 
370-92° and 371-00°K the last steady solid and first steady liquid readings 
respectively. If we take the mean value of 370-96°K to be the melting temperature 
then the resistivities of solid and liquid sodium at this temperature are 6:598 x 10-6 
and 9-573 x 10 Sohmem respectively, giving a ratio of 1:1:-451. The slopes of 
the solid and liquid lines at the melting point were found to be 0-0265 x 10-6 and 
0-0347 x 10° ohm cm deg. 
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Figure 1. Resistivity of sodium near the melting point. A, last steady solid reading, 
temperature increasing ; B, first steady liquid reading, temperature increasing ; 
C, melting point (Ginnings et al. 1950). 


§ 5. Discussion 
5.1. Comparison with Previous Work 

We have found no recently published absolute determinations of resistivity. 
Hackspill’s (1910) figure of 4:27 x 10 ®ohmcm at 0°c often appears to be accepted 
though he seems to have selected results from experiments giving low values of 
resistivity, rejecting higher ones on the grounds that they were due to 
impurities, etc. At 100°c we obtain by extrapolation a resistivity of the 
liquid of 9-649 x 10-ohmcm; this agrees well with Lyon’s (1952) figure of 
9-65 x 10-*ohmcm. 

More has been published on relative values of resistivity. MacDonald (1952) 
has summarized some of the earlier determinations. ‘The values of (resistivity)/ 
(resistivity at 0°c) which he gives are from 0 to 3% different from ours. There 
are differences similarly between MacDonald’s (1953) recent data and ours of up 
to 5%. We do not observe his sudden rise in the resistivity temperature curve 
near to the melting point, but simply have a gentle curvature starting from about 
200°k. In this respect we agree more with Bidwell’s (1924) results, except that 
very near to the melting point he obtained a large resistivity rise (perhaps due to 
impurities). é 

The melting temperature of sodium at one atmosphere has been given by 
Ginnings et al. (1950) as being 370-96°K. ‘This agrees well with our own figure. 
The sharpness of melting or the fact that no anomaly appeared in the resisitivity 
up to within about 0-04° of the melting point is a good indication of the purity 


of the specimen. 
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5.2. Comparison with Theory 


The Bloch-Griineisen formula for resistivity p of a metal is 


where 


T is temperature, 9 the characteristic temperature and K is a constant for the 
metal. Values of F(x) have been tabulated. Many simplifying assumptions 
are made in deriving equation (1), one being that the solid follows the Debye 
model. Sondheimer (1950) has given a mathematically more rigorous derivation 
for p/ T which can be expressed in the same form as (1) except that F(x) is now no 
longer a simple integral and takes slightly different values. In the subsequent 
calculations we have taken Sondheimer’s figures. 

Ziman (1954) has met some of the criticisms of the Bloch-Griineisen assump- 
tions in a more recent analysis, but the final form of his resistance-temperature 
curve is still approximately the same except that his 0 (he assumes a Debye-like 
solid) is now higher, i.e. p,(T/0,)— const. x ppg(T/@2) where 6,—0-86 0,. 

The formulae do not normally allow for one very important feature, the 
thermal expansion of the lattice and the consequent variation of K and 6. It is 
essential for us to make some correction. From equation (1) we may obtain 
an expression for the correction Ap/p due to a change in volume in expanding 
from 7'=0 in terms of AK/K and A@/6. From Griineisen’s law we can calculate 
the contribution due to A@/@ in terms of AV /V at a given temperature (we assume 
for sodium y=1-25). Assume that AK/K depends only on IV, i.e. 

AK/K= A(AV/V)4 BOAV IV P= 0 ieee (2) 
and we have Ap/p in terms of AV/V for any value of 7 with only the constants 
A and B undetermined. Bridgman’s (1949) data on the change of resistance 
with volume at one temperature enables us to determine these constants. Taking 
what we understand to be his best figures, we have 

Apjp=4-85(AV/V)=13-9(AV/V A = © ee (3) 
as being the relation at 20°c. 

Calculations show that the effect of varying temperature is small, i.e. the 
constants in (3) only change appreciably when AV/V is small so we may regard (3) 
as applying to all temperatures. For the dependence of AV/V on temperature 
we have used the experiments of Siegel and Quimby (1938) and Griffiths and 
Griffiths (1915). 

Volume corrections could of course be made using only the first power of 
AV/V. Kelly (1954) has done this. But we have found that not only has 
the (AV/V)’ term a substantial effect (AV/V from 0°K to the melting point is 
~6%) but also that by ignoring it, a plot of experimental p/T corrected to constant 
volume against T has a region of negative slope at about 300°k. Such a feature 
would be unexpected here. 

In figure 2 the experimental (p/7, 7) is compared with Sondheimer’s 
theoretical curves corrected for thermal expansion. he latter are drawn for 
different values of @ and are fitted, by allowing K to vary arbitrarily, to the 
experimental curve at points where they have common slopes. It can be seen 
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that for any one value of @ the fit is limited, giving approximately 


T(°K) 150 200 250 
(°K) 160 120 50 
K/@?(10-8 ohm cm deg?) 1-39 1-36 35 


(Using Ziman’s calculations @ would have been ~16%%, higher.) 
The above rapid fall in # with increasing T makes comparison with @ values 
derived from other physical properties, such as specific heat, pointless. It also 


raises questions as to whether the volume correction we have taken may not be 
too much. 


Melting 
| Point 


(ea 


. 
315 
Z | 
= | “| \ 
S [4 i 
rs) CA 
= ) VA 
% ~ J | 
Qa. / 
E (MH 
= 
Set Zion 
o / 
so 
cot katt if | 
Set AN eos pe pa — —— 
She Jiao 
= 
0) — — ! 
iM | | 
0-9 i | ar = 
50 100 150 200 250 300 350 400 


Temperature (°) 


Figure 2. Restivity of sodium ; experimental and theoretical curves. A, Experimental; 
B, theoretical, 6=160°xK, fitted at 150°; C, theoretical, 9=120°x, fitted at 200°x : 
D, theoretical 0=50°K, fitted at 250°K. 

However, it is clear that no simple extension of the present theories will 
account for the point of inflection in the (p/7, T) curve in the region of 250°K. 
This could be attributed to the presence of defects, though without any direct 
justification. In this respect we agree with MacDonald (1953) but differ from 
him in speculating on the number involved. Jongenburger (1953) has calculated 
the effect of vacancies on the resistivity of copper. If we assume a similar order 
of magnitude for their effect in sodium, then the difference between experimental 
and the 6=50°x theoretical curve at the melting point is due to a Ap of about 
7 x 10-8 ohmcm which in turn would be caused by about 7 x 10~-* concentration 
of vacancies. Assuming that the concentration is 4d exp(— F/RT), where A~1, 
this implies an energy of formation of 0-2ey which may be compared with the 
energy of 0-45 ev for self-diffusion in sodium (Nachtrieb, Catalano and Weil 1952). 
The difference of 0-25 ev would have to be considered as the energy for vacancy 
movement. 
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With regard to the cold work experiments, it would be expected from 
Manintveld’s (1952) work that if the defects and dislocations which must have 
been produced in the sodium by cold work had been retained at 63°K then the 
10° extension would have lead to an annealable change in resistivity appreciably 
greater than the limits of measurement. In other words, any defects formed 
during the extension were mobile enough to cluster or vanish even at 63°K. 
An energy of 0-25 ev for movement would not be unreasonable for this to happen. 
It also implies that the strain which the sodium must have undergone in conforming 
to the size of the nickel tube without cavities would have no effect on resistivity, 
since at all temperatures such strains were able to anneal sufficiently to leave the 
resistivity unaltered. 
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Abstract. It is shown that, when the electron free path is large, the theoretical 
electrical conductivity of single crystal metal films exhibits anomalous anisotropic 
properties similar to, but even more pronounced than, those found in the 
anomalous skin effect in anisotropic metals. It is suggested that experiments 
on the anisotropic behaviour of thin films may be of value in the study of the 
electronic configuration of metals. 


§ 1. INTRODUCTION 


Tr is well known that very thin metallic films have complicated and varied 

electrical properties which are by no means yet completely understood. 

If the film thickness is greater than about one micron, however, the electrical 
behaviour is usually reasonably simple and may often be adequately described 
by assuming that such films behave like the metal in bulk, except that there is an 
additional resistive mechanism due to diffuse scattering of electrons at the surfaces 
of the film. This effect is pronounced only when the free path of the electrons 
is large compared with the film thickness, and in films of the thickness envisaged 
here experiments at helium temperatures are required to obtain the requisite 
long free paths (Andrew 1949). Such experiments give a direct estimate of the 
free path of electrons in metals. A related type of phenomenon is the so-called 
anomalous skin effect in metals, where the free path is compared with the depth 
of penetration of a high-frequency electromagnetic field into the metal (Chambers 
£952). 

Recent experimental and theoretical work on the anomalous skin effect 
(Pippard 1950, 1954, Sondheimer 1954, to be referred to as 5) has shown that 
these mean free path effects provide particularly valuable information about the 
electronic structure of metals when the experiments are carried out on single 
crystals. Ordinarily, the electrical conductivity o of an anisotropic metal is 
represented by a symmetric second-order tensor, and the anisotropy of o is deter- 
mined by the direction cosines specifying the direction of current flow relative 
to the crystal axes. The situation in thin films and in the anomalous skin effect 
is more complicated since, when surface effects are appreciable, electrons moving 
at different angles to the surface of the metal contribute in different amounts 
to the total current. For different orientations of the crystal axes relative to the 
surface, therefore, different groups of electrons become effective, and the resistance 
depends not only on the direction of current flow but also on the orientation of 
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the surface relative to the crystal axes. In this way the anisotropy of the resistance 
reflects the local geometry of the Fermi surface of the metal. 

The theory of the anomalous skin effect has been developed in S for the 
simplest model of a uniaxial anisotropic metal, in which the surfaces of constant 
energy are assumed to be families of ellipsoids of revolution about the principal 
axis of the crystal. In the present paper we derive the corresponding expressions 
for the conductivity of a thin metallic anisotropic film subjected to a d.c. electric 
field (the analogous problem for semiconductors has recently been considered by 
Ham and Mattis (1955)). The model chosen, although somewhat artificial, 
has the advantage that the calculations can be carried out exactly, and in fact 
in the present problem it is possible to go further than in S and to derive explicit 
expressions (equations (14) and (16)) for the conductivity valid over the whole 
range of values of the free path. The results show that the anisotropy of the 
d.c. resistance of thin films is analogous to, but even more pronounced than, the 
anisotropy of the surface resistance in the anomalous skin effect. To our 
knowledge there are at present no experimental results with which to compare 
the predictions of the present theory, and in view of the artificial nature of the 
model the results obtained here have mainly illustrative significance. The 
results suggest, however, that experiments on the anisotropy of the resistance of 
single crystal metal films, if practicable, should be of interest as a tool in the study 
of the electronic configuration of metals. 


§ 2. ‘THE CURRENT DENSITIES 
Zale 


We consider a single crystal metal film bounded by the planes x =0 and z=. 
Only crystals with a single principal axis will be considered, and we suppose that 
the crystal axis lies in the plane y = 0 and makes an angle # with the z axis. In the 
limiting case of very thick films, when effects due to the surface of the film are 
negligible, the relation between the components J, (¢=1, 2, 3) of the electric 
current and the (constant) electric field components @, is 


T= > a;,6,  — - 9 eae (1) 


where the conductivity tensor o,; may be written in the form 


{ 1+asin2y 0 asinys cosy | 
o | 0 1 0 | me (2) 
| asin cos 0 L+acos* | 


a and o(1 +a) being the conductivities for current flow perpendicular and parallel 
to the principal axis of the crystal. For comparison with experiment we require 
the conductivities o, and o, in the two principal directions in the plane of the film, 
i.e. for current flow in and perpendicular to the plane y=0. These are given by 
J,/€, and J,/é, where J,/&, is to be evaluated by imposing the condition that 
the transverse current is zero (J,=0) and eliminating &, between the expressions 
for J, and J; obtained from (1) and (2). This gives 


l+a 


oO = 0 > 
if 
1+acos*y’ 


ao J (3) 
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When o, and o, are known, the conductivity o(¢) for current flowing at an angle 4 
to the x axis can be obtained from the relation 
1 cos*¢ — sin? d 
= ar : 
og) a oy 
Le 

In the general case of a film of eee thickness it is necessary to calculate 
the generalized relation between J and € which replaces (1) and (2) when surface 
effects are taken into account. In wedee to carry out the calculations explicitly 
special models must be considered; we shall adopt the simplest and most con- 
venient in which the electronic energy surfaces are assumed to form families of 
ellipsoids of revolution about the principal axis of the crystal, and in which the 
electronic time of relaxation is a sas of the energy only. For this model the 
required relation between J and € has, in effect, already been derived in S in 
discussing the anomalous skin eee in anisotropic metals, for the case (the most 
important one in practice and the only one to be considered here) in which the 
electrons suffer diffuse reflection at the surface of the metal. 

However, the present case differs from that treated in Sin two aspects. First, 
a film of finite thickness 6 is considered here instead of a semi-infinite slab; 
this means (as is easily verified) that the range of integration (0, 00) in all integrals 
is to be replaced by the range (0, 6). Secondly, in the high frequency case the 
electric field components must all be treated as unknown functions of z, whereas 
in the present case we have curl €=0, so that &, and &, are constant and only 
the transverse field &; varies with z 

The correct expressions for the current may now be written down by making 
the required modifications in Sondheimer’s expressions. As in S, we consider 
for generality the case in which the conduction electrons occupy two energy 
bands, but neglect transitions between the bands, and the currents are then given 


by ae S equations (30) to (32), (35) to (38))t 


ina ieee | ce ea ye 
Oe riage et ols ae En 
/ a2 : o! QQ 
2 fe 
+2sin?: cos WF (se fect Tt acs Sie i") bat 
3 -b / a’ an! a ; 
ca zsiny cosy | (S 77 Bis’ + “py Bis ) Ee. Geet (4) 
-b } a 
S42) = ; 6. 1p Gi Eis’) + (hat En ) dl aye Se (5) 
0 
cb / / "” u 
J,(2)= 5 sing cosy | (= ate TF bis") dt 
J0 
-b es / 
+ 2 | {55 (1 +4" cos? )Big’ + ! Tita’ cos?) Eig’ : CXOG some: (6) 
04 


where o’, o’(1+a’) are the bulk metal conductivities perpendicular and parallel 
to the crystal axis for electrons in the first band only, 
Deh teea costh\se te) © Dae lanes: (7) 

+ These expressions, like those in S, are valid subject to the assumption that the form of 
the collision term in the Boltzmann equation for the electronic distribution function is the 
same as when surface effects are absent. This assumption has been discussed by Ham and 
Mattis (1955) who conclude that, although the assumption cannot be strictly valid, the 
errors introduced by it are small Ge also MacDonald and Sarginson 1950). 
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I' being a constant of the order of the free path for electrons in the first band, and 
Ki,’ = Ei,(|2—@|/L)= | sexp(—s |2—2 |) 1 )as3 eee (8) 
Ii 


the corresponding quantities for electrons in the second band are defined similarly. 


§ 3. ‘THE CONDUCTIVITIES 


Sale 
The principal conductivity o, for current flow in the plane y=0 is defined by 


rb 
Fs) 6,=57 | Ss)dz/ 6, 


0 


and is to be evaluated by eliminating &, between equations (4) and (6), putting 
J(z)=0 in (6) (since curl H has zero zs component). ‘The elimination of &, is 
elementary in the particular case when only one energy band is considered, but 
the results of S indicate that this case is insufficiently general to give results of 
physical interest ; it is considered briefly in §3.2.2 below. In the general case of 
the two-band model the exact solution can be obtained by means of the theory 
of Fourier transforms. 
For this purpose we note that 


> >b 
| eds i Ei,(|z—2|/L) &3(2)at 


I 


i E&5(t) yat | _Eig(|s—t|/ Lede 


pis) ice) 
= 6 (the dt i Ei,(| Ww | / L)e"’'dw 


v0 
SLiinAu ae (9) 
“b 
where F(u)= | @fdedt  — 2. (10) 
0 
and [(u)= i E1,(|¢ edt = 2u-"(7— tan, 17) ee (11) 


Inverting the Fourier transform (9), we see that the second integral in (4) 
may be written 


i {he (Eo) +8 bia(! ee ) | es(oat 


aoe) 


] 
=a | {o'a Lt) to’a" L')}F (edt, o.. (12) 


Alsc the Fourier Ganctoe of (6) is (remember that &, is constant) 
| J o(z)e"dz 


elbt — 


fo'a' I(L't) +0"a"I(L"t)} 


+8{o'(1+a' cos? Aen +o"(1+a" cost p(L')}F(t) 2... (13) 
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since J3(z)=0. This determines Uy and &3(z) can be obtained, if required, 
as a ee series by inverting the ‘finite transform’ (10). Substituting the 
kes for ¥ (t) obtained from (13) into (12) and (4), we obtain 


wu 


b l+a : G 1+a” 
J,(2)=- a 3. 
= 44 reas “9d TTF a corp 


(Ei Fa”) 
. . a o” a 
See ec W(Z ie cos* ypc: i Trergreneey s")f a 
toa I(L't)+o"a"l(L"t)\? 
_»o(1+a' cos*p)I(L't) +0"(1 +a" cos? s)I(L"t) 


ic 


sin? cos?b 6, iv 


the 
tbt__ 

at =) eal, 
it 


This gives, on performing the integration over z, 


= ao K,(b/L/) +0" as K,(6/L") 
+ sin2a cos? oad K,(b/L’) + — ie 
x rg sek (14) 
ae K,(u)=1- - i > {Eig(u) — Bis(u) F 
K,(u)=1- a = = Big(w) He ve 


Ei,,(u) being defined by (8) and /(w) by (11). It should be noted that in the analo- 
gous high-frequency problem considered in S it was not found possible to derive 
an exact solution corresponding to (14). 

The evaluation of the conductivity in the second principal direction is much 
easier, and from (5) we obtain at once 


oy=b72 [3 Apo GO ONL, one (16) 


Equations (14) and (16) represent the exact solutions of the present problem 
and can now be used to discuss the different cases of interest. It is instructive, 
first, to consider various cases for which simple limiting expressions can be derived. 


3.2. Very Thin Films 

When u is small, K,(u) = ju logu-1+ O(u) while K,(u) is O(w); it may further 

be shown that, when 5/L’ and 6/L” are both small compared with unity, the last 

term in (14) is small of order 5) L’ (or b/L"). Hence the leading terms in o, and o, 
for very thin films are 
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It should be noted that, in this approximation, o, and o, are both composed 
additively of contributions from the two energy bands separately, whereas in the 
general case this is true for c, but not for o,; further, o, and o, depend upon the 
free path (through the logarithmic factors) even when the free path is very long. 
In the analogous skin effect problem (see S, equations (47) and (45)) 1/Z,° and 
1/Z,> are additive for the two bands when the free path is very long, where 2, 
and Z, are the surface impedances corresponding to o, and oy, and Z, and Z, 
are independent of the free path in this limit. 


3.3. Thick Films 


For large values of 5/L’ and 6/L” the leading terms in oc, and oy are obtained 
by replacing K,(w) and K,(u) by their value 1 for large u, and by replacing J(t) 
in the definite integral in (14) by its value 3 for small ¢. Then the integral 
reduces to 


Zz (ca +o a ) re /sin $bt\? 
3 o’(1 +a’ cos? $) +0"(1 +a" cos?) | 0 ( tht ) 
2a (o'a’+o"a")? 
~ 3b o'(1+ a’ cos?) +.0"(1+ a” cos?) © 
But o’+o"=0, o(1+a’)+o"(1+a")=o(l+a) on. (19) 


where o and o(1 +a) are the total bulk conductivities defined in § 2.1, and a simple 
reduction now leads to 
l+a 
— Oo. - ) ¢ 
1+acos*% : 


O7 


in agreement with (3). 

It is possible to derive higher terms in the expansions of (14) for very thin 
and very thick films, but these will not be given here since they involve complicated 
definite integrals, so that there is no appreciable gain in simplicity over the general 
expression (14). In the case of (16) the higher terms in the expansions are readily 
written down if required, by making use of the well-known properties of the 
integrals Ei,(w) (see Kourganoff 1952, Appendix). (In the case of thick films 
the integrand of the definite integral in (14) oscillates rapidly. For the purpose 
of computation it is then best to convert the integral into a form with a non- 
oscillating integrand, by a generalization of the method used in the Appendix.) 


3.4. Single Band 
When only one band is considered, we may evaluate o, directly by multiplying 
equation (6) by asini cos p(1 + acos?) (dropping the dashes for convenience) 
and subtracting from (4). This eliminates &3, and we obtain 
l+a 
Tote ee ee cees (21) 
On the other hand, for a single band the definite integral in (14) reduces to 
oa ia sin $bt\2 20a 2 SEs \ Sines 
a IKILG = = =a 
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and therefore, to show that (14) reduces to (21) fora single band, we have to prove 
that 
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where J(w) is given by (11) and K,(u) by (15). The proof is given in the Appendix. 
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3.5. Numerical Results 


The properties of the generalized exponential integrals Ei,(w) required in 
the evaluation of o, and o, in the general case are well known; in particular, they 
can all be expressed in terms of the tabulated integral Ei,(w). The definite 
integral in (14), however, must in general be evaluated by numerical integration. 

Chief interest attaches to the anisotropy of o, and o, for different values of the 
ratio film thickness free path; this may be conveniently exhibited by plotting 
the ratios o,(%)/o,($7) and o,(s)/o,(}7) as functions of the angle ;b between the 
crystal axis and the normal to the film surface. Using the relations (19) it is 
easily shown that, for a given value of the parameter a (which is determined by 
the observed anisotropy of the conductivity of the metal in bulk), the ratios 
o4(b)/0,(37) and o,(y)/o.(37) for the two-band model involve four independent 
parameters (compare the discussion in S, where, however, only the limit of very 
long free paths is considered); these four may be taken to be the anisotropy 
parameters a’ and a” for the two bands separately, the ratio /'/l” of the free paths 
in the two bands (we recall that L’, L” are related to I’, l” by (7)), and the ratio 
5/l” which is a measure of the thickness of the film relative to the electronic free 
path. To illustrate the general nature of the results we have plotted in figures 1 
and 2 the curves obtained for various values of the thickness parameter 6/1’, 
taking a= —0-12, a’=5, a” = —0-95, I'/l"=0-41; these values of the parameters 
were chosen, in the absence of direct experimental data on the effect discussed 
here, because they were found to fit the experimental results of Pippard (1950) 
on the anomalous skin effect in single crystals of tin (see S. Recent experimental 
work by Fawcett (1955) has shown that the simple model considered in the present 
paper is, in fact, not sufficiently general to represent the behaviour of tin, since 
the observed high-frequency resistance is markedly anisotropic in the plane 
perpendicular to the tetrad axis of the crystal. While the present theory could 
be generalized so as to take more complicated types of anisotropy into account, 
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Figure 1. Figure 2. 


Figure 1. 0,(7)/o,(47) for a thin film as a function of for different values of the 
ratio thickness/free path. (a=—0:12, a/=5, a”=—0°95, Vjl’=0-41; 6/i”=0-01 
(curve a), 0:05 (b), 0:2 (c), 0-4 (d).) 

Figure 2.  0,(%)/o2($7) for a thin film as a function of % for different values of the ratio 
thickness/free path. (The curves correspond to those of figure 1.) 
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such elaborate refinements seem hardly justified at the present stage of 
development). In figure 3 we compare, for b//” =0-01, the exact results obtained 
from (14) and (16) with the predictions of the approximate formulae (17) and (18) 
which hold for very thin films, and it is seen that, for such thin films, the simple 
approximate formulae give reasonably accurate results. In figures 4 and 5, 
finally, we show for comparison the corresponding results obtained for the bulk 
metal (using equation (3)) and for thin films when only a single band is considered 
(using equation (21) and the corresponding expression for a, obtained from (16)). 
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Figure 3. 


Figure 3. Comparison of exact and approximate formulae for very thin films (6//”=0:01). 
Full curves : equations (14) and (16); broken curves : equations (17) and (18). 

Figure 4. o,(%#)/o,(47) for the bulk metal and for the single-band case. (Curve 1: bulk 
metal; 2: b/1=0-4; 3: b/1=0-05; 4: b/I=0-01. Curve 3 lies between curves 
2and4. a=—0-12.) 

Figure 5. 0 (7)/o,(47) for the bulk metal and for the single-band case. (The curves 
correspond to those of figure 4.) 


The results are to be compared with those obtained in the anomalous skin 
effect problem (S, figure 2, where curve 4 corresponds to the choice of parameters 
adopted here), and it is seen that the anisotropy of o in the d.c. case considered 
here is entirely analogous to, but even more pronounced than, the anisotropy 
of the surface conductivity © in the high-frequency case. The two-band model 
shows that the anisotropy of o is very considerable for thin films when the energy 
surfaces are highly eccentric, even though the bulk d.c. conductivity may be 
almost isotropic, and the conductivity o,(ys) shows a characteristic minimum 
when plotted against j which corresponds to the minimum found in &,(%) in the 
anomalous skin effect problem. Further discussion of the detailed predictions 
of the model studied here, and of its adequacy or otherwise as a basis for 


representing the experimental facts in real metals, must be postponed until such 
experimental facts have become available. 
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APPENDIX 


We wish to establish the relation (22), i.e. to prove that 
Fey ee gk EAS EN Sie toe eae 
Co TS at) 
aw)4 Ve ees iy a GE 
where J(u) = 2w-*(w—tan-tw), that branch of tan-!w being chosen which vanishes 
at u=0. Writing sin?s= 3(1—cos2s) and noting that J(u) is an even function 
of u, we have 


oF” ps0) ee (A1) 


where the principal value of the integrals is understood. The integrand has 
a simple pole at w=0, and is otherwise regular and single-valued in the complex 
u-plane cut from —1co to —7 and from +7 to +700; also J(u) is O(|u|-*) for 
large |w|. Hence, if we consider the integral (A2) taken round the closed contour 
shown in figure 6 we have, in the limit in which the radius of the large semicircle 
tends to infinity and the radius of the small semicircle tends to zero, 


Wee 3 eH dei 
G(y) = ny imR+ Qny | be I(u) rm) ai) «| SRS (A 3) 
Figure 6. 


where R is the residue of I(v)(1—e’”")/u? at u=0 and where the contour integral 
is taken over a loop starting and ending at 700 and encircling the point 7 in the 
positive sense. In the limit in which the radius of the small circle tends to zero 
the loop integral becomes a real definite integral, and we readily find that 
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which is the required result. 
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Abstract. ‘The variation with temperature of solute atom density close to 
(within ~10A) an edge dislocation is examined. The results of this analysis 
are used to predict the effect of temperature on the yield point. Good agreement 
is found between theoretical prediction and three apparently dissimilar 
experimental results. 


$ 1. INTRODUCTION 


OTTRELL (1948) and his co-workers (1949) have shown that atmospheres 
of impurity atoms will tend to form around edge-type dislocations. On 
this basis they have given an explanation for yielding and strain ageing 
phenomena in iron and other metals. In formulating these theories it has been 
assumed that the atmosphere density follows the Maxwell—Boltzmann distribution 


O(r,¢)=6, exp U(r, 6)/RT 


where 0, is the average solute density and @(r,¢) the density at a distance r and 
direction ¢ from the centre of the dislocation. Using this distribution, and 
values for U(r,¢) calculated on the basis that the impurity is carbon, Cottrell 
(1953) concludes that at equilibrium an atmosphere will be complete when iron 
is at a temperature less than about 700°K. ‘That is to say, there will be a 
continuous line of carbon atoms close to the centre and directly beneath the 
extra half-plane of the edge dislocation. 

However, the Maxwell—Boltzmann distribution is not valid close to the 
dislocation since Cottrell and Bilby (1949) have shown that only one solute atom 
per atom plane of dislocation should lie within about 10A of the centre. ‘The 
purpose of the present paper is to take some account of this fact and to examine 
its consequences. 


§ 2. ATMOSPHERE DENSITIES 


The treatment adopted here is essentially qualitative and a simplified model 
is used. It is supposed, considering one atom plane of dislocation, that the 
region near a dislocation may be divided into a number of discrete sub-regions 
of various sizes, each characterized by a unique solute atom—dislocation inter- 
action energy, and that at most only one solute atom can occupy each sub-region 
at any instant. It is assumed further that the interaction between solute atoms 
in neighbouring sites along the length of the dislocation may be neglected. For 
an assembly of atom planes under these conditions it may be shown, either by 
setting up the appropriate partition functions, or more simply by considering 
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directly the thermally activated equilibrium interchange of atoms between 
adjoining energy levels, that the resultant distribution is 


ee Ftexp (SE =") 


n, No—% kT 
or 

Ay S. L=6, Ui =) 

Ca aac ( kT 


where N, and N, are the number of possible positions for a solute atom of free 
energy U, and U, respectively in a dislocation which is N atomic planes in 
length. ,=N,6, and my=No%) are the number of these positions which are 
occupied. It may be seen that this distribution reduces to the Maxwell-Boltzmann 
form when 6, is small. (Lomer has apparently reached similar conclusions (see 
Cottrell 1953 b).) 

Further, for small 6, and with U,=0, the density in the lowest energy level 

(energy I’) is given by 

_ OG exp(V/RT) 

~ 146,exp(V/RT) 
and @ tends to an equilibrium value of 1 when 6,exp(V/RT)— © and hence as 
T—0 provided XN,6, > N. 

However, the time taken for a state of equilibrium to be reached depends 
on the rate of diffusion of solute atoms in the parent lattice. Since this rate is 
usually low at room temperature and below, it follows that atmosphere densities 
in material used in tests at low temperatures will have been determined by the 
temperature at which significant diffusion last took place. ‘This fact can be 
expected to be of practical importance only when 6,exp(V/RT)~1 or less, 
where 7' is some elevated temperature, and the rate of cooling to the testing 
temperature is sufficiently rapid to prevent considerable diffusion during cooling. 
It is doubtful whether these conditions can be satisfied without special precautions. 
Finally, it should be noted that, under equilibrium conditions, 6) is determined 
by the solid solubility of the solvent and is, in general, a monotonic function of 
the temperature. 


§ 3. ‘THe Errecr or TEMPERATURE ON A PREDETERMINED COTTRELL ATMOSPHERE 


We shall now investigate how such a predetermined atmosphere would 
behave with varying temperature, and the consequent effect on the mechanical 
properties of the metal. 


Cottrell (1948) gives, with a change in sign, the interaction energy of a solute 
atom with an edge dislocation as 


F bis SA 

U(r, ¢)= ote — z! == (1) 
where Av is the dilatation produced by the solute atom, the shear modulus 
and v Poisson’s ratio for the lattice; b is the magnitude of the Burgers vector 
and ¢ the angle between the direction of the Burgers vector and a line joining 

the solute atom to the centre of the dislocation. 

Cottrell and Bilby (1949) estimate for the case of carbon in iron that 
Az3x 10°" dynem?, but consider that such a value leads to a gross over- 


estimate of the interaction energy when the solute atom is only a few angstrom 
units from the dislocation centre. 
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Now, since the expected error in 4 will be greater when r is small, we must 
anticipate that the curve [U(r,4),7] will be appreciably flatter for small + than 
would be predicted from equation (1). To take account of this, we shall suppose 
that there exists a small region contiguous with the dislocation centre in which 
the interaction energy is sensibly constant. We suggest further that in this region, 
which in the case of interstitial solute atoms is one of extreme dilatation, the 
activation energy for movement of solute atoms from one site to another is much 
less than in the bulk of the crystal. 

It is to be expected, then, that the equilibrium distribution of solute atoms 
within such a region would vary with temperature and that the time taken to 
reach equilibrium would be small, even at low temperatures. For simplicity 
we assume that each region (again one atomic distance in length) may be divided 
into two parts, each portion being characterized by a unique value of the interaction 
energy. Further, we consider that the portion remote from the dislocation centre 
contains f times as many solute sites as the central volume. Now, for temperatures 
at which diffusion is not important in the bulk of the crystal, we may, in accord 
with our earlier conclusions, consider that the total number of effective solute 
atoms in a length of dislocation is constant and equal to N@,< N where N is the 
total number of atom planes in the dislocation under consideration. It may 
easily be shown then, that the density in the central portion is 


_ Oexp(W/RT) (2) 
paexp(WiRT)\ = -) 9 9 id 


where IV is the difference in energy of the two levels. 


$4. EFFECT ON MECHANICAL PROPERTIES 
4.1. Dislocation Locking 
In accordance with the concept of an ‘equipotential’ region we cannot 

expect that equation (1) will be valid for small vr. Therefore we cannot, without 
further examination, consider, as in effect do Cottrell and Bilby, that the restoring 
force on a dislocation displaced laterally a distance x, parallel to the Burgers 
vector, from the solute atom is given by 

0 Asinéd  Asin2¢ 

an fF ik 


where 7 is small. 
Further, we note from the work of Peierls (1940), Foreman, Jaswon and 


Wood (1951), and others, that a dislocation in a crystal lattice must be considered 
to have considerable lateral extent which in the case of the edge dislocation is 
parallel to its Burgers vector. 

As a first step in determining the influence of solute atoms on mechanical 
properties we have to enquire what effect the presence of solute atoms will have 
on the dislocation distribution and, since we are mainly interested in condensed 
atmospheres, we have to consider the results of the presence of numbers of 
solute atoms arranged in what is approximately a straight line parallel to the 
dislocation. The shear stresses from such a line of solute atoms centred at a 
point —6,y and lying parallel to the z axis are 

_, 2HAv (x+)y 
Cou na (w+ dP + yy 
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where Av is the volume change in the crystal caused by the introduction of a 
solute atom and a is the atomic spacing along the line of the solute atoms. 
Following Peierls one may write an equation for the dislocation distribution 
when such shear stresses are present. We have . 
a (” a de = Ee (=) _ 2Av _(*+9d)y 
2r(1—v) b ma {(x+d)P? +92)? 


= = sin 
ak B= % 2rd 


where w is the displacement of atoms on the surface of the upper half crystal 
from their normal positions. No solution has as yet been obtained for this 
equation but it seems reasonable to assume that the effect of the solute atoms, 
when close to the dislocation centre, is to make the Peierls approximation very 
nearly correct since the maximum values of the two parts of the right-hand side 
of the above equation are of the same order of magnitude, supposing, as Cottrell 
and Bilby do, that y=2A and that (for carbon in iron) Av=7-8 x 10-**cm?. 
Adopting this view and restricting ourselves to those cases where x is small, we 
shall suppose that the dislocation width ¢(y), for small y, is some monotonic 
function of y only and consider (Leibfried and Lucke 1949) that the stresses 
in the lower half crystal behave as if the dislocation were a line singularity located 
at x=0, y=¢. We find that equation (1) becomes 


Hide atest 

a6 4G) 
where 7, ¢ refer to the new centre of coordinates (0,2). Also, it may be seen 
that the elastic energy of the dislocation will increase as ¢ decreases and it is 
found by evaluating the energy contained in two infinite regions bounded by 
planes normal to the y axis which pass through the points y=¢,, and y=, in 


} 


one case and y= —¢,, v= —¢, in the other, that the increase in elastic energy 
per atomic length of dislocation due to a change in ¢ from ¢, to @, is given by 


pe ote In (2) : 

> 47(1—y) r,) 

Substituting values suitable for iron one finds that 4.~0-5ev per atom plane 
when ¢,~1-6¢,, which seems a not unreasonable change in ¢ to be caused by 
the movement of the solute atom (see Foreman, Jaswon and Wood 1951): 

A tendency for the existence of an ‘equipotential’ region may then be 
inferred since the solute atom—dislocation interaction energy is the sum of 
two quantities U(r,¢)+« and U, whose maxima are of similar magnitude but 
of opposite sign. Here « represents the energy of other, apparently minor, 
interactions including electrical interaction (Cottrell, Hunter and Nabarro 1953), 
and those due to the presence of shear stresses (Crussard 1950). 

We shall assume that such an ‘equipotential’ region does exist and also 
consider that the restoring force per atom plane is given by 


Cle sine 
Fel ed + Us | SPAKE HIE) +a} 


- 
with the assumption that ¢ does not change significantly with x for small values 
of x, which seems reasonable. 

A result of the same form but differing by a numerical factor is obtained if 
we consider the interaction between the shear stresses due to a row of solute 
atoms and a dislocation distributed according to the Peierls relation, assuming 
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as before that ¢ remains constant for the small displacements involved. 
In the former case the maximum restoring stress with y=0, €=2A and 
A=3x 10° dyncm? (see Cottrell and Bilby 1949) is 2x 10%dyncm. The 
second method gives oy~6 x 10!dyncm™ with the same values for y and ¢. 
Of these, the latter result is perhaps to be preferred since in this case we have 
considered the effect of a row of solute atoms which is a better representation 
of condensed atmosphere than is a single solute atom. 

Again, we see that the restraining stresses for the largest values of y, perhaps 
2-3 A, in the ‘equipotential’ region are likely to be markedly different from 
those for the smallest values of y since both y and ¢ should increase together 
in this range. ‘Thus, in accordance with the original approximation of dividing 
the “equipotential’ region into two discrete interaction energy levels, we may 
characterize these levels by two widely different values of the maximum 
restraining stress, e.g. oy for y=0, €=2A, and o,/16 for y=3 A, C=5A. 

Finally, it must be remarked that while little reliance can be placed on 
the quantitative results of this analysis, the qualitative information should 
indicate the trends in behaviour to be expected in real crystals and thus provide 
sufficient grounds to justify investigating the consequences of Cottrell atmo- 
spheres having the structure we have envisaged. Thus, in the next section we 
shall use this model to predict the variation of the yield stress with temperature. 


4.2. Temperature Dependence of the Yield Stress 


The behaviour under applied shear stresses of great lengths of dislocation 
may now be determined by finding the maximum expected length which contains 
solute atoms in an outer, but not in an inner position. 

We shall neglect the effect of thermal stresses on ‘ bound’ lengths of dislocation 
for several reasons. ‘Thus, Cottrell and Bilby in their analysis of this question 
consider that the thermally supplied activation energy U varies in such a fashion 
that U/RT is a constant, and that this constant should not exceed about 50. 
To achieve this value they found it necessary to set the energy per atomic length 
of dislocation as lev and their factor A as 3x10-*4dyncm™?. But Cottrell’s 
(1953 a) analysis of Dijkstra’s experiments indicates that V=0-5 ev, which, using 
the Cottrell-Bilby relation, gives d=1:5x10-°°dyncm™, which is in rather 
better agreement with their theoretically derived value (A =3 x 10-°°dyncm ?). 
Again, it is felt that 1 ev per atom plane of dislocation is too small an estimate when 
it is remembered that pb? for iron is 8-75ev. Thus, if d=1-5 x 10-*°dyncm 2 
and the energy per atom plane of dislocation is x ev, Cottrell and Bilby’s equation 
for U leads to U/RT=105y/x. 

Further, Cottrell and Bilby in evaluating U take no account of the elastic 
strain energy associated with the thermal stress in the surrounding crystal which 
leads to the bending of the dislocation. ‘This energy would appear to be appreciable 
(Becker 1925) if o, the stress equivalent of the maximum force exerted by the 
solute atoms, is as large as 6 x 10!°dyncm ?, which is the most recent estimate 
(Cottrell 1953b). 

These considerations are not sufficient to invalidate the Cottrell-Bilby 
mechanism, but it is considered that they raise sufficient doubts to justify separate 
consideration of another process. , 

Fellowing Koehler (1952), and assuming random distribution, we have the 
probability of finding two locking points separated by //b atoms in a great length 
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of N atoms is p=«(1—«)"” where «=k/N is the concentration of locking points 
and k is the number of them. Hence, the number of lengths between / and 
1+6/ is 


N(J) 8l= N(1—a)! [In (1 —«)]2(1 —2) a 


and the number greater than or equal in length to a certain length L is 
—N(1—«)In(1—«)(1—«)*”. 
Now, it is suggested that, for a sharp yield point to be observed, there need be 
only one such length greater than or equal to a certain critical length in a region 
of the crystal in which the maximum shear stresses occur. It is supposed that 
this region contains ZN atomic lengths of dislocation. Hence it is required 
that 
—MN(1-«)In(1—«)(1—«)4?=1 

whence 

& joie) (3) 

Ee An (AN te) eo ee 
Now, under the action of a sufficiently large stress, a length L will tear away 
from the restraining forces (principally) at its ends. Thereafter, the increased 
length of free dislocation will continue to grow longer until the entire length 
of dislocation is free and able to operate as a Frank—Read source. The condition 
for initial movement is approximately 


Lb 2 + 2a,b7=ilal 2) 9 a ane (4) 
where ay is the shear stress equivalent to the maximum restraining force, o the 
applied shear stress and n a dimensionless constant whose value is the ratio 
between the maximum restraining forces of the lower and upper levels of the 
‘equipotential’ region. The first term of this equation represents the effect 
of those atoms which lie in the upper level and which are considered to exert 
a uniform drag Oy09/n per unit length over the whole ‘free’ length, where @, is 
the solute density over the ‘free’ length. 

Equation (4) reduces to 


ae 
and combining this result with equations (2) and (3) we have 


6 + el/Rr ay 6 
Se |G eee (el= “045 
= | "Bra caer / In LMG ay) |+ oe 


where 6 is a term, independent of temperature, added to allow for the internal 


stresses etc. which Cottrell (1950) has shown can cause an increase in the yield 
point. 


$5. COMPARISON WITH EXPERIMENT 


In view of the number of disposable constants available, it is not surprising 
that this function can be made to fit, with sufficient accuracy, the experimental 
observations of McAdam and Mebs (1943). ‘These observations are compared, 
in figure 1, with the equation ¢ 

(3 al e°90/ Tt 
= [se ¢ 9 =? 
o=1-5-~ 10 In aren Beet dyn CMmlme: 


<) 
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Here, in order to obtain a solution in a reasonable time, the constant terms 
and the term in x, which appear to be small, were ignored. In view of this and 
other approximations made earlier, no particular significance can be attributed 
to the values obtained for the parameters. However, for the sake of clarity typical 
values are given in the following table. 


he v5 a B G 
303 844 0-7 3 0-99 
144 29b 0-95 3 0-99 


It may be seen that the shape of the predicted curve at temperatures below 
those employed by McAdam and Mebs differs from that suggested by Cottrell 
and Bilby (1949). This low temperature prediction is supported to some extent 
by other work. Thus, our general expression may be fitted, employing the values 
for B and W found from the data of McAdam and Mebs, to the results obtained 
by Eldin and Collins (1951) from hot rolled SAE 1020 steel. 

The calculated curve and experimental points are shown in figure 2. The 
equation employed is 

f 3 + ed90/T 
G=0-39 x 10? In Fp eT Tg 5007 

It may be seen that the factor 1—4, is considerably smaller here than is the 
case for the previous result, and it is apparent that, over much of the range of 
temperature represented, (1—6,)exp(W/RT)<fB while at the same time 
expW/RT>f. Under these conditions we should expect that o/o) would be 
proportional to 1/7. It was to illustrate that such a limited linear dependence 
does occur that the yield stresses were plotted against 1/7. In addition it may 
be seen that flattening predicted at low temperatures does in fact occur. However, 
it must be remembered that Eldin and Collins did not observe a yield point at 
temperatures below 61°k and the points plotted in this range represent the onset 
of fracture. This is not a serious objection if one considers, as suggested by 
Zener (1948), that fracture occurs only after some plastic deformation involving 
substantial movement of dislocations. 
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} + 3-4 x 10° dyncm?. 
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It may be seen by comparing the equations for the two sets of experiments 
that the term In MN(1—«) varies by a factor of about 1:5 and that the constant 
term is not negligible in the second case. It cannot be claimed that these 
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differences are understood, but it is felt that they are not unreasonable in view 
of the different nature and history of the materials employed in the two cases. 
Finally, one notes that if S>exp(W/RT) the general expression reduces to 
a 20,exp(W/RT) 0 
5, Binal eas 


This expression is to be compared with the results of Rosi and Mathewson (1950) 
for 99-9962, aluminium tested in tension. These workers found that 
o=6-1 x 10% exp (150/7) dyn cm ? where a is the stress at which plastic deformation 
first became appreciable. A similar temperature dependence has been found by 
Schmid (1931) for the same property in zinc. 

It is apparent that, unless 6 is much greater than the value (~3) found for 
the case of steel, no such exponential dependence on 1/7 can be expected. But 
it is possible that 8 may satisfy the required condition. Thus, in a face-centred 
cubic or hexagonal-close-packed metal, Cottrell locking will, in the absence of 
interaction between solute atoms and shear stress fields of the dislocation, be 
least for screw dislocations and will require the dissociation of complete dis- 
locatiens as described by Heidenreich and Shockley (1948). In the case of an 
originally pure screw dislocation, each partial dislocation has a Burgers vector 
whose edge component has a magnitude bd. 

Now Cottrell’s quantity A is proportional to the product of the Burgers 
vector and the shear modulus so that, for the case of a screw dislocation in 
aluminium, A and hence V have only about one-tenth of their values in iron for 
the same solute dilatation of the lattice. It is likely, therefore, that the magnitude 
of 6 will be determined by the size of the region within which diffusion processes 
can occur easily. £ may, on this account, be considerably greater than is the case 
for carbon atoms in iron. 


§ 6. CONCLUSIONS 


It has been found that the atmosphere density is characterized by a particular 
equilibrium value determined by the density of solute and the ambient 
temperature. In general, when a metal containing solute atoms which interact 
with dislocations has been cooled to a temperature at which the solute diffuses 
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slowly, this equilibrium will not be attained. Consequently, those mechanical 
properties which depend on the atmosphere density will also depend to some 
extent on the temperature history of the material. 

Again, it has been seen that the ‘structure’ of an atmosphere is temperature- 
dependent and leads to a relation between the yield strength and the testing 
temperature. 

The predictions of the theory have shown qualitative and to some extent 
quantitative agreement with three apparently different types cf experimental 
results. 
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Abstract. A magnetic field parallel to the axis of the positive column of a discharge 
is known to impart a rotary component on the radial motion of electrons. ‘This 
reduces the flow of both positive ions and electrons to the wall, causing a corres- 
ponding decrease in the radial and longitudinal components of the electric field 
and in the electron temperature. 

It is shown here that under certain conditions Langmuir probes can be 
applied to explore a plasma in a magnetic field. A new method of measuring 
the concentration of charges is used: first relative values of 1on concentration 
are obtained from the ion saturation currents in various magnetic fields. ‘This 
result together with the electron saturation currents in zero magnetic field gives 
absolute values of concentration of charges in a magnetic field. Such 
measurements have been carried out in helium at low pressures. 

The effect of the magnetic field on the radial distribution of charges, the 
rate of ionization, the electric field, the electron temperature, the average energy 
loss ina collision, and the radial potential distribution is discussed. It is concluded 
that in zero magnetic field the Langmuir theory of free ion fall describes best the 
properties of the discharge plasma whereas in a magnetic field of sufficient strength 
Schottky’s theory of ambipolar diffusion applies. 

When the gas becomes highly ionized, the effect of the partial pressure of the 
electron gas may become important so that finally both the longitudinal com- 
ponent of electric field and the electron temperature should become independent 
of the magnetic field. Previous observations of a low pressure positive column 
in caesium at high current densities seem to support this view. 


$1. INTRODUCTION 


HEN a steady uniform positive column of a low pressure discharge 

is acted upon by a longitudinal magnetic field, the charged particles, 

having velocity components in all directions, spiral about the magnetic 
lines of force. Because of their small mass, only the electrons are appreciably 
affected by the magnetic field. The spiralling parallel to the axis of the tube 
between collisions reduces the radial diffusion of the electrons and thus a smaller 
radial electric field is required to maintain the equality between the numbers 
of ions and electrons arriving at the non-conducting tube wall. Since their 
radial velocities are the same, the radial flow of both charges will decrease. 
A longitudinal magnetic field should thus reduce the electron temperature and 
the electric field in the column. 
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In an attempt (Tonks 1939) to formulate a quantitative theory, use was 
made of a theoretical result (Townsend 1915) for the effect of a magnetic field 
on electron diffusion in the absence of space charge. ‘This result was confirmed 
in experiments with electron swarms for photoelectric currents (Bailey 1930). 
It holds also for larger currents (<10 Samp) when allowance is made for the 
space charge. Other experiments (Cummings and Tonks 1941) with a positive 
column in mercury vapour were inconclusive because of the difficulty of inter- 
preting probe characteristics taken in the presence of a magnetic field. Recently 
Davies (1953) used a spectroscopic method to investigate the influence of a 
magnetic field on the electron temperature in a low pressure positive column in 
caesium vapour. Instead of a large reduction, however, a small increase in the 
electron temperature was observed. The effect of a magnetic field on the loss 
of charges from a plasma to the walls of a closed conducting box has been shown by 
Simon (1955) to be controlled by currents in the plasma which are flowing 
essentially along the field and not by plasma oscillations as previously suggested. 
These arguments do not apply here because the plasma of a positive column is 
uniform in the direction of the magnetic field. 

In this paper probe measurements in a positive column in helium in longi- 
tudinal magnetic fields are presented and the effect of such fields on the column 
is discussed theoretically. 


§ 2. THEORY OF PRosBes IN A MAGNETIC FIELD 

The theory of probes in zero magnetic field (Langmuir and Mott-Smith 1924) 
rests on two assumptions, viz. 

(a) The dimensions of the probe are small compared with the mean free path 
of ions and electrons. ‘This means that the probe can be assumed to collect only 
a relatively small number of charged particles in the plasma around the sheath, 
so that outside this sheath the plasma is, to a close approximation, undisturbed 
by the presence of the probe. 

(b) The thickness of the space charge sheath surrounding the probe is small 
compared with the mean free path of ions and electrons. ‘Thus the sheath 
can be treated as a region in which ions and electrons move as in vacuum, 
undisturbed by collisions. Its thickness dxV,*4/n'? for constant mean ion 
energy, where Ip is the potential across the sheath and u the ion concentration. 

A magnetic induction B applied to the plasma effectively reduces the free paths 
of the charges in directions perpendicular to B to less than the radius of path 
curvature p=v/w=mvc/eB, v being the velocity and m the mass of the particle. 
With a probe collecting across the magnetic field assumption (a) will be invalid 
in moderate magnetic fields, e.g. p,=4x10-%cm for lev electrons and 
B=100 gauss. The validity of (b) depends on the sheath thickness d and thus 
on the plasma density u, the type of gas and on B. If (6) holds, the motion of 
the charged particles is complicated by the presence of the magnetic field. When 
(0) is not valid, electrons make collisions in the sheath. 

In our experiments in He, the ions are relatively light, the plasma density low 
(n=10!cm-*) and thus the sheath thickness for negative probe potentials is 
large (d=1mm). The electrons therefore collide many times with gas molecules 
in crossing the sheath. The number of electrons striking the negative probe 
per second is a small fraction of the electrons entering the sheath from the plasma ; 
the majority return to the plasma. Thus to a first approximation the net flow 
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across the sheath can be neglected and the spatial distribution of the electrons 
follows Boltzmann’s law for particles diffusing in a potential field, assuming 
that the velocity distribution of the electrons is Maxwellian. The presence of 
the magnetic field does not invalidate this law (Chapman and Cowling £939); 
Thus, 

ny=ngexp(—eVp/RT.) i D9 eee (1) 


where mp and m) are the number density of electrons at the surface of the probe 
and the plasma-sheath boundary respectively, and 7, the electron temperature. 

It can be shown (Bickerton 1954) that the number of electrons striking 1 cm2 
per second of a solid plane parallel to B decreases as B rises, viz. 


ite ne 8 + (w7)?f1 — criss on a“) = i AR) 
B 4 2{4+ (wr)?} “ 


The mean collision time +=/,/c, where c is the mean random velocity and /, 
is the mean free path of the electrons. ‘The number of electrons crossing in one 
direction per second 1 cm? of an imaginary plane in the plasma is nc/4 independent 
of B because the electrons move again and again on curved paths through the 
plane and back. A solid plane however, is a sink for electrons and thus the 
contribution to the electron flux from those moving back is absent and the number 
striking the plane is smaller. In an actual discharge mp, c and 7. are functions of 


B: 
From (1) and (2) the current density of electrons to the probe is 


J=tencf(B)exp(—eVp/kT.) (3) 
and so 


(dlny/dV5\z—=— 2 he (4) 


Thus the inverse gradient of the semi-log plot of the electron current is 
proportional to the electron temperature (as in zero magnetic field) in the region 
of high negative probe potential. 

As the probe potential approaches that of the plasma, the electron current 
to the probe increases, and the use of the Boltzmann law (1) becomes unjustified. 
Also the sheath thickness decreases, so that the assumption that the electrons 
collide frequently in the sheath fails. Further, since the probe is of finite size 
it draws some of its current along the magnetic induction B and some across B. 
Thus the term f(B) in (2) which was derived for an infinite plane probe is not 
strictly applicable. For these reasons it is impossible to determine the number 
concentration of charges from the saturation electron current in the conventional 
manner. 

In our experiments the number concentration was obtained by measuring 
the relative changes in the saturation ion current to the probe for various magnetic 
field strengths, and using these together with the values of the plasma concentration 
found from the electron saturation current in zero magnetic field. ‘This procedure 
assumes that the motion of the ions across the sheath is largely unaffected by the 
magnetic field, which is true here when B < 600 gauss, and that the electron tem- 
perature is sensibly constant. The effect of the electron temperature on the ion 
current even in extreme cases is small (Bohm, see Guthrie and Wakerling 1949), 

The theory of probes in a magnetic field in a dense plasma, i.e. when Pad 
and with heavier ions, is more complex (see also Spiwak and Reichrudel 1938) 
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$3. ‘THE APPARATUS 


The discharge tube used is shown in figure 1. The wall probe consisted 
of a molybdenum disc, the other probes were all of tungsten, sheathed in glass. 
The helium gas used was purified before each experiment by maintaining it in 
contact for several hours with activated charcoal, cooled to the temperature of 
liquid oxygen. 


x 80cm = = 
k—20cm —alk 30cm >| fe 30cm > 
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Figure 1. C, hot tungsten cathode; A, copper anode; Py, floating tungsten probes, used 
to determine X; P,, molybdenum disc wall probe (5 mm diameter); P 3, tungsten 
probe sheathed in Pyrex, collecting along H; P,, movable tungsten probe, sheathed 
in Pyrex, collecting across H; P;, copper ring flush with inside ot tube wall; Cy, Cs, 
matched pair of coils; C,, strong field coil to reduce end effects. 


Three coils were used to provide the magnetic field (figure 1). ‘T'wo of these 
constituted a matched pair, each giving a field of 110 gauss per ampére of coil 
current. When used witha 1 cm gap between their ends (necessary because of the 
projecting movable probe), the magnetic field at the centre of this gap was 85°% of 
that at the centre of each coil. The current through the third, and shorter coil, 
was adjusted so that the magnetic field at its centre was twice that at the centres 
of the other two coils. In this way end-effects are reduced (Cummings and 
Tonks 1941). 

To determine the radial potential variation in the column a radially movable 
tungsten wire probe P, and a copper ring P; on the tube wall were used. ‘The 
floating voltage V, between these two probes was measured for various positions 
of the tungsten probe. From figure 1, and Kirchhoff’s laws, then, neglecting 
contact potentials (see below), 

Vix ee pet 0, 


sp 


where I’, is the potential across the sheath in front of the ring on the tube wall, 
7 sp is the potential across the sheath in front of the movable probe, and Vp’ is the 
potential drop in the plasma between the two plasma-sheath boundaries. As 
long as the movable probe remains deep in the plasma, the potentials Vsp and 
Vy may be assumed to be independent of the radial position of the probe. ‘Thus 
from V, relative changes in Vy’ with position can be determined. Since only 
relative changes are found, the neglect of contact potentials is justified. When 
the movable probe is near to the tube wall the two probe sheaths interact, and this 
makes reliable interpretation of floating potential measurements impossible, 
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§ 4. EXPERIMENTAL RESULTS 


‘Tvpical probe curves obtained are shown in figure 2. ‘That taken in a magnetic 
field is seen to have a linear portion at negative probe potential. The surface 
of the probe was on the axis of the tube and directed so as to collect current across 
B. ‘The break in the characteristic for B=O0 is ill defined so that the plasma 
potential cannot be found accurately. ‘This is because the probe drains an 
appreciable number of electrons from the surrounding plasma. Vp has been 
taken at the point of maximum curvature. An estimate of the saturation electron 
current corrected for the effect of the drain is obtained by vertical extrapolation 
as shown. Note that the saturation currents for B=0 and B=440 gauss are 
sensibly the same, although the magnetic field causes the axial charge density 
ny, determined from ion current measurements, to be increased by a factor of 
about +. ‘This demonstrates the effect of the term f(B) in (3) and also explains 
the sharper break obtained for B40, the drain from the surrounding plasma being 
relatively smaller. 


Je sat 
! 
7h eae | 
! 
6 r pk 
| | 
B =|440 gauss 
aS Sr B=0 i 
= a 
aa x 
iene | ee 
I~ ——_> 
3 f 
YFP | 
2 7p = 62000°K 7g = 48000°K 
Vp = 24V Vp = I6V 
! ent it 1 ee =e 1 1 12] 
0 20 40 60 80 


Probe Voltage (arbitrary datum) 


Figure 2. Helium, p=0-086 mm Hg, V,=plasma potential, R=1-8 cm, i=0-1 a: 
F.P. floating potential. 


The results obtained from the probe measurements are summarized in 
figures 3-5. The current 7 through the tube was 100 ma, its density of order 
10°-*acm*. An example of the effect of the magnetic field on various discharge 
parameters at a particular gas pressure is given in figures 6-8. The tube radius 
R was of the order of 2cm throughout, only the pressure p in the parameter 
Rp being varied. Electron temperature measurements made with the movable 
probe showed this temperature to be independent of radial position in the column, 
both with and without the magnetic field. 

The pressure range of the experiments was limited by two factors. Above 
1mm Hg the maximum magnetic field available (600 gauss) has only a negligible 
effect on the electron temperature. At the lowest pressure used (0-022 mm Hg) 
the probe characteristics in a magnetic field indicate the presence of two groups 
of electrons, one having a distinctly higher ‘temperature’ than the other. This 
is due to the persistence, in the part of the discharge in the uniform magnetic 
field, of electrons having a temperature corresponding to the part outside the field, 
or to the part where the magnetic field is such as to carry electrons to the wall. 
(The mean free path of the electrons in the direction of B is of the order of 4cm 
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at this pressure.) The fact that the relative number of electrons in the fast group 
is found to increase with increasing B indicates that the relaxation distance 
rises as B rises. Therefore this apparatus is not suitable for measurements 
at still lower pressures, when a longer discharge tube would be required. 


$5. Discussion 
5.1. Electron Temperature in Zero Magnetic Field 


The ambipolar theory of Schottky (1924) is applicable to the positive column 
when the pressure is such that the mean free path of the ions is small compared 
with the tube radius (/,< R). It is assumed that ionization occurs by single 
collisions only, and that ions and electrons are lost by recombination on the tube 
wall. If it is further assumed that the number of electrons at the wall 7,, is small 
compared with that on the axis ) then A, the number of ion pairs produced per 
second per electron required to sustain the column against loss by diffusion 


in the electric field, is given by 
2-4\2 
\=(=) De? apy VS ieee (5) 


R 
where Dg, is the ambipolar diffusion coefficient defined by the equation 
as D.D+( Ly as fe) poe i 
fA Tee AT 
where +- refers to positive ions. 

The linearity of the lower part of the probe curves (figure 2) suggests a Maxwell 
distribution of electron speeds. For a Druyvesteyn distribution, for example, 
there would be a large deviation from linearity (Bickerton 1954). With 
a probability of ionization proportional to the excess energy of the electron over 
that required for ionization, an expression can be derived for A in terms of T, 
(von Engel and Steenbeck 1932, von Engel 1955, eqn 8.33): 


H00apV; (2RT.\1? 2RT. eV; 
a3 E: g eit ieee 7 
A m2 ( a ) (1 2 eV; ) wee ( RT, (7) 


where JV; is the ionization potential, and a is a constant dependent on the gas used. 
With 2kT./eV; <1, and 7, >T.,, equations (5), (6) and (7) give T, as a function of 
Rp. This is shown in figure 3 (labelled ‘ Schottky’) for helium with 7, =300°x. 
By equating the number of ions lost to unit length of the tube wall to the 

number produced in unit length of the column, an estimate of the ratio n,,/m 
can be made, assuming Schottky’s radial distribution. ‘Thus 

i ie 

my 3RT." 
Since in the rare gases 7/7, >1, the assumption made in the theory that n,/1)< 1 
becomes invalid even when the mean free path of the ions /, is only a small fraction 
of the tube radius R. The general equation for the radial distribution of electrons 
(Schottky 1924) remains valid, that is 

(DEO ACSI TMs WG De oe (9) 

where x =(A/D,)"?R so that the flow density of ions to the tube wall is 


J MgO: Ny + Jo(x). go On GE (10) 


giles + 
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From (10) and (7), with J, and J, as Bessel functions of order 0 and 1, the following 


result is obtained, 


4D eal) ‘a 
Rox die) <<, ta ae eee (11) 
With the approximation (6), D,=4l,v0,7,/T, and 1,p=l,, equation (11) 
becomes 


3 Rp Te Ie) 

Since x is a function of 7. this equation determines the electron temperature 
T, as a function of Rp. Assuming an ion temperature of 300°x, this function 
is shown in figure 3, labelled ‘ modified Schottky’. 
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Figure 3. Helium positive column. T, and X/p plotted against Rp. 
Vi =24:'5 v, a=4-6 x 10? (practical units). 

The dependence of the rate of ionization \ on the ambipolar diffusion coeffi- 
cient Da obtained from (11) is shown in figure 4 for the particular case R~2cm, 
4.= 1:25 x 10°cmsec™? (corresponding to 300°K in He). On the ‘modified 
Schottky’ theory A becomes almost independent of Da for high values of Da, 
which contrasts with the linear relationship given by the old theory of Schottky. 
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Figure 4. Comparison of theories for (A, D,) curves, calculated assuming R=1-8 cm, 


V4=1-25X 10% cm sec. (A is the number of ‘onizing collisions per second.) 


When the gas pressure is so low that the mean free path of the Positive ions 
is comparable with the radius of the tube, then the ions are able to fall freely to the 
wall under the influence of the radial electric field where they recombine with the 
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electrons. ‘Theoretical treatment of this case (Tonks and Langmuir 1929) 
gives for the rate of ionization required to sustain the column against this loss 
= 0-77 (2RT,\ "2 
Meo ( M, 
The electron temperature for helium calculated from (7) and (13) as a function 
of Rp is shown in figure 3, labelled ‘Langmuir’. The vertical arrow of the 
hgure indicates the value of Rp at which the mean free path of the ions is equal 
to the tube radius (1, =R). For lower values of Rp the Langmuir theory should 
more nearly apply, and for higher values of Rp the modified Schottky theory. 
However, the experimental (7,, Rp) results for zero magnetic field approxi- 
mate closely to the Langmuir curve over the whole range, although at the higher 
values of Rp the mean free path for the ions is only a small fraction of the tube 
radius. It is suggested that this is a consequence of the large radial electric field 
which results from the relatively high electron temperature, always found in 
rare gases. ‘[his imparts to the ions a motion which is strongly directed towards 
the tube wall, so that their drift velocity is not a small fraction of their random 
velocity. Therefore the Boltzmann distribution used in Schottky’s theory 
(u./D.=e/kT,, where uw. is the mobility of the ions) is no longer valid. As 
a result of this rapid carriage of the ions to the wall, the electron temperature 
required is higher than that given by Schottky’s theory. Thus Langmuir’s 
concept of the free fail of the ions to the wall approximates more closely to the 
result than does Schottky’s in which they merely drift radially. The fact that 
the experimental results lie below the Langmuir curve is due in part to the effect 
of collisions which retard the radial flow of ions, and in part to two-stage ionization 
processes, not included in the theory. 


5.2. Power Balance 


If the kinetic energy carried to the walls of the tube is neglected, then from an 
energy balance in the column a relation can be obtained (von Engel and Steenbeck 
1932, von Engel 1955) between the reduced longitudinal electric X/p and the 


electron temperature (7.,) 


F 1/2 
aes et dl (14) 


p Zaye 


where y is the mean fraction of its random energy that is lost by an electron ina 
collision with a neutral molecule, and /, is the mean free path of an electron at 
1 mm Hg gas pressure. From the experimental data of figures 3 and 4 and with 
the aid of (14), y as a function of 7, is obtained (figure 8). ‘The rapid rise in x 
as the electron temperature is increased shows the increasing importance of 
inelastic collisions. 


5.3. Effect of the Magnetic Field on the Electron Temperature 
When a magnetic field is applied to the column the diffusion coefficient of 
the electrons is reduced (Townsend 1915), 


__ Po 15 
De arte: eee . (15) 


where D and Da are the diffusion coefficients of electrons for a motion 
perpendicular to B=B and B=0 respectively. Thus the radial electric field 
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required to maintain ambipolar flow is rapidly reduced as B is increased (figure 5 
and later discussion). ‘The ions are therefore now allowed to diffuse to the wall 
with a drift speed small compared with their random velocity as envisaged in the 
Schottky theory. Since the values of X/p in the column are still relatively high 
(figure 5) these ions have a mean energy «, much greater than that corresponding 
to the gas temperature. An estimate of «, can be made by applying (14) to the 
positive ions yielding, 

A Osos |, ao ee (16) 

P él,  * 
where yx, is the mean fraction of the random energy lost by an ion in a collision 
with a neutral molecule. For collisions between elastic spheres of equal mass 
y,=0:5; even with complete charge transfer y, <1. With the data of figure 5, 
and /,,=3 x 10-2cm, e, is found to be of the order lev. 
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Figure 5. Upper half: 7, as a function of p for B=0 and B=440 gauss Lower half - 
X/p plotted against p tor. B=0, B=220 and B=440 gauss. Helium, R=1-8 cm. 


The positive ions cannot be said to have a temperature corresponding to this 
energy since their motion is to a large extent in the direction of the field only, 
instead of random. However due to scattering collisions the ions acquire an 
effective ‘temperature’ when diffusing radially which corresponds to a fraction 
of their mean energy. Taking 0-25ev as an estimate for this and using the 
resulting values of 7, with equation (12), 7, as a function of Rp is obtained 
(figure 5, ‘modified Schottky’). This curve is not very sensitive to the ion 
temperature. For example, a doubling of 7 changes 7, by about 3°, aa tae 
curve may be regarded as accurate in spite of the crude method of estimating 7',. 

Figure 5 shows that the magnetic field reduces the electron temperature from 
the value given by the Langmuir curve to that given by the ‘modified Schottky’ 


theory. ‘This agrees well with the theoretical picture given above. Further 
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increase in the magnetic field can only reduce the electron temperature through 
its influence on the ambipolar diffusion coefficient Da (equations (6) and (15)). 
In the range of Rp used in these experiments, however, the rate of ionization 
A is very insensitive to changes in Da (figure 4); only at large B is Da reduced by 
orders of magnitude. ‘Thus the reduction in electron temperature through the 
influence of the magnetic field on the ambipolar diffusion coefficient is here of an 
altogether smaller order than that due to the influence of B on the radial electric 
field (transition from Langmuir, to modified Schottky theory). 


5.4. Radial Potential Distribution 


; Typical results obtained with the movable probe and fixed wall electrode 
(figure 1) are shown in figure 6. The probe moves into the tube as from the left 
of the graph. Consequently for probe positions between 3:0 and 3-5cm from 
the origin, the probe is in or near the sheath in front of the ring electrode. This 
explains the strong electric field observed in this region. ‘The apparent 
asymmetry of the potential distribution is a result of the sheath in front of the 
movable probe itself. For example, when the probe is 1cm from the tube wall 
it is actually floating with respect to the plasma 1+dcm from the wall, where d 
is the thickness of the probe sheath. Because of interference between the two 
sheaths, no great reliance can be placed on measurements taken at distances 
smaller than 0-75 cm and greater than 2:75 cm from the origin. 
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Figure 6. Radial potential measurements. I’; is the floating voltage of the movable probe 
with respect to the wall ring. Helium, R=1:8 cm, p=—0-12enoml) His: 


Taking the potential difference between the axis of the tube and the position 
(d75 cm from the wall as a measure of the mean value of 0V/dr, and a plot of 
dV |dr),/(dV/dr)) as a function of B gives’ the lower graph of figure 6. ‘The 
radial electric field is seen to be rapidly reduced when the magnetic field is 
increased. 
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5.5. Longitudinal Electric Field 


The relation between X,, the longitudinal electric field for B=0 and Xp, 
that in the presence of a field B, can be obtained from an extension of (14): 


Xp Xo= (T.3/ Too)(X3/x)"?. BO GGO* (17) 


X,, as a function of B, obtained in this way, is compared in figure 7 with the 
experimentally determined values. In using equation (17) the measured values 
of 7, (figure 5) were taken, and y,, derived from figure 8. ‘The good agreement 
obtained serves to confirm the measurements of electron temperature, since 
equation (14) is essentially a relation between 7, and X/p. It also shows that 
no new processes become active in the discharge when a magnetic field is applied, 
since y=/(7..) is independent of B and p. The character ot this function agrees 
with observations of y in other gases (von Engel 1955, p. 108). 
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Figure 7. Electron temperature 7, and longitudinal electric field X as a function of the 
magnetic induction B. Helium, p=0-:048 mm Hg, R=1°8 cm. 
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Figure 8. y plotted against T,, where xy is the mean fraction of electron energy lost per 
collision. Helium; tube current 100 ma, R=1-8 cm. 


5.6. Wall Current 


Figure 9 shows that the measured current density j, of ions to the wall falls 
as the magnetic field is increased. This is in qualitative agreement with the 
theory indicating a transition from the Langmuir to the Schottky concept 
(figure 5). 
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Figure 9. Axial electron concentration my and positive ion density 7, at the wall as a 
function of the magnetic induction B. Helium, p=0:048 mm Hg, R=1-8cm. 


5.7. Axtal Electron Density 


The axial electron density m) rises rapidly with increasing magnetic field 
(figure 9). This is partly accounted for by the reduction of the ratio n,,/m) as B 
is increased (figure 10). In order to maintain the same number of electrons 
per cm length of column, 7) must rise if the electron concentration at the tube 
wall n,. is reduced. Finally the reduction of X/p in the column and hence of the 
longitudinal drift speed of electrons means that to maintain a constant current 
the number of electrons per unit length must increase as the magnetic field is 
raised. 
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Figure 10. Helium, p=0-048 mm Hg, R=1°8 cm. (a) ny,/no plotted against B. (b) 2 
plotted against B. (A is the number of ionizing collisions per second and per electron.) 


5.8. Rate of Ionization 


The rate of ionization in the column calculated from the measured wall 
current and electron concentrations as a function of B is shown in figure 10. 
The broken line shows A as calculated from the measured electron temperatures 
using equation (7). The difference between the two curves represents the 
contribution due to two-stage ionization processes, neglected in (7). Within the 
experimental error the contributions due to two-stage and single stage processes 
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have the same relative importance in a magnetic field. ‘This agrees with the fact 
that in rare gases X =f(7), where zis the discharge current (von Engel and Steenbeck 
1034): 

§ 6. CONCLUSIONS 

The experiments have shown that reliable information can be obtained from 
the use of probes in a magnetic field. ‘The range over which this is valid has not 
been determined. In this work sheath thicknesses for highly negative potentials 
were always greater than the radii of path curvature of the electrons. 

The helium positive column in the pressure range investigated has been 
found, in the absence of a magnetic field, to behave in closer agreement with 
the theoretical predictions of Langmuir for the case /, > R, than those of Schottky 
forl,<R. This is because the positive ions acquire from the large radial electric 
field a strongly directed motion more akin to that in vacuum (Tonks and 
Langmuir), than toa slow radial drift accompanied by random motion (Schottky). 

When a longitudinal magnetic field is applied to the column the electron 
temperature has been found in all cases to be reduced. Other discharge para- 
meters show dependences on B at least in qualitative agreement with theory. 
With the current density used (~10macm “) no evidence has been found for 
an increase in the diffusion coefficient of electrons across a magnetic field in the 
positive column due to fluctuations of electron density or to oscillations. 

It is suggested that the reason for the discrepancy between theory and 
experiment found previously (Davies 1953) may lie in the high current density 
of 5acm 2 then used in a capillary tube. Measurements of the electron con- 
centration made with an exactly similar Cs discharge (Mohler 1938) show that 
since T,~4000...5000°K the partial pressure of the electrons (p,=mkT,) at the 
axis of the tube is of the order of 10°, of the gas pressure at p=8 x 10°? mm Hg. 
This causes a corresponding reduction of the neutral gas density on the axis 
(Steenbeck 1939). 

It has been shown in § 5.7 that when a magnetic field is applied to a low pressure 
positive column at low current density a change in the radial electron distribution 
takes place and the density mp) at the axis rises. When the current is low and 
constant, the increase in the number of electrons per cm length of tube is accom- 
panied by a reduction in the longitudinal component of the electric field. At 
high current density, however, such an increase in mj) would cause a drastic 
reduction in the neutral gas density (as p, increases). Hence to produce electrons 
at the former rate a higher longitudinal electric field and electron temperature 
are required. ‘Thus it is to be expected that the magnetic field will not cause the 
field and electron temperature to be reduced as predicted by a theory in which 
the effect of the electron partial pressure is ignored. 

This view is supported by Mohler’s observations; as the current density is 
increased at constant pressure, both X and 7, rise; the most probable cause of 
the rise in 7, being the increase in the partial pressure p,. ‘There may even be 
a tendency for 7, to become dependent on radial position since the magnetic 
field severely restricts radial diffusion. In this way an observed rise in T.. might 
be explicable. 
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RESEARCH NOTES 
Heat Capacity of Silver below 4:2°K 


By J. A. RAYNE 


Division of Physics, Commonwealth Scientific and Industrial Research 
Organization, Sydney 


MS. received 18th November 1955 


expressed in the form 


A T liquid helium temperatures, the heat capacity of a normal metal may be 


C=yT+A(T/0)* 
the first and second terms representing the electronic and lattice specific heats 


respectively. When fitted to this equation, the low-temperature heat capacity 
data for silver gives the following values of y and @: 


Observer y 7 
(Joule mole! deg?) (deg k) 
x 103 
Keesom and Kok (1932, 1933/34) 0:67+ 0-02F XO se Dep 
Keesom and Pearlman (1952, 1955) 0-66+ 0-01f 2290-5 1 
Corak, Garfunkel, Satterthwaite and 
Wexler (1955) 0-610 +0-005 22D Bae? 


} Errors estimated by present author from plots of C/T against T°. 


The latter two sets of results pertain to specimens of 99-999°% and 99-98% 
purities respectively, and in both cases corrections were made for deviations 
from the 1948 temperature scale (Erickson and Roberts 1954). Since the 
deviations between the measurements are considerably larger than the estimated 
errors, a fresh determination of the heat capacity of silver below 4:2°x was 
undertaken. 

For the present experiment, a silver specimen of 99-99%, purity and mass 
199-8 grammes was used. Measurements were made on a calorimeter using 
a mechanical heat switch rather than exchange gas, in order to eliminate the 
possibility of spurious effects due to desorption of gas during heating periods. 
The design is similar to that described by Ramanathan and Srinivasan (1955); 
except that provision is made for continuous evacuation of the working space. 
A 10 ohm, Allen-Bradley carbon resistance is used as a thermometer. Calibration 
of the thermometer was effected, at the conclusion of the experiment, against 
the vapour pressure of liquid helium using the Erickson and Roberts corrections 
to the 1948 temperature scale. To ensure equilibrium between the thermometer 
and the helium bath, exchange gas was admitted to the working space during 
calibration rather than relying on physical contact between the specimen and the 
bottom of the vacuum can. 

The results of the experiment are presented in a graph of C/T against 72 
(see figure). ‘The straight line represents a least squares fit to the experimental 
points, the maximum deviation of any point from the line being about acs 
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The corresponding values of y and @ are 
y =0-613 + 0-005 x 10-3 joule mole“! deg? 
6= 226-2 + 0-3 deg x. 
The uncertainties quoted in these figures are the random errors associated 
with the dispersion of the points about the straight line of best fit in the plot 


of C/T against T?. Exchange gas has been eliminated as a possible cause of 
inaccuracy and a careful analysis g gives an upper limit of 0-5°% for the remaining 
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sources of systematic error. As the results of the present work and those of 
Corak et al. (1955) agree within the resulting combined error even though the 
specimens came from different sources, it can reasonably be concluded that the 
outstanding disagreement with the other work is due not to differences in the 
physical states of the specimens but to undetected systematic errors in the older 
experiments. One likely cause of this error arises from the use of exchange gas. 
This tends to give too large a value of heat capacity, the effect being more 
pronounced the lower the temperature. ‘The corresponding values of y and @ 
would then be too large. 
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Stereoscopic Reflection Electron Microscopy 


By D, E.. BRADLEY, J. S. HALLIDAY Ann Woikow 


Research Laboratory, Associated Electrical Industries, Ltd., Aldermaston, Berks. 
MSS. received 12th December 1955 


TEREOSCOPIC photographs provide information about the positions in 
depth of features on an object which is often unobtainable from a single 
picture. The application of stereoscopic photography has already proved 

invaluable in the interpretation of electron micrographs obtained using transmis- 
sion specimens but no account has yet been given of its use in reflection electron 
microscopy. As is well known, in reflection electron microscopy the surface 
of an object is illuminated and viewed obliquely, the viewing angle being 
commonly about 4 degrees. ‘Thus a reflection micrograph, 3 in. square, taken 
with this angle of viewing, represents the projection of a magnified area of the 
specimen surface measuring 3in. wide and 43in. in depth. Because of this 
great depth extremely striking effects are to be expected in stereoscopic viewing. 
The purpose of this note is to give some examples of the application of stereoscopy 
in reflection electron microscopy and to direct attention to some effects which 
need to be appreciated if misleading impressions are to be avoided. 

The stereoscopic images are obtained by taking two photographs of the 
specimen from slightly different directions. The photographic pair is then 
viewed simultaneously, one photograph by each eye. ‘The impression of depth 
obtained by stereoscopic viewing with the eyes arises because the angular difference 
in position of distant objects is smaller than that of near objects. Thus, if the 
pair of micrographs is to appear to the eyes as a magnified image of the specimen 
in the original perspective, the angular displacements between points in the two 
micrographs must vary in the same manner with respect to the eyes as do the 
corresponding points in the specimen with respect to the objective lens of the 
electron microscope. As a typical example, one may consider the instrument 
to be used at a lateral magnification of 1500, the minimum usable object distance 
in the electron microscope being 0-8in. ‘Then if the angle of viewing is 4 degrees 
the area of the object which is observed comprises a rectangle 0-002 in. in width 
and 0-029in. in depth, and the ratio of the depth of the field of view (which is 
greater than the depth of focus, see Haine and Hirst (1953)) to the distance 
from the objective lens is 0:029/0-8. If the photographic images are to give the 
correct stereoscopic impression the ratio of the magnified depth of the object 
to the apparent viewing distance must also be equal to 0-029/0-8. Thus for 
the images to have an apparent depth of 43in. they must seem to be 
43 x 0-8/0-029in. away, that is 1190in. For an interocular distance of Sins, 
this could be achieved by rotating the specimen through an angle of 1-26 x 10-3 
radian, which is just over ;} degree, or by translating it by 0-001in. If 
stereoscopic images of object points further from the objective lens are required 
then an even smaller degree of rotation or translation will be needed. 
Unfortunately with our present specimen manipulator it is not possible to control 
the extent of rotation or translation to such a high degree of accuracy. However, 
attempts have been made to achieve this small rotation by chance and figure 1 
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(Plate) shows a stereographic pair of photographs obtained in this way. The 
specimen consisted of graphite flakes left on a polished brass surface after drawing 
a pencil line across it, the lateral magnification was 1200 and the angle of viewing 
4+ degrees. 

Stereoscopic viewing still gives a three-dimensional effect if a greater rotation 
is used and for some purposes, such as the determination of the relative positions 
of features little separated in depth, it may be necessary to use large angles of 
rotation to obtain sufficient stereoscopic effect. (Translation of the specimen 
cannot be used to obtain this effect since the large movements required would 
remove the desired field of view from the microscope screen.) On viewing such 
photographs the stereoscopic impression suffers from two defects, the specimen 
appears greatly foreshortened and the apparent angle of viewing becomes greatly 
exaggerated. ‘Thus if an angle of rotation of 2 degrees is used the image appears 
to be only 86in. away. If / is the object distance in the electron microscope and 
A/the depth of the object, the apparent depth of the image is given by AL = LAJ//, 
where L is the apparent distance of viewing. ‘Thus the apparent depth of the 
image is 3-lin. and the apparent angle of viewing is about 44 degrees. If the 
angle of rotation is as large as 10 degrees the apparent angle of viewing becomes 
80 degrees. Figure 2 (Plate) shows a stereographic pair of photographs obtained 
using a relatively large angle of rotation; the viewing angle was again 4 degrees 
and the lateral magnification 1200. The specimen was a duralumin surface 
which had been scored by a slanting razor blade and as can be seen the stereo- 
graphic image appears to be viewed at about 40 degrees. It is clear that the 
stereoscopic impression is very sensitive with respect to the angular rotation of 
the object and a microscope specimen stage is being constructed which will 
enable precise rotational and translational control to be obtained. 

In order to obtain the correct stereoscopic impression of the shadows cast 
by roughnesses on the object surface, the source of illumination should be rotated 
through the same angle as the object. However, when obtaining the photo- 
graphic pairs shown in figures 1 and 2 the source of illumination remained 
stationary. In consequence of this the shadows appear to lie vertically below the 
specimens, similar to the images one observes on a water surface. This effect 
would be avoided if the stereoscopic images were obtained by translation of the 
specimen. 
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On High Temperature Expansions in the Heisenberg Theory 
of Ferromagnetism 


In a recent article in this journal Rushbrooke and Wood (1955) discuss the 
calculation of the high temperature susceptibility for the Heisenberg model of 
a ferromagnetic. One of the basic problems arising is the calculation of averages 
of spin operators for various cluster sums arising in the expansion. Rushbrooke 
and Wood point out that the calculations are very involved, and that it would 
be rather desirable to provide a check on the calculations. 

We have been working independently on the same problem, and initially 
calculated the averages in the same way as Rushbrooke and Wood, i.e. by using 
the commutation relations of the spin operators and reducing the various clusters. 
We found, however, that the method rapidly became exceedingly complicated, 
and we therefore devised an alternative procedure which proved appreciably 
simpler, and could also act as a check. ‘This alternative method calculates the 
averages of the permutation operators P,,, rather than the spin operators c;.6 
using the Dirac relation 


i p 
P,,=3(1+6;.4,). 

It is much easier to determine the resultant permutation which is the product 
of a number of permutation operators; if this resultant permutation is expressed 
in the form of cycles, each of these cycles can be treated independently, and the 
averages readily determined. 

As an additional check we determined the exact partition functions for 
systems consisting of a finite number of spins such as 


Peal nai 
When these are expanded at high temperatures each term consists of a sum of 
cluster averages, and we are provided with an independent check on the correct- 
ness of the calculation of the averages. 

Our results check precisely with those of Rushbrooke and Wood as far as 
the latter are tabulated, but we have also been able to calculate an additional 
term as follows : 
a= — 133/480 (linear chain), 367/720 (simple quadratic), 8143/480 (triangular), 

33013/480 (simple cubic), 16993/24 (body centred cubic), 914601/80 (face 


centred cubic). 


Further details of the method described above, and of other related calculations, 
together with the physical significance of the results will be given in a subsequent 


paper. 
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Time Dependent Changes of Surface Lifetime in Germanium 
in the presence of Electric Fields 


In a recent paper, Henisch and Reynolds (1954) have reported on the 
modulation of the surface recombination velocity of germanium by an electro- 
static field applied normally to the surface of the specimen. ‘The experiments 
were carried out with mica sheets between the germanium and the electrodes 
used for applying the field. ‘These measurements are being extended in a 
system in which mica spacers are not employed. The results now show that 
the changes of surface lifetime are time dependent. In order to study this 
variation the change in conductance of an illuminated specimen upon application 
of an electrostatic field is measured by a Wheatstone bridge, the out of balance 
signal being amplified and displayed on a recording milliammeter. The 
changes measured are at least an order of magnitude larger than those arising 
from modulation of surface conductance (Low 1954). 

Provided that the dimensions of the specimen are such that the thickness 
is not large compared with the diffusion length for carriers, and that there is no 
appreciable sweeping-out, such a change may be related to a change in filament 
lifetime. It can be shown that for small signals the conductance of the specimen 
under illumination and the application of a field may be written 

A N7 NAr 

7 (tnt Pople + Fe (Hat ope + Bp (Hat ope 
where 7, P, /4p) /p are the concentrations and mobilities of electrons and holes, 
A and / the cross-sectional area and length of the specimen, N the number of 
minority carriers injected optically per second into the specimen, and 7, Ar 
the filament lifetime with zero applied field and the change in lifetime upon 
application of a field. lhe first term is the thermal equilibrium conductance. 
The second gives the increase in conductance due to illumination in the absence 
of an applied field, and the third the effect of the applied field on this increase. 
The ratio of the last two terms gives Az/7), where 7) may be measured 
independently. With a knowledge of the geometry of the specimen the change 
in surface recombination velocity As may be calculated from Ar. 

The specimens used were of dimensions approximately 2 cm x 1 cm x 0-1 cm, 
with non-injecting soldered end contacts. ‘The modulating field was applied 
normally to the two large faces by two electrodes at the same potential, each 
spaced from the germanium by two glass rods of about 0-025 cm diameter. 

In each case it was observed that the application of a field produced a sudden 
conductance change which decayed to a small value in a time of the order of 
200 seconds. Removal of the field produced a behaviour similar but opposite 
in sign. Owing to the inevitable presence of drift in the apparatus the assumed 
steady state value could not be measured with the same degree of accuracy as 
the initial changes. However, systematic differences were obtained between 
the steady-state conditions for various applied fields, and taking the zero field 
value as a datum, results were obtained of the type shown in the figure. In the 
steady-state condition, sudden reversal of the field caused a swing of twice that 
due to merely switching it off. 

All measurements have been made after etching the specimen in CP4 and 
so far have been conducted in dry air, mainly at atmospheric pressure. Four 
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Curve 1: The initial change in s as a function of AZ, a sudden change in applied field. 
Curve 2: The steady state change in s as a function of the applied field E. Positive 
values of & correspond to positive induced charge on the germanium surface. 

Inset: The time dependence of the conductance on application and removal of a field. 


crystals, of which three were n-type, of resistivities 10, 12 and 45 ohm cm, and 
one p-type of 10 ohmcm, yielded a dependence of lifetime on applied field 
of which the figure is typical. However, one sample gave a dependence of s 
reversed in sign from that shown in the figure. This sample was n-type and had 


a resistivity of 20 ohmcm. Its anomalous behaviour was repeatedly observed 
after many successive etchings. 


Acknowledgment is made to the Admiralty for permission to publish this 
letter. 


Physics Research Laboratory, 
University of Reading. 
12th December 1955. 


J. D. Nixon. 
P. C. BansBury. 


HeENIscu, H. K., and REyNoLps, W. N., 1954, Proc. Phys. Soc. B, 68, 353. 
Low, G. G. E., 1954, Proc. Phys. Soc. B, 68, 10. 


The Absorption of 39 kMc/s (39 Gc/s) Radiation in Germanium 


§ 1. THEORETICAL 
The equation 

E=exp (iwt —iL2z) 
describes a transverse electromagnetic wave 
a medium which is free from space charge a 
the attenuation is due to the motion of fr 
from consideration of the equations of moti 
with the field equations, that 


Baawt E(t) af 
em, \1—ig/wm,p, em, \l—tq/wmyg) 9 (1) 


propagated in the z direction through 
nd has a propagation constant L. If 
ee charge carriers it can be shown, 
on of the electrons and holes, together 
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in rationalized m.k.s. units. In equation (1) N, and N, are the densities of 
electrons and holes respectively, m, and m, their masses and p, and pa thee 
mobilities ; q is the electronic charge, c the velocity of light in the medium of 
permittivity e. 

When applied to a metal, equation (1) may be simplified to give the classical 
expression for the attenuation constant. For a semiconductor of not too high 
conductivity we may assume that ewSqu,N, or gusN,. Two cases then arise: 

(1) For infra-red radiation we may assume that w>q/mu, or q/mopy. The 
absorption constant, equal to twice the imaginary part of L, is then given by 


Jae 12 3 N Nf 
K = v2 Ko pee tee i Sees > 
( ~) 472 =i | E- = at | sushanctete (2) 


where n= \/« is the refractive index. 

It has been known for some years, however, that equation (2) indicates an 
absorption constant about 1000 times smaller than that observed in germanium 
and other semiconductors (Becker and Fan 1951, p.132, Gibson 1952, 1953) when 
the electronic mass is used for m, and my. 

(2) For microwave or radio frequencies we may assume that w<g/m,, or 
G/M. The absorption constant is then given by 


i [2 | = 1635- dp permetre 9 eee (3) 


Cole 


where o=q(p44.N,+p.Np) is the conductivity for direct current. 


§ 2. EXPERIMENTAL 


Equation (3) is of basic importance in the operation of germanium micro- 
wave modulators of the type described by Gunn and Hogarth (1955). In view 
of the marked discrepancy between theory (equation (2)) and experiment for 
semiconductors in the infra-red region of the spectrum it appeared to be desirable 
to check the validity of equation (3) by direct measurement at 8-6 mm wavelength. 
As the refractive index of germanium at 1-25 cm wavelength is known to be about 
4-05 (Goldey and Brown 1955) a sample thick compared with the wavelength, 
actually 1-91cm thick, was prepared. The sample was cut and ground with 
great care to fit a section of electroformed waveguide, the gap between sample 
and guide nowhere exceeding 0-0002inch. ‘The room temperature resistivity of 
the sample was 40 ohmcm, thus ensuring the validity of the conditions assumed 
above. 

The absorption in the specimen was measured from room temperature to 
55°c at which temperature the transmitted signal became too small for accurate 
measurement (sample attenuation, 65 ds). ‘The conductivity of the sample over 
the same temperature range was measured in a separate experiment. 

The results of this experiment are given in the figure. The curve is the 
theoretical absorption constant, derived from equation (3), using the experi- 
mental data on conductivity and assuming a value of the refractive index n equal 
to 4:1. The experimental points indicate the observed absorption constant. 
It will be seen that the agreement is excellent over most of the temperature range. 
Hence it seems likely that the high infra-réd absorption is associated with the 
small effective mass of the carriers (Goldey and Brown 1955), a quantity which 


does not appear in equation (3). 
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The experimental results described are not in agreement with those of Klinger 
(1953). According to Klinger, the radio-frequency absorption is less than that 
indicated by the d.c. conductivity, particularly at elevated temperatures. 


3000 
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Experimental points : observed attenuation. 
Curve calculated from 1635 o/n taking o experimental, n=4-1. 


Klinger’s results indicate a very large value of the carrier relaxation time 7 
namely 4x 10-!second. ‘The value of 7 is related to the effective masses by the 
equations 7,=,m,/q and 7,=,19m,/q and hence the above value of 7 indicates 
effective masses about ten times greater than the electronic mass. As recent 
work, referred to above, indicates an effective mass appreciably less than the 
electronic mass, Klinger’s results appear to be difficult to interpret. Our results 
indicate that the condition assumed in deriving equation (3) is valid and hence 


T1,72<4x10-M second; m,<2m; m,<4m. 


I am indebted to various colleagues at the Radar Research Establishment 
for the major part of the above work, namely Dr. C. A. Hogarth and Mr. J. B. 
Gunn for preparing the sample, Mr. J. B. Arthur for the absorption measurements 
and Dr. G. G. Macfarlane for bringing equation (1) to my notice. This note is 
published by permission of the Controller, H.M. Stationery Office. 


Radar Research Establishment, A. F. Gipson. 
Malvern, Worcs. 
22nd December 1955. 
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The Effect of Field Emission on the Behaviour of 
Semiconductor Contacts 


In a recent paper, Sillars (1955, to be referred to as I) derived the voltage— 
‘current characteristics of semiconductor point contacts in the absence of barrier 
effects and assuming field emission across the narrow gap in the vicinity of the 
mechanical contact. ‘The analysis was carried out for gap widths g which are 
proportional to a power of the radial displacement 7 from the centre of the contact 
and under the assumption of a constant field Fy across the gap in the region of 
field emission. In this note the analysis is extended to include arbitrary gap 
widths and fields which may be a function of r. The latter case might arise if 
there is a variable work function y at the gap surfaces since the predominant 
factor determining the field F, is the term 


4 /8mn2\12 32 
el3(G) | 


which occurs in the expression for the field emission current. ‘Thus Fy ocx? 
the constant of proportionality depending on the range of current densities (cf. 
Discussion in I which justifies the assumption that Fy is approximately indepen- 
dent of current density). 

Introducing the dimensionless quantities A=r/e; v=Vs/Vo; 1,=471sc/Voo; 
k=J/4o0cV, where J, and Vx are the current density and voltage at any point 7, 
J and V, are the total current and applied voltage, o is the conductivity and c is an 
arbitrary length to be specified, equations (8), (9), (10) and (11) of I can be 


written as 


(=> ==/ fs eos tS dy... Gi l= | foyav pita (3) 
’ em (E32 Sears 
is= N Gomme (2); k= |. sof (a). ve eeee (4) 


In order to obtain a direct relation between k and z, the function p(x) will be 
introduced where 


p(x) =1- ( fo)dy= | : Tne. eee (5) 
so that 
Prcoj=0) fand Ojai) Sia (6) 
Substituting into equation (4) and (1) 
pe ie “pladx iflintap()=0 - (7) 


1) u—> 7 
(if the upper limit of all the integrals is finite, as will be the case in the problem 
treated below, equation (7) is always satisfied) and 

La pak, 

ene eee ees Oe ec 8 

al. (2 — x2)H2 * (8) 
This can be reduced to Abel’s integral eoneod by a suitable transformation and 
solved for p(x), viz. 


Ae alco ike sone (9) 
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Substituting into equation (7) 
re N 
=i ae UANGA. —————(is ss 10 
r= lim I, CPOE v(A) (10) 


If the upper limit of the integrals is finite, say is(A)=0, if A>A, (i.e. f(A), p(A) =O 
if A>.) then 
(Ae r 
k= | » Azle 


and equation (6) will be replaced by 


“a Xr 
D(A.) = E | , (x2 —2)12 o(a)dr | =), | © Gane (12) 
using equation (9). pion: 
Since c has been left undetermined, we can set A,=1. Also simplifying 
equations (11) and (12) by setting A=), sin @ and A=xsin@ respectively gives the 
two equations 


Hd = © Vey atae (11) 


71/2 “70/2 ; 
| | v(sin§@) sinéd6= — | 2 1(sin.0) sin 0 a0 ae (13) 
where F=CSINGs 0) a eceures a athe SCRREE (14) 
As in Tit will now be supposed that the voltage drop across the gap is given by 
Ko Ve= Fryer) i (15) 


where F, and g have to be specified. 
In the reduced variables equation (15) becomes 


l— O==F',2( CSIO) 1) ou see ee (16) 
If we introduce the integral ) 
U(c)=| Fyg(csin®)sindd@ i, (17) 
~ 0 
the two equations (13) may be reduced to 
‘oe Cle) cc) iy een (18), 
and 
EDC) oe 
= i= aad ‘cena 19 
U(e)-+cU) or J=4nc?U"(c) (19) 


Evaluation of the integral U(c) and elimination of c between equations (18) 
and (19) would give the relation between J and V, thus providing a general and 
straightforward method of calculating currents and voltages, whatever the 
contact geometry or the variation of work function in the neighbourhood of the 
contact may be. 
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REVIEWS OF BOOKS 


Operational Calculus based on the two-sided Laplace Integral, by B. VAN DER Pot 
and H. BremMer. 2nd Edn. Pp. xiv+415. (Cambridge: University 
Press, 1955.)) 60s. 


Physicists interested in the application of modern operational methods to the 
study of physical problems will already be familiar with the first edition of 
this book which appeared in 1950. In this work the authors base an operational 
calculus upon the properties of the bilateral Laplace transform 


Soe) 


f(p)= | ~ e ’"h(t)dt, 


where it is assumed that p and hence A(t) are such as to ensure the existence of 
the integral. ‘The theory of such transforms is developed in the first half of the 
book and the second half is devoted to the solution of ordinary differential 
equations with constant and variable coefficients, of systems of simultaneous 
ordinary differential equations and of certain partial differential equations. There 
is a large number of examples drawn from a wide field in both physics and pure 
mathematics. ‘lhe whole work is very well summarized in a ‘ Grammar’ 
which is a collection of general formulae and rules of manipulation for the 
operational calculus, and a ‘ Dictionary’ containing classified transform pairs. 

The first edition of this book was distinguished by the high quality of the 
writing and the novel approach adopted by the authors. The concepts of 
Fourier theory are well explained and illustrated but the proofs of the basic 
theorems are omitted, reference being made to the classic treatises of Doetsch 
and Widder. ‘This is probably the most effective method of treating the subject 
for readers whose main interest lies not in the theory but in its application to 
physical problems and there is no doubt that the authors have carried out their 
plan with signal success. 

The new edition differs only slightly from the first. A number of corrections 
and improvements have been made at various places but only three sections of 
essentially new material have been added. Rules for the treatment of correlation 
functions have been added at the end of the chapter on ‘ Elementary Rules’ 
(Chapter IV). The remarks on the Dirac delta function have been supple- 
mented by a very brief paragraph which does no more than mention Schwarz’s 
theory of distributions. A brief note on the operational interpretation of the 
Wiener—Hopf technique has been added to the chapter on integral equations 
(Chapter XIV). ‘These additions are much too brief to add substantially to the 
stature of the work ; this was already great and there is no doubt that this book 
will become a standard work on operational methods. I, N. SNEDDON. 


YJournées de mécanique des fluides. Pp. 331. (Paris: Publications Scientifiques 
et Techniques de l’Air, 1955.) 3000/r. 


The first part of this volume gives a most valuable survey of the whole 
French effort in fluid mechanics, containing impressive accounts, fully illustrated, 
of the work of the institutes for the study of the subject at Grenoble, Lille, 
Marseille, Paris, Poitiers, Strasbourg and Toulouse. ‘The second part consists 
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of a number of original papers, of which the last, by Professor R. ‘Timman of 
Amsterdam, is particularly worth noticing here. It is a very full and clear 
account of the whole theory of unsteady two-dimensional motions of com- 
pressible or incompressible fluid about thin areofoils oscillating in an arbitrary 
manner. M. J. LIGHTHILL. 


Servomechanisms and Regulating System Design, Volume II, by H. CHESTNUT 
and R. W. Mayer. Pp. xiii +384. (New York: John Wiley; London : 
Chapman and Hall, 1955.) 68s. 


The authors have the distinction of being the first to run to two volumes. 
on this subject. ‘They may expect the question to be asked of whether such 
wordiness has been justified. Your reviewer would allow that it has. ‘To 
some extent this is because the two volumes are of quite distinct characters. 
The first is a reassemblage of the classical servo theory (if one may so name the 
works of the Brown and Campbell school) while the second is a manual of 
advanced applied theory and practice. ‘The latter volume is in this respect 
more original than the previous one and to those directly concerned with the 
design of control systems much more useful. The authors and their colleagues 
have a wide experience of designing control systems as is evidenced by the 
designs given in detail which are based on well-tried and sound, perhaps rather 
conservative, engineering methods. There are no flighty paper-designs here; 
the highly refined statistical methods of design are outlined but not indulged in. 
The authors have the wisdom to stick to the guarantee of their practical experience 
—surely a wise policy in this field that has sometimes suffered over-dramatization 
at the hands of well-meaning disciples—and are only occasionally tempted away 
from it by the desire for completeness. They have successfully included 
much practical advice of real value to the practising expert. 

The first chapter sets the practical tone of this volume by discussing 
measurement techniques and sine-wave generation at low frequencies for 
control system testing. Simple transient response analysis is suggested and 
an extensive treatment of approximation transformations from step-response 
to frequency response is given. The second chapter deals with input functions 
at large, exemplified by the azimuth, elevation and range functions of straight-line 
flight in non-dimensionalized geometric form. Rather oddly these are not 
transformed into frequency spectra but are dealt with in terms of equivalent 
sine waves. Errors to arbitrary input are assessed by means of error series 
which can be a hazardous procedure unless the convergence properties of the 
series are really understood. Noise and_ statistical considerations are 
acknowledged and represented by a generalized damped-oscillatory exponential 
auto-correlation function: a useful simplification in many practical problems. 

The third chapter fulfils a long outstanding need in the form of a well- 
documented treatment of mechanical considerations of the loaded servo motor. 
Torque, speed and power are discussed in all aspects that concern duty cycles, 
gear trains and mechanical time constants. Chapter four consists of a catalogue 
of stabilizing networks in terms of generalized parameters, salted with a few 
network theorems. Chapter five gives a few of the hard facts of life in respect 
of the d.c. amplifier, knowingly concluded with a few words on modulators, 
and followed by a chapter on a.c. servos for the record. 
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The authors then come to the subject on which they are clearly most at 
home and the remaining three chapters are devoted to various aspects of the 
non-linear system. ‘The first of these, on perturbation methods, deals with 
linearization over small departures of motor characteristics, gives an insight 
into the complication that arises when several inter-related variables must be 
simultaneously controlled by a discussion of jet engine control and concludes 
with mention of time-variable parameters. The next chapter stands out as 
the best in this volume and, after restating the basis of the describing function 
method, illustrates this by two extensive studies: the first on saturation effects 
on position control systems and the second on backlash in such systems with 
load resonance, both important and ubiquitous problems. The transient 
solutions given were obtained using an analogue computer (the method of 
calculating transient response in terms of the describing function approximation 
apparently not having penetrated across the Atlantic yet) and the reader has to 
accept these solutions without knowledge of their accuracy. This chapter 
concludes with a brief mention of relay type servomechanisms and phase plane 
diagrams. ‘The final chapter indicates how non-linear elements might usefully 
be embodied in designs where varying parameters are rife. 

Here then is a volume of great practical merit in which in respect of non-linear 
systems some real problems have been tackled manfully. The authors have 
something new to say and the manner in which they have said it will be 
appreciated by those who are seriously concerned with control systems. 

J. H. WESTCOTT. 


Boltzmann’s Distribution Law, by E. A. GuGGENHEIM. Pp. 61. (Amsterdam : 
North-Holland Publishing Co., 1955.) 5s. 6d. 


Although this booklet is written for “‘ students of physics and chemistry 
in their first term at a university, provided only they have had an adequate 
training in elementary calculus ”’, it will probably be the older students and their 
teachers who will benefit most from it. 

Lucidly written, it derives properties of such systems as ideal diatomic gases, 
simple crystals, or a gas of electric dipoles, and discusses some of the assumptions 
used in the derivations. 

It seems to me that the level is still too high for first-year students, but for 
students in their final honours year it should provide stimulating supplementary 
reading. The price is so low that it can become part of every student’s library. 
One minor criticism is that figure 3 on p. 45 seems to me to need a caption. 

D. TER HAAR. 
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Figure 1. Reflection pattern from etched 


(110) face of copper; [110] azimuth. 


NEWMAN) 


Figure 3. Pattern from copper after 
passing current at 20uA cm? for 1 
hour in cobalt bath; [110] azimuth. 


Figure 4. Pattern from etched copper 
covered by a cobalt layer 1004 in thick- 
ness deposited at 160 wa cm~?; copper 
[111] azimuth. Arced spots due to 
hexagonal cobalt [001] azimuth. 


Figure 5. Pattern from etched copper 
covered by a nickel layer 100A in 
thickness deposited at 600A cm~? ; 
[110] azimuth. 
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Figure 1. Pencil line on polished brass surface. Lateral magnification 1200; viewing 
angle 4 degrees, specimen rotated by 0:5 degree; apparent viewing angle 14 degrees. 


Figure 2. 


Scratch on duralumin surface made by slanting razor blade. 
cation 1200; viewing angle 4 degrees, | 


Lateral magnifi- 
arge rotation of specimen (about 2 degrees). 


497 


Magnetization Curves and Domain Structure 


By L. F. BATES anp A. HART+ 


Department of Physics, University of Nottingham 
AIS. received 6th October 1955, and in revised form 30th November 1955 


Abstract. For the two main faces of a Néel-cut crystal of silicon iron a detailed 
study is made of the changes in domain patterns occurring when the crystal 
dimensions are changed. ‘The contribution of closure domain systems to bulk 
magnetization along a [110] direction is treated experimentally and theoretically ; 
the results explain differences between the ideal (Akulov) magnetization curve 
and curves obtained experimentally, and prove that a substantial hysteresis loss 
occurs in high fields with crystals of finite size. 


$1. INTRODUCTION 

NE of the aims of modern domain theory is to account for the technical 

magnetization curves of ferromagnetic materials. ‘The problem is 

complex, and attention has therefore been confined primarily to single 
crystal specimens of special crystallographic orientations and to single domain 
particles. Calculations by Akulov (1929, 1931) predicted the shape of single 
crystal magnetization curves in directions of symmetry, and these were followed 
by the work of Lawton and Stewart (1948) for arbitrary directions of field with 
respect to the crystallographic axes. The work of Lawton and Stewart was 
paralleled by that of Néel (1944) who went further than the previous workers in 
that he proposed a definite domain structure for the specimen under examination 
and predicted how this structure changed with increasing bulk magnetization. 
The domain structure considered by Néel is shown in figures 1(a@) and (6), for a 
specimen known as the Néel-cut. 

In fields below about 40 Oe, there are considerable discrepancies between 
the calculated, theoretical curves and experiment. ‘Thus the inherent assumption 
that wall movements are reversible requires infinite initial susceptibility and 
zero hysteresis loss. There are also sharp kinks in the theoretical curves, which 
are not observed experimentally. Some of these difficulties were recently 
resolved by Lee (1953) who re-calculated the theoretical magnetization curve for 
the specific domain structure, including the small scale closure domains found 
on the (110) faces, of the Néel-cut specimen. He obtained an (/, H) curve which, 
in low fields, was depressed considerably below that of Lawton and Stewart, to 
an extent depending directly on the volume of the closure domains. Lee’s curve 
agrees more closely with certain experimental measurements (cf. Williams 1937) 
than does that of Lawton and Stewart. 

In his calculations, Lee used the theoretical domain sizes derived from 
Néel’s original analysis. One result of this approach is to predict that the 
depression of the new theoretical curve below that of Akulov or of Lawton and 
Stewart depends on the specimen depth, L of figure 1(@), perpendicular to the 

+ Now at Post Office Research Station, Dollis Hill, London N.W.2 


2K 


PROC. PHYS. SOC. LXIX, 5—B 


498 L. F. Bates and A. Hart 


(110) faces. The depression should increase in inverse proportion to the square 
root of the depth, since Néel’s analysis shows that as L decreases the volumes 
of the closure domains increase relative to the main domain volumes. No 
variation of the shape of the magnetization curve with specimen depth had been 
recorded experimentally at the time of Lee’s publication. 


Figure 1. Domain structure of Néel-cut specimen. 


Bitter figure experiments (Bates and Neale 1950, Bates and Mee 1952, 
Williams, Bozorth and Shockley 1949) showed that Neéel’s ideas are essentially 
correct. ‘The patterns on the (100) faces of Néel-cut specimens indicated a 
domain structure exactly similar to the diagram of figure 1(b), while the (110)- 
plane patterns differed somewhat from those predicted. The q domains of 
figure 1(5) appear distinctly in the powder patterns, but in place of the p domains 
a complicated ‘free pole’ structure is observed (Bates and Mee 1952). “Uhe 
measured domain size varies with the magnetic field much as Néel suggested 
but the measured domain width (d of figure 1(b)) is always greater than the 
theoretical value, sometimes by as much as a factor of three. As the volumes of 
the closure domains depend directly on the main domain widths, the theoretical 
volumes used by Lee in his calculations are smaller than those observed, and so 
Lee’s corrections to the Akulov curve are correspondingly too small. 

During measurements of the variation of domain sizes with magnetic field 
it was noted that alterations in domain size following field changes are not always 
reversible. For example, let a specimen be put into an equilibrium state b 
reversal of a high field and its domain size be measured. If the field is ate 
reduced without reversal, the domain width remains at the high field equilibrium 
value even when the applied field is substantially reduced. Thus the magnetiza- 
tion changes although the domain walls remain fixed. Consequently, for a 
chosen effective field the volumes of the closure domains for the ascending and 
descending branches of a magnetization loop are different, and accordingly 
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hysteresis should be indicated in the magnetization curves calculated from 
experimental domain sizes. 

In view of the above, the following experiments were made with a Néel-cut 
specimen. ‘he Bitter figure technique was used to determine (a) the variation 
of domain size with effective magnetic field along a [110] direction, and (b) the 
effect of the specimen depth L on this variation. The experimental results were 
used to calculate theoretical magnetization curves, and to obtain an estimate of 
the hysteresis loss due to the effect noted above. The curves were compared 
with experimental ones, and with those based on theoretical domain sizes as in 
Lee’s calculations. 


$2. EXPERIMENTAL ARRANGEMENTS 

A single crystal specimen of 3-8% silicon iron was prepared with the (110) 
plane 1-25cm by 0-58cm, the depth L perpendicular to this plane being 0-11 cm. 
The long axis of the specimen was a[110] direction. This specimen was mechani- 
cally and electrolytically polished and powder patterns could be observed on 
both the (100) and (110) surfaces. Measurements were mainly restricted to 
the patterns on the (110) face, observation of the (100) plane patterns serving 
merely to confirm that there were no fundamental changes in basic domain 
structure. 

The specimen was placed between electromagnet pole-pieces of rectangular 
cross section, with its ends in light contact with the pole faces. The periodicity 
d of the patterns on the (110) face was observed at several points on the initial 
magnetization curve. At each point, the specimen was put into a cyclic state by 
reversing the field some twenty times, and the patterns were photographed and 
measured. After reaching the highest field value used, the latter was reduced 
without reversal, and photographs of the patterns at several field strengths down 
to zero were obtained. ‘The field strengths were measured with a magnetic 
potentiometer used in conjunction with a galvanometer amplifier for adequate 
sensitivity. Measurements were made at specimen depths in the range 0-11 cm 
to 0-065cem. At depths less than 0-06cm a modified domain structure was 
observed, which precluded calculations of the type required in the theoretical 
analysis. 

$3. GENERAL FEATURES OF THE PATTERNS 


As the crystal depth L was reduced from 0-11cm to 0-065 cm, the types of 
pattern on the (110) face remained unaltered. ‘The photographs of figures 2(a) 
to 2(f) (Plate) are a typical series. In figures 2(@) to 2(c) the applied field was 
increasing; the specimen was later saturated, and figures 2(d@) to 2(f) show the 
changes in pattern when the field was reduced from the saturation value to a 
low one. In figures 2(@) and 2(b) the clear regions correspond to the q domains, 
while the darker regions are ‘free pole’ patterns, occurring in the positions 
of Néel’s p domains. In figure 2(c) the darker regions represent the backbones 
of the p domains which actually spread over nearly all the surface, including the 
relatively lighter regions. These patterns are exactly similar to those of Bates 
and Mee (1952), recorded in an earlier investigation of this form of specimen in 
the range L=0-6cm to L=0-2cm. The patterns show that Neéel’s p domains 
are replaced by a more complex structure, whose exact nature is still uncertain. 
However, it must give a magnetization more nearly parallel to the applied field 
than the main domain magnetization, and_in the calculations given later Néel’s 

2) Kee 
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simple structure is used. As the chief modifications to the calculated curves 
arise from the contributions of the q domains in low fields, this simplification 
is permissible for our present purpose. ‘The patterns on the (100) face were 
similar to those reported by Bates and Neale (1950), and their spacings corres- 
ponded to those required by the (110)-plane pattern. . 

The patterns on the (110) surface in low fields when the specimen was 0-06 cm 
deep were peculiar, for although they were regularly spaced, the lines of the 
pattern did not lie accurately along a [100] direction, but at an angle of about 5° 
thereto. A check on the specimen’s orientation at this stage showed that its 
main faces were (110) planes to within 0-25°, and that its edge was certainly less 
than 1° from a [011] direction. Further observations as the specimen depth 
was reduced showed lines deviating even further from the [100] direction, until 
for a depth of 0-035cm the greater part of the surface was covered with lines 
parallel to the edge of the specimen, i.e. to the field direction. Further infor- 
mation about the behaviour of such patterns will be submitted for publication 
in due course. ‘They are mentioned here in order to explain why calculations 
made from experimental measurements of line spacing are not given for specimens 
less than 0-065 cm deep. 


$4, CuRvES OF DOMAIN SPACING 

‘he measured line spacings d as the field was varied, with specimens of depth 
0-113, 0-103, 0-093, 0-072 and 0-065 cm, were plotted against the corresponding 
effective fields H. The curve for a specimen of depth 0-072cm is reproduced 
in figure 3, which is typical of all the stated depths. ‘The broken line represents 
the theoretical curve calculated from Néel’s formula for the chosen depth. The 
general characteristics of this theoretical curve, namely an initial sharp dependence 
of d on H in low fields, followed by a region in which the variation of d with H is 
very slight, are reproduced by the experimental curves. However, in no case is 
there a minimum in the experimental (d,H) curves. ‘The measured spacing 
decreases monotonically as H increases and approaches an ‘asymptotic’ value in 
high fields. Moreover, the observed values of d are greater than the theoretical 
ones over the entire field range. 

To this general statement regarding the numerical values of the measured 
and theoretical line spacings, two notes may be added: (a) for a given specimen 
depth the ratio of observed to theoretical spacing increases as the field increases ; 


-—o— /f increasing 

: —e— H decreasing 

Q —x— 1 decreasing from 500 0e 
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Figure 3. (d, H) curve for specimen of depth 0-072 cm. 
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(6) for a given field value this ratio decreases as the specimen depth decreases. 
Thus, for a depth 0-11 cm the ratio increases from 1:6 in fields of about 100 Oe 
to 2-0 in fields of about 300 Oe; for a specimen depth 0-07 cm the ratio increases 
from 1-2 to 1-8 over the same field range. 

The tendency for the domain size to remain at the value corresponding to the 
highest field, even after the field has been considerably reduced, is shown clearly 
in figure 2 and also in the graph of figure 3. Because of this effect the domain 
size at a chosen field value is always smaller when the field is decreasing then 
when it is increasing. The difference between the two ‘equilibrium’ domain 
sizes increases as lower fields are approached. ‘There is therefore a marked 
dependence of domain size on the maximum field employed during a cycle of 
magnetization. For example, when in figure 3 the line spacing at a field of about 
300 Oe was measured and the field was then reduced, the domain size remained 
constant until the field was about 20 Oe, giving the branch BC of the graph. 
On the other hand if, after taking the measurement at 300 Oe, the field was increased 
until the specimen was saturated and then reduced until line deposits were again 
observed, the resulting graph, EF of figure 3, was lower than before. There is 
thus a wide variation in the (d, H) curve for H decreasing, unless a fixed maximum 
field is employed. In all the magnetization cycles used for the calculations given 
later, amaximum field of 300 Oe was used, so that the specimen was never saturated 
and field reduction was always commenced while the line structure was still 
visible. 

$5. "THEORETICAL ASPECTS 

When a field H is applied along the [110] direction the Akulov approach gives 

a magnetization /=/;cos@ where 
Hijjtik=scos 0(2:cos*0=4).  )etnes (1) 

Assuming the Néel structure of figure 1(b) and following Lee’s (1953) treatment, 
the Akuloy equation may be corrected to take account of the p and q domains. 
The correction AJ is given by 

AT=[IsVp—IsVp+V,)cos@]/gLd — aseeee (2) 
where L is the depth of the crystal, d the spacing of a main domain pair and 
Vp and JV’, are respectively the volumes of the p and q domains. Now, we 
know that in fact the p domains have a more complicated structure than that 
given in figure 1(b), but its effect is considered to be small in low fields, where 
Vp is small and AJ is large and negative. In high fields AJ is positive but small. 
Theoretically, for a field of about 170 Oe, Vp =(Vp+ V,) cos@ and Al=0. 

In the theoretical equilibrium state pictured by Néel the volumes of the 
closure domains are 


a id W,, sin @ (3) 
 4W, W,+W,, 1—cos 0’ sony 
yl Wy, 
= tan 0, OCS 

Va- 4W, W,+ WO (4) 

me eee Missa) erec(S) 
WW, 

where W, and W, are respectively the energy densities of the p and q domains. 
If V is the volume of a primary domain then 
Vee Vyt+Vy=3Ld. sels eare (0) 


Vy 
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The last five equations give AJ L~'?. Now, the spacing observed in a 
field H may differ appreciably from that predicted by Néel’s theory, when so 
too will Vy and V’,.. Since Vy and V,, are proportional to d2, it follows that 

Al oedid., «t= 2A re eee (7) 

It seems reasonable to assume that, in a strain-free specimen, @ is given by 
the theoretical value of equation (1). Assuming further that for a given field H 
the ratio Vp/V, is approximately the same in the actual and in the theoretical 
cases, from equation (2) it follows that the constant of proportionality in equation (7) 
is the same in both cases. Hence, if for a crystal depth L the observed pair 
spacing is d’ and the corresponding theoretical spacing is d, then in an obvious 


notation ATA =7id. (3) 
When therefore, due to hysteresis, different spacings d’ and d’ are observed for 
the same field, the difference between the intensities of magnetization is 
ADS — AI = 01 = AI de ds\id, wage ee (9) 
and for two specimens of depths L, and L, we have from (7) 
Ola rd, = ay eee 
51, = dad, i Jpricinae (10) 
The last four equations show the modifications to be made to the theoretical 


calculations to allow for the differences between the experimental and the 
theoretical domain sizes. 


L 
‘ Specimen Depth 0-06 cm 


Specimen Depth 0-1 cm 


Specimen Depth 0-6 cm 


50 75 100 125 150 
Effective Field H (Oe) 
aoeceee AI/Is Theoretical —AZ’/I, Experimental 


Figure 4. Comparison of Al/I, and AI’/I, values for three specimen depths 


Let us now consider the results of the application of this analysis to the 
information given by the (d,H) curves. The dotted curves of figure 4 were 
obtained from calculations based on Néel’s theoretical domain sizes. They are 
for the three separate specimen depths, 0-6cm, 0-1cem and 0:06cm. The full 
line graphs were calculated from the observed domain sizes on specimens with the 
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corresponding values of 1. The results for the specimen 0-6cm deep are taken 
from a curve by Mee (1952) and usefully extend the range of the calculations. 
Comparing curves of each pair, the A/’ values are appreciably greater than the 
AT values but, in going from one pair to the next, the variation in AJ’ is much 
less than that in A/. This is due to the effect of the d’/d factor in equation (8). 


$6. QUANTITATIVE ASPECTS 

The above calculations give values of AZ’ which, at a specimen depth of 
0-1 cm, are twice as large as the AJ values deduced from the theoretical domain 
sizes. Moreover, at any field strength the value of A/’ does not vary as sharply 
with specimen depth as does the theoretical AZ. 

Lee (1953) compared his results for AJ with the experimental magnetization 
curves obtained by Williams (1937) for a specimen of depth L=0:23cm. Good 
agreement was obtained, but the theoretical curve was still above the experi- 
mental one. The present work indicates that the actual domain size for this 
specimen depth is slightly greater than twice the theoretical size, so that the 
‘theoretical’ curve is considerably lowered, and thus gives better agreement with 
Williams’ measurements. 

A magnetization curve for a single crystal specimen with dimensions 2:1 cm 
by 0-9cm in the (110) plane and a depth of 0-072cm was obtained. Powder 
patterns on this specimen agreed very closely with those on the specimen used 
for the rest of the investigation, but the greater surface area allowed more accurate 
measurement of the field by the magnetic potentiometer. The search coil for 
measuring the corresponding induction wasasingle turn of No. 44s.w.g. enamelled 
copper wire; both were used in conjunction with a galvanometer amplifier. 
This curve was first reduced to an 7/7, curve, and then experimental values of 
AJ were obtained by subtraction of this //J, curve from the Akulov curve. ‘The 
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Figure 5. Comparison of AJ/I, and AJ'/J, values for specimen depth 0-072 cm. 


top curve of figure 5 represents the values of A/ plotted against the field H. For 
comparison, the values of A/ calculated from the theoretical domain sizes are 
shown by the dotted curve, and the AJ’ values obtained from the observed domain 
sizes are also shown. ‘The latter curve can be extended below 10 Oe by using 
theoretical domain sizes since, in this low field region, the ratio d’/d decreases 
and approaches unity at all specimen depths. ‘The improved agreement obtained 
by using the A/’ values is now apparent. 

When both the (d, H) and (d’, H) curves are used for calculating values of 
Al’ and AI’, curves such as those of figure 6 are obtained, and from them hysteresis 
losses can be calculated. ‘The hysteresis loss in the range 10 to 200O0¢ was 
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calculated for various specimen depths by evaluating the appropriate areas from 
curves of 6/ against H, obtained by the substitution in equation (9) of the values 
of d’d and d"/d obtained from the (d’,H) and (d",H) curves. Above 200 Oe 
the loss so calculated is very small, while below 10 Oe the values of d’/d deduced 
from the latter curves are liable to error because of the rapid variation of the 
spacings with H. ‘The curves of A/ against H showed that the hysteresis mereased 
with decrease in specimen depth, but the changes in the values of d’/d and d’/d 
as the depth decreased made the variation of the hysteresis loss with depth much 
less than would otherwise have been expected. The loss predicted was about 
1200 ergscm * cycle 1 over the field range studied. 
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Figure 6. Predicted structural hysteresis, specimen depth 0-1 cm. 


The results of Wilson (1946) on a single crystal specimen of 2-1° silicon 
iron extend up to a Bmax of 15000 gauss, and at this induction the measured loss 
is 3100ergsem-* cycle“. Wilson’s results agree very closely with those of 
Brailsford (1948) for 3°, silicon iron grain-orientated sheet material magnetized 
at right angles to the rolling direction of the sheet. For a Bmax of 14000 gauss 
the polycrystal and single crystal losses agree almost exactly and are about 3000 
ergscm *cycle!. It is assumed for the purposes of comparison that the losses 
are still comparable at higher values of induction. This view is supported by 
powder pattern measurements on polycrystalline grain orientated material, 
some of which were reported earlier (Bates and Hart 1953): Atay b eon 
18000 gauss, the measured loss is about 4500 ergscem™* cycle for 3-5% silicon 
iron magnetized in a [110] direction. The losses measured by both Brailsford 
and Wilson are twice as great in the [110] direction as in the [100] direction, 
while the losses in the [111] and [110] directions are approximately equal over 
the entire range of measurement. It has been observed that the losses in grain- 
orientated sheet material increase as the sheet thickness decreases and as the 
grain size is reduced (cf. Yensen and Ziegler 1935, 1936). 


§ 7. Discussion or REsuLts 
It is now well established that the overall domain structure of any specimen is 
largely influenced by the closure domains formed in its surface layers and that 
these have much bearing on susceptibility values and hysteresis phenomena. 
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In this paper we have dealt with an effect of closure domains on the mean 
magnetization of a Néel-cut specimen. ‘This problem was first studied by Lee 
who based his calculations on the purely theoretical formulation of the domain 
structure by Néel. In this paper we have extended Lee’s results by an experi- 
mental study of the relevant domain structures. Tee found that the theoretical 
(J, H) curves given by his calculations were more in agreement with experimental 
(1, H) curves than were those calculated by Akulov. It has here been shown 
that by basing the calculations on observed domain structures, instead of on 
those postulated by Neel, still better agreement with experiment is obtained. 
The improvement is mainly confined to field ranges up to about 100 Oe, and are 
particularly noticeable in low fields, although we know that the full implications 
of the closure domain structure on the (110) plane have not yet been explored. 

The hysteresis loss in the upper ‘ rotation’ region of the magnetization curve, 
predicted in $5, must be due basically to wall impedance, and as it depends so 
markedly on closure domain structure it might be termed a closure domain 
hysteresis. Wall impedance hysteresis models have hitherto been confined to 
low field regions of the order of the coercivity, where of course wall impedance 
is extremely important. The point emphasized here is that the calculated 
hysteresis in the ‘ rotation’ region of the magnetization curve due to this previously 
ignored effect corresponds to a quarter of the d.c. losses measured in the [110] 
direction. As Lee pointed out, the effects of closure domains are such that 
so-called ‘constants’ deduced from technical magnetization curves of ferro- 
magnetic materials may be determined by specimen shape as well as by the nature of 
the material itself. We now see that this statement also applies to energy changes. 
during the magnetization of single crystals. 
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slbstract. Measurements have been made of the absorption coefficient of 
amorphous selenium in the region from 0-58 to 0-66 microns. The effect of 
temperature on the absorption edge has also been determined, and the edge is 
shown to shift by 2:7Adeg~1, equivalent to a change in the energy gap of 
OX NU tev cere. 


§ 1. INTRODUCTION 

N recent years amorphous selenium has been found useful as a photoconductor 

(Weimer and Cope 1951) and an infra-red optical material (Gebbie 1952) 

and several measurements have been made of the refractive index and 
absorption coefhcient both in the visible and in the infra-red. The various 
determinations of refractive index (Dowd 1951, Saker 1952, Wood 1902) have 
given good agreement, and we may consider this quantity as well defined, but 
wide divergence is shown between the values obtained by different workers 
for the absorption coefficient, particularly in the region of the absorption edge, 
0-50 to 0-70 microns, where the coefficient varies very rapidly with wavelength, 
Criticism was directed at some of the earlier experiments (Wood 1902, Becker 
and Schaper 1944) on the grounds that the specimens used were obtained by 
sputtering and probably contained some crystalline material; for this reason 
the two most recent determinations, those of Dowd (1951) and Gilleo (1951): 
using evaporated films, were to be preferred. T hough the agreement here is 
considerably better, there is still a discrepancy between the two sets of results, 
Dowd’s values being almost 30°%, lower than Gilleo’s. A new determination 
has now been made using different experimental methods. 

A further point which warrants investigation is the variation of the absorption 
coefhcient with temperature, an effect which causes the absorption edge to shift 
to longer wavelengths as the temperature increases. The only detailed measure- 
ments published (Gilleo 1951, Saker 1952), were made at wavelengths near 
and beyond 0-65 microns, where the absorption coefficient is not high at room 
temperature ; these have now been extended to shorter wavelengths. 


§ 2, PREPARATION OF SPECIMENS 


‘The layers used were made by evaporating ‘specpure’ selenium shot, obtained 
from Johnson Matthey Ltd., from an electrically heated tantalum boat in a 
vacuum of less than 5x10-°mmHg. The substrates, polished glass discs 
Zin. in diameter, were placed approximately 25 cm from the evaporator to obtain 
films of uniform thickness, but even so it was found that rapid evaporation resulted 


The Absorption Edge of Amorphous Selenium O7 


On 


in a non-uniform deposit. ‘The temperature of the boat was therefore adjusted 
to give a deposition rate of about 100A per minute. At each evaporation four 
specimens were prepared, one in the form of a thickness monitor from which the 
approximate thickness of all four layers could be determined, using 'Tolansky 
multiple beam fringes. ‘The three other specimens were examined for blemishes 
and pinholes, and the best chosen for transmission measurements. Fourteen 
layers were used, ranging in thickness from 0-7 to 3 microns. 


§ 3. DETERMINATION OF ABSORPTION COEFFICIENT 
3.1. Transmission Measurements 


he transmission of each specimen was measured over the wavelength range 
0-5 to 1-0 microns, using a General Electric recording spectrophotometer. It 
is estimated that the transmissions are accurate to 0:5°% and the wavelengths 
to within 104. The temperature of the layer was noted during the run, and for 
all specimens it was within 2 degrees of 300°x. 

A typical curve is shown in figure 1. It can be seen that the curve divides 
into two parts—a short wavelength region where the transmission increases 
rapidly with wavelength, and a second region where the transmission oscillates 
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Figure 1. A typical transmission—wavelength curve; Film thickness=1-57 microns. 


with wavelength, due to interference effects in the layer. From the second region 
an accurate measure of the thickness of the specimen is made in the following 
way. The maxima occur at wavelengths where the thickness d is related to the 
wavelength by the relation 


DWD=BINNS Pts)! Bo © Ge esate (1) 
where x is the refractive index and \ an integer. Similarly, at the minima 
2nd =(IN+4)A. Exachte (2) 


From the published data on refractive index (Saker 1952), values of 2n/A are 
tabulated. From equations (1) and (2), it is apparent that the maxima and 
minima are spaced at equal intervals of 2”/A, and from the mean value of this 
interval d can be calculated. 

An alternative procedure involves a prior knowledge of the approximate 
value of d. The thickness monitors mentioned in the previous section give 
this for each specimen, and the oscillatory pattern to be expected from such 
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a thickness is determined, using the tables of 2n/A, and compared with that 
actually occurring. ‘The deviations between the two curves indicate how the 
actual thickness differs from the approximate value, and by making a succession 
of small changes in d it is possible to find accurately the thickness necessary to: 
generate the pattern observed. ‘This method is more accurate than the other, 
particularly for the thinner films, where only a small number of maxima are 
found in the wavelength range recorded, but in practice the two methods gave 
answers agreeing to within about 2°,. 

It is believed that the interference method of measuring thickness is more 
accurate than that used by Dowd and Gilleo, who weighed the selenium in their 
layers and deduced thickness from the published density of amorphous selenium 
(4-26 to 4-30 gm cm”), 

To calculate the absorption coefficient at any wavelength A, the variation 
of transmission 7 with layer thickness must be known, and this can normally be 
derived from the 7—A recordings. At some wavelengths, however, interference 
effects complicate the interpretation, and a true transmission curve must be 
found. ‘This is done by drawing the envelope of points of maximum positive 
departure from the smooth curve, and the corresponding envelope for points of 
maximum negative departure. The mean of the two envelopes is the true 
transmission curve. It should be noted that on a curve where transmission varies 
rapidly with wavelength, the interference maxima and minima do not coincide 
with the observed transmission maxima and minima, but are slightly displaced 
from them. 

Once true 7-A curves are available, the dependence of 7 on d can be tabulated 
for each wavelength and when log T is plotted against d, as in figure 2, the points. 
should lie on a straight line with intercept on the 7 axis equal to the reflection 
loss at that wavelength. Since the refractive indices of both the film and the 
glass substrate are known, the reflection loss at each wavelength can be computed, 
and this provides a further point for each line. The slope of the line is the 


absorption coefficient «, and it was possible to find x for wavelengths from 0-59 
to 0-66 micron. 


Transmission 7 (%) 


0 | 2 3 
Thickness @ (microns) 


Figure 2, The dependance of transmission on thickness of specimen at two typical 
wavelengths, 
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As a check, the variation of transmission with thickness at 0-589 microns 
was found by a separate experiment, using a sodium lamp and a quartz double 
monochromator, and the same selenium specimens. ‘The results were in good 
agreement with those obtained using the recording spectrophotometer. 


3.2. Values for Absorption Coefficient 
In the table the results obtained are compared with data kindly supplied 
by Dr. Gilleo and Mr. Dowd, and a plot of the results is shown in figure 3. 


~o—o- Present results 
fa} Gilleo 195} 


4 Dowd 195! 


(cm-') 


Absorption Coefficient a 


0-58 0-60 0-62 0:64 (0-66 
Wavelcngth A (microns) 


Figure 3. ‘The dependence of absorption coefficient on wavelength. 


Wavelength Absorption Coefficient (em! « 10°) 

(microns) Present results Gilleo Dowd 
0-59 16°8 19-5 15-0 
0-60 ties 12:2 9-5 
0-61 7-60 7:60 6-0 
0-62 4-64 4-70 3:8 
0-63 2:83 3-00 25 
0-64 ens 1°85 1-4 
0-65 1-03 1:20 gus 


It can be seen that there is fair agreement with Gilleo over most of ute wave- 
length range covered, but at several points the divergence is greater than our 
estimated experimental error of +5°%. 


$4. EFFECT OF '|7EMPERATURE ON THE ABSORPTION COEFFICIENT 
4.1. Experimental Details 
At a wavelength where the absorption coefficient is %), the transmission of 
a film of thickness d is given by 
fe OX. ma | a eae (3) 
where 7, takes account of the reflection loss. On differentiating with respect 
to temperature 6 
A Tigh) d(dodi)\a\) oe Bae yi eee (4) 
as T, varies much less with temperature than, 7. If we define —(d7/d@)/T as F, 


and dx/d6 as y, we have 
eagle lithe © oar Pee (5) 
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Equation (5) indicates that if / can be determined for a series of specimens 
of different thicknesses, a graph of F against d should be a straight line through 
the origin, and the slope is equal to y. 

Therefore the method adopted was to find, using monochromatic light, the 
7—# curves over the temperature range 20°c—40°c for the specimens mentioned 
above, deduce F at the mean temperature, 30°c, for each specimen, and finally 
to measure y from the F-d curve. 

The apparatus used is represented in figure 4, the source being a 20 watt 
sodium lamp, and the detector the vacuum photocell of a Baldwin transmission 
photometer, enabling transmissions down to 0-1°,, to be measured with good 
accuracy. A camera shutter covered the photocell, and to avoid fatigue effects 
it was opened only when readings were being taken. The specimen and a 
comparison disc of clear glass were held in a slide, which could be adjusted to 
place either disc in the optical path, where it was directly in an air blast from an 
electric blower. The temperature of the air stream could be adjusted by means. 
of an electric heater, and a thermometer reading to 0-1°c was placed in the stream. 


Long Wavelength 
Sodium Lamp Thermometer : ae 


Hot Air 
oOo Blast Combined Shutter 


and Stop 


Vacuum 


Short. Wavelength Blank Photocell 


Filter 
Slide 


Figure 4. Apparatus for measuring temperature coefficient of transmission at 5893 4. 


To lessen the intensity of the green and red sodium lines, a short and a long 
wavelength filter were necessary. The green line was reduced to a negligible 
amount by a 1 micron selenium layer, and the red line was weakened by an N.P.L. 
photocell correction filter (Harding 1950). A spectrographic test showed that 
when both these filters were in position, the red line could be neglected for films 
thinner than 2 microns. 

The procedure employed was to measure transmission at temperature intervals. 
of two or three Centigrade degrees, first with temperature increasing in steps 
from room temperature to +0°c, and then with it being reduced to the original 
level. For each specimen the cycle was repeated at least once. Checks showed 
that the layer needed about three minutes to stabilize in temperature after the 
heater had been adjusted. 


4.2. Results 


It was found that for all except the thinnest specimen, the 7—@ plots were 
good approximations to straight lines. Since the temperature range covered 
was only +10°c, it is doubtful if any physical significance can be given to this 
point. A typical graph is shown in figure 5. The circles represent the mean of 
between two and four experimental observations, so that the line is identified by 
about 30 measurements. The transmission—temperature graph for the thinnest 
layer, 0-70 microns thick, showed a small departure from linearity, the slope 
tending to decrease in magnitude at the higher temperatures. 
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From the graphs, 7 and dT dé were measured at 30°c, and F plotted against 
d, as in figure 6; the points for layers thinner than 2 microns lie on a straight line 
through the origin, and the slope indicates a value for da/d@ of 190 cm! deg-!. 
Results for thicker films lie below the straight line, showing a proportionately 
smaller modulation of transmission than the thinner specimens. It is probable 


that this effect is due to the red sodium line, which becomes of importance only 
for such thick films. 
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Figure 5. Variation of transmission (0°589 4) with temperature for selenium film, 
thickness 0-98 microns. 
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Figure 6. Dependence on film thickness of (d7/d@)/T. 


The change of absorption coefficient with temperature is now known, and the 
change of absorption coefficient with wavelength can be read off figure 3, at 
a wavelength of 0-589 microns. We deduce how much the absorption edge must 
have shifted in wavelength to change the absorption coefficient at 0-589 microns 
by 190cm~!, and this shift is caused by a temperature change of one degree. 
It is seen that the effect of temperature is to move the edge by 2:7 Adeg “4, equivalent 
to an energy change of 9-7 x 10-*evdeg™?. 


ay YZ C. Hilsum 


$5, Discussion 


It appears from figure 3 that the absorption edge in amorphous selenium is 
not steep enough to deduce accurately the activation energy £, though we may 
conclude that the energy gap is between 1-9 and 2:lev. As a result the con- 
ductivity at room temperature is very small, and it would be difficult to determine 
E by electrical methods. However, since amorphous selenium is really a 
supercooled liquid, it might be expected to have properties similar to those of 
liquid selenium. Henkels (1950) has made electrical measurements on liquid 
selenium at temperatures from 220°c—500°c, and from these it can be deduced 
that F is 2-3ev at absolute zero. ‘This is in fair agreement with the optical 
determination. 

Previous measurements of the movement of the absorption edge with 
temperature have been made by Saker (1952) and by Gilleo (1951). From 
neither experiment is it possible to deduce the room temperature shift accurately, 
but an analysis of their results shows that the effect is smaller at low temperatures 
than at high, increasing from 6 x 10-tev deg-! at 100°K to 16x 10-4ev deg} at 
650 kK. Both sets of data tend towards a room temperature value near 10-3 ev deg}, 
in good agreement with our own result. 

‘This represents a larger shift than is found in most semiconductors. Bardeen 
and Shockley (1950) have shown that a large expansion coefficient can lead to 
a large variation of the energy gap with temperature. In this respect it is 
interesting to note that the expansion coefficient of amorphous selenium, 
56 x 10° deg! (Sato and Kaneko 1949), is one of the largest known. 
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Abstract. The voltage-current and capacity—current characteristics for current 
flow across a surface of discontinuity between two semiconductors have been 
derived. Both the diode and diffusion theories are dealt with, the former being 
treated in detail for Mott barriers and the latter for Schottky barriers. The results 
are applied to measurements on silicon carbide point contacts and a grain boundary 
in germanium respectively. 

The resistance is shown to be consistent with a barrier which is caused by donor 
and acceptor surface states. On SiC the density of these states is about 10! cm~? 
and on Ge about 5 x 10% cm-?. 


§ 1. INTRODUCTION 


X PERIMENT has shown that a surface of discontinuity between two semi- 
conductors gives a high resistance for current flow: high, that is, with 
respect to the resistance to be expected from the bulk resistivity of the 

materials. ‘Thus the resistance for low applied voltages across a SiC—SiC point 
contact may be as high as 10!°© whereas the ordinary constriction resistance, 
assuming a contact radius of 10-* cm anda resistivity of 1 (22cm, is between 10? and 
10?Q. To explain this discrepancy Mitchell and Sillars (1949) suggested the 
presence of surface states at the surface of discontinuity (1.e. contact surface in this 
case) giving rise to a barrier which impedes the flow of current carriers. 

In this report the theory of such a barrier is worked out under the assumption 
of a single donor and a single acceptor energy level at the surface both of which 
may trap or emit electrons. As regards current flow in the barrier itself two 
possibilities arise depending on whether the mean free path of the carriers is long or 
short with respect to the barrier thickness. In the former case the diode and in 
the latter the diffusion theory of barrier rectifiers must be used. It is found that 
the results depend essentially on the fields in the barrier at the position of the 
surface. These can be related to the potential heights of the barrier if the charge 
distribution within the barriers is known. 

The characteristics are obtained by examining the conditions for electrostatic 
charge neutrality and for a stationary distribution of charges on the surface states. 
Finally the explicit relation between the current and the voltage drop across the 
barrier can only be obtained if the impurity charge distributions in the barrier are 
specified. ‘T'wo special cases were dealt with, one because it seems to apply to the 
SiC-SiC contacts already mentioned, the other because it is relevant to a Ge grain 
boundary investigated by Taylor, Odell and Fan (1952). ‘The theory is, however, 
more general and can be applied to any impurity distribution. In § 4, the applic- 
ability of the present calculation to commercial, non-ohmic, bonded silicon 
carbide resistors, is discussed. 
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§ 2. "THEORY 
2.1. Model of ‘the Surface Barrier 

The model of the surface of an n-type semiconductor in equilibrium is repre- 
sented by the electronic potential energy diagram of Hore, lees ihe theory 
developed below can easily be applied to p-type semiconductors by exchanging 
the roles of electrons and donors for those of holes and acceptors. It will be 
assumed that two types of surface states exist, namely donor states D (energy Ed 
below the conduction band) and acceptor states A (energy €, below the conduction 
band). ‘Thus the D states are neutral when full and the A states when empty (of 
electrons). ‘The charge on the surface gives rise to an internal barrier of height 


dyev. Now if 
exp(—2.) ex Hen < exp i) and | 
AE cates YA RT (1) 


) e0(F2)<en(G)me | 
wo Spt) <0 (6) 


where £, ev is the forbidden gap width and £ ev is the Fermi energy in the bulk of 
the semiconductor relative to the bottom of the conduction band, then it can 


Figure 1. The surface barrier of a free semiconductor. 


easily be shown that interactions of electrons in the D states with the valence band 
may be neglected while the A states may be taken as permanently occupied by 
electrons. Thus if F,/K is the field at the top of the barrier inside the semi- 
conductor (measured as a rate of change of potential energy, i.e. in ev cm-+) where 
K is the dielectric constant then 
Hof4e?=4[(Na—Na)+na) ~~ —— (2) 

(Mao is the number of electrons per unit area on the D states in equilibrium, 
Va, + Na are the numbers per unit area of D and A states respectively). F, canbe 
related to ¢, and the barrier thickness L if the charge distribution in the barrier is 
known. ‘Two special cases will be dealt with later. 

If cis the average capture cross section of the D states and 27 is the lifetime of 
eiectrons In them, then the condition that Nao IS Stationary gives 


Ipc Na=ni)=eni2e | i oe (3) 


kT \12 db 
Iy=ne(5=— ) exp (— En) Sone (4) 


where 
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(n= electron density in the bulk of the semiconductor, 7'= absolute temperature) 
Z, is the current of electrons approaching unit area of the surface. More exactly 
if c(E,) is the capture probability per D state in unit area andE,=p,2/2m (p, is the 
momentum in the x direction normal to the surface) then 


kT \" asics BE \ctE)E, 
mee Goer 989 [eee reeeene VO abeeeon 5 
n= ) t=n (= ) 1. exp( Et) (RT dE, (5) 


Similarly 1/27 will be the average probability per unit time that an electron is 
emitted from a D state. Introducing the constants «=m )/Na, B=(Na— Na)/Na 
equations (2) and (3) can be rewritten as 


OP PSZ TENG eaeas (3a) 
Chola Zieerhe, (4a) 


Finally, since the system is in thermal equilibrium 


Nag do—6 —€a me } 
Ngo | 1 +exp/ RT ) be: ae (6) 
ae. ul e)=expl (do. ene: | 


Comparing with equation (4a) and using the relation (valid for a non-degenerate 


semiconductor) 
= ZINGCXD GR La I Die i (7) 


where \, =(27mkT)32/h3 we have 
_ exp(eq/RT) 
AN, (RTJ2mmyl2 


If contact is made between two identical semiconductors of the type just 
described the equations remain unaltered since the quantities }2,), $Na, §Na and 
1/27 are doubled while there are two equal terms on the left-hand sides of 
equations (2) and (3). 

So far the mechanism of the conduction in the barrier layer itself has not been 
required since no resultant current flows when there is equilibrium. For an 
external applied potential two cases will have to be considered. If/is the mean free 
path of the electrons then one of the two extreme conditions L </$,/RT or 
L>1$,/KT require the use of either the diode or the diffusion theory respectively. 
(The inequalities compare the average energy exchange due to a collision (=RT) 
with the gain in potential energy between two collisions (~¢,//L).) ‘The diode 
theory will be applied to the voltage—current characteristics of SiC contacts since 
the analysis of the experimental results (§3.1) indicates that L=10~° cm and 
boi ev (cf. table) while 5 x 10-®cm for green SiC and a factor about 10 less 
for black SiC as deduced from mobility measurements (Busch and Labhart 1946). 
Taylor, Odell and Fan have applied the diffusion theory to a grain boundary 
barrier in germanium but restricted the detailed analysis to the zero bias resistance. 


The theory will be extended to cover the high voltage region. 


CT 


2.2. General Diode Theory 


If a potential — V’/e is applied across the barrier an electron current flows from 
left to right and the situation shown in figure 2 occurs. V, (ev) represents the 
drop in height of the barrier on the left-hand side and V, (ev) the rise in height of 


the barrier on the right-hand side, so that V;+ V,=V. 
Ziluarey 
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If F\/K, Fy K are the fields on top of barriers 1 and 2 then (F, is negative) 
(Fy = Fy) /4r EPG =N, Nana ee (9) 


(vq 1s the number of electrons in the D states). 


Figure 2. The barrier at the surface of discontinuity between two semiconductors. 


‘The condition for stationary #q now becomes 
I, ¢(Na—na) [exp (V,/RT)+exp(—V./RT)]=ena/7. —...... (10) 
The two terms on the left-hand side of the above equation represent the 
electron streams from the bulk of the crystals which have sufficient energy to 
surmount the two barriers and are captured by the D states (diode theory). 
‘The resultant current density from crystal 1 to crystal 2 is —/ (negative because 
of the negative charge of the electrons) where 


I= I, exp(V,/RT)—I, exp (—V,/RT)=I, exp (V, RT){1—exp(—V/kT)}. 


ee (11) 
\ 
Elimination of V, between equations (10) and (11) gives 
Icr V Na 
—— / tanh — Z 
e / oe OR DNs 2 
By use of equation (4a) this can be put in the more convenient form 
na a 2 
= = a so SS) >. 8) UR ( 1 33 
Na  tanh(V/2kT)+; 
where = ee and is proportional to J. 
Equation (9) may be written in the more convenient form 
i is . Btna/Na 
2F age» Oe (14) 
(using equation (3a)). From these nq may be eliminated to give 
OE Bes ae J 
(iF. : ; 5 
2, 1 Fe) ach (EN ee 


For a complete solution of the problem the connection between Fy. Fond 
V,, V, must be established. This will be discussed in § 2.4 for a particular case. 
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By defining a quasi Fermi level F, for the electrons on the D states it will be 
shown that these electrons are very nearly in thermal equilibrium with the electrons 
in the interior of crystal 1. Thus 


is Sie een pre ; he -\> 
wer [in on SN] a Joe(-N] 
Feet es (16) 


where I’,(ev) is the amount of energy by which F. has been raised from its original 
(l =0) position F, 
Comparison of equaneas (16) and (13) shows the following relation : 


[=2I,exp(V,/RT)tanh(V/2RT).  ——— ...... (17) 


The separation of F, from the Fermi level in the interior of crystal 1 is V,;— Vs 
which can be derived from equations (11) and (17). Thus 


. $ Z 
V.-Vs=kT oe] en | SH oo085 (18) 


which increases monotonically to V, -— V,;~kT log 2 as V increases from 0. For 
room temperature I’, — /s=0-017 ev so that the electrons on the D states are very 
nearly in thermal equilibrium with those in the interior of crystal 1. 


2.2.1. Modification for a non-symmetrical contact. 

The theory developed so far yields non-linear but symmetrical voltage—current 
characteristics according to equation (15). This is contrary to the results 
of all the experiments to be described later. Such a lack of symmetry is 
however to be expected since the various parameters of the two crystals may be 
different. To simplify the analysis the values of Y° and eq respectively will be 
assumed equal thus giving one set of D levels only. This will not be exactly true 
since besides depending on the pure SiC lattice and the origin (e.g. impurity atoms) 
of the surface states, these parameters may depend on the crystal face at the 
contact. Removing this approximation would give a barrier with a discontinuous 
potential drop in the interface equal to ‘’,—‘’, and two surface states levels 
separated in energy by ‘I’, —‘l),+€,,—€,q, where a and b refer to the left-hand 
and right-hand crystals of figure 2 respectively. Both these effects will be 
unimportant unless the two energy differences become large. 

It will however be assumed that the capture cross sections and lifetimes of the D 
states with respect to the two crystals are different. ‘The justification of this point 
will depend on the mechanism that is responsible for the capture and emission 
processes. Now the lattice waves for the contact under discussion may be 
non-symmetrical with respect to the interface and, if these are important for the 
capture process, the relative direction of motion of the electron may influence the c 


and 7 values. 
The assumption of equal values for <q and ‘’ leads to the two relations 


CaTa = OyT p= CF 


(using equation (8)) and 4 —¢,5=¢),9 — G, respectively, so that the two J, values are 
the same. 
Proceeding as before pais final result for the current density as a function of V is 
Sadi . Ja 


eis. — ceeen (19) 


a+ Bp = i 
(a Foe — Fro Th < ) ar 
E2RT ) <7" 


518 R. Stratton 


| ican ee 
ms Cx Gr if 1—-« 
rh (£ ane 1—exp(—V/kT) 
(S "2RT]) =14(c /ea)exp(—V/RT)° 
Thus the ratio 7/J and the function Th depends on the direction in which V is 


applied. 
Introducing the quasi-Fermi level F’, as before (equation (16)) we find 


where Ja 


and 


3, Bey 7_| Goatees 20) 
T= SFO exp (Ve) T)Th(2, ET) BPA tf (20) 


also 
Ca + (O% 1 | i 
fa Le (cy Ca) exp ( _ V, kT) ROeID 


~RkT log {(ca+¢,)/Ca} as V becomes large. 


V~Vs=RT log] 


Thus the position of the quasi-Fermi level Fs is different for the two directions of 
current flow. 
2.3. General Diffusion Theory 
If U is the potential energy of an electron at the point w in the barrier then 


T= Eo 4 aT 


where n(x) is the electron density at v and is the mobility. ‘This equation must 
now be solved for the situation illustrated in figure 2. Applying equation (22) 
first to crystal 1 and then to 2 


I= Fy [n(0)—nexp t—(¢9 — V,)/RT}] be! avtng (23) 
=Fyp[n(0)—nexp {=(b.+Va)/kT] 


where the usual{approximation 
is U\= kl lou V4 
| te exp (a) ape F, exp (Ser 
has been adopted. 
This leads to two relations 
ai _(Po-Vi Goa xp (= Vi RT) 
n()=nexp | Gre ) eda 


ream (SG) -00(- 


which have been obtained by l'aylor, Odell and Fan and are used by them to 
deduce the zero bias resistance. 
Elimination of V, gives 


l—exp(=ViRT) 
b= ioexp(= VR?) 


The condition for a stationary 71g now becomes 


RT 1/2 
2n(0) e (sa) c (Na = na) = enq/T. 


1= =F Fo n(0) re (24) 


Surface Barriers at Semiconductor Contacts og 


Comparing with equation (4a), 


o. n(Q) | 

ma _1l—a  nexp(—¢,/RT) 

Ne z Geir ee (25) 
~ 


l—« nexp(—¢,/RT) ] 


Hence defining o,=nu exp(—d¢)/RT) equations (24) and (25) may be used to 
eliminate 7(() 


% ee 
Na 1—a 2a,Fy 
a en a ee ae ee ee 26 
Na 0 I FF, {l—exp(—V/RT)} - co 


l= 6 25,8, 27 hi Fiexp( = VikT), 


Finally substituting into equation (20) 


Fi—F. zy 
eae eee eS eg a ae 
om 7 ie eee ae (27) 
J ~ 2F, 1—(FJFy) fexp(— V/RT)} 
where ie = — — ° 
7 2010) Ms 
When VS RT and further 
aa V 
- Fexr( - gr) <I ere ele ios (28) 
even though, for a large V, — FS F, then equation (27) reduces to 
F,-—F, is 
Ce Se ees (29) 


VA 7 —F,/2F, 


Comparing with the corresponding equation (15) for the diode theory 
(tanh (V/2k7T)—1) it will be seen that they are identical ifj is replaced by —j’2 Fy/ Fy. 
Since F, increases with V the diffusion theory gives a less rapid increase of J with 
respect to V than the diode theory, other things being equal. 

It can easily be shown that if a quasi- Fermi level is defined for the n(0) electrons 
by means of the equation 

n(0)=nexp {—(¢—V5')/RT} eo) 
where IV,’ is again measured from F,, (figure 2) then the assumption V’;= V;’ 
(cf. equation (16)) leads to the condition (25). ‘This implies than the n(0) and ng 
electrons are in thermal equilibrium with one another. This is to be expected 
in the present case since the use of the diffusion equation implies that at any point x 
the n(x) electrons are in a slightly perturbed thermal equilibrium with the lattice. 

For the sake of simplicity the theory will henceforth be restricted to 
equation (29) with the corresponding condition (28). 


2.3.1. Modification for a non-symmetrical contact. 
Proceeding as above and with reference to the model of § 2.2.1, the final result is 
Fa- Fy ip 
1+ p)—* —? = —__~_____ + 
c P) Sf ao bo) P 
where ; 
= Jf 0 
Fete Nee 
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2.4. Application of Diode Theory to Mott Barriers 


It will now be assumed that there exists a layer (thickness L) on the surface of 
the semiconductor which has no donors or acceptors for electrons. Then if the 
charge density of the current carriers can be neglected there will be a constant 
field in the charge free layer. If 6) — V,, 69 + Vo RT such an approximation will 
be good since the charge carrier densities fall off approximately as exp (— U/RT) 
where U is the increase of potential energy in the barrier. There will however bea 
small space charge barrier at the end of the impurity-free region so that the linearly 
varying potential in the Mott barrier joins smoothly with the constant potential 
inside the semiconductor. We will neglect the height of this small space charge 
barrier but the validity of this should be checked for any particular case. 

The reason for introducing the Mott barriers is that they give the correct 
capacity—voltage variation for the case of untreated SiC contacts (cf. § 2.6). 

Considering first the symmetrical case the fields are given by 


Pye Koj Eh  -  ) © eee (3a) 

By substitution into equation (15) the result can be written in the reduced form 
—2U ] 

v+v,+v log E ~exp( : )] iene ane as PIOR PAS Pee eeee (32) 


where V=V(a+P)/2b9; ug =a+vlog {a/2(1—a)}; v= RT(«+ B)/do. 


If v>y, ie. V>2kT, then v+up=j/(1+j)+ v log]. 

Now the barrier will break down and the current increase very rapidly when 
V,—> . The value uv,(or V,) at which this occurs can be found by substituting 
V’, = ¢y into equations (11) and (32). Hence, since V.s RT andj> 1, v.=1+8 or 
V..=26)(1+)/(2+). In fact the theory is inapplicable when 4, — Vo =O(R ES 
for then the assumption of charge free barriers is wrong. 

For the case of unsymmetrical barriers the final equation can be written in the 
form (equation (19)) 


Va+V 9+ vlog E —exp {= (1 #5 e) | 
LV ~ bd 


Vea ie: Ch Val+(da’/dy’)\ ]-2 ; : 
=fa E ah (2 ) = SLOP jane eee (33) 
o +8 - lo G 
where ieee Veet eae a 
Diba AOS eae eae eas 


u——_,— —_ 
——s 
o. 
> 
— 


x 1 1 
5 2 G b 
2ha' = (bx9 Ly +b La)/ La and similarly for 4,’. 
Again, if va>v, ie. VS 2RT 
; 


Va + Vag = Tae + v log Ja SLOLe stone (33a) 
while the breakdown voltage is v,,=(1—a)+4 (a+ B) bao (1/ba’ + 1/44’) 
i fgg HOR + 1+ Bll 4b 0) 
Cia 


The first term is usually much larger than the second since « <B<1. Hence 
Vac V peal ey, = Ly t, 


Surface Barriers at Semiconductor Contacts eA b 


2.5. Application of the Diffusion Theory to Schottky Barriers 
Instead of an impurity-free surface region a uniform impurity density V will 
now be assumed. For a sufficiently high value of 4, (i.e. 4) > RT) this leads to the 
well-known Schottky exhaustion barrier with a variable thickness. The reason 
for this choice of barrier is that it gives the correct capacity—voltage relation for the 
Ge grain boundary barrier examined by Taylor, Odell and Fan. The relation 
between the field and the barrier height is now given by Fy = (d7e7V/ Ko )\t2 bu. 
Substituting into equation (29) 
C2) ee ea 
2ho1” J +($o+ Vo)"?/2go? 
This can be further simplified if Vs 4, for ¢) + V,= V+(¢)—V,)=V. Thus if 
v’'=V («+ )?/4d6, then 


oN aj' Lj t0 8 (e+ AB, 
The breakdown voltage is given by 


v,=(1+ 8)? or i sues 


ane ae) 
For a non-symmetrical barrier the result is 
Da =a lp toga +Byl4t4+ 8 ss keveen (35) 
where 
04! = sean yENe en eee. (36) 


[(Na dao)? + (No boo)" 77? 

Hence for a given current / the voltages applied across the barrier in the two: 
directions should be in the ratio Na, N,,. The breakdown voltage is given by 
(Nad res +(Np do)? ? (1 a By? 

(a+ 8)? Na 
whence V,,. V,,= N,N, (This has been pointed out by Taylor, Odell and Fan: 
who derived the result by simply stating that breakdown in each direction will 
occur for the same value of F,.) 


G7, (LPB) or Vi. = 


2.6. The Capacity of the Barrier 

It is now supposed that with the barrier under a d.c. bias V as described by 
figure 2 a small amplitude alternating voltage is superimposed. ‘There are two 
possible extreme cases depending on the frequency wo/2rr of the voltage. ae. 

(i) If wrS1, the electrons on the surface states will retain the equilibrium 
corresponding to the d.c. bias. At any instant, let the total applied voltage be 
V,=V+6V(t). The corresponding changes in F and F, will be connected by 
the requirement of a constant gq, 1.e. 0 =d Fy. | 

Now the capacity per unit area of the barrier is given by C= — e6Q/dV where 
5Q is the charge transferred from crystal 2 to crystal 1 due to the change dV. But 
dQ =5F/4re=5F,/47e so that 


1 OV, 7 | 
Cn ers rel 
In the particular case of Mott barriers this becomes 
oe Gh lin Siawes (37) 


i.e. independent of V. 
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For Schottky barriers the result remains the same, but now La and L,, are 
functions of V. In fact 


1 40/ K \120/¢,— nye , (to= aia 
C.K \4re Na Ny 


which increases with V, i.e. C decreases as V increases. 
(11) If w7 <1, the electrons on the surface states will be in equilibrium with V, 


at any instant of time. Thus 


e 


ane r('- Sz) 
47 OV 4 dV, OV 

where dV,/0V is calculated from the d.c. relations derived in previous sections. 

Thus from equation (11) 


av, Rr OlogI /kT ] 
OV OV exp(V/kT)—1 
1 OF, 1 dlog I 
hence a ear i —exp(— ViRT) 0(V/RT) 5 


In the particular case of Mott barriers with VS RT using equations (31) and 


3a). 
K Vv x 
‘= 1 : —-|, VskT. 
: an es eral % 


Hence C increases with increasing j, and V but at most by a factor 2. 


& 
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§ 3. EXPERIMENTAL RESULTS 
3.1. Silicon Carbide Crystal—Crystal Contacts 

The above theory will be applied to some very detailed measurements carried 
out by Parnell (1953) on contacts between a rounded and a flat face each of similar 
SiC. The untreated contacts, with which we are here concerned, have a capacity 
which is constant with respect to a d.c. bias of up to 4volts in each direction, | 
measured in the range 2-15 kc/s. The constancy of the capacity suggests that the 
barriers are of the Mott type with wr very much greater than 1. That wr 1 is 
supported by crude estimates of 7 (see below). For want of more exact informa- 
tion the value of K to be used in equation (37) is taken as 7, which corresponds to 
the refractive index of the sodium D line in transparent SiC. ‘The area of contact 
has been calculated by Parnell using Hertz’s formulae and a Young’s modulus 
E=6 x 101? ¢.g.s. units as a reasonable value, i.e. 4 = 1-21 7 PR/E}?'3 where P is 
the load and R the radius of curvature of the rounded point determined micro- 
scopically. From these measurements the quantity L,+ ZL, may be determined 
according to equation (37) (cf. table). 

Parnell’s voltage—current characteristics were taken up to 4 volts for the black 
and 2 volts for green contacts. The complete (forward and reverse) characteristics 
for one pair of contacts are shown in figure 3. More detailed characteristics were 
taken in the range 0-01 to 0-2 volt and found to be almost ohmic. One case (black) 
is shown in figure 4. By comparing the theoretical curve of log j plotted against 
Va + Uy (according to equation (33a)) with the experimental curve of log J plotted 
against V it was immediately obvious that the characteristics such as those in 
figure 3 could be fitted by a proper choice of parameters. HereJ = 47 is the total 
current. ‘I'he method of fitting was as follows : 
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The gradient of the theoretical curve at the point of inflection j,=1 is 


(dva/dlogja)i=4+v, whence 


dV 
dlogJ 


ie 


sig +(14M) ar 


This is identified with the linear portions on the experimental (log J, V) curves. 
From the two simultaneous equations the parameters ¢a’/(« + 8), dy’ /(a + 8) and v 


Figure 3. 
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Figure 4. Voltage-current characteristic of a SiC contact for very low voltages. 
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‘could be determined. The experimental curves were then replotted as log ./ 
against va and wv, respectively. By superimposition of these curves with the 
theoretical curves using the value of v thus found (a very good fit being obtained in 
all cases) the ratios j,-/, j,,-J and the constants v9, v,) could be determined. From 
the former 4/, and c,/ca can be calculated; using this ratio « can be found from 
either I’,) or v9 (equation (34)). The two values of « so deduced should be the 
same and their consistency is a check on the theory. Using these parameters the 
(J, V’) characteristic for the voltages which are not much greater than RT was then 
deduced according to equation (33) by graphical methods. It will be seen from 
figure 4 that the agreement in this region is also reasonable. 

The parameters deduced for the six contacts measured by Parnell are given in 
the table. The theory has been derived for n-type semiconductors (green) but 
can be immediately applied to p-type semiconductors if the roles of electrons and 
donors are replaced by those of holes and acceptors. The subscripts ‘a’ and ‘b’ 
of the theory have been used with the convention that carriers flow from a to b 

_ when the pointed SiC member is positive (P+). Thus for green the point is b 
_and for black itis a. The product cr can be deduced from equation (4a) and eq 
(green) or £,—e, (black) from equation (8). ¢4)—¢ is given by equations (4) 
and (7) (eliminating 7). Using typical values for the density of carriers as found 
by Busch and Labhart (1946) ¢, and then dy separately can be estimated. (Silicon 
carbide probably conducts due to carriers in the conduction or valency bands and 
_ also in the excited impurity levels (cf. Baltensberger 1953 and Erginsoy 1952). 
_ The latter will not take part in the barrier phenomena since there are supposed to 
_ be no impurities in the barrier layer.) 

| From equation (3a) Nq can be obtained if the value of K=7 is again used. 

Since f can be approximately found from the average values of 4’/(« + 8) and 
¢,, , can also be deduced. Finally the critical voltages were derived from 
equation (34) simplified to V,.—2¢,) + 2¢a’/(~ + B) since « <1 and the difference 
between ¢,,, and ¢,,, cannot in any case be found. 

The product cr~107-!6cm?sec. Now it is unlikely that c will be larger than 
the cross section of an atom, say 10-1? cm?, thus leading to a value of 7 which is of 
the order of 10-!sec. This is consistent with the requirement previously adopted 
that wr> 1. 


3.2. Germanium Grain Boundary 


The voltage-current characteristic of a Ge grain boundary barrier is shown in 
figure 5 after Taylor, Odell and Fan. Capacity measurements indicated the pre- 
sence of Schottky barriers with unequal densities (cf. equation (37)). ‘Thus the 
(J, V) characteristic should obey equation (35) since condition (28) is well satisfied. 
Figure 5 shows that with a proper choice of the parameters agreement between 
| theory and experiment can be found. However the ratio of 7’ to-/ and the ratio of 
2 to V were not the same for the two directions. ‘This should not occur for the 
former pair and implies that the theory omits a further lack of symmetry. We have 
nevertheless used the theory as a preliminary explanation, taking the average of the 
ratios j'/J. 

It was found that with B20 V4/va' =92 volts and V,,/v,=170 volts. Thus 
from equation (36) Na/N,,=1-8, somewhat higher than the values (~1-4) deduced 
from capacity measurements by Taylor, Odell’and Fan. Also if $,,=¢).=¢4p, 
then ¢,— 38-7 « ev. 
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Figure 5. Voltage-current characteristic of a Ge grain boundary barrier. 


From measurements on the temperature variation of G.9 (the conductivity } 
at zero bias) a value ¢)~0-28 ev was deduced by Taylor, Odell and Fan. Thus 
GSS < 10-2) 

The ratio J/aj’ was found to be 1-5ma and 8-Oma for the two directions 
respectively. Hence taking the average, 


A (Fyo— Fiyp) 09 (1 — ax) [024-25 x 10-3 a cm? 


Now F,5= — Fi. F, and A=0-019 cm? (private communication from Professor 
Fan) so that o)F)~8-1 x 10-4acm-2. This product is related to the value Gio On 
the same temperature by the relation (cf. Taylor, Odell and Fan 1952, eqn (16)) 
of) =2RTG../e which gives oof) =7'5 x 10-4a cm”? if the measured value of Gig 
isused. 'Theagreementis fortuitously good but supports the validity of the theory. 

From equation (3a) the density of surface states is aNa=tNa43 x 10%cm-2 
where Fy is calculated from the measured values of L given by Taylor, Odell and 
Fan. Also from equation (4a) er=2-25 x 10-8cm2 sec while <a=0-49 ev If 
(equation (8)). This value of eq is too large to satisfy the original requirements, |] 


inequality (1). However for the large voltages in question the hole current, which |} 
is constant, is in any case negligible as may be seen from equation (25) of Taylor, |} 


Odell and Fan (it is less than about 1 mA). Further, the acceptor states will be 
permanently filled. Thus the theory should apply for the high currents and |} 
voltage of figure 5. | 

From the value of the product cr, assuming c to be of order 10-4 em?2, we find x 
of order 10-¥sec. Since the capacity measurements were carried out in the 
megacycle range wr 1, justifying the use of equation (37) for the Capacity as a 
function of the applied voltage. 


§ 4. Discussion 


In figure 6 the voltage-current characteristic of the SiC-SiC contact 9 and 12 
has been plotted in a form appropriate to commercial, non-ohmic, bonded silicon 
carbide grit resistors. The grit size was taken as given by the radius of curvature 
of the pointed crystal (~0-0072 cm, 1.€. approximately ‘100’ grit on the standard 
scale). It will be seen that the region marked as B (barrier region) has the typical 


Surface Barriers at Semiconductor Contacts 527 


Mie 
as vt 
03 = 
Eel 
> 
C 
10 = 
| — _ 1 eR Se 
1o8 io” io-® 10° 104 10° lo” 10" ! 
A in? 
Figure 6. Voltage—current characteristic for an array of SiC point contacts similar to 9 
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shape of the silicon carbide grit resistor characteristic (Mitchell and Sillars 1949) 
and corresponds to the region of the single contact measurements. However after 
a voltage gradient of about 700 v in has been reached the rapid increase of current 
(region C) due to the almost complete suppression of the barrier is not observed. 
Instead the experimental curve follows a line M with a simple power law relation. 
This implies that when the barrier becomes ineffective another mechanism takes 
over to impede the current flow. ‘lwo possibilities present themselves and there 
may be others. Firstly, the assumption that the potential drop ¢, + V, (cf. figure 2) 
occurs across the Mott barrier of thickness L will break down for high values of V. 
This is because the space charge region at the end of the barrier becomes in- 
creasingly important as the field F’, rises so that only part of the potential drop will 
occur across the Mott barrier. Secondly, there may be further surface levels 
above the D states with smaller activation energies. Now the rapid increase of 
current occurs when the D level is just below the Fermi level of crystal ‘a’ since it 
is then almost full. Thus the presence of these higher surface states would give 
further possibilities for charging the contact surface leading to higher breakdown 
voltages. No estimates of these effects have so far been made, due to the lack of 
information about the impurity distribution outside the Mott barrier and the nature 
of the surface states. 
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Abstract. The theory of the electrical conductivity in alternating fields is 
developed for non-degenerate semiconductors with spherical energy surfaces. 
As in the Drude—Zener theory, the conductivity is a complex quantity and the 
real and imaginary parts are derived as functions of frequency and of temperature. 

The cases of lattice scattering and impurity scattering are investigated separ- 
ately for single-band models and the results are applied to intrinsic semicon- 
ductors by considering the two-band model with lattice scattering, and to impurity 
semiconductors by combining the scattering mechanisms. ‘The loss tangent is 
also calculated and a comparison is made with the available experimental data. 


§ 1. INTRODUCTION 


The fundamental ideas in the theory of high frequency conductivity in solids 
were developed originally by Drude and Lorentz in their treatment of optical 
dispersion in absorbing media. In the case of metals, the simple free-electron 
model enables the behaviour in periodic fields to be interpreted in terms of oscil- 
lators of zero frequency. As a consequence of a finite damping constant the 
‘conductivity (defined as the ratio of current density to electric field strength) is 
a complex quantity, of which the real and imaginary parts are associated respec- 
tively with the measured conductivity and dielectric constant. This model was 
used by Zener (1933) to explain the transparency of the alkali metals in the 
ultra-violet. 

Following more exact theories of the solid state, quantum mechanical treat- 
ments of dispersion in metals were developed by Kronig (1929, 1931), Wilson 
(1935) and others. For the case of ‘quasi-free’ electrons, in which the 
influence of the periodic field of the lattice is small, the high frequency behaviour 
may be described by expressions identical in form to those of Drude. In the 
later version, however, the damping constant may be identified with the 
reciprocal of the relaxation time of the conduction electrons. 

These essentially classical expressions, referred to frequently in the literature 
as the Drude—Zener treatment, have been widely applied to high-frequency 
phenomena in metals and also, in the absence of any alternative, to the relevant 
experiments on semiconductors. Thus Benedict and Shockley (1953) measured 
the dielectric constant of n-type germanium at 1-24cm over a temperature range 
160°-300°K and deduced values for the effective mass and relaxation time of the 
electrons. Corresponding results for the holes in p-type germanium were sub- 
sequently reported by Benedict (1953), and similar measurements were made bv 
Goldey and Brown (1955). Further experiments on germanium at 1:24cem 
were carried out by Klinger (1953), who investigated the conductivity and 
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loss-tangent in the temperature range 0°-100°c. More recently Rau (1955) has 
measured the dielectric constant and conductivity of polycrystalline specimens 
of various semiconductors at 3-2.cm. 

In all these cases, and in the closely related problem of infra-red absorption 
(cf. Kahn 1955), the experimental observations have been interpreted on the 
basis of the Drude—Zener theory. The purpose of the present paper is to put 
forward a theory more appropriate to semiconductors, in which special con- 
sideration is given to the many complications which are not relevant in the study of 
metals. When the present calculations were commenced, no such specific 
treatment for semiconductors was known to the authors. Recently, however, 
Herring (1955) has given a discussion of transport phenomena in semiconductors 
having the particular type of band structure applicable to germanium and silicon. 
This discussion includes a derivation of the complex conductivity with particular 
reference to the experiments of Benedict and Shockley. 

In the present paper the emphasis is placed on different aspects of the problem. 
The simplest possible band structure (quasi-free electrons) is adopted and the 
significance of the various scattering mechanisms is considered. 


§ 2. OUTLINE OF METHOD AND RELATION TO DRUDE—ZENER EQUATIONS 


The essential problem is the evaluation of the complex conductivity o,(w) 
which we shall write as 


g,(w)=o)(«+28)=90,+10,, B06 6 ad (1) 
where oy is the d.c. conductivity and w the angular frequency of the applied field. 
The physically significant quantities are the measured conductivity o, and 
the dielectric constant k(w). If the dielectric constant of the lattice in the absence 
of free carriers is denoted by «x, we then have 


4a 


Ky —k(w) = — — o,. 


SL Ge emo ASS, We (2) 


For the sake of comparison we quote the well-known Drude—Zener expressions 
for a system of carriers with relaxation time 7 and effective mass m. If n is the 
carrier density, we have t 


G ner 
Oats | 
1 ea vo f see (3) 
vig 1 + w?7?’ 1 +@?7?" | 


These expressions apply to a single band model in which the carriers are 
treated as a degenerate gas; the frequency dependence is obtained by replacing 
1/7 by (1 +iwr)/7 in the usual formulation, as is clear from the Boltzmann equation. 
In semiconductors we have essentially simply to average (3) over the Maxwellian 
velocity distribution, taking account of the variation of the relaxation time 7 with 
velocity. Following the usual calculation (cf. Wilson 1953, p. 231) the appro- 
priate equation giving the complex conductivity is 


Anne { am \3% 6° mot me 
a(w) = BRT (ar) | , ie exp (- xT) dz dL Bedeiaier ets (4) 
As a variable analogous to wz we choose 
342 (wm 
= a ee 5 
. 4Po (=) ©) 


+ Gaussian units are used throughout this paper. 
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where py is the total d.c. resistivity. For a free-electron metal, this gives 

aa re (6) 
For comparison later, we show in figures 1 and 2 the results obtained for a«(u) 
and A(u) from equations (3) and (6). 

In this paper the complex conductivity is first obtained in the two cases of 
scattering by lattice vibrations (§3) and by impurity ions (§5). A more general 
formulation is given in § 6, in which the combination of the two mechanisms is 
dealt with. The results we obtain are qualitatively very similar to (3) in frequency 
variation; the temperature variation depends of course on the form adopted for 
(7). Several of the integrals encountered are identical with those occurring in 
magneto-resistance theory and have previously been considered by Johnson and 
Whitesell (1953, subsequently referred to as JW) in that connection. 

Finally, the available experimental results are discussed in the light of the 
theory and it is shown that the temperature dependence of high-frequency 
conductivity observed by Klinger cannot be explained on the basis of either of 
the scattering mechanisms considered here. 


§ 3. SINGLE BAND MODEL WITH LATTICE SCATTERING 


We now proceed to develop the theory for the case in which scattering is 
due to the lattice vibrations. Thus the mean free path / will be regarded 
as independent of the velocity v, and putting t=//v and introducing the 
d.c. conductivity 
Ane l 
= Fame Tye | emia (7) 
(4) may be expressed in the form shown in (1). The real and imaginary parts 
contain integrals of known type (cf. Wilson 1953, p. 235) and we finally obtain 


er) 


a(u)=1—u? ut exp(u*)E(u*), See (8) 
B(u) = — 7? [hu—ui+at2utexp(u?)F(u)] nae ee (9) 
where T Ha aif (le: as 
nei oe 
© et 
E,(x) = — dt, 


and 1— F(x) is the Gauss error function, defined by 


. Zone 3 
Eri)= ve | ; exp (—?#?)dt. 

The functions (8) and (9) appear to have been given first by Bronstein (1932, 
see also Shibuya 1954). ‘They were also encountered by JW who do not appear 
to have been aware that the integrals from which (8) and (9) were derived can be 
expressed in terms of tabulated functions. By numerical integration they have 
obtained two functions which they denote by K,(y) and K,(y). These correspond 
to a(u) and f(z) respectively, when y=. Numerical investigation of the present 
problem has revealed various errors in the tables of JW; it is convenient to defer 
the discussion of these, however, to §6. By correcting and extending the tables 
of JW we have obtained the results shown in curves a of figures 1 and 2. It is 


t The significance of the suffixes t, used here, and i, in (18), is made clear in §6. 
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Figure 1. Variation of a=o;/o) with Figure 2. Variation of fB=o,/o) with 


parameter uw, defined by (5): a, for parameter uw, defined by (5): a, for 
¢€=0 (lattice scattering only); 6, for €=0 (lattice scattering only) ; b, for 
Aerio — 100d. ton OOO C—=24 ; ¢, for C=100: d, for C=co 
(impurity scattering only). The (impurity scattering only). The broken 
broken curve shows the Drude- curve shows the Drude—Zener result 
Zener result for a free-electron metal. for a free-electron metal. 


worth noting in passing that for large values of u asymptotic forms of « and B may 
readily be obtained and the leading terms are 


a ee Nes ye oe ata ee (10) 


The variable wu is proportional to the frequency and also to the mobility of the 
carriers («7 -*? in this case). ‘Thus the expressions (8) and (9) may be used to 
interpret the frequency dependence of o, and «(w) in experiments at constant 
temperature and also the temperature dependence in experiments (e.g. those of 
Benedict and Shockley) at constant frequency. One significant conclusion may 
be stated at this stage concerning conductivity measurements on semiconductors 
conforming to the present model. For a particular frequency, figure 1, curve a, 
shows that the ratio o,/o, should zncrease with increasing temperature. ‘This 
variation is contrary to that observed by Klinger (1953), who found that o,/o9 
decreased from 0-9 to 0-4 in the temperature range 0°—100°c. 


§ 4. Two-Banp MobeL WITH LATTICE SCATTERING 


The results of the previous section may readily be applied to the case of an 
intrinsic semiconductor, in which conduction is due to electrons in the con- 
duction band and holes in the valence band. Making the usual assumption that 

2M-2 
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impurity scattering is negligible in an intrinsic semiconductor, we can extend 
the preceding treatment to the two-band model and we distinguish the electrons 
and holes by suffixes 1 and 2 respectively. 

Since the two bands contribute independently to the current, the complex 
conductivity may be obtained by a straightforward extension of the method in § 3. 
‘The general expression is 

al, ne 
oe) = WOsET VR me ae 8), pve Soe 
where «, and «, denote expression (8) evaluated with w, and uy respectively, and 
similarly for B, and By. At sufficiently high temperatures the concentrations of 
electrons and holes may be regarded as equal, and we therefore write 2, =”, =n. 
If, further, we introduce the ratios 


Lllp=A, — m,/my=», 


we have w,/u,=Av!? and the ratio of electron mobility 4, to hole mobility jz is 
given by 
OF fig eg — sa A re (12) 


With this notation (11) becomes 


(@) = Nepy { D(a +18) + (%2 +78 9)} 
and since the d.c. conductivity is oy =neu.(b + 1) the complex conductivity may 
be expressed as o,(w)=o)(a +7), 


where = 


Figure 3 shows « plotted against uv, for four different combinations of the 
parameter A and v. ‘The values 1 and 10 have been taken for A and two values of 
v have been considered with each value of A. ‘These values of v have been chosen 
to give particular values for the mobility ratio 6; for curves a and c, b=3, which is 
typical of elemental semiconductors, and for curves b and d, b =50, representative 
of the considerably larger order of magnitude observed inintermetallic compounds. 

All these curves are similar in form to figure 1, curve a, which, if plotted in 
figure 3, would lie between curves b and d. The fact that these three curves are 
very nearly coincident is to be anticipated, since the high mobility ratio (com- 
bined with equal carrier densities) signifies that the current is carried almost 
entirely by one band. With lower mobility ratios a greater departure from 
single band behaviour is possible, depending upon the extent to which uw, differs 
from uy. ‘This is illustrated by curve c, for which w,/u >> 1. 

Corresponding results for the imaginary part of the complex conductivity 
are depicted in figure 4, in which f is plotted against w,. 


$5. SINGLE BAND MopEL witH ImpuRITY SCATTERING 


We now take up the case of an impurity semiconductor, in which conduction 
is due almost entirely to electrons supplied by impurity donor levels or to holes 
in the valence band arising from excitation of electrons to impurity acceptor levels. 
For this type of semiconductor it is satisfactory to consider only a single energy 
band since intrinsic conductivity may be regarded as negligible. However, an 
additional feature is encountered here in connection with the scattering of the 
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conduction electrons; to account for the observed temperature dependence of 
conductivity it is necessary to include, in addition to the lattice scattering already 
discussed, the scattering by the impurity ions. 

In this section we consider a model in which the scattering is due to the latter 
process only and the following calculations are based on the treatment of Conwell 
and Weisskopf (1950). This involves the essential ideas of Rutherford scattering 
and leads to a mean free path proportional to the square of the electronic energy. 
Thus for the relaxation time we write 


eat) ae eae (15) 


with oe Ky? 
~ QnNet* log { 1 + 36x92d?k?T?/e4 }’ 
where N is the number of impurity ions per unit volume, 2d their average 
separation and «x, the static dielectric constant as before. 
The complex conductivity in this case is obtained by substituting (15) in (4), 


which leads to 
om v! won” mv? 


ae De | 
soy A (es x pl —a,}dv ...... 16 
o(w) 3 (ser) | 4 ii + agza?v® t i + awv® { exp( 4 ( ) 
where oy, is the d.c. conductivity given by (cf. Wilson 1953, p.8) 
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From (5) we now have 


a 
m 


and again it is possible to express both « and f solely in terms of this quantity. 
Putting mzv?/2kT =x, the resulting expression for « is 


oe exp (—a)ax 
x6 ) 
Jp) Osta. 


ee Pole 6 oe 


and similarly for 8.we have 
F (© y9l2 exp( — x)dx 
No sot ure 


The functions (19) and (20) have been calculated by numerical evaluation of 
the integrals; « and f are shown graphically in curves d of figures 1 and 2 respec- 
tively. It will be seen that in each case the general form of the curve is similar 
to the corresponding curve obtained with lattice scattering. Thus both scattering 
mechanisms lead to the same type of frequency dependence. However, the 
temperature dependence is entirely different in the two cases. ‘The variable 4; is 
approximately proportional to T3 (whereas u,«<7~3?) and hence, for example, 
the ratio o,/o) should decrease with increasing temperature, in the case of a speci- 
men in which impurity scattering is predominant. Such a decrease was, in fact, 
observed by Klinger for a germanium crystal but if the specimen was nearly 
intrinsic, as the measurement of d.c. conductivity would seem to suggest, then 
an interpretation of the results would not be expected in terms of the model 
considered in this section. Further discussion of this difficulty is given in $7. 


§ 6. SINGLE BAND MODEL WITH COMBINED SCATTERING MECHANISMS 


Having dealt with two models in which the scattering of the electrons is due 
separately to the lattice vibrations and to impurity ions, we finally consider a 
more realistic approximation to an impurity semiconductor in which these two 
scattering mechanisms are combined. This treatment is based on the assump- 
tion that the two processes are independent and the effective mean free path / is 
accordingly given by 


where /, and /; are the mean free paths associated with thermal (lattice) scattering 
and impurity scattering repectively. Equation (21) has been applied frequently 
in the analysis of conductivity data and Hall coefficients (see, for example, 
Johnson and Lark-Horovitz 1950, 1951, Jones £55 1). 


It is convenient to express the individual mean free paths in terms of the 
individual d.c. resistivities. Thus ifp, is the resistivity when only thermal 
scattering is operative we have 
je 3(2amkT)1? 

‘ 4ne®p, 
and if p; is the resistivity when only impurity scattering is operative we have 
apy Bl2qy4 


Giivgu (23) 
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Combination of (21), (22) and (23) leads to the effective relaxation time 7(=//v) 
in the form 
a Amerie 
Sne*p;(C + x?) 
where x= mv?/2kT and €=6p,/p,. ‘The complex conductivity (4) may be written 
as 4ne* (@ 7(1 —1t07) 
v)= 23/2 a—L wy 
o(w) sR, 2 jena oS NY, we Spent aia (25) 
and the high- -frequency properties ot the present model may be derived by 
Se eedtating, (24) in (25). 

We pe ii at this stage that for w =(0 we have not p,+p;,=py but p,+p,= F(f)py, 
where F(Q) falls from 1 for €=0 and « to a minimum value of approximately ()-7 
for ¢~4 (Johnson and Lark-Horovitz 1951; see also JW, Table I). Similarly, 
if wu, and uw, are defined as in §3 and § 5; we now have 


tec (24) 


ee 
= 0 ee (26) 
UU; u 
Going back now to (25) we can write o,(w) in the alternative forms 
AR RC le= ax 
a ee ee (ae 
= 2 | Gate ae 
1 52 x8 2 —tdx 
or o,(w) = — | ci a0 | (28) 


6p; )9 (1 + x?/f)? + u,2x3/36 © 
It is now easily shown that (27) reduces to the previous expression for o,(w) for 
lattice scattering (see §3) when we put @ 0, and (28) obviously reduces to (19) 
when we put 1/€=0, corresponding to impurity scattering. 

The integral in (27) has previously appeared in a study of the magneto- 
resistance effect in impurity semiconductors by JW. In this paper the integral 
is denoted by J,(8,y), where 8 and y correspond to our ¢ and wu.” respectively, and 
is tabulated for six values of f, including zero, over a range of y from zero to 4-00. 
Moreover, J,(0, y) is identical with the integral K,(y) defined by JW (cf. our 
previous remarks in §3) who appear to have overlooked this fact. The same 
remark applies to integrals K,(y) and J,(8,y). 

The present investigation has revealed various errors in ‘Tables I and IV of 
JW, of which the most serious correspond to B=0. In addition to minor 
computing errors, it appears that several values of J,(0, y) in Table I have been 
entered against the wrong values of y. ‘The accompanying table gives the correct 
values for all arguments listed by JW. 


Table of J,(0, y)(=K,(y)) defined by Johnson and Whitesell 


y Ji (9, y) y Ji (0, y) 
0-0025 0:99753 0:35 ()-78806 
0-01 0-99041 0°50 0-73073 
0-04 096447 0-70 066881 
0-05 0-95649 1-00 0:59635 
0-10 0-92015 2:00 0-44531 
0-15 0-88828 4-00 0-30153 
0-20 0-85973 5-00 0:26056 


We have evaluated the integral in equation (27) numerically for a number of 
values of (, and the results thus obtained, together with the tables of JW, have 
enabled us to plot the sequence of curves shown in figure 1 for « against the 
variable u given by (5) or (26). ‘The curves plotted in this manner are seen to be 
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similar in form but the temperature dependence, which is implicit in uw, will be 
different in each case. In fact it will be seen from (5) that u is proportional to the 
carrier mobility x, hence figure 1 exhibits the temperature dependence of o,/ for 
any sample for which the (1,7) relation is known. The magnitude and indeed the 
sign of the temperature variation is thus determined by the proportion of impurity 
scattering and although € is itself a function of temperature the influence of ¢, as 
evidenced by figure 1, is not sufficiently great to affect this conclusion. . 

Turning now to the imaginary part of (25), we can likewise express o,(w) in 
the alternative forms 


= Uy > v/2e-“dx (29 
o,(w) = | ; we ie (29) 
Or 
Pie x Pes ay és 
= =) Leen ee te a eee 30 
oe) pj | 9 36(1 + BAG) + u,2x3 ° uy 


‘Ihese are again easily shown to reduce in the appropriate limits to the previous 
results of $§3 and5. The integral in (29) appeared also in JW; it is identical with 
Jo(B,y). 

Carrying out various additional numerical integrations we have obtained the 
results for o,/o9 as a function of u shown in figure 2. As before, a compact series 
of curves is obtained, all having the same general form, with the limiting cases 
represented by the results of §§3 and 5. 


§ 7. COMPARISON WITH EXPERIMENT 


The relevant experimental data consist in general of measurements of 
conductivity and dielectric constant, in the microwave region, over a range of 
temperature. In order that the present theory may be applied to such 
results the d.c. conductivity must be known over the same range of temperature 
and this information is given only in the case of Klinger’s experiments. The 
conductivity of a near-intrinsic sample of germanium (Pp) =560hmcm at room 
temperature) was measured at 1-24cm and, as noted previously, the variation of 
o,/o) with temperature was contrary to that predicted by the present theory 
for the case of predominant lattice scattering. 

Moreover, this temperature dependence differs widely from any behaviour 
within the scope of the present calculations. Thus according to Klinger the 
values of o,/o, at 20° and 100°c are 0-87 and 0-43 respectively, whereas even if we 
use curve d of figure 1, which is the most favourable to give a temperature depen- 
dence of the type reported by Klinger, we find a much smaller variation with 
temperature. ‘lo obtain a temperature dependence as marked as that shown in 
Klinger’s experiments it would seem essential to assume an entirely different 
scattering mechanism. Some calculations we have made indicate that it would 
be necessary for the mobility to vary roughly as 7° to account for Klinger’s results. 
A strict quantitative comparison for germanium would require the many-valley 
model discussed by Herring (1955) but even if this modification is included it is 
found to be insufficient to cause a substantial change in the above argument. 

Klinger has also measured the dielectric constant and from it has deduced the 
loss tangent, which in our notation is given by 


od 
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It is of interest to consider the variation of tan with temperature, as given by 
the present theory, for representative germanium specimens at the same frequency 
(2-4 x 10" c/s) and over the same temperature range (20°-100°c). We put x)= 16 
and use the mobility data given by Conwell (1952). 

We take first the case of a sample with sufficient impurity content for the 
mobility to be approximately constant in the quoted temperature interval (cf. 
Sample 58 in Conwell’s paper). The low resistivity (~10-2-10-3 ohmcm) 
means that wx)/470,<f and hence tan 6 is virtually independent of temperature. 
For such a sample we should haye w~0-2 and hence, from figure 1, curve d, 
tand~3-7. 

Secondly, we consider an intrinsic sample in which the mobility follows the 
usual 7~*? variation; the resistivity values are taken from Klinger’s graph. If 
the effective mass is known w can be evaluated as a function of temperature from 
(5). Figure 5 shows the results obtained with m*=m and with m*=m/4 
(cf. Debye and Conwell 1954), together with the experimental curve found by 
Klinger. It will be seen that in this instance a change in the effective mass 
causes a relatively slight modification to the curve. The essential point is 
that in this case the most influential term in (31) is that containing o,; according 
to our calculations « is sensibly constant in this temperature range, whereas 
according to Klinger’s results it decreases markedly as the temperature increases. 


2 20 40 60 80 100 
Tae G) 


Figure 5. Variation of loss tangent with temperature at 1:24 cm for typical intrinsic 
specimen of germanium : a, with m*=m; 6, with m*=m/4. Klinger’s experimental 
results are represented by the broken curve. 


§ 8. CONCLUSION 


In this paper the theory of high-frequency conductivity in semiconductors 
has been developed on the basis of a model with spherical energy surfaces. ‘The 
object has been to derive the real and imaginary parts of the complex conductivity 
in terms of frequency and temperature, and the calculations have been carried 
through using classical statistics. The treatment 1s applicable to intrinsic and 
impurity semiconductors and the results canbe used to interpret the observed 
behaviour of the conductivity and dielectric constant. 
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The frequency dependence of the real and imaginary parts of o,(w) is found 
in all cases to be similar to that given by the Drude—Zener theory. ‘The variation 
with temperature depends on the ratio of impurity scattering to lattice scattering 
and can be obtained for any specimen if the mobility is given as a function of 
temperature. ‘lhe influence of the scattering mechanism is, in fact, the main 
feature of the present analysis and, although the results for the many-valley model 
would in general be slightly different, approximate calculations based on Herring’s 
work indicate that our conclusions would not be seriously affected. One further 
point may be made, arising from figures | and 2. ‘he compact series of curves 
obtained in each case shows that to a fair approximation « and 8 may be represented 
in terms of a single parameter, and explains the fact that it has been possible to 
use the Drude—Zener theory (which contains only one parameter, wr) for semi- 
conductors with any type of scattering. 

Finally, the application of the foregoing theory to optical problems should be 
mentioned. It is possible to derive, for example, the absorption coefficient and 
hence to investigate the infra-red absorption due to free carriers. Calculations 
along these lines are now being carried out and the results will be presented in a 
subsequent paper. 
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Abstract. ‘The excess current induced in a germanium p-—n junction by water 
vapour was found to be time dependent, and three separate relaxation times were 
observed. By taking the time of growth into account the excess current was 
resolved experimentally into two components having linear and saturation 
relationships with the applied voltage. The surface structure assumed to be 
responsible for the saturation component does not develop until after a reverse 
voltage has been applied to the junction, and when the applied voltage is removed 
this surface structure disappears rapidly compared with the time of growth. 

The possibility that these components correspond to channel and surface 
leakage currents is discussed. 


§ 1. INTRODUCTION 

HEN a germanium p—n junction is exposed to water vapour, the shape of 

the reverse current-voltage characteristic 1s altered and the reverse 

currents are usually increased. ‘lwo mechanisms which have been 
proposed to explain this excess current are channel conduction and surface leakage. 
The concept of a surface channel was introduced by Brown (1953) to explain 
surface phenomena in the n—p—n transistor. According to this view the presence 
of free charges on the surface induces a space charge within the semiconductor, 
creating an extension of the junction and thus causing an increase in the 
reverse current. ‘The excess current flows in the channel or space charge layer 
(figure 1). Direct confirmation of the existence of surface channels has been 
obtained by Christensen (1954) by means of a fine light-spot moved over the 
surface of the junction. 


Channel 


n region 


p region 


+et tet ttrtt+ 


Figure 1. 


McWhorter and Kingston (1954) have shown that water vapour can induce 
a channel on the p-region of a junction and that the excess current is proportional 


to channel length. Law (1954) has suggested the alternative hypothesis that the 
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excess current is carried by the motion of ions over the surface. In the present 
work it was found that the excess current could be resolved experimentally into 
two components which may correspond to channel and surface leakage contri- 
butions, and the excess current showed time dependence of a type not previously 


reported. 


§ 2. EXPERIMENTAL METHODS 


The junction to be studied was placed in a bell-jar through which wet or dry 
gases could be passed, and the effect of water vapour was studied by observation 
of the reverse current and by Christensen’s light-spot method. The gases used 
were oxygen and nitrogen (O, free) supplied by the British Oxygen Company. 
The humidity of the gas was controlled by bubbling through water kept at a 
given temperature, and dry gas was obtained by the use of cold traps. All the 
experiments were made with the junction at room temperature. 

Before each experiment, the junction was given a clean-up etch in CP4 
(Haynes and Shockley 1951) followed by thorough rinsing in running water, 
twice distilled. After removing surplus water with filter paper the junction was 
placed in the bell-jar and allowed to dry in a current of nitrogen. Both indium 
alloy junctions (1Qcm n-type Ge) and grown junctions (SQcm n-type, 10cm 
p-type) were studied. 

Reverse currents were measured at constant voltage, an oscilloscope being 
used to observe rapid changes (figure 2). For the measurement of decay times, 
as described in §5, the current was interrupted by means of a rotating com- 
mutator having an adjustable gap. In the light-spot technique, a light-spot 
1/1000in. in diameter was moved over the germanium surface and the photo- 
voltage appearing across the junction was plotted against distance moved by the 
light. ‘This response curve normally shows a sharp peak which marks the 
position of the junction, but if a channel is present the curve should show a 
plateau near the junction (Christensen 1954). To permit observation of rapid 
changes in the response curves, the light spot could also be traversed at 5-10 
cycles per second by means of a scanning disc, enabling the curves to be displayed 
on an oscilloscope. j 


| Light Chopper 


Photo-response 


i 
Reverse Current 


Commutator 


Figure 2. Diagram of apparatus. 
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$3. THE GRowTH oF THE Excess CURRENT 

tar reverse voltage is applied to a p—n junction surrounded by dry gas, the 
current rises very rapidly to a constant value J,. In wet gas, however, it was 
found on applying a voltage that after this initial rise, the current slowly 
increased to an equilibrium value (figure 3). An increase in applied voltage was 
always followed by such slow drift. The time of growth depended on the con- 
dition of the surface and the humidity, and was largely independent of applied 
voltage. For the relative humidity used (23%) the time of growth was usually 
of the order of several minutes.- The equilibrium current J, depended on the 


condition of the surface, humidity and applied voltage, and often exceeded J, by 
several orders of magnitude. 
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Figure 3. The growth of the excess current (grown junction No. P 17). 


3.1. Light-Spot Observations on Grown Functions 


The junctions were examined by the light-spot method and it was found that 
the shape of the photo-response curves gradually changed during the growth of 
the excess current. As the current increased towards the equilibrium value, 
the photo-response curve was observed to extend further and further into the 
p-region. 

It was not possible, however, to repeat all the results of McWhorter and 
Kingston (1954); although the response curve always moved further into the 
p-region as the applied voltage increased, it did not always do so in the expected 
manner, and the length of the plateau was not always proportional to excess current. 

Very often the response curves showed no plateau but merely became asym- 
metrical, without any definite indication of channel length. Typical equilibrium 
results are shown in figure 4. 


§ 4. ORIGIN OF THE EXCESS CURRENT 
If we assume that the excess current flows in some kind of surface structure, 
then the voltage dependance of the excess current should give information about 
this surface structure. 


542 A. R. F. Plummer 


It has been shown that the excess current is a function of voltage and time 
(figure 3), and it will be assumed that it is a function of the state S of the surface. 
The slow growth of the excess current may then be explained by supposing that 
the state of the surface changes with time after applying a voltage. Furthermore, 
the equilibrium state attained depends on the voltage which has been applied 
(figure 4). Thus S is a function of both voltage and time and may be written 
S(V,t). Hence I(V,t)=1,(V)+1,[V, S(V, t)] where J(V,t)=current measured 
in the external circuit, J,(V)=current carried by the junction in dry gas, 
I.(V,S)=current flowing in the surface structure. 


——N region| p region —~ 
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Wet Nitrogen 
23% RH 
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Figure 4. Equilibrium photo-response curves obtained by Christensen’s method 
(grown junction No. P 17). 


To study the surface structure we observe J,(V,S), the current—voltage 
characteristic of the surface structure, in a given state S. Since IVe@) and 
1,(V) can be measured separately in wet gas and dry gas respectively, this could 
be done by simply plotting 1(V,7)—1,(V) against V, if it were not for the fact 
that SS is itself a function of V. The surface structure therefore will not remain 
constant but will be changed by the act of measurement. This difficulty may be 
avoided if we restrict the measurements to initial values, bearing in mind that S$ 
changes relatively slowly with time. 

The experimental procedure was as follows: A grown junction was placed 
in dry gas and the J,(V) characteristic was measured. The atmosphere was then 
changed to one of constant relative humidity and a standing voltage V,, applied. 
When the current reached equilibrium, the surface structure Attained 4 certain 
steady state S(V,,) and the current-voltage characteristic was now measured in 
this steady state. At time ¢=0 a voltage increment AV was applied, and the 
total voltage V=V.,+ AV and initial current J(V),_, were measured (figure 5). 
The voltage increment was then removed, equilibrium restored and the pro- 
cedure successively repeated for a range of voltage increments. Under these 
conditions L(V) 9 =1)(V)+1,[V, S(V4)]. Hence by plotting 1(V),_)—1,(V) 
against V we obtain the current—voltage characteristic of the surface structure in 
the state S(V,). The experiment was carried out for standing voltages of 
0,1, 2,5 and 10 volts, with the results shown in figure 6(a). : 
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Figure 5. 


For V, equal to zero a straight line passing through the origin wes obtained. 
For V, greater than zero a family of nearly parallel straight lines was obtained, 
which curve at the lower ends to pass through the origin. Each of these curves 
can be resolved graphically into a straight line passing through the origin, 
together with a saturation characteristic (figure 6(b)). The well-defined shape 
of these component curves suggests that they correspond to separate physical 
processes, and it is possible that they can be identified with the two known 
ways in which excess current can be carried, namely channels and surface leakage. 
This possibility is discussed further in § 7. 

In figure 6(a) the points marked as black circles were obtained with zero 
voltage increments and therefore the broken curve is the characteristic obtained 
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a (b 
Figure 6 (a). RT oe ore Characteristics of the surface ee in different states 
S (V4) (grown junction No. P 17). Wet nitrogen atmosphere, R.H.=23%,. 
(b) Graphical analysis of the curves of figure 6 (a) into linear and saturation compo- 
nents. 
by steady state measurements. Several authors (Cutler and Bath 1954, 
McWhorter and Kingston 1954) have tried to fit a theoretical equation to a 
characteristic of this kind. ‘The above experiment shows that the state of the 
surface structure is different for each point on such a characteristic, and the 
resolution of the excess current at any point into two distinct components may 
make it easier to carry out a theoretical analysis. 
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When using negative voltage increments in the above experiments the current 
showed an initial drop followed by slow decay to an equilibrium value. This 
decay is discussed in the following section. 


$5. ‘THE RECOVERY OF THE SURFACE STRUCTURE 

After the applied voltage is removed, the surface structure returns to its 
original state. ‘This recovery was studied in the following way. The junction 
was placed in an atmosphere of constant relative humidity, a standing voltage 
applied and the current allowed to drift to the steady state value J,. If the circuit 
was then broken for a time ¢, the current did not resume at the value J, but at a 
lower value, and this drop was assumed to be a measure of the amount by which 
the surface structure recovered in time ¢ (figure 7(a)). ‘To determine the time of 
recovery the measurement was repeated with various values of t, and Zyyji,, Was 
plotted against ¢ (figure 7(b)). 
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Figure 7. Measurement of time of recovery (alloy junction No, P Sil). 


Of particular interest is the difference between the times of growth and 
recovery. It was found that a reduction of the applied voltage was always 
accompanied by rapid recovery, especially with alloy junctions. For example 
figure 7 shows that although the time of growth is several minutes, a large part 


of the recovery takes place in 0-01 second and that recovery is substantially 
complete after 1 second. ’ 
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5.1. Light-Spot Observations 
By means of the light-spot method it was observed that when the circuit was 
momentarily broken, the length of the photo-response curve in the p-region was 
instantly reduced. Then, as the excess current once more increased to an 
equilibrium value, the original shape of the photo-response curve slowly 


returned. ‘This showed that the rapid recovery effect was genuinely associated 
with some change in the surface. 


S 6. ‘THE EFFECT OF OXYGEN 

During the foregoing experiments it was always noticed that the response of 
a junction to water vapour was greatest when the junction was freshly etched 
and gradually diminished with time. ‘To find out whether this change was 
caused by oxidation, a junction was etched and measured under conditions 
which reduced oxidation as far as possible, and then the effect of deliberate 
oxidation was observed. ‘The procedure was to etch and rinse the junction in a 
chamber filled with nitrogen and provided with means to draw off any fumes 
from the etching dish; the rinsing water was freed from dissolved air by boiling 
it under nitrogen. After rinsing and drying, the junction was passed into a 
measuring compartment through which different gases could be circulated. 

The result of a typical experiment is shown in figure 8. The junction was 
etched at t=0 and the reverse current measured in dry nitrogen. At f=27 min 


Reverse Current at-3V (scA) 


0, 
Tirme (minutes) 


C 


Figure 8. Effect of oxygen on the excess current (alloy junction No. E 2). Relative 
- Aare ji 
humidity of wet gas 23%. 


the atmosphere was changed to wet nitrogen of constant relative humidity and 
the growth of excess current was observed from time to time. It was found that 
the equilibrium current J, gradually diminished, as shown by the broken line. 
At t=137 min the atmosphere was changed to wet oxygen at the same humidity 
PROC. PHYS. SOC. LXIX, 5—B 2N 
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and this caused the excess current to diminish rapidly. Subsequent cycles 
of wet oxygen and wet nitrogen showed that this change was to some extent 
reversible, although the excess current never returned to the high value reached 
just after etching. From these results we conclude that the gradual reduction 
of the excess current which occurs after etching might possibly be explained by 
the presence of traces of oxygen in the nitrogen supply, but further work will be 
necessary to establish this with certainty. 

The times of growth and recovery were found to be increased by the presence 
of oxygen, but the effect was small. For example, figure 7(b) shows that the time 
of recovery for an alloy junction was substantially unaltered by changing the 
atmosphere from wet nitrogen to wet oxygen, although the excess current was. 
halved. 


§ 7. DiscussIOoN 


The step voltage measurements described in § 4 are essentially pulse measure- 
ments, and should give information about the surface structure whilst it is in a 
certain steady state. We shall assume that during the growth or decay of the 
excess current, the surface structure is continuously changing from one such 
state to another. From figure 6 we see that with no standing voltage applied to 
the junction, the current-voltage characteristic of the surface structure is a 
straight line passing through the origin, and only after a standing voltage has 
been applied does a saturation component appear. As the standing voltage is 
increased, the magnitude of the saturation component increases and the slope of 
the linear component tends to decrease. ‘Therefore, when a fixed voltage is applied, 
the initial flow of excess current corresponds to the linear component, and the 
subsequent growth of the current may be attributed to the growth of the 
saturation component. We may thus suppose that the rapid decay of the excess 
current following a momentary interruption of the circuit corresponds to a 
sudden reduction in the magnitude of the saturation component. 

Assuming that the linear and saturation components have physical meaning, 
we now enquire whether these components can be identified with channel or 
surface leakage contributions to the excess current. There is nothing in the 
results to connect the linear component with channel current. On the other 
hand, we have seen that, as the applied voltage is increased, the length of the photo- 
response curve in the p-region and the magnitude of the saturation component 
both increase. If these changes in the response curve are assumed to indicate 
the development of a channel on the p-region, then this suggests that the satura- 
tion component corresponds to channel current. If this interpretation is 
correct, it follows that a water-induced channel forms only after a voltage has 
been applied. Neither a linear nor a saturation relation between channel current 
and voltage agrees with the theoretical formula given by McWhorter and Kingston 
" (1954), therefore further evidence will be needed before these suggestions can be 
verified, and the possibility of some other conduction process is not excluded. 
Clarke (1955) has also obtained results which are not in agreement with McWhorter 
and Kingston’s theory. A leakage current flowing in a surface film might 
a priori be carried either by ions, as suggested by Law (1954), or by electrons. 
Either of these processes could correspond with the observed linear component. 

The rapid recovery effect has not yet been satisfactorily explained. 
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§ 8. CONCLUSIONS 


(i) The excess current induced in a germanium p-—n junction by water 
vapour can be resolved experimentally into two components. They may be 
related to channel and surface leakage currents, but the possibility of some other 
conduction process is not excluded. 

(11) The surface structure responsible for one component of the excess 
current does not develop until after a voltage has been applied to the junction. 
When the voltage is removed, this surface structure diminishes rapidly compared 
with the rate of growth. 

(111) The equilibrium value of the excess current slowly diminishes with time. 
This change is accelerated by exposing the junction to wet oxygen. 
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Abstract. ‘The powder striations which may be produced, on either flat surfaces 
or in tubes, by means of electric sparks are shown to be similar to those obtained 
in a sound field due to a mechanical vibrator; that is to say they depend upon 
the presence of aerial vortices. Comparisons of published records show that the 
frequencies of vibration involved lie in the lower ultrasonic range, and must 
derive from the shock wave which is associated with the spark. ‘There is no 
direct relation between the inter-striation distances and the frequencies of the 
electric circuit. 


§$ 1. HisTorIcaL INTRODUCTION 


HE first object of the experiments here described was to identify the dust 

striations which have been formed by means of electric sparks with the 

dust or powder ridges obtained by the author (Waller 1954, 1955) using 
a vibrating plate. ‘These in their turn resemble Kundt powder ridges which 
have been shown by Andrade (1931, 1932) to be due to a hydrodynamic 
phenomenon in which the sizes of the vortices initiated by the solid particles 
in a sound field determine the separations of the ridges. The present author’s 
observations with graded powders show how rapidly these inter-ridge distances 
increase with the diameters of the grains, cf. Bagnold (1941, 1946) where the 
fundamental part played by the grain diameters is also stressed. 

The history of the subject is a long one and begins with Quet and Seguin 
(1859) who found that the fine particles of carbon powder from lamp black, 
strewn on a 15cm x2cm glass plate which was situated between the terminals 
of an electric spark generator, aligned themselves in transverse ridges 2 or 3 mm 
apart (see also Antolik 1874, 1875). ‘These authors, incidentally, were concerned 
with trying to obtain effects analogous to the luminous striations in an electric 
discharge tube. 

Mach and his co-workers (1876, 1879) concluded, from experiments with 
simultaneous sparks, that the carbon dust effects which they obtained on flat 
surfaces were to be expected from the laws proper to acoustic waves: Rosicky 
(1876), using elliptical surfaces, was also of this opinion. Gill (1898) believed 
that both the striated electric discharge and the dust striations in air represented 
the nodes of standing waves. It is however clear from Cook’s (1888) earlier 
paper that this view is untenable, as the separations between Cook’s concentric 
(lycopodium spore) circular ridges become less as the distance away from the 
central spark increases. Moreover there is not in his experiments any possibility 
of the production of stationary waves. 
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From the papers published in close succession by Richmond (1909), Marsh 
and Nottage (1911), Robinson (1911) and Barton and Kilby (1912) we learn that 
lycopodium (the only uniform powder employed) produces better results than 
other powders; that the separation of the ridges increases with the coarseness 
of the powder (which again precludes a standing wave explanation), and that their 
distances apart (which vary from 0-3 mm to 1-2mm in the various records) are 
unrelated to the high frequencies of the electrical circuits. 

The fact that the inter-ridge distances (like those produced by mechanical 
vibrators) increase with the intensity has also been recorded. Marsh and Nottage, 
with Richmond’s (1909) tube records before them, thought it likely that the striae 
were produced by a similar mechanism to those in Kundt’s tube. But their proof 
(of what appears now to be a correct surmise) is not convincing, since it depends 
upon an apparent and partial verification of W. Koenig’s (1891) frictionless fluid 
theory of ‘attractions’ and ‘repulsions’ between small spheres. 

Although Cook thought that the ‘sound’ of the spark could not account for 
the phenomenon, Richmond and others have expressed a contrary view. The 
opinion concerning striations, as Barton and Kilby left it, may be summarized 
in their words: “that dust figures may be obtained corresponding in their chief 
features to the ordinary optical phenomena of reflection, refraction, interference 
and ditfraction; but that in addition air currents sometimes acquire circulatory 
and vortex motion”’ 

Some of the earlier papers mentioned above allude to the striated discharge 
in gases. ‘This is not our present concern. At the same time it is not without 
interest to find mention of ‘vortices’, ‘ plasticity’, ‘ viscosity’, and even ‘surface 
tension’, in such papers as those of De la Rue and Mueller (1878, 1883, 1884), 
Wood (1896), Gassiot (1869). Nor are hydrodynamic analogies (or alternatively 
mention of nodes and antinodes) entirely lacking from accounts of recent confer- 
ences on the electric discharge in gases, see Llewellyn Jones (1952, 1953), von 
Engel and Francis (1953). 


$2. FORMATIVE MECHANISM OF ELECTRIC SPARK POWDER STRIATIONS 


2.1. Experiments with Fixed Objects 


Waller (1954, 1955) shows how the presence of various fixed objects affects 
the alignments of otherwise parallel powder ridges. ‘The results show such 
a strong resemblance to some of Marsh and Nottage’s (1911) figures that we can 
be left in no doubt that the mechanism when the excitant is a vibrating plate, 
must be the same as when it is an electric spark. Thus, see the idealized sketch 
now given, a fixed cylinder modifies the powder pattern in a way which incidentally 
suggests analogy between hydrodynamic, and magnetic or electrostatic forces. 
The figure cannot be explained by acoustical laws, but it becomes intelligible 
in terms of Andrade’s (1931, 1932) vortex theory together with the experiments 
with different sized grains described by the present writer. The small grains of 
the powder form vortices appropriate to their size. The larger cylinder initiates 
correspondingly larger vortices which have the effect of removing (or ‘repulsing’) 
pow der in the direction of the vibration vector and of causing convergence 
(or ‘ attraction’) of the ridges at right angles to the field. 
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2.2. Granular Ridges 

Marsh and Nottage also show a figure of sand grain alignments which are 
only one particle wide and which may be compared with the present author’s 
so-called granular ridges. "These are separated by smaller distances than the usual 
powder ridges, the thicknesses and separations of which increase with the amount 
of powder present. For accurate measurements and for comparison with 
other ‘circulation’ observations (e.g. with cylinders or spheres) granular ridges 
are of special interest. The fact that they have been obtained with the electric 
spark shows that this method of forming striations is very effective, and strengthens 
the conclusion that the striae are of the same nature as those obtained in the 
acoustical experiments mentioned above. 


To illustrate how the presence of a fixed cylinder modifies the otherwise parallel powder 
striations. 


§ 3. THE VIBRATION FREQUENCIES 


Such evidence as is so far available concerning the frequencies of the periodic 
disturbance which is responsible for the formation of powder striations by 
electric sparks is given below. 


3.1. Measurements of Marsh and Nottage’s Granular Ridges 

It may be noted that in Marsh and Nottage’s (1911) work, the spark from an 
induction coil was made to pass vertically through a central hole of a powdered 
glass plate. The authors found that a spark powerful enough to produce an intense 
condensational pulse was needed to form the ridges. In the discussion 
afterwards, Dr. Russell stated that “the formation of the striae is one of the 
best methods of telling whether a spark is oscillatory or not”’. 

Waller has explained that a knowledge of the distance between two ridges, 
of the diameter of the grains, and of the ratio between these two quantities, 
provides qualitative information concerning the operative sound field vibration 
frequencies. Taking the mean diameter between the ridges shown in Marsh 
and Nottage’s Fig. 1 as of the order 0-6 mm and the mean ‘ diameters’ of the sand 
grains as not far removed from 0-3 mm, gives the ratio as about 2. In Waller’s 
records the ratios are greater, they vary from 3 to 8, so that, without suggesting 
actual frequencies, it can at least be said that the sound frequencies in the electrical 
experiments must have been much above say 1000c/s. 
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3.2. Richmond’s Tube Experiments 

In Richmond’s (1909) experiments the spark functioned at one end of a 
Kundt’s tube and the frequencies of the electrical oscillations of the induction 
coil circuit ranged from about 0-6 to 2Mc/s. His photographic records show 
lycopodium striae which, from their close spacing, 0-3 to 0-66mm, suggest 
that the frequencies of the sound field are higher than in most Kundt’s tube or 
vibrating plate experiments, i.e. above 3kc/s. Secondly, there is also a regular 
variation in the spacing every 3 or 4mm along the tube suggesting the presence 
of stationary sound waves of frequencies between about 55 and 44ke/s. 


3.3. Some Remarks on Experiments at Ultrasonic Frequencies 
3.3.1. R. Koenig’s Kundt’s tube records. 

The frequencies mentioned in §3.1 are ultrasonic. This adds to the interest 
of re-examining R. Koenig’s (1899) photographic records of lycopodium ridges 
which were obtained in a Kundt’s tube, by means of tuning forks, at frequencies 
ranging from about +ke/s up to 90kc/s. Here, although too much powder is 
employed for it to be profitable to measure up the inter-ridge distances accurately, 
we may study how the number of ridges between two nodes gradually diminishes 
as the frequency increases. At the highest frequency some half dozen ridges 
can still be recognized in one half wavelength. 

3.3.2. Distinction between the two Kundt repetitive powder phenomena. 

Care is needed when working at high ultrasonic frequencies, not to confuse 
the two repetitive powder phenomena which may occur in a sounding tube. 
Campbell, for instance, in his contribution to the discussion on Marsh and 
Nottage’s paper, is not referring to the vortex striae but to the (lycopodium) 
nodal streaks which he and Dye (1911) recorded ina Kundt’s tube up to frequencies 
approaching 1 Mc's. The sound field was produced by an electrically maintained 
quartz oscillator. At 900kc/s the separations are only 0-2mm which is /ess than 
separations of any vortex striae so far recorded. Their concluding remark 
appears significant: “‘we have in some cases found troublesome effects which 
require further elucidation, e.g. at frequencies approaching one million only 
half the number of proper streaks show themselves”’. This double spacing of 
0-4 mm is comparable with the 0-3 to 1-3 mm spacing of the various ridge records 
mentioned above (§ 1), which suggests that the ‘ troublesome effects’ may possibly 
be occasioned by interactions between those forces which produce the standing 
wave, and those which produce the vortex striations. 

It is also a matter for some surprise that in books on ultrasonics, e.g. Bergmann 
(1954), the term ‘ Kundt dust figure’ refers only to the standing wave phenomenon. 


§ 4. CONCLUDING REMARKS 

The borderland subject dealt with in this paper once more emphasizes the 
important part which vortex motion often plays in connection with striation 
phenomena. 

At the present day there are many facilities for continuing the research in 
which, as has already been emphasized, particles of uniform size should be 
employed. Some of the more recent techniques for obtaining known sonic and 
ultrasonic frequencies might well be used before proceeding to study the action 
of the spark itself. This would be produced under standard conditions (see, for 
instance, Llewellyn Jones 1945). 
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‘The spark and the associated shock wave, which is undoubtedly responsible 
for the production of the striae, is treated by Meek and Craggs (1953), in whose 
book may be seen a record, taken by G. K. Adams, of sound waves leaving a spark 
discharge. 
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Abstract. 'The scattering of electrons whose energy is a function only of the 
magnitude of their wave number vector is considered for an elastic and an in- 
elastic process. The elastic process is scattering by ionized impurities, the in- 
elastic is scattering by the non-acoustical modes of the lattice vibrations in a homo- 
polar crystal. ‘The times of relaxation for these two processes are calculated. 


§ 1. INTRODUCTION 


N the treatment of transport phenomena in solids, it is usually assumed that 

the dependence of the energy of the electron on its wave number vector k is 

given by «=/?k?/2m* where « is the energy of the electron measured from the 
bottom of the band considered and m* is its effective mass. It has been found 
that this standard band gives an insufficient description of the electrons in a 
large class of solids, and various non-standard bands have been discussed. In 
this paper, we shall consider bands in which the energy depends only on | k|, but 
not quadratically. Such a band has been studied by Radcliffe (1955) to explain 
the properties of pure p-type germanium where the holes are scattered by the 
acoustical modes of the lattice vibrations; Parmenter (1955) has found a band 
of this form for electrons in a disordered alloy; Barrie and Edmond (1955) have 
used such a band to try to correlate the electrical and optical properties of highly 
degenerate n-type samples of indium antimonide. We shall assume that the 
band has a minimum at k=O and that ¢ is monotonically increasing with | k |. 
If « were not monotonically increasing, the band would be of the many-valley 
type and one would have to consider inter-valley scattering in the transport 
phenomena. 


§ 2. GENERAL CONSIDERATIONS 


The theoretical study of transport phenomena consists of two parts; first, 
the solution of the Boltzmann transport equation assuming that a time of relaxation 
z for the scattering processes exists, with the subsequent derivation of formulae 
for the various quantities such as conductivity, Hall constant etc.; secondly, 
the finding of 7 as a function of the electron energy, temperature etc. with a 
study of the conditions required for the possibility of definition of a general 
time of relaxation. 

The first part of the problem has been treated by Wilson (1936) who considered 
a general band shape. Putting ¢ a function only of |k |, one finds that the case of 
the spherically symmetric band is obtained from that of the standard band by 
the replacement of m* by /?k(de/dk) (the magnitude of the crystal momentum 
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divided by the magnitude of the velocity). Thus, for example, the formulae 
for the conductivity o, the Hall constant R and the thermoelectric power QO are 


2 
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Here, k, is Boltzmann’s constant and ¢ is the Fermi level measured from the 
bottom of the band. The other symbols have their usual meaning. 

The second part of the problem, the determination of 7, is not so straight- 
forward. If, however, the scattering process is elastic we can show quite easily 
that again m* for the standard band case will be replaced by h?k(de/dk)~! for 
the non-standard band. ‘Thus the usual effective mass tensor is 


1 11 de any ie Lee 
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where F is the force causing the transition, v is the velocity andt the time. Sinc> 
the scattering is elastic and the surfaces of constant energy are spheres, F is tan- 
gential to the sphere (being in the direction of dk/dt) and k is normal to the sphere 
so that (F.k)=0 and 


Then 


dv ilde 
dt h®kdk * 

Therefore in the expression for t we replace m* in the standard band case by 
h?R(de/dk)~ and this will be equivalent to the use of the usual effective mass tensor. 

For inelastic scattering processes, it is not clear what replacement should be 
made and each case has to be considered separately. 

In this paper we shall work out the expression for 7 in the case of a spheri- 
cally symmetric band for two types of scattering processes. First, as an example 
of an elastic process, we consider scattering by ionized impurities. (This will 
enable us to find the range of validity of the foregoing argument for a particular 
process.) Secondly, as an example of an inelastic process, we take scattering by 
the non-acoustical modes of the lattice vibrations in a homopolar crystal. 


§ 3. SCATTERING BY IONIZED IMPURITIES 


We approach this problem by the method described by Koster (1954). If 
we assume that the potential is slowly varying, the coefficients of the Wannier 
functions in the expansion of the perturbed wave function are obtained from the 
continuous function U(r) which satisfies the equation 


(—iV)U(r)+V(r)U(r)=EU(r) sae (3) 
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where V(r) is the perturbing potential due to an ionized impurity, E is the per- 
turbed energy and ¢(—iV) is e(k) with k replaced by —iV. The assumptions 
made here are the same as those in the case of the standard band so that the final 
results can be compared. 

The solutions of the unperturbed problem are the plane waves 
U(r)=exp(‘k.r) with corresponding energy eigenvalues «(k). We want an 
asymptotic solution of (3) of the form 


U(r) =exp(ik.r) + ones i (4) 
with E=€e(R). 
Let us try a solution of the form 
CrySexptkenyclr), cae eels (5) 
‘The equation for v(r) is 
{e(—2V)—e(k)}o(r)=—V(r)exp(k.r), — ...... (6) 


The Green’s function for equation (6) is 
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Let us assume that the integrand is analytic at all points on the real axis of 
k’-space except for simple poles at k’= +k. ‘This means that the equation in k, 
e(k)=constant, has only two real simple solutions. With this assumption, we 
shall evaluate the integral in (7) and shall, for the moment, ignore the other poles, 
and possible branch points, of the integrand at complex values of k’. We shall 
return to this subject at the end of the section. 

The integral in (7) can be evaluated in the usual way, choosing the contour of 
integration in such a way as to give only outgoing waves. We find 


Pre ee Pd a ‘ 
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= | exp (—7kr’ cos @) V(r’) exp (¢k.r’) dr’ 


and @ is the angle of scattering. 
If we choose V(r) =e?/«r) exp(—gqr) where « is the dielectric constant of the 
material and q is a screening constant, then 
4ne? 1 


=k eS g? + 4k sin? 16 


and the cross section for scattering through an angle @ is 


o(0) = 54h +) * (ght Resin? LO) SES ll) 
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From this, 7 is obtained in the usual way and we find 
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Here N is the concentration of scattering centres. 
For the standard band, Mott (1936) found 
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Thus the non-standard band formula is obtained from the standard band one 
by expressing the latter in terms of k and m*, then replacing m* by h?k(de/dk)". 

Let us now return to the assumption made about the form of ¢(k). The 
following cases may arise. 

(1) The equation e(k) = constant may have more than two real solutions for k. 
It would then describe a many-valley band structure and there would be con- 
tributions to the integral in (7) from the other poles in the real axis of k’-space. 
These would give additional terms in equations (8) and (9) describing the type of 
inter-valley scattering discussed by Herring (1955) for germanium. We have 
chosen to neglect this type of scattering and have chosen only forms of e(k) which 
are monotonically increasing with R. 

(ii) If e(k) is monotonically increasing, and not of the form e=h?k?/2m*, there 
will be other solutions of the equation «(k)=constant for complex values of &. 
‘Thus the integral in (7) will have poles at complex values of k’ and these will lead 
to additional terms in (8) and (9) which decay exponentially as r tends to infinity. 
(These are the non-propagating solutions discussed by Koster (1954).) For 
scattering by a single impurity centre these terms can then be ignored. If, how- 
ever, the concentration of impurity centres is sufficiently great, these terms will 
not have decayed to zero by the time the scattered wave reaches the next impurity 
centre. As an example, if «=«k4, these terms can be ignored when the value of 
Rk considered is less than both g and 7,1, where g is the screening constant of the 
potential and ry is the distance between the impurities. 

(ii) ‘he function e(k) may also be such that the integrand in (7) has branch 
points at some complex values of k’. These will again lead to exponentially 
damped scattered waves. As an example, if «= (A? + a*)4/2— a, the terms arising 
from the branch points at k’ = +7a can be ignored if a is less than both gand Tome 
If the integrand has branch points on the real axis of k’-space, no general rule can 
be given for the treatment of the integral in (7) and each of these cases would have 
to be treated independently. 

(iv) The other possibility for the form of <(A) is that it is such that the poles at 
k'= +k are poles of higher order than the first. If this occurs, then in equation 
(8), we would have higher derivatives of ¢ with respect to Rk. 

We have thus given a full quantum-mechanical proof, for the case of scattering 
by ionized impurities, of the statement made in § 2 that m* for the standard band 
should be replaced by h?k(de/dk)-! for elastic scattering processes. It is true, 
however, only if €() is a monotonic function of & with no branch points for real 
values of k and if the equation «(k)=constant has no real multiple roots. A 
similar proof of this statement has been given by Radcliffe (1955) for scattering 
by the acoustical modes of the lattice vibrations, the scattering being assumed 
to be elastic. ‘The restrictions on the form of <(k) are inherent in his analysis also. 
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§$ 4. SCATTERING By NON-acousTICAL MODES 


As an example of an inelastic process we consider scattering by the non- 
acoustical modes of the lattice vibrations in a homopolar crystal. We shall base 
our analysis on that of Seitz (1948), but will perform the analysis from first prin- 
ciples so that we can see exactly under what conditions a unique time of relaxation 
exists; this aspect of the problem was not considered by Seitz. The case of 
scattering by the optical modes in a polar lattice can be dealt with similarly, 
merely generalizing the work of Howarth and Sondheimer (1953). 

Let P(k +q, k) and P(k —q, k)-be the probabilities per unit time of an electron 
being scattered from the state k to the states k+q and k—q respectively. Here 
q is the wave-number vector of a phonon. 


0 
Let F(k) =fo(k) — O(k Nae Fst (12) 
where f is the distribution function of the en and f 1s its equilibrium value, 
the usual Fermi function. 

Then the rate of change of f due to collisions is 


of OTe: 
@ ite = (Qn kT) | dq [P(k+q, k)fo(k) {1 —fo(k + q)}{O(k + q) — O(k)} 


ot 
+ P(k—q, kfa(k) {1 —fylk—4) f(g) = (J. eee (13) 
Here V is the volume of the crystal and T is the absolute temperature. 
The transition probabilities per unit time for absorption and emission of a 
phonon will be of the form 


P({k+q, k)= ee n(w)d «(| k+q}) —«(k)—hw} 

ny be ator (14) 
P(k—q,k)= raz {n(w) + 1}8{e([k—q|) (A) Hho}. 
J 


In these, .V is the number of unit cells in the crystal, 17 is the mass of the atoms 
of the crystal, /w is the energy of the phonon absorbed or emitted in the tran- 
sition and m(w) is the number of phonons in the mode w. We take w to be in- 
dependent of q. ‘The factor J depends on the matrix element of the collision 
operator between the initial and final electron wave functions, these wave functions 
not being reliably known. Seitz (1948) assumes that / is generally a constant 
parameter, D’ say, independent of q. In some cases, however, the symmetry of 
the electron wave function is such that we have to assume that J depends linearly 
on |q| and Seitz takes J=2C’|q| for these cases.t 
We therefore consider two cases: case I, J=D’; case I, J=%C'|q|. 


Case I. 
Changing q to—q in some of the integrals we find from (13) 


of = & aD? 1 : fg fe UD — O(k)* 
(3 he aa (27) NMo k, fi | dqfi(k) (1 Folk +4)§ (D( +q) ( ) 


x [n(w)dfe(| k+q |) —e(k) —ha} + {n(w) + 1d te (|k+q])—e(k) nea 


Let O(k)= = efe(R}= GFapctelA)}- weve (16) 


+ For further details of the properties of this matrix element, the reader is referred to 
Seitz’s paper. 
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Let k be the polar axis in q-space, so that q=(q,9,¢). 
Then 
JIn= (cos 6; cos 6 + sin G;, sin 6 cos ¢) 


where 6, is the angle between k and the x axis. The integration over ¢ is the 
first to be performed and for this we need only 


2. 


i dp=2n and | cos db =0. 
~ 0 Q 

This integration gives 
vy ela 
(3 — 420 NM kyT. 


“g dq sin 0 d8 f,(k){1 —f,(k +4)} 


7 coll 


k+qcos6 i) ‘ 1 de | 
Ami beset ce apy eee gry 
Prenies HA oss asap) Ege a )} 
x [n(w)d te(| k+q |) —e«(k) —hw\+ (n(w) =i 1}5{e(| k+q |) —<(k) +hw}]. 
ee (17) 
; d{e(|k + q |) —€(k) hw} ve (se) kq 18 
Now A (case) Th bt ear via de a(S) 


This enables us to carry out the integration over 4 to obtain 


of V dD”? 1 kR 5 “Yo i 
at c ; 1— hu) 
G he 4rn NMw Kol fa | “qdal fe) Sole + iw)} 


[k+4 lon 1 de e 
(de/dk))._ | kiqh Rak ae n(w) 


(kR+q cosQ. 
ae 


S< es c(e+hw) 


+ fale} —fole—Hhe)} o(e — hen) 


: 
ae bs :: = c(e) }(n(oo) +1 | Berne) 
where 6), and 4.» are such that 
E(k? + g? + 2kg cos Oy 1) — (Rk?) —hw=0 i 
<(k? + q? + 2kq cos Oy 5) — €(R?) +hw=0 Le i 
and [k+q |)? =A? +g? + 2kq cos 4 ,, tee 
Assuming the same form for ¢(R) as in § 3, each of the equations (20) gives only 


one value of 4). From equations (20) we see that g?+2kq cos Oy, is independent 
of g and can be treated as a constant in the next integration, that over g. 


Let us put Rg? 2hg COs 0), aie ne (21) 


so that ¢(kp,)=e+hw, €(kp2)=e—hw ie. k,, is the radius of the sphere of 


constant energy e+/w and k,,» is the radius of the sphere of constant energy 
e—hw. Then 


of 2 a 72 1 os “ds : 
(33) oy SENIOR E |, 144| HOU ~fale+ te} 


(a ee be evade 

x i Dye c(e +hw) — (de[dh),.-,. aap: e)| n(w) 
(R? + Ryo? — G? 

HH) fle he) {2 othe) 


Rigid clea 
(dé[dh),,,. Rak ()} Ae: 3 | ee (22) 
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The limits for g are obtained from the fact that |cos 4) ;|<|. The limits for the 
first set of integrals (ocn(w)) are found to be =k, Qa=hy tk. 
The limits for the second set of integrals (ocn(w)+ 1) are found to be 
91 =R—Ryo, Qa=R+Ryy 
provided «>hw. If e<hw the second integral gives no contribution. The 
integration of q is simple and gives 
of Vas Lo ee ; ‘ Ry" 
GO) See ATK ae VAI | ile he)in(o) (de[dk), 1, 
ee 
ae iG = hw){1 —fole = hw) \{n(w) ae 1 \ cota ceeeee 
where /(x) is Heaviside’s unit function, h(x)=0 if «<0, ACD eae Oe 8 die 
hw <koT, fy(e + hw) can be approximated by f,(e) and nw) and n(w) + 1 by ky T/hw. 
Then 


of De ORL Regs Rese 
~ =— ; —hw) ——*=— |. (2 
(3 He (f Jo) 2a NMw hw | ea T he ie) (de/dR);. —x,,, | ( 4) 
so that a time of relaxation exists and is given by 
wee fig eae A ky? Res? | OE 
7 2aNMe Feo lee BT eerie ie | eae ©) 


For the standard band (Seitz 1948) the same condition is required for the 
existence of a time of relaxation and 


! D?V_ koT | m* ie 
+ 2nNMw ho | h? Reg aed) F2 bya | : 


Thus to obtain the non-standard band formula from the standard, one expresses 
the latter in terms of final state parameters and replaces m* by h?k(de/dk)— 
evaluated on the appropriate sphere. 
Case If. 

The analysis for the second assumption as to the value of the transition 
probabilities is similar to the above except that the final integrations over g are 
different, the integrands being multiplied by q?._ One finds 


EB ZV? 1, Tere 
(Z) Via NMeo kyl k | no) o(€){1 —fole +hw) Ry 
coll 


3de/dk : at 
Se 1 2bk, xe > hw) m= aay c(e)(R* + ky 1”) i 
/ C= NF 51 


+ h(e—hw){n(w) + 1} f,(e) {1 —fo(e —hw) tRy 
f jd eae ea ae | ee 26 
x eee hw) (de[dh 4, cle)(R?+Rpo?) > |. . (26) 
In order to be able to define a time of relaxation, not only must we assume 
that iw <k,T as before, but we must also assume that hw<e. Then c(e +hw) 
can be expanded in powers of hw/e, h(e—hw)=1 and we find 


ely a : 2k 3(A? + kya?) | 
fois 


-_= as ——— /y,., - See 
t 2727 NMw hw de/dk 1 *(de/dk)y <i, J 


2k 3(R? + Ryo”) |] 
— eee estoy Sea) Zi 
Rpg { de/dk Rp + dela} | (2) 
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In this case, one has to use h?k(de/dk)-! evaluated on all three spheres of 
constant energy «, e+/hw and «—hw. 

For the standard band, «=/?k?/2m*, this reduces to the formula given by 
Seitz, viz. 


1 2 C°V k,Tm*,, oN 2 a ay 
= : oe \ (Bases tia 2 eae 
; Din Nats WFO WN eee eae a : E 


Since, however, one has to assume that fiw <e, in order to be able to define a 
time of relaxation, one can expand the radicals to get 
1 = Zea Ce Vae hans 351643 ()'\. 
t Ala NM horny >| er 4 
Once k,, and k,, have been expressed in terms of ¢ and fw, equation (27) can 
be similarly expanded. 


§ 5. Discuss1on 


In a conduction band with a minimum at k=O in the Brillouin zone, the 
approximation «=/?k?/2m* becomes invalid for sufficiently large values of &. 
Experiments on impure samples of InSb (Hrostowski et al. 1954, Barrie and 
Edmond 1955) have indicated that the conduction band does in fact become 
filled to such an extent that the quadratic approximation is no longer valid. 
The simplest assumption to make when this approximation no longer holds is 
that « is still a function only of | k|, but no longer quadratic. This paper has 
dealt with the theory of transport phenomena for such bands. It has been 
shown that the parameter m* occurring in formulae based on the standard band 
is usually replaced by h?k(de/dk) 1 evaluated at an appropriate energy. 

‘The next approximation to the quadratic form is to take a band of the form 
e=h*k*(1— Bk*)/2m* and we shall now, as an example, calculate the values of 
various quantities for this band and compare them with the corresponding 
values calculated for the standard band «=h2k?/2m*. 

For this non-standard band, a surface of constant energy in k-space consists 
of a pair of concentric spheres and to satisfy the requirements on the form of ¢ 
stipulated in § 3, we shall consider only the sphere of smaller radius, i.e. we shall 


use 
ie 8m* Be\ 12 
Re= — as Se eet 
A (1 (ie ) | 


and restrict values of k so that Bk? <3. 

To obtain numerical values, let us take B=5 x 1017 cm?, m* to be the free 
electron mass and let us assume that we have 102! electrons per cm? in the band. 
We shall use the formulae appropriate to complete Fermi-—Dirac degeneracy. 

From the relation n=k.*/37?, valid for both band forms, we find ¢,= 0-107 ev 
and p,,=0-092ev. Here m is the concentration of electrons, R. is the value of & 
at the Fermi energy p and the subscripts s and ns refer to the standard and non- 
standard bands respectively. We shall compare the times of relaxation for 
scattering by ionized impurities, the more important of the scattering processes 
discussed in the paper. If the screening constant q is calculated by the Thomas- 
Fermi method, assuming unit dielectric constant, we find g,=1-12,% 108 ca 
and q,,=1:32x10%cm. Using these values of q, we find (7;),,=1:15(r,).. 
For both band forms, the Hall constant R= — 1/nec. The ratio of Hall mobi- 
lities is (— Ro),./(— Ro), = 0-83, so that although the time of relaxation is greater 
in the case of the non-standard band, the Hall mobility is less. : 
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Abstract. In optical systems the pencils forming images of extra-axial object 
points are generally oblique to both the object and image planes. ‘The diffraction 
image of a point source observed in an oblique image plane differs significantly 
from that obtained in a plane normal to the image-forming pencil. The theory 
of the frequency response of optical systems is formulated for this more general 
case. The resulting formulae are used to relate the response obtained between 
object and image planes perpendicular to the optical axis to that obtained between 
planes perpendicular to the principal rays. It is shown that no loss of generality 
is introduced by the restriction to unidimensional objects. Some general 
properties of the response function for optical systems having aberration are 
derived. 


§ 1. FORMULATION OF THE PROBLEM 


PTICAL systems are frequently required to form images of objects of 

large angular size, and this usually implies that the principal rays of the 

pencils forming image points in the outer parts of the field have 
correspondingly large inclinations to the optical axis. Indeed, the inclinations 
of these rays may exceed 30 degrees. ‘The diffraction image of an object point 
observed in an image plane perpendicular to the optical axis may then be signi- 
ficantly different from that found in the corresponding plane perpendicular to 
the principal ray of the image-forming pencil. This fact is usually ignored in 
calculating light distributions in the images of extended objects (see, for example, 
Rayleigh 1896, Duffieux 1946, Hopkins 1953); but, as we shall see, the approxi- 
mation implied is not generally permissible, even for an aberration-free system. 
The geometry of the situation is illustrated in figure 1, in which E’Q,’Q’ is 

a principal ray emerging from an axially symmetrical optical system whose 
optical axis is E’O’. The location of the geometrical image point in the image 
plane through O’ is conventionally taken to be at the point of intersection Q,’ 
of the principal ray with this plane, although, of course, the image of the object 
point takes the form of a diffracted distribution of light. It is, however, usually 
convenient to take the principal ray intersection point Q,’ as the origin of 
coordinates in the image plane when calculating this distribution of light. In 
figure 1, & is a reference sphere, having its centre at Q,’ and of radius E’Q,’. 
The point E’ is located in the exit pupil of the system. ‘The extreme ray of the 
pencil in the sagittal section intersects © in D’, which point is at a distance h’ 
from the principal ray E’Q,’. Let any other ray cut the reference sphere ¥ in 
a point, such as M’ having rectangular coordinates (X,Y), these latter being 
measured perpendicular to the meridian and sagittal sections respectively. 
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We shall employ reduced coordinates (x, y), defined by 


AIR DU Oe IM Al celta Re (1) 
for the pupil, and reduced coordinates 
Me a0 (n’ sina’ )E", i = (Oe. SU cia) an on Ment cree (2) 


for the region of the image plane in the neighbourhood of Q,’. The angle «’ 
is that subtended by E’D’ at Q,’ and (€’, 7’) are geometrical coordinate distances 
with origin at Q,’, €’ being parallel to the x axis, and 7’ lying in the line O’Q,’. 


Figure 1. 
Let the wave front aberration with reference to the sphere & be denoted by 
W (x,y). The pupil function is then defined by 
f(x,y) =7(x, y) exp WkW(x, y)} within A 
=) outside A 


_ where A is used to denote the region of the actual pupil, and R=27/A. The factor 


7(x, y) is wholly real, and takes account of any non-uniformity of amplitude over 


_ the emergent wave front. It is included here merely for the sake of generality, 
_ most of the applications contemplated being those for which we shall put r(x, y) = 1. 


In finding the complex amplitude of the diffracted light at a point P’, having 
coordinates (€’, 7’), we have to note that P’ lies in an image plane perpendicular 
to the principal ray through Q’, where Q,)’Q’=7’ sin f’, f’ being the angle the 
principal ray makes with the optical axis. Moreover, in this plane, the coordinates 
of P’ are(é’,7’ cos’). The longitudinal focal shift Q)'Q’ introduces an additional 
aberration term (Hopkins 1950), which is given by 


OWesn sinta(nisinB (ey) ceases (4) 
The magnitude of this additional term can be appreciably greater than a 


_ wavelength. In an extreme case, for example 6’=30° and a relative aperture 
| F/2, equation (4) gives 6W=7'/64. We shall suppose that, for all systems in 
question, Ry =E’Q)’=25 mm and the aberration is such that the image patch 


has no significant light intensity outside a circle 1mm in diameter. ‘This seems 


- to be a reasonable assumption in the light of recently published measurements of 


energy concentrations in point source images (R. E. Hopkins 1954). ‘The angular 
2 O=2 
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size of the image patch is then approximately 2°. Putting 7’=0-°5 mm and 
A=0-5u we find 5W= 15-6), and this term is therefore certainly not negligible. 
It will be observed, moreover, that the term SW is present even in the absence of 
aberration in the ordinary sense. 

It will be convenient in what follows to write the phase advance corresponding 
to 5W in terms of the reduced coordinate v’ =(27/A)(n’ sin«’)n’. We then find, 
in place of (4), 

ROW =qo'(x? 4y7)t) eee (5) 
where 
g=in sine-si6: eee (6) 


From the example considered above, it will be seen that the constant g will 
never exceed 1/16 in any practical case, and it will usually be less than half this 
value. When the image is formed at infinity («’=0), or for a telecentric exit 
pupil (’ =0), the constant g is zero and the term 6W may then be ignored. In 
most cases, however, it has to be included, account also being taken of the fact 
that the reduced coordinates of P’ in the image plane perpendicular to the principal 
ray are (u’, v' cos f’). 

In addition to the above considerations, the approximations usually made in 
applying Kirchhoff’s integral need to be reconsidered when the image-forming 
wave front has a relative aperture as large as F/2 and the diffracted patch of light 
is allowed to be of the order of 1 mmin diameter. If we again suppose the distance 
E’Q,)’=R, to be at least 25mm, the usual approximate form of Kirchhoft’s 
integral 

i | 


As, 9") = 5 | | 


"Tt +cos x 


FRR, UX Y)exp iA[Ry~ RY (7) 


is Clearly of sufficient accuracy. a(X, Y) is the complex amplitude at the point 
(X, Y) of the reference sphere (figure 2). R,R, are the distances of this point 
from Q’ and P’ respectively, k=2z7/d, y is the angle between R and R,, and dS 
is an element of area on the reference sphere at the point (X, Y, Z). The square 
bracket [Ry — R] denotes an optical path length. With the restriction placed on 
Ro, and Q’P’<0-5 mm, the relative variation in (1+ cos y)/2R)R is small enough 
to be ignored. ‘The variation in this factor amounts, in any case, to a small 
non-uniformity of amplitude over the wave front of such magnitude that the 
effects on the image will be negligible (Hopkins 1949), For a similar reason we 
may write dS=dXdY, and the only significant error remains that implied in 
the usual expression for the phase factor k[R, — R]. ‘This, we shall find, contains 
a non-negligible term in (€'? + 7’). 


K 
Ss R ye 
~~ jn Re) 
oe | | veg! 
Pee 
Le RS 


Figure 2. 
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In figure 2 the origin of the coordinate system (X, Y, Z) is at E’, and P’ is the 
point (€’,7’, R,). Hence 
Re=(X— £9 + V1’ +(Z— Ry 
= Ry? + €2 + 9/2 —2(XE' + Yn’) 
the point (X, Y, 7) being on the sphere whose equation is X2+ Y2+(Z— R,)?=R,?. 
The difference R,)— R may now be written 
£) Xe’ ale Yy’) ale at 
~Ro+R Ryot+R 


or, since Rj —R<R,, 


(XE 4Vni  &2 472 es 
‘eeesieeen ee : ! 
: L Ry 2Ro \a A 2Ro 


If the wave front is limited by a circular diaphragm, of angular radius 0-25 seen 
from Q’ (i.e. relative aperture = F/2), the maximum numerical value of the first 
bracket may be found by inserting X/R,=0-25, 7’ =0, é’=0-5mm, R,=25mm, 


giving 


(XE + Yn’)/ Ry =0-125 mm=250A 
(E+ 7’*)/2R, =0-005 mm—104X. 


The maximum numerical value of the second bracket is therefore approximately 
1-0025, since Ry—R=250A. Even in this case, which corresponds to points 
in the extremely faint, outermost, parts of the diffraction pattern, the error 
resulting from replacing the second bracket by unity is only about 0-6. The 
effect of adding the corresponding phase difference to that associated with Ry — R, 
which is of the order of 5007, would be negligible. For points nearer the centre 
of the diffraction image this error, which is a smooth function of (X, Y), would be 
negligible. On the other hand the term (€’? + 7’?)/2R,, which is usually neglected 
as small, is seen to be significant under conditions occurring in practical systems. 
In terms of reduced coordinates 
R[Ryo— Ri] =u'xto'y—d(u*+u7) ae (8) 
in which 
d=(2ReH sina)\>. 
For an off-axis image point such as Q’ the complex amplitude on the reference 
sphere a(X, Y) is expressed by the pupil function 
a(X, Y)=f(x, vy) exp (tkoW) 
f(x, ) being defined by (3), and dW by (5) and (6). The reduced coordinates of 
P’ (figure 1) measured in the plane perpendicular to the principal ray are 
(u’,~’ cos f’). Using the expressions (5) and (8), the complex amplitude at P’ 
is therefore given, according to (7), by the expression 


1 ; 
Oe o = — exp —id(u'2+v'2 cos? By} | | 


Dr flo,y) exp {ige'(x® +9°)} 


XK expir(t ew y cos )\dxdy) 9a ines (9) 
from which a constant factor is omitted. The factor 1/27 is inserted for con- 
venience in subsequent calculations. ‘The expression (9) is usually written in 


the form resulting when d=0, g=0 and cosp’=1. As we have seen, a gross 
approximation is thereby implied in many cases of practical interest. 
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We shall be concerned in what follows exclusively with self-luminous 
(incoherent) objects. The intensity in the diffraction image of a point source in 
the neighbourhood of P’ will be denoted by 

Gu.) =| FG 62) i ee (10) 
and is, of course, independent of the exponential factor outside the integral (9). 
For our purposes, therefore, we may omit this factor and re-define Fy(w’, v’) by 
the expression 


Fy(w’, v') a 


- + 


r= | 


f(x») exp figo'(x2 +52)} 


x exp (uw y.cosi8 )\andy nee (11) 
although in other cases, namely those of coherent or partially. coherent objects, 
account has to be taken of this factor in integrating the disturbances in the image 
plane arising from different points of the object. In our case, however, only those 
additional terms remain which are associated with the obliquity of the image 
plane to the principal ray. 

It is important to note that the correction terms introduced above will be, 
for practical purposes, constant for points of the image within a radius of 0-5 mm 
centred on Q,’. The aberration of the system will also not change appreciably 
over this region. Since points at distances from Q,’ greater than 0-5 mm 
contribute nothing to the intensity at Q,’, we may conveniently regard (11) as 
formally valid for all points of the image plane when calculating the images of 
extended objects formed in the neighbourhood of Q,’. The disturbance at P’ 
due to an element of the object imaged geometrically at a point having coordinates 
(u, v) with respect to Q,’ will then be given by G(u’—u, v’—v). This fact permits 
the application of convolution theorems in subsequent calculations relating to 
extended objects. We shall, however, first need to show that a region of the 
object at the point conjugate to Q,’ is imaged isometrically in the neighbourhood 
Q,’, and find the appropriate magnification law. 


Fivure 3. 


In figure 3 the small segment Q,B is in the sagittal section of the principal 
ray Qo9E. By symmetry, BQ, being practically an arc of a circle of centre O, 
the geometrical image B’ is such that Q,’B’ subtends an angle ds at O’ equal to 
that subtended by QB at O. If Q,B=é, Q,'B’=€’, OQ,=7 and O’Q,’=7/, 
the sagittal magnification for the neighbourhood of Q,’ is 


M=£/é=m1)/yoeqy eb) oto) nee AGE 
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The magnification in the meridian section will depend on the geometrical 
distortion in the image. The full curve in figure 4 shows the type of variation 
of 7’ with 7 in the presence of distortion terms depending on the third and fifth 
powers of the image size. It is tangential at the origin to the line 7’ = My, 
M, being the magnification in the absence of distortion. This line is shown as 
OA, inthe diagram. A typical point Q,’ is marked on the curve, and the line OA, 
passing through this point, corresponds to an ‘undistorted’ magnification 
M=y7'/y, which is equal to the sagittal magnification (12). Consideration of 
practical cases shows that distortion errors of 10°% with respect to image points 
of magnification M, lead to errors of less than 1°% with respect to image points of 
magnification M for the neighbourhood of Q,’. In consequence we may assume 
the magnification in the meridian section for the neighbourhood of Q,’ to be 
equal to that for the point Q,’ itself, and therefore also equal to the sagittal 
magnification in the neighbourhood of Q,’. Hence with sufficient accuracy 
a region around Q is imaged isometrically around Q,’, and the magnification is 
equal to the sagittal magnification M. 


Figure 4. 


To find M, we note that the aberration of the image point B’ is the same as 
that of Q,’. In consequence the angles subtended by ED, E’D’, at Q, Q,’ 
respectively, satisfy the sine condition. ‘That is 

(n' sina’ )é’ =(nsin a)& Pen Ol) 
and the magnification for the neighbourhood of Q,’ is given by 
ee eee) 
n’ sin 
It follows that, if (u,v) are reduced coordinates defined for the neighbourhood 
of Q by expressions analogous to (2), the geometrical image of the point (u, v) 
of the object plane has coordinates u’ =u, v’ =v. 

Since points at distances from Q,’ greater that 0-5 mm contribute nothing 
to the intensity at Q,’, we may treat the above magnification relations as valid 
for the whole object and image planes. ‘Thus, if the intensity at the point (u, v) 
of the object plane is written B(u,v), the intensity in the image plane is given, 
apart from a constant factor, by 


~ “+H rf 
B'(u',v')= = | | < B(u, v)G(u' —u, v’ —v)dudv. aecese lS) 


G(u’,v’), the intensity in the point-source diffraction image centred on u’ =v’ =0, 
is expressed by the formulae (9) and (10) above. ‘The results of calculations using 
(15) are of course valid only for the neighbourhood of Q,’. In what follows we 
shall apply a convolution theorem to (15), and discuss the properties of the 
inverse transform g(s, t) of G(u’, v’) which occurs in the resulting product relation. 
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§ 2, APPLICATION OF THE CONVOLUTION ‘THEOREM 
Following Duffieux (1946) we shall apply the convolution theorem for Fourier 
transforms to (15). The inverse transforms of the functions occurring there 
then satisfy the product relation 


b'($,£)=2(5)0)6(52) |, en |) ee (16) 
the inverse transform 9(s, t) being defined by 
Satie 
OSe)= = | | G(u',v’)exp{—i(u's+v't)}du'dv’ ...... (17) 
ZiT) a) ee 


and similarly for d(s,t), 5’(s,t). Substituting | Fo(w’,v’) |? for G(u’,v’) in 
accordance with (10), and applying Parseval’s theorem, we obtain 


a(S, t) = 5 || flat assy + bfot(a—3s,y—di)dxdy — ...... (18) 


fo(x,v) being the inverse transform of Fy(u’,v’), and the asterisk denoting the 
complex conjugate. If the customary approximations are made, we put g=0 
and cos B’=1 in (11), and the inverse transform f,(x, y) is then simply the pupil 
function f(x,y) defined in (3) above. This leads to a response (transmission) 
factor defined for object and image planes which are perpendicular to the incident 
and emergent principal rays respectively. "The response factor 9(s, t), defined for 
image formation between planes perpendicular to the optical axis, must be 
calculated using (18) and (11), admitting a finite value for g and that cos p’=1. 
From the definition the inverse transform f(x, y) of (11) is given by 


x exp {—i(u'x+ v'y)}du'dv' dxydy, 
or, grouping terms and integrating with respect to wv’ and v’, 
. > 20) 
Al%.9)= || fler¥0)8{x—-, c08 B’y9 + 9(%2+I02)—}dxrdyy eee (19) 
El (a9) 
the second factor in the integrand being a delta function. To effect the remaining 
integrations we replace (9, Vo) in f(%, Vo) by appropriate roots of the equations 
Xy—x=0, cos B’V9 + G(X" +o") —V =. 
Since the value of g never exceeds 1/16, an approximate solution of the second of 


these equations is yp =/cos 8’. A more accurate solution is obtained by replacing 
the term qy,? by gy?/cos? B’, giving 
2 
Xo — Xx, Vo = S = d 7 ee SF SG nye 
: cos f’ — cosB cos® 
If the error in this value of yg is denoted by e, substitution in the original equation 
shows that «<0-01, even when g=1/16. Equation (19) now becomes 


Jol, ¥) =f(%,v sec B’ — qsec '{x? + y? sec? B’}), 
Returning now to (18), substitution of this expression for fo(x, y) gives 


1 cpr 
S)= 5-|| — flwtds, (y+ de} sec B’—gsec f'[(w+ 4)°-+(y +44) sec? B’]) 


x f*(x— 4s, {y — 11} sec i’ — qsec B’[(x— 45)? +(— 4t)? sec” B’) dedy. 
e@eeeese (20) 
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We shall now show that for practical cases, these terms in the square brackets of 
(20) which involve s, t may be neglected. If, for example, the sagittal ray through 
D’ (figure 1) is on the periphery of a circular diaphragm whose plane is normal 
to E’Q,’, the pupil lies in the interior of the circle x2+y2=1. Hence, by (3), 
f(x,y) =f*(x,y)=0 for x? + y2>1. Accordingly, g being small, the maximum 
value of (v + 3s)? +(y + }t)?sec? ’ is unity. If, therefore, we make the approxi- 
mation 


gsec f’[(w + bs)? +(y + MM) sec? B’]=q sec p'[x? +)? sec? 6] 
the error is approximately +qsec B’(xs+ytsec 8’) for small values of s and 1, 
each less than (say) 0-20. ‘This, we shall see, corresponds to detail of 100 lines/mm 
with an F/2 image-forming cone, and values of s and t exceeding 0-2 are, therefore, 
of little practical importance at apertures and angles of field corresponding to 
qg=1/16. In such systems, therefore, we may employ this approximation, and 
(20) then becomes 


| OST ie pacha 
BS =—5-])° Sass, [y+ $t\sec BR’ —qsec ps [x\7-- y,7 sec" 8’) 


x f* (x, — 45, [y, —4t] sec B’ — qsec B’[x,2+ y,2 sec? B’])dx,dy, ...(21) 


in which, for convenience in what immediately follows, the subscript 1 has been 
given to the variables of integration. 
If the variables (x,, y,) in (21) are replaced by 


ee y=y¥,sec B’—qsec B(x, + y,"sec* B’) peace) 
the element of area is given by 
O(x,, V 
Piensa aay ae ee (23) 
a(x, ¥) 


Recalling that g never exceeds 1/16, we may invert (22), obtaining to a good 
approximation, 

Res 4y1=y 0s Pp’ + g(x? +"). 
Evaluation of the Jacobian in (23), and substitution from (22) and (23) in (21), 
then gives 


(5,1) = > | |  f(x+4s,y + dtsec p’)f*(x— 4s, y — ft sec B’)dady 
gcose prt” ae, ; 7 
ei | | f(x+4s, y +4tsec B’)f* (x — 4s, y — gt sec B’)y dxdy. 
TUN Te) es 
Lather (24) 
It is convenient to normalize (24) in such a manner that a uniform eplest with 
intensity B(u,v)=1 gives rise to a uniform image with intensity B’(w',v’)=1. 
For this reason we shall replace g(s, t) by 
D(s, t) =g(s, t)/g(, 0) biases’ (25) 


as in previous work (Hopkins 1953, 1955). 
The value of g(0, 0) is given by 


(0, 0)= SF fF" [fewa) Bacay SEE ||" [f(3) Py day 
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in which, if the form and transparency of the pupil z(x,y) are symmetrical about 
the x axis, the second integral is zero. We thus obtain for (25) the form 


np p= co 

D(s,t)=G || flet4sy+4esec Pf *(w—Is,y—Itsec B')dxdy 
+ s+ 0 

a 2 | | f(x+4s,y+4tsec B’)f*(«—4s, y —4tsec B’)y dx dy ....(26) 

in which im: 


4=|| ” [flsy) Paedy. 


If the pupil is of constant transparency, we may further write 


f(x.) P= tr 9) P= 1, 


and A then simply denotes the area of the pupil. 
Ds, t) is the normalized response of the optical system to the spatial frequency- 
pair (s,2) and the normalized form of (16) becomes 


b'(s,t)=D(s,t)B(s,t), «ssw wwe (27) 


inversion of which gives 
~ p+ oo 
BAW gO: yee be | | D(s, t)0(s, t) exp {i(u's+v't)}dsdt ......(28) 
TT) = heG 


for the intensity distribution in the image of the object B(u,v). From this we 
see that | D(s, ¢) | is the ratio of the ‘contrast’ of the frequency pair (s, t) as found 
in the image to that of the same frequency pair in the object, and arg (D(s, t)) 
denotes a spatial phase-shift of this Fourier component relative to the geometrical 
image. 

The significance of the Fourier frequency variables (s, t) may be seen as 
follows. In one period of the frequency s, the product u’s increases by 27. 
Thus, recalling the definition (2) of u’, we find 


ir (n’ sin aye’ S==2r 


fy’ being the length of period as it appears in the image. Denoting the reciprocal 
1/&)’ by R’ we now find 


R being similarly defined for the object plane. If A is in (say) millimetres, R, R’ 
denote the number of lines per millimetre, corresponding to the component of 
frequency s, as it appears in the object and image planes respectively. A similar 
significance attaches to the variable t. 

If the approximations g=0, cos 6’ =1 are made, (26) reverts to the form 


La 
Piso t= a || folto+45.90+ HY % 45, Y0— BO dgdyy «+... (30) 


in which the zero subscripts are introduced for convenience in what follows. 
In this case, when the object and image planes are perpendicular to the principal 
ray, it has been shown (Hopkins 1955) that the response D(5q, ty) for the frequency 
pair (S9,%) of a two-dimensional object is identical with the response D(s, ys) for 
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the frequency s= /(s9” + fo”) of a unidimensional object whose direction is inclined 
at an angle #¥=tan“(fy/sq) to the direction of the v axis. This interpretation is 
useful in practical work, in that it shows that all the image-forming properties of 
an optical system may be studied experimentally using unidimensional test- 
objects and scanning apertures in different azimuths. 

In analytical work it is convenient to denote the pupil function by f,(xp, Vo) 
and the frequency variables by (s9,f)) as in (30), and to evaluate D(s9, ty) by 
calculating the response to the equivalent frequency, namely 


1 ¢rre3 
D(s,W)= 5 | | __ flatts, y)f*(x—4s, y)dxdy beret) 


in which f(x, y) derives from fo(x9, vp) by the substitutions 
Xy=xcos%—ysin x i 
Yyo=yeosp+xsiny J 


which imply a rotation of the pupil axes through an angle /=tan(t,/s)). The 
equivalent frequency is given by s= 4/(sp2+4,2). The structure implied in (31) 
is unidimensional, of frequency s, and parallel with the v axes of new coordinates 
(u,v), (w’, v’) for the object and image planes respectively. These new axes 
make an angle #% with the original axes (up, Vp), (tp’, Vy’) respectively. To specify 
the performance of the optical system at any given part of the image plane, it is 
sufficient to give the response D(s, 5) as a function of s for different azimuths ¢. 

The above result does not arise from the particular analytical expression for 
the response D(sy,f)); it is a consequence of the equivalence of the component 
bo(So, to) EXP {2(UpSg + oly) } of the Fourier spectrum of a function B,(t, v9) of two 
variables and the component A(s) exp {zus} of the spectrum of a function of the 
single variable u=u,)cosy+v,siny%, where J=tan-(to/sy) and s=-~/(s592 +t"). 
This result is expressed by the identity 


Peete(32) 


Bo(So> to) EXP {2(UoSp + Voto) }=D0(So, to) EXP {2Us$ na eae (33) 


u and s having the significance given above. Since, by (16), the optical system 
‘responds’ independently to the components of different frequency in the Fourier 
spectrum of the object intensity function, it will not distinguish between the 
two-dimensional object giving rise to the left-hand side of (33) and a unidimen- 
sional object giving rise to the right-hand side. It follows that the response will 
be identical in the two cases, and the earlier result D(so, t))=D(s, 5) is therefore 
seen to be valid in all circumstances. In particular, the new factors treated in 
arriving at the expression (26) will not affect the validity of this identity in either 
experimental or analytical work. 

We may now transform (26), to which are first added appropriate zero suffixes, 
by means of the substitution (32). The response D(sp, ¢)) is then expressed by 
the equivalent formula 


Dis#)= 3 [[__ fle tse, yf *0= Js, yards 


a+ 0 
+ a | | fet 4s, y)f*(x—4s, y)(y cos—wsinyp)dxdy ....(34) 
—o 
the equivalent frequency being given by 
S= (Sp qatjcsecse yo" Aeon Se) 
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and the angle ¢ is 
v= tan (t,;secs'/s)). see a ee (36) 


It will be noted that sec B’ appears in (35), (36) whereas the equivalent frequency s 
and direction y appropriate to experimental work are the values obtained 


previously, namely C= (52 an £2)H?, ob ae tan '(£5/59).- Ee a. (37) 


This is because in experimental work the object and image will lie in planes 
perpendicular to the optical axis, whereas the analytical expression (34) has the 
form, apart from the correction term, which is appropriate to the case of object 
and image planes perpendicular to the principal ray. Indeed, it follows from the 
comparison of the first term of (34) and (31), that the response is the same for the 
frequencies {s=+/(59"+ to?sec? B’), y=tan(t/sycos B’)! and {s=4/(s)2+t,2), 
= tan“ !(to/s9)} in the two cases of planes perpendicular to the principal ray and 
the optical axis respectively, provided that the correction term in (34) is neglected. 
It appears from this that the equivalent structure in the former case is that of 
which {s= y/(s9?+t)2), Y=tan(t9/s))} is the projection, in both spacing and 
direction, on the image plane perpendicular to the optical axis. 

For an aberration-free system, having a pupil symmetrical about the axes 
of wand y, the pupil function f(«, y) is equal to unity within A and is zero outside. 
The second integral in (34) then vanishes, since the integrand is an odd function 
in both x andy. Thus there is no correction to add when the optical system has 
no aberration. In other cases, we may note that the constant q will not exceed 
1/16, even in an extreme case. Furthermore, the second integral in (34) being 
a “moment” of the integrand in the first integral, with |x|<1 and |y|<1, the 
modulus of the second integral is unlikely to exceed that of the first. The second 
integral will therefore always be a small correction, which in practical cases will 
be less than a few per cent. In considering the general properties of the response 
function D(s, i), we shall accordingly neglect this correction. 

In contrast to this, the presence of sec f’ in the equivalent frequency s in (35) 
may lead to a significant difference between the response calculated for a given 
frequency in the image plane perpendicular to the principal ray (which is usually 
implied in calculations of this kind) and that for the same frequency in the image 
plane perpendicular to the optical axis, which is usually the case of practical 
importance. When f’=30°, for example, the single frequency equivalent to 
(0,2) is s=t)sec 8’=1-15t,. When allowance is also made for the smaller 
value of the angular aperture «’, compared with that obtaining for the axial image 
point, an additional factor sec 8’ is involved in determining ¢) from the wave 
number R’, if the value of «’ used is that corresponding to the axial F-ratio of the 
optical system. ‘Thus, with the usual treatment employing the aperture angle 
of the axial pencil and the approximation cos B'=1, to find the response for 
R’= 20 lines/mm at a field angle of 30° in the actual image plane a value of 5 
would need to be employed (in calculations using (31)) corresponding to approxi- 
mately 26 lines/mm. For most practical systems such a difference would be very 
significant. 

In what follows, we shall ignore the correction term in (34), and merely bear 
in mind that, in analytical work, the equivalent frequency s is that given by the 
expression (35), and the direction of the equivalent unidimensional structure is 
given by (36). The response is then given by (31), using the appropriately 
rotated pupil function. 
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§ 3. GENERAL PROPERTIES OF THE RESPONSE FUNCTION D(s) 


If the optical system is free from aberration and perfectly focused, W(x, y) =0 
and f(x, y)=7(x,y). In this case 


a) al | Tea 5S) yt ws, V)axdy Vases (38) 
and D,(s, %) is therefore necessarily real and positive. ‘There will, in consequence, 
be no phase-shift or reversal of contrast. Usually the pupil may be taken to be 
of uniform transparency with sufficient accuracy. D(s,#) is then simply equal 
to the ratio of the area common to two pupils, centred respectively on the points 
(+s, 0), to that of the pupil itself. It follows that in most cases D(s, ys) decreases 
monotonically from unity as s increases from zero.t This is in contrast to what 
happens in coherent light, in which case the response is equal to unity for the 
whole range of resolved frequencies. For circular and rectangular pupils the 
response functions have the well-known forms 


4 
D,(s)= (28 —sin 28) B=cos| 4s | | 
a‘ Des pia tam (39) 
Do(s) = 1—|3s| | 
for |s|<2, and they are both zero for |s|>2. In these expressions % has been 


omitted: in the former, D,(s) is independent of ¢, and, in the latter, the structure 
is assumed to le parallel with sides of the rectangular aperture. 

If the optical system has aberration, in which must be included any defect 
of focus, the response is given by 


il Seyruees 
Ds,b)=Gl| r(x + 3s, y)r(~— 95, y) exp URL (x + 35, y) — W(x — 3s, y)Jdvdy. 


=e 


Since 7(x, y) is real and positive, the integrand of (38) is the modulus of that in (40). 
It follows that 
(Disa Dis\n. See) waaucee (41) 


and the presence of aberration will therefore always result in a decrease in contrast 
for every spatial frequency other than zero. ‘There may, in addition, be a phase- 
shift or reversal of contrast for any given frequency. 

We shall now denote the region in the (x,y) plane common to two pupils 
centred respectively on the points (+4s,0) by the symbol S. In place of (40) 
we now write 


hye ; 
Des, W=F [| ret ss yrds yep Mm Ye (42) 


in which 


SW (eas) SV (Xen SV)  (— eS yY)o, tele tae (43) 


A useful expression for W(x, y; s) is obtained by expanding each of the terms on 
the right-hand side of (43) in a Taylor series about the point (x,y), giving 


1 4 vir Zig, 
W(x,y3 8) =We'(x,9)+ 3 (3) Wey) eae et (44) 


+ An aperture consisting of two separate slits is an example where this is not the case 
(Baker 1955). 
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In this series the number of terms will be finite, and will rarely exceed three, 
since W(x,¥) is usually at most of the sixth degree in x, if we exclude microscope 
objectives, which are in any case seldom used in incoherent light. 

The value of D(s, 4) will depend on the variation of W(x, y; s) over the region 
of integration. It is at once apparent from (44) that for larger aberrations 
D(s, 4) will only be of the same order as D,(s), the response in the absence of 
aberration, when s is sufficiently small. In other words, the larger the aberration 
the smaller the range of resolved frequencies. However, it is the €’ component 
of the transverse ray aberration, which is proportional to W,,’(x, y), and its successive 
even derivatives which determine the quality of the image, and not the wave 
aberration, W(x,¥), directly. This is again in marked contrast to the case of 
image formation in coherent light, for which the response for the frequency 
pair (x,y) is expzkW(x,y). An immediate consequence of this result is that 
astigmatism has no effect on the image of a line structure set perpendicular to 
one of the astigmatic axes, and viewed ina plane passing through the corresponding 
astigmatic line focus. 

We shall now show that the s-derivative of | D(s,%)| at the origin s=0 is 
unaffected by the presence of aberration. From (42) and (4a). 


1 - 
Ds, H)= a | | _t(w+4s,y)r(w— 45, y){L + sks W,/(x,y) + O(62) }dedy 


S 
or, if Dj(s) is again used to denote the response in the absence of aberration, 
tks 


D(s,p)=Do(s) + F || Wei (x, y)r(e+ 4s, 9) r(x — 45, y)dvdy + O62). ....(45) 
It follows at once that 


5 | D(s, #) I} = 15 Dy) fiat (46) 


but, also, that the argument of D(s, 3), corresponding to a phase shift, may involve 
atermins. ‘The result (46) would seem to explain the practical fact that recog- 
nizable images of coarse structures are obtained even with very large aberrations 
present in the image-forming system. For a system with a circular pupil, and 
7(x,y)= 1, it follows from (39) that D,’(0, 5) = —2/z. 

In many cases the s-derivative of D(s, x) is also independent of aberration at 
the limit of resolution. In particular this is true for a circular pupil, when 
the derivative is zero. 

To avoid unnecessary discussion, we shall now suppose the image-forming 
wave fronts to be of uniform amplitude, and the pupil to be circular. This 
requires 7(x,y)=1, and the region of integration in (42) is that common to two 
circles of unit radius centred respectively on the two points (+ 3s, 0) in the (x, y) 
plane. This region of integration we shall denote as before by S. Itisimportant 
in much of what follows that this region is symmetrical about the axes of both 
x and y. 

If the aberration W(x,y), after any rotation of axes to take account of the 
inclination % of the line structure under consideration to the original axis yo, 
is an even function of x, the function W(x, y; s) defined by (43) will be an odd 
function of x. ‘Thus, a typical example will be spherical aberration, for which 


W(, ¥) = Wep(x? +3?) + Wag( 2? +92)? + Wega? +2)? 
the various terms here representing a defect of focus, primary and secondary 
spherical aberration respectively. Each of the odd derivatives of W(x, y) 


The Frequency Response of Optical Systems SW is: 


contains x as a factor, the remaining factors being even polynomials in x. For 
such cases, the region of integration also being symmetrical about. the y axis, 
(42) reduces to 


Ds, b) = : | | COS TRS (ery ss) aka ee (47) 
TJJI§ 

the area of the pupil 4 being now put equal to 7. Hence, since D(s, b) is wholly 

real, there is no phase shift with even types of aberration, other than +7, which 

correspond to reversal of contrast. 

If the aberration function is an odd function of x, its odd derivatives will 
give rise to certain terms in s(x, ; s) which are independent of (x,y), and each 
containing a power of s as factor. The exponential function of this polynominal 
in s may be taken outside the integral sign in (42). It is of unit modulus, and 
therefore represents a pure phase shift which, in general, is a function of the 
frequency s. Moreover, the remainder of W(x, y; s) will have both odd and even 
terms in x, so that the integral itself will usually be complex. Hence, with odd 
types of aberration, such as coma, there will usually be both phase shift and 
reduction of contrast. 

The form of the integrand in (42) leads one to expect | D(s, #) | to resemble 
the modulus of a damped sine curve. Analytical forms of D(s, 4%) showing this 
behaviour have recently been published for an aberration-free lens with defect 
of focus (Hopkins 1955) and for an optical system suffering from astigmatism 
(De 1956). Some of the former results have been verified experimentally 
(Baker 1955). 

In many investigations it is more convenient to use the relative modulation 
M(s) exp {26(s)}, defined by 

Ws) Exp acs) Sets es) eaten ta (48) 


The modulus M(s) is the ratio of the contrast reduction in the presence of aberration 
to that obtaining with the same system in the absence of aberration: the argument 
G(s), being identical with that of D(s, %), denotes directly the phase-shift. The 
relative modulation factor M(s) exp {z6(s)} is given by the expression 


M(s) exp {20(s)} = | | : exp {tks W(x, y; s)}dxdy / | | ; EON Meats (49) 


for the case of image-forming wave fronts of uniform amplitude. 

In many cases of practical interest only small values of s (<0-2, say) come in 
question. If, for these cases, we neglect the terms in (44) involving the square 
and higher powers of s (49) reduces to 


M(s) exp {20(s)} = | exp {ks W(x, 9)}dxedy | | | dxdy. 
JIS BRIS 


When s is small the difference between the ratio of the values of these two integra- 
tions carried out over the whole unit circle centred on the origin and over the 
region S will be small. It follows that M(s) will be practically unaltered if, 
for an increased value of s, the aberration coefficients in W,,'(x,y) are reduced 
by the same factor. Hence, if the relative response M(s) exp (20(s)} is known for 
any given optical system, the response for a system of identical construction, but 
of k times the focal length will be M(ks) exp {i6(ks)}. Tf, for example, the focal 
length is doubled the same response will be obtained for frequencies having 
half the original values. The importance in practical optics of this rule will be 


evident. 
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We shall conclude by showing, with reference to a particular case, that it is 
in general not possible to find the frequency response of a combination of optical 
systems from a knowledge of their separate response functions. If there are two 
optical systems of which the aberration functions are W,(x, y), W,(x,y), both 
being even functions of x and y, and W,(x, y)= — W,(x, v), the responses D,(s), 
D,(s) are identical. For, in this case, W(x, y; s)= — W,(x,y; s), and by (47) 
these will lead to identical values for the response. It is thus not possible from 
the response curves to distinguish between two systems having equal but opposite 
symmetrical aberration. If now two systems having aberrations + W(x, y) are 
combined, the resulting system will be free from aberration and have a response 
equal to Dj(s). If the two systems have identical aberrations of the same sign, 
however, the combined system will have an aberration equal to 2W(x, y), apart 
from a small cross-term, and the response will be necessarily less than Dilsy 
It follows at once that the response of the combined system cannot, in general, 
be found from the responses of the separate components. 

The above result has bearing on the measurement of the response of an optical 
system in practice. If, for example, the system is arranged to form an image of 
a unidimensional structure, which image is subsequently enlarged for convenience 
of photometric scanning, the enlarging lens must be free from aberration, since 
no correction can be made for the effects of any departure of the response of this 
lens system from that obtained in the absence of aberration. 
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Radiative Transfer with Central Sources 
of Non-Uniform Directional Intensity 


By J. T. JEFFERIES 


Division of Physics, National Standards Laboratory, Commonwealth Scientific and 
Industrial Research Organization, Sydney 


Communicated by G. H. Briggs ; MS. received 21st December 1955 


Abstract. Approximate expressions are-obtained for the total intensity in a 
spherically or cylindrically symmetric diffuser containing respectively a point 
or a line source centrally placed, the source emitting with an arbitrary directional 
dependence. Results are given for homogeneous media and for simple cases 
of composite media. 


§$ 1. INTRODUCTION 


N an earlier publication (Jefferies 1955) an approximation was obtained for 

the total intensity of radiation in a uniform infinite isotropic diffusing medium 

with a point or a line source emitting uniformly in all directions. ‘The 
method there developed is now extended to the case of a non-isotropic source 
and the analysis then applied to some simple cases of symmetric composite models. 

The total intensity J at a point in the medium is defined in terms of the specific 
intensity J at that point by the equation 


Tia eld eer Oe ae eee (1) 


the integration extending over a solid angle 47. Using an approximation due 
to Eddington, the net flux F per unit area in the medium may be written in the 


vector form 
ofa tid) ee MS edo. (2) 


where «x is the extinction coefficient and the total intensity of the diffuse component 
of the radiation in a uniform scattering medium is then given by the equation 


V2I=3AT—40P) ee (3) 


where A=1— ap, a being the albedo for single scattering and P a source function 
defined as the ratio of the rate of emission of diffuse radiation per unit volume and 
solid angle to the extinction coefficient x. The source function takes account of 
the scattering of direct radiation from sources inside or outside the medium. 

In §§2 and 3 we consider the total intensity of radiation in an infinite homo- 
geneous diffusing medium illuminated by a point or a line source which emits 
with an arbitrary angular dependence; §§4 and 5 deal with composite models 
having different properties inside and outside a sphere and cylinder, respectively, 
concentric with isotropic sources, an extension to non-isotropic sources being 
given in $6. The extension to a number of such concentric media is straight- 
forward and is not considered in detail. 
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§ 2. PoINT SourcE ILLUMINATION 


Consider a point source in an infinite scattering medium and suppose the 
source emits energy at a rate 470 with a polar distribution f(0, ¢), 9 and being 
angular coordinates of a spherical polar system. Expanding f(6, ¢) in a series of 
surface harmonics V,(0, )f in the form 


fee) 


=D VG$) tee (4) 


the source function may be written 


P(r, 0, ¢)= ae BS! A (Osh ai nhs eee (5) 


so that the transfer equation (3) becomes, writing 4 =cos 0, 


Peo relay, nee 1 ow 
ae \" ory oe ee ee a6 


8342 | eae SC) 6) |. eet: (6) 
Assuming a solution for / of the form 
J = y LAT )V (0, 0). a eee (7) 


= ( 


and substituting in (6) we obtain, after some simplification, 


d 2d] n(n 
E06, 4) See + 5 Se — [1 M7) = CLV 8) 8) 


where t= 4/(3A)«r, B= 1/+/(3A) and C=30x2a», 
The functions /, are then given by 


ayn +5 [144 ee “a (9) 


Hp ape Ne ga 


which has a solution 


oes Jey K,, 419?) le 


a 


t 
oN T  aielX) dw —E-"7 1, o(t) | oN? K jel) ds | 


n an 


where the integration constants a, and 6, are determined by the boundary 
conditions. 

A first condition is that, as too, J—-0 for all values of @ and ¢ and, since 
I, .4/9(t)> 00 with increasing f, this requires that 6,, = oo for all n. 

A second boundary condition may be obtained as follows. The emission 
into a solid angle dw from a volume dV of the medium at the point with spherical 
polar coordinates (€, 7, x) is 


JEN . : 
| men + P(E, 9, | dw dV. 


‘The net radial flux through unit area at (r, 4, 4) is then 
J(E, 1, 
F(r, 8, 6)= | « | ew + P(E, n, 0 | exp(—«|r—£|\AwdV ...... (11) 


t This may be done for a large class of functions f (9, 4), see for example, Hobson (1931). 
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where Aw is the solid angle subtended at (&, », x) by the unit area at (7, 6, 4). 
Equation (11) gives a first integral of the transfer equation since, from (2), the 
radial component F, of the net flux is —(1/3x)(d/J/dr). The integral in (11) 
may be evaulated in the limit as r+0 and comparison with the corresponding 
limit of —(1/3«)(d/J/ér) obtained from (10) shows that a, =0 for all n. This is 
equivalent to the condition that, as r+0, the net radial flux is independent of 
Gand ¢. 

Thus if a point source of strength 47Q and polar distribution f(@, 6) ==V,(6, ¢) 
is situated in an infinite scattering medium, the total intensity J at a point (r, 4, 4) 


is given by the equation 
SJ air (2) ACA) oe (12) 
where 7,(#)= 


, 


B fee. K,,+1)9(t) | x eu I n ato) dx ate ge I n+rlalt) f Seis eae ke 1/2(*) de | 
~ 0 Z 


§ 3. LINE Source ILLUMINATION 


Consider an infinite line source emitting energy at a rate 47Q per unit length 
and suppose the source to be the z axis of a system of cylindrical coordinates. 
If the source emits with an angular distribution f(6, 6) where the angles @ and ¢ 
are as shown in the figure, the source function at the point S is 


+? Og, e*'f(0, b) dz 
P(p, $)= | Zee poate (13) 


x 


Z Axis 
= 


If P(p, ¢) is expanded as a Fourier series of the form 
42 P(p, 6)= a > (a, cosnd+b, sind) «es (14) 


and assuming J may be expanded as 


J= > FApa, cosndt+b, sinnp) saves (15) 


the transfer equation (3) shows that the function /,,(p) is given by 


i (1 + “) jee 1 ro Oe (16) 


dv? v du ye 
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where v= /(3A)kp and (v)=Kv/(3/A)F(v/+/(3A)x). Equation (16) can be 


solved by variation of parameters to give 


1()=K,(0) | Layha) dv-1,(2) 


~ a 


Ka) idee ar (17) 
n On 

where a, and 5, are to be assigned in accordance with the boundary conditions. 
Using methods analogous to those given above for the case of a point source, 
it follows that a,=0 and 6, = «, so that the solution for the total intensity J is 
given by (15) with the functions /,(v) given by 


J) =K,(0) | Tua Wo) dv + L,(0) | Kyla) de eee, (18) 


§ 4. THE DISCONTINUOUS SPHERICALLY SYMMETRIC MODEL 


Consider a point source emitting radiation uniformly in an isotropically 
scattering medium which is separated, by a spherical surface of radius 7», into two 
homogeneous media with different properties. We denote quantities inside and 
outside the sphere with subscript 1 and 2 respectively. 

The intensity in the medium is given by the solution of the equation 


V2) =3n7\d =4P) > 1) a ee eee (19) 
with 


Ow, exp (~x,r) and Pe Ow, exp {= (1 —Kp)Fo} EXP (— Kor) 
Aa S 4qr7 


J Eee 


‘The intensities J, and J, in the inner and outer regions respectively are given 
by (10) for n=0. Applying the boundary conditions as r+0 and r+ we find 


a8 
J(t)=C, [ee Ky(t) | «4? exp (—Byx) Tyo) dx 
0 


°L 
t 


+f Tay(b) | v2 exp (— Bix) Kaa) as | Soa (20) 
J(s)=Cy fer Kypo(s) i a"? exp (— Box) Tyjo(x) dx 
S 


tea) [att exp (—Ba)Kials)de] (20' 


where C, =3xyQa,, C,=3x?Oa, exp [ — (xy Kol, t= VBA), s= 4 (BAg)ieor 
and the integration constants 7 and S are to be fitted by the continuity conditions 
across the spherical surface at r=7ry. The requirement that the total intensity 
and the net flux are continuous yields the conditions that at r= oe 


a _, of POs: ‘ 

J (Ej Sia(S). eal ee (21): By a =f ere ame (2035 
and these conditions may be used immediately with (20) and (20’) to obtain values 
for the integrals 


7 “So 
Vi= | exp(— Bra) Kyu(e) ds, Xy= |" a-1* exp(—Bya)Tya(s) de. 


0 
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The solutions J, and J, can then be written in terms of X, and Y, in the form 
J) Cy o K,jo(é) ik a exp (—Bix,) Lyle) ax 
+f], /9(t) || | xt? exp (— Bx) Kyo(x) de + v, | ees (22) 
I{s)=C, = Ky(s) i [ x2 exp (— Box) Tin( xe) de +X, | 


+e MLy(6) | “si exp (—Bat) Kala) deb a (22') 


The extension of the aboy e results to three or more concentric media is 
straightforward. 
Examples of some problems which may be treated using the above results are : 
(i) k,=0 sae sphere in a vacuum), 
(11) k,= 0 (reflecting surface on a finite sphere), 
(111) «,=0 (hole in an infinite diffuser). 


$5. THE DIscoNTINUOUS CYLINDRICALLY SYMMETRIC MODEL 

Consider a line source emitting radiation uniformly in an isotropically 
scattering medium which has constant properties inside and outside a cylinder 
ofradiusr). We distinguish quantities inside and outside the cylinder respectively 
with suffices 1 and 2. 

In the notation of §3 the source function in region (1) is readily shown to be 

Ky?) dea 227: 20m, f | ~ exp (—«,pcoshu) Geers 
fae cosh u 

which may be written C,%,(p)/3,29, where C, = 6xOa,. 

For region (2) we find 


47P,(p) = 


TES — 
4nP\(p)=20m, | SPC 


200» eee a) di) Wee (23’) 
pas cosh u 
with y=k,py)+k2(p—po). We shall write (23’) in the form 47P,(p) = Cyh2(p)/3x5? 
with C,=6x,Om>. 
It follows then from the results of § 3 that the intensities in the two regions may 
be written 


Si(p)=Cy | Ku(hip) [ Ty(A1E)br(E)dE + 1o(Aip) fe Ko(ki)ya(€) at | ptaeatea (24) 
F{0)=Cal Kollap) | Iulhefbae + The) |" Ku(kashvalO ae | -.. 24) 


where A, and A, are to be evaluated using the conatnone that, across the surface 
p =P», total intensity and the radial flux are continuous. ‘These conditions give 
values for the integrals 


W,= | Kulhatatl dé, Za= |” Llhat al€) a8 


A, 


in terms of which the solutions (24, 24’) may be written: 


J,(p)=Cr{ Bulky) | Llkrep(e) dé +Toltae)| | Kolhaehale) d&-+ Wa] 25) 
Jo{p)=Co4 Kallap)| |” Ll Wale) 46+ Za | + Than) | K(f ade} 25°) 


The extension to models with two or more coaxial discontinuous cylindrical 
surfaces is again straightforward. 
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§ 6. NON-ISOTROPIC SOURCES 


If a point source of radiation in a discontinuous model of §4 radiates non- 
isotropically with a polar distribution f(6,¢)==XV,,(0, 4), the total intensity 
may be found by methods similar to those of $2 for the homogeneous model. 
In the notation used there, we may write 
Jat) > FO) A Oe mee nee (26) J0= > FOV Nee) eee (26’) 

The 7, in (26, 26’) are given by equation (10) with C,=3«,2Oa,, and 
Cy = 3K2’Ow,, exp [—(k,—K)ro]. The conditions near the source and at infinity 
give a,'0=0 and b,@= co as for the homogeneous model. Across the spherical 
boundary the total intensity and the radial component of the net flux must be 
continuous for all values of 6, which requires that, at r=7p, 


er tes dj M(t) di} 2s) ee 
(#) — J @) D =1 20 0 2 ee 971 
he (t) oe (S)) Sateeyee (27), By dE By Eis trae (ZF) 


for all values of n. 
Application of these conditions as in § 4 gives values for the integrals 


he “Sn 


di, “So 
Y,%= | a"? exp(— Bix) Ky, jo(x) dx, X= | a"? exp (— Box) 1, 43)2(x) dx 
f 
so that the 7,, become 


t 
Tie =C, {a2 K,, +1/0(4) | : xt? exp (= Bix) 1 n-+ila(x) dx 


FMT saald)| | 9 exp (— Bs) Ky saat) d+ vy» | yes (28) 
Jt - 
P= Cx{ Ky a(6)| |” 31% exp(—Bes)Ta santo) de +350 | 
= 00 : ) 
+sU2T sols) | a exp (— Bae) K,, sai0(xe) dex fo tes (28’) 
For a non-isotropic line source situated in the discontinuous model of §5, 
the treatment is completely analogous to the above. We find, in the notation 


of §3: 
J; = > 7.(p)[ a, Cos nd le b,, sin nd| 
where 
MO) = C4 Kalbe) | Tallashi(O ae + Tae) | |” Ky CheMh(6)ae-+ 1H] 
J 0 f°) 
eee (29) 
In ?(p) = Cz 4 K.,(Rop) | | : L,(Ro€)pbo(€) dé + 240 | +1,,(Aop) is K,, (Ro€)po(€) ae} 
~ Po rf) 
ee: (29’) 


W, and Z,™ being integrals whose values are obtained from the continuity of 
total intensity and net flux across the cylindrical surface of discontinuity. 
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RESEARCH NOTES 
Disorientation of Single Crystal Substrate due to Epitaxial Stress 


By A. GOSWAMI 


National Chemical Laboratory of India, Poona 
MS. received 28th December 1955 


HEN a crystal grows epitaxially over another, a lattice stress is usually 

developed at the substrate—deposit interface. The origin of this 

stress is not difficult to see. The deposit atoms on their arrival at the 
substrate surface tend to take up positions at potential hollows and unless the 
lattice positions of the deposit atoms coincide appropriately with the substrate 
potential field distributions the deposit lattice will be in a strained condition. 
If this strain exceeds a certain limit depending upon the nature and structure 
of the deposit, it will be relieved by disorientation or twinning of the crystals or by 
rotational slip. Many examples are now available which clearly illustrate the 
above process of relief of interfacial stress in the epitaxial overgrowths. 

The formation of twinned crystals in electrodeposits (Cochrane 1936, Wilman 
1940, Finch, Wilman and Yang 1947) and thin metal films deposited in vacuum 
(Lassen and co-workers 1934, 1935, Briick 1936, Goche and Wilman 1939, 
Goswami 1954), and partial disorientation about certain axial directions of 
epitaxially grown zinc oxide on zinc sulphide (Evans and Wilman 1950), cadmium 
on copper (110) (Goswami 1950), silver on sodium chloride (Bra and Gharpurey 
1951) are, no doubt, examples of such strain relief. 

The effect of interfacial stress could be expected to extend not only to the 
overgrowths but also to the substrate surface and below this. Hitherto, however, 
this latter effect has not been observed. 

Recently we have found that during the anodic treatment of a single crystal 
of copper in an acidified halide solution, considerable disorientation of the copper 
surface was caused. Electropolished and etched (111) and (110) faces of copper, 
which were free from strain and had a high degree of lattice perfection, yielded 
electron diffraction patterns (figures 1 and 2, Plate) after anodic treatment in a 
solution of 10 gl? potassium bromide and 25 gl? sulphuric acid at current 
density about 40 ma cm? or more for a second or two at room temperature. 

The surface was partially covered with thin films. Extensive Cu (111) 
twinning spots as well as continuous rings due to copper (confirmed by comparison 
with graphite 1120) were observed and are evidently caused by the disorientation 
of the substrate surface. Some arcs due to the (111) orientation of cuprous 
bromide and cuprous oxide are also present in the pattern. On the Cu (110) face 
a similar disorientation of the surface crystal structure was also observed, although 
neither cuprous bromide nor cuprous oxide was detected in the pattern (figure Z)s 
This may possibly be due to the removal of coating during washing of the specimen 
after preparation. Similar disorientation of Cu (110) face was observed during 
anodic treatment in concentrated hydrochloric acid solution (Goswami 1950). 
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The above experiment was repeated, after much electropolishing and etching 
(to remove any possible surface strain). The results were similar though the 
pattern of cuprous bromide was more prominent and no cuprous oxide was 
observed. Cuprous bromide grew epitaxially with (111) orientation but its 
axis was rotated through 30° with respect to the copper (figures 3 and 4). 
The deposits also formed extensive {111} twinned crystals and this is confirmed 
from the pattern when the beam was along [211] aximuth of copper (figure 4). 

The above disorientation of the copper surface cannot be explained as due 
to the reduction of cuprous bromide or cuprous oxide, as the treatment was 
anodic and no reduction was possible. The only cause, as it appears to us, 
was the interfacial stress, which ultimately relieved itself by the disorientation of 
the single crystal surface or by the formation of twinned crystallites. 
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REVIEWS OF BOOKS 


Molecular Beams, by K. F. Smitu. Pp. x +133. (London: Methuen’s Mono- 
graphs on Physical Subjects.) 8s. 6d. 

Dr. Smith’s monograph replaces the earlier volume in this series by 
Dr. Fraser, published in 1937. Few subjects can have developed so rapidly in 
the interval. The introduction of radio-frequency resonance methods, by 
which very small multiplet intervals are measured directly, has transformed the 
technique, and has enabled measurements of nuclear magnetic moments to be 
made with an extraordinary precision. 

The book covers a very wide field of work, from the use of molecular beams 
as sources for optical spectroscopy to the most refined of the resonance experi- 
ments. ‘lhe author is to be congratulated on dealing with all this material with- 
out losing touch with the needs of students, for whom this series is primarily 
intended. ‘The long section on magnetic deflection, with its detailed consider- 
ation of effective magnetic moments in low and high fields, is especially useful in 
clearing up many points that students find difficult. The book is well produced, 
and with 133 pages, including 37 figures and 12 tables, is commendably cheap. 

A. H. COOKE. 


Classical Electricity and Magnetism, by W. K. H. PaNorsky and M. PHILLIps. 
Pp. x1+ 400. (Cambridge (Mass.): Addison-Wesley, 1955.) $8.50 

The student of electromagnetism has at his disposal textbooks of rare 
excellence : Becker’s revision of the old classic ‘ Abraham—Foppl ’, Sommerfeld’s 
inspiring lectures and, in a more formalistic vein, the recent treatise by Landau 
and Lifshitz. In a domain so thoroughly and authoritatively worked out it 
would be hard to innovate. Indeed, one wonders whether there is any real need 
for yet another textbook of comparable scope. 

The book under review appears to respond to some specific require- 
ment of the American University curriculum, and makes no ambitious claims to 
originality. It follows in an eclectic way the well-established lines, with 
judicious emphasis on the more modern aspects. Besides the fundamental laws 
comprehended in Maxwell’s equations, it covers the special theory of relativity, 
the theory of waveguides, the radiation field of accelerated charges, the elementary 
theory of scattering and dispersion, and the treatment of electromagnetic inter- 
actions from the Hamiltonian point of view. It thus brings together in a clear, 
logical disposition a most felicitous selection of topics, which is perhaps not 
found so nicely balanced in the other treatises. An excellent feature is the list, 
at the end of each chapter, of books recommended for further reading, with 
brief indications of what is to be looked for in them. ‘The examples are made 
interesting by being often taken from ‘actual life’, i.e. from problems met with 
in the discussion of experiments in atomic and nuclear physics. 

The treatment is throughout clear and concise, but surprisingly abstract, in 
the sense that the physical aspect of the problems is only just evoked in laconic 
sentences rather than properly explained.+ It seems that the authors have in 

+ For some reason, the authors make an exception in favour of Michelson’s experiment, 
of which they give a detailed and interesting account. 
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mind an audience who has already been taught the basic facts without mathe- 
matics, and has only to be shown how to translate them into the mathematical 
language. From the latter point of view, they again presuppose a rather solid 
knowledge of vector analysis in the Gibbsian notation, which is used from the 
beginning without explanation. The book is therefore not self-contained, but 
for the student who has the required physical and mathematical preparation, it 
may be recommended as a reliable and practical introduction. It has good 


diagrams and the printing of text and formulae is of exquisite neatness. 
L. ROSENFELD. 


Principles of Colour Photography, by R. M. Evans, W. 'T. Hanson, Jr., and 
W. L. Brewer. Pp. xi+709. (New York: John Wiley; London : 
Chapman and Hall, 1953.) 88s. 

So complex is the modern outworking of the simple concept of colour 
photography, that a book of 709 pages is needed to discuss its principles, and the 
conscientious reader finds his mental powers severely taxed, as he passes from 
physics to psycho-physics, from psycho-physics to chemistry, from chemistry 
back to physics, and on to mathematics, psychology, and aesthetics, without 
ever straying from his chosen realm of colour photography. And this surely is 
one of the fascinations of the subject, its endless variety. 

The first four chapters of this book deal with the response of the eye to colour, 
the specification of colour, and the bearing which these concepts have on the 
fundamentals of colour photography. The next two chapters deal with some of the 
fundamentals of photography such as latent image formation and densitometry. 
There follows a chapter in which the different methods of forming coloured 
images are described, and this leads to a review, in the next chapter, of colour 
photographic systems and a short history of the subject. The next four chapters 
discuss types of colorants, optical characteristics of colorants, colour densito- 
metry, and coloursensitometry. That this takes 489 pages will bear witness to 
the thoroughness with which the foundations of the subject have been laid. But 
one criticism which the present reviewer has to make is that so much is included 
that the wood sometimes cannot be seen for the trees, and it might have been 
preferable to have omitted some of the material which is already available in other 
standard works. 

In chapters 13 and 14, however, results of great interest and real value to any 
worker in this field are presented. The effects of varying the spectral sensitivi- 
ties, the colorants, and the characteristic curves of colour photographic systems 
are carefully analysed and discussed, and one feels that the writers have come 
successfully to grips with one of the most intractable problems in the field. 

The last four chapters, on duplicating, copying, and reproduction theory for 
additive and subtractive systems, tend to be more exercises in matrix algebra 
than guidance for practice, and in particular it seems doubtful if the emphasis on 
systems having linear characteristic curves and six masks is warranted. 

In a work that is otherwise so complete, it is surprising to find no mention of 
highlight masking (an important technique in copying and duplicating). The 
very considerable variability of colours in original scenes is not mentioned, nor is 
the related problem of the permissible tolerances in colour reproduction given 
more than passing reference. 
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‘These are, however, but minor criticisms of a work which will undoubtedly 
take its place alongside Mees’ Theory of the Photographic Process as a standard 
reference book. The authors are to be congratulated on the thoroughness, 
accuracy and clarity which they have achieved throughout this excellent 
production. R. W. G. HUNT. 


Optique électronique 1: Lentilles électroniques, by P. Grivet, M. Y. BERNARD 
and A. SEPTIER. Pp. 184. (Paris: Bordas, 1955.) fr. 1450. 

Professor Grivet is setting out to produce a complete treatise on the theory 
and practice of electron optics in three volumes, of which this is the first. 
Succeeding volumes will deal with microscopes, spectrographs and accelerators 
for charged particles. The present text provides an excellent introduction to 
the theory, properties and design of electrostatic and magnetic electron lenses. 
The level of treatment is postgraduate rather than undergraduate, assuming 
our acquaintance with vector analysis. It is a research monograph, which 
successfully avoids being a technical handbook whilst providing a great deal of 
practical detail to illustrate and supplement the theoretical exposition. 

Chapters on electrostatic and magnetic fields include methods of accurate 
measurement as well as mathematical evaluation. The properties of electro- 
static and magnetic lenses are described in the next two chapters, including the 
relativistic treatment. A full treatment of lens aberrations is preceded by an 
illuminating discussion of the similarities and differences between glass and 
electron optics. The design and construction of electrostatic and magnetic 
lenses are then treated in some detail. The final chapter deals with the recently 
developed method of ‘strong focusing’ and its value in high energy particle 
accelerators. The text is clear and concise throughout. ‘The mathematics is 
well displayed and line diagrams are freely used (108 in all). By and large it 
is the best short account of electron lenses that has yet appeared. If a fault 
can be found, it is that magnetic lenses do not receive the proportion of attention 
corresponding to their many practical applications, whereas electrostatic lenses 
are very fully treated; but this is an understandable consequence of the main 
preoccupation of the authors’ laboratory. It must be said that they have done 
their best to be fair to the magnetic type. ‘The book contains a short index and 
a good selective bibliogaphy. ‘lo English eyes, a book which is liable to get as 
much use as this would be better bound in a stiff rather than a paper cover. 

V. E. COSSLETT. 


Optical Workshop Principles, by C. Dévé, English translation by 'T. L. 'TIPPELt, 

2nd Edn. Pp. xxiv+436. (London: Hilger and Watts, Ltd., 1954.) 42s. 

The late Charles Dévé has made a major contribution to optical workshop 
techniques. In this book he records in a concise manner his own experiences of 
optical working processes. ‘This is the second English edition of a well-known 
book and it contains much new material. ‘The translation has been revised 
and the layout and typography improved. 

In Part I glass types, abrasives, cements and allied materials are considered. 
A chapter is devoted to ‘ surfacing’ in order to lay the foundation for the main 
discussion on surfacing in Part II. There is no hesitation to discuss the more 
difficult optical problems, for example the surfacing of small deep curves and 
cylindrical surfaces. 


588 Reviews of Books 


This is the only book dealing with a coherent theory of surfacing and much of 
the work Dévé describes is derived from the five fundamental theorems: these 
are set out in Part II “ for the use of works managers and senior workmen ”’. 
The application of these theorems has enabled Dévé to devise regimes of uniform 
wear for the production of all types of surfaces. Chapter VI deals with optical 
tests in the workshop; and it is unfortunate that in this edition a description of 
the lens and prism interferometer was omitted. | This type of interferometer is 
now regarded as a standard piece of test gear in a modern workshop for precision 
optics. ‘The use of test plates is treated in great detail. 

In Appendix B some mechanisms are described for the making of non-spherical 
surfaces. ‘The value of the appendix in an important branch of optical working 
is doubtful because the mechanisms “ have not yet been completed or even 
constructed”. ‘The geometrical properties of some conic sections are considered 
in order to establish methods for the production of form tools, which can be 
used in a lathe to make smoothing tools for glass surfaces. It is also suggested 
that ‘ hard metal’ tipped form tools could be used for turning glass. 

Scouring (Caillebottage) is advocated as a method for trueing non-spherical 
surfaces, and to this end an ‘ Epicyclic Oscillating Mechanism ’ has been devised 
to surmount the difficulty of realizing mechanically the conditions which ensure 
wearing away of privileged zones in a smooth manner. 

A surprising but welcome addition in a book on ‘ Workshop Principles ’ is 
a twenty page appendix on ‘ The Physical Nature of Light’ written by Charles 
Guadet. ‘This is a factual and concise introduction of importance to the optical 
worker in order that he may understand and appreciate the fundamentals upon 
which interference tests are based. In the compass of a few pages will be found 
the essential information, which may take many hours to glean from a textbook 
on Physical Optics. 

The book of 436 pages is well presented and well bound: it contains a few 
printing errors. The list of contents is brief and could be made more compre- 
hensive. ‘The index of this volume is adequate. This book will be studied and 
consulted over and over again by optical workers and should find its place in the 
library of many individuals and optical institutions. K. W. BRITTAN. 


High Vacuum Technique (3rd Edn Revised), by J. Yarwoop. Pp. vilit 208. 
(London: Chapman and Hall, 1955.) 25s. 


The applications of high vacuum form but a small part of this book, since 
they are now both numerous and exacting in specialist knowledge. Instead, 
Mr. Yarwood has concentrated on the production and measurement of high vacua, 
the measuring of pumping speeds, and the properties of materials used in vacuum 
work. ‘This concentration is to be applauded, when the result is such a helpful 
compilation as Mr. Yarwood has achieved. There are several up-to-date 
tables of such data as the performances of the many pumps now commercially 
available : it is very useful to have these data assembled in one volume. Various 
recent aspects of high vacuum work such as gas-ballast pumps, pump fluids, 
valves and seals, and leak detectors, are well treated. The references and the 
diagrams are both plentiful and good. 

‘This is a book, not an expensive one, which will be very helpful to any worker 
from the research student stage onwards, who has to use high vacua. 


R. V. JONES. 
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Statistical Mechanics of Irreversible Change, by R. 'T. Cox. Pp. vii-+ 130. 
(Baltimore : John Hopkins Press; London: Cumberlege, 1955.) 40s. 

In this monograph the author summarizes his views which have partly been 
published in previous articles. He aims at formulating a general theory 
governing the rate of approach to thermal equilibrium. The thermodynamics 
of irreversible processes is not suitable as a basis for his approach since its scope 
is not wide enough; nor does the author subscribe to a fully microscopic theory 
which would, as he believes, be encumbered by irrelevant detail. ‘‘ Between 
these two methods ”’, the author continues, “ there is a third which ignores the 
molecular details of the structure but takes account of the microscopic details 
of change. ‘This is the statistical method of Gibbs in which the entire thermo- 
dynamical system is taken as the statistical unit and the structural ensemble is 
a collection of like systems. It is this-method which will be followed here.” 

In accordance with this programme the author considers probability distri- 
butions for the quantum states of macroscopic systems and the probabilities 
for transitions between these states. It is asserted that the transition probabili- 
ties comply with the principle of microscopic reversibility. From these 
premisses the theory of a wide class of phenomena is readily deduced, including 
the Brownian movement—where the author has particularly interesting 
points to make—the general rate of approach to equilibrium in the linear 
approximation, Onsager’s symmetry rules, thermal conduction, thermo- 
mechanical effects and other important types of irreversible processes; the 
conventional equilibrium theory is recovered as a by-product. 

The success of the author’s approach is, however, qualified by doubts 
regarding the validity of his premisses. ‘They are, strictly speaking, refuted 
beforehand by Gibbs (Elementary Principles in Statistical Mechanics (New York 
1902), Ch. XII; also R. C. Tolman, Principles of Statistical Mechanics (Oxford 
1950) §51): the change in time of Gibbs’ ensembles is necessarily reversible; 
ensembles are suitable for specifiying irreversible change only when ‘ coarse 
grained’ distribution functions are considered. In fact, the principle of 
microscopic reversibility has been established only for relatively small sub- 
systems of a macroscopic system; its application to the macroscopic system as a 
whole would be difficult to justify and author’s deductions in sections 3, 8 and 
15 cannot but be regarded as dubious. ‘The major part of the book under 
review stands, however, on safer ground since the arguments remain valid if 
the principle of microscopic reversibility is—legitimately—applied to sub- 
systems only, which may of course consist of a large number of molecules. 

The author’s attempt at unifying the theory of irreversibility deserves 
serious attention in spite of these critical remarks. It is likely that much of his 
present work will persist even when the foundations of the theory are better 
secured. ‘This monograph will hardly appeal to the general reader but should 
be useful for research workers in related fields. Layout, print and binding of 
the book are gratifying. R. EISENSCHITZ. 


Microstructures of Diamond Surfaces, by S. TOLANSKy. Pp. viti+67. (London : 
INAS Ge Préss1955.) 40s. 
The last ten years or so have seen the development and application, by 
Tolansky and his school, of improved methods of great power, precision and 
beauty for examining the micro-relief of surfaces. Here these methods are 
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employed to document the growth patterns, and other crystallographically 
significant features of diamond, with much instructive detail, including new 
discoveries and much more exact information about features already known. 
To the reviewer, who finds the interpretation of the growth of diamonds a 
particularly fascinating problem, it is a slightly invidious task, on behalf of his 
fellow Fellows of the Physical Society, to look this gift horse in the mouth. 

The text accompanying these photographs has been written with a wide 
variety of readers in mind. In the author’s especial field of methods of micro- 
survey he achieves a high standard of elementary exposition; but the need for 
simplicity does not excuse such statements as “‘ 20 A is the size of a mica molecule” 
(p. 6), nor is this much improved by expansion to “a single molecular lattice 
of mica’ (p. 14); and in matters of crystal theory the author from time to time 
hits the nail squarely on the thumb. His interpretative deductions within 
this field, right or wrong, are rarely logically solid. The growth patterns of 
diamond on its octahedral faces are so dominated by the peculiar ‘ trigons ” 
hat the way in which growth layers commence has so far evaded detection. 
‘To reject a spiral commencement by saying that on the contrary diamond grows. 
by spreading layers (or ‘plane waves’ as Tolansky puts it—p. 30) gets us 
nowhere. ‘The etch habit (p. 40) cannot be (221), for that would put the etch 
pits in the wrong orientation. ‘The markings (plate 55) which characteristically 
meet without crossing, cannot be normal slip-lines, as suggested: all the facts 
about them are compatible with their being twin lamellae, and the one objection 
raised against this has no force. ‘Those (plate 76) which cross, cannot be the 
traces of growth surfaces, as suggested, but may well be slip-lines. Plate 83, 
and others, show excellent examples of growth-surface traces, correctly identified. 

Much more important is the question whether the objective documentation 
is thoroughly reliable. Unfortunately, this is not invariably the case. It is 
inconceivable that plates 63, 64, 65 show the state of a crystal after successive 
hours of etching: 64 is 63, slightly out of focus. Plate 53 is almost certainly 
a double exposure, slightly shifted. Plates 59 and 60 certainly do not show 
exact correspondence, as stated on page 37: one of them has probably been 
accidentally replaced by a similar example. ‘These are comparatively minor 
failings in a valuable record to which all future workers on diamond must pay 
attention. 

To those who use diamond as a tool, the information in the last two chapters, 
on ‘ring-crack’ damage to diamonds, and on the surface condition of 
mechanically polished diamonds, should be specially worthy of study. 

F. C. FRANK. 


Le Microscope a Contraste de Phase et le Microscope I nterférentiel, by M. FRANCON. 
Pp. v+149. (Paris: Centre National de la Recherche Scientifique, 1954.) 
fon OOO: 


‘This little book is divided into two major parts. The first of these, which is 
not suggested in the title, is concerned with the mode of image formation in 
the conventional microscope. Starting with the case of a luminous point object, 
the effects on the image of diffraction and of instrumental imperfections are 
considered, together with such topics as apodization and the consequences of 
central obstruction. This is presented in descriptive manner without mathe- 
matical derivations, results only being quoted. A second chapter deals with the 
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images of extended objects in coherent and incoherent illumination, limits of 
resolution and perception, and the influence of defects of the eye itself. 

The second part, itself in two sections, covers the field of the observation of 
transparent objects. The principles of the phase contrast and interference 
microscopes are set out, together with descriptions of various forms of both these 
instruments. Some applications of the phase contrast microscope are men- 
tioned, together with illustrative photographs and brief descriptions of the 
special techniques involved. 

An extensive bibliography is appended, but unfortunately there is no index. 

The first part renders this book valuable to all users of the microscope who 
are not optical specialists. ‘The effects of the various aberrations are described 
with typical Gallic clarity and several photographs, and the difference between 
the resultant interference pattern and the geometrical aberration figure is well 
brought out. That the discussion is hardly the ‘ theoretical study’ promised 
in the Introduction is scarcely a disadvantage in a book of this type. 

It is regrettable, however, that similar attention is not given to the structure 
of phase contrast and interference images. The nature of the ‘ halo effect’ is 
not very clearly brought out, and Figure 144 (c), which purports to show this, 
is incorrect. ‘This omission could largely have been repaired by further 
photographs illustrating the same objects by phase contrast with linear and 
annular phase plates, and by interference contrast. This could have been done 
without great extra cost by omitting the one coloured plate illustrating inter- 
ference contrast, which is not particularly informative and is not even referred 
to in the text. 

The standard of the figures in this book, although adequate for clarity, will 
disappoint those who know that Professor Frangon can do as well freehand on 
the blackboard. 

Notwithstanding the above criticisms, this book can be recommended for 
the reading of the practical microscopist as a contribution to his scientific 
education, rather than as a laboratory handbook. J. DYSON. 


CORRIGENDUM 


Luminescence and Electrical Conductivity associated with Defects in Alkali Halide 
Crystals, by J. Ewizs and J. C. StEap (Proc. Phys. Soc. B, 1956, 69, 396). 


In this paper it was stated : “‘ In previous work a.c. methods have been limited by stray 
capacitance effects to resistances of not more than about 10’ ohm so that investigations 
could only be carried out with alkali halides either at temperatures above about 300°c 
or with the unsatisfactory d.c. method.” 

It has now been pointed out to the authors that Macdonald (1955) has described the 
use of an a.c. method for measuring the resistances of alkali halides up to at least 10’? ohm. 


MacpDOoNaLbD, J. R., 1955, ¥. Chem. Phys., 23, 275. 
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Figure 2. Bitter figures on (110) surface; (a)-(e) field increasing, (d)-(f) field decreasing 
(Sea) 
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Figure 1. Cu (111) face anodically treated; beam Figure 2. Cu (110) face anodically treated; beam 
along [110] direction of copper. 


along [110] direction of copper. 


Figure 3. Cu (111) face anodically treated; 


L Figure 4. Cu (111) face anodically treated; 
beam along [110] direction of copper. 


1 
beam along [211] directicn of copper. 
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Energy Transfer from Solvent to Solute in Liquid Organic Solutions 
under Ultra-Violet Excitation 


By S. G. COHEN anp A. WEINREB 


Department of Physics, Hebrew University, Jerusalem, Israel 


AMIS. recetved 19th September,1955, and in revised form 2nd January 1956 


Abstract. ‘The transfer of molecular excitation energy from solvent to solute in 
liquid organic solutions under ultra-violet excitation has been studied as a function 
of different parameters such as solute concentration, exciting wavelength and 
dilution of absorbing solvent with a second transparent solvent. By measuring 
the fluorescent efficiencies of the solutions at different exciting wavelengths the 
intrinsic transfer efficiency can be found. It is found that the transfer pro- 
bability is accurately proportional to the solute concentration, and is independent 
of exciting wavelength in the region in which the solvent absorbs appreciably. 
An investigation of the quenching of the transfer process by carbon tetrachloride 
shows that an average time of about 10-® second must elapse before the solvent 
excitation energy is transferred to the solute at optimum solute concentrations. 
It is shown that in diluted systems the solvent excitation energy is not exchanged 
between different solvent molecules before transfer. In undiluted systems 
there is evidence for a short range interaction between the solvent molecules 
leading to a relatively weak transfer of excitation energy through neighbouring 
solvent molecules. It is shown that the processes of natural solvent fluorescence 
and solvent-solute transfer are not competing processes which can take place 
from the same molecular state. 


§ 1. INTRODUCTION 


XAMPLES of transfer of molecular excitation energy between molecules of 
different kinds in solid organic mixed crystals have been known for some 
time. For example, this is very clearly shown by the fluorescent behaviour 

of a solid solution of naphthacene in anthracene under ultra-violet excitation 
(Bowen 1945). Renewed interest in the phenomena of energy transfer between 
molecules was created by the discovery of liquid organic scintillating systems 
(Kallmann and Furst 1950, Ageno, Chiozzotto and Querzoli 1950, Reynolds, 
Harrison and Salvini 1950), in which the solvent molecules are excited by the 
passage of nuclear radiations through the solutions. 

In a preliminary note (Cohen and Weinreb 1954), the authors reported the 
existence of a similar energy transfer in these organic liquid solutions when 
excited by ultra-violet radiation at those wavelengths which are mostly absorbed 
by the solvent. In these circumstances the characteristic fluorescent light of 
the solute molecules is emitted and a high quantum fluorescence yield may be 
obtained. Because of the close resemblance in the general behaviour of these 
organic solutions under both kinds of excitation, we are led to believe that the 
actual transfer process is identical in both cases. The initial processes involved 
in the case of excitation by ionizing radiation are of course very complicated. 

PROC, PHYS. SOC. LXIx, 6—B Q 
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In the case of ultra-violet excitation, however, the primary process, namely the 
straightforward excitation of the solvent molecules, is much simpler. Therefore 
one might expect that a detailed investigation of the behaviour of liquid systems 
under ultra-violet excitation might lead to a better understanding of the various 
processes involved, including the nature of the energy transfer. 

The fraction of excited solvent molecules which transfer their energy to the 
solute molecules shall be called the intrinsic transfer efficiency and shall be 
denoted in this paper by «. Measurements of the fluorescent intensities under 
excitation by ionizing radiation or by ultra-violet radiation which is absorbed 
mostly by the solvent, do not permit a determination of this important quantity ¢, 
since the fluorescent intensity is determined both by « and by the degree of solute 
quenching, which may be produced either by molecules of the solvent (‘ external 
quenching’) or by interaction with other solute molecules (‘self-quenching ’). 
Nevertheless, by making measurements of the fluorescent efficiency of the solution, 
both at exciting wavelengths corresponding to almost complete absorption by 
the solvent and also at exciting wavelengths corresponding to almost complete 
absorption by the solute, a separation of the various factors can be made, and 
« can be determined. 

The main purpose of this investigation was to measure the intrinsic transfer 
efficiency as a function of various variables such as exciting wavelength, con- 
centration, presence of quenching agents, in simple and complex liquid systems, 
in order to learn as much as possible about the nature of the transfer process, 
about which little is known with any certainty. 

Since our preliminary note, the works of Furst and Kallmann (1954, 1955) 
have appeared, in which the usefulness of the experimental approach using 
ultra-violet excitation has been illustrated. 


§ 2, EXPERIMENTAL METHOD 
2.1. Principles 


The general experimental method adopted in separating out the various 
factors which influence the fluorescence efficiency under ultra-violet excitation 
can perhaps best be illustrated by considering a particular system, for example, 
a solution of p-terphenyl in toluene at a concentration of 1gl.-'. Such a system 
is known as a fairly efficient scintillator. If this solution is irradiated with 
ultra-violet radiation at wavelength of about 30004, effectively all the absorbed 
quanta are absorbed by the solute alone. Hence no solvent-solute transfer 
effects are involved, and the fluorescence efficiency of the solution at this exciting 
wavelength will be determined by the external and self-quenching of the solute 
fluorescence. On the other hand, at an exciting wavelength of about 25004, 
97°, of the incident quanta are absorbed by the solvent and only 3°% by the 
solute. ‘The high solute fluorescence efficiency obtained at this wavelength 
(Cohen and Weinreb 1954) therefore points to an efficient solvent-solute transfer 
process. Under the assumption that the fluorescent efficiency of an excited 
solute molecule is independent of its energy of excitation between 2500 and 
3000 A, the ratio of overall fluorescence efficiency obtained at 2500 A (after correc- 
tions for the small solute absorption) to that obtained at 30004 gives directly the 
intrinsic transfer efficiency. It is, of course, impossible to verify this assumption 
directly for terphenyl in toluene, but the fluorescence efficiency of terphenyl 
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can be examined as a function of wavelength when dissolved in a solvent which 
does not absorb throughout the range of wavelengths. This was investigated 
using chloroform and cyclohexane as solvents which do not absorb significantly 
in this range, and no variation was found between 2500 and 30004. Chloroform 
quenches the solute fluorescence by about 35°% relative to toluene, whereas in 
cyciohexane the external quenching is less thanin toluene. Hence it is reasonable 
to assume that the fluorescent efficiency of an excited molecule of terpheny! is 
independent of the energy of excitation within the range considered. 

In general, if 7, and /, are the solute fluorescent intensities obtained at exciting 
wavelengths A, and A, corresponding to absorption by the solvent and by the 
solute respectively, 7 is the quantum yield of the solute (assumed to be independent 
of wavelength) and m, and n, are the flux of incident quanta at these two 
wavelengths, then J, = Ame, 1,= Anny where A is a constant of the apparatus 
and independent of wavelength and « is the intrinsic transfer efficiency as given 
above. Then 


T,/n, 
= PL EP Ne Fe i 
; I, /ng ) 


Since in the systems under consideration, transfer of energy takes place 
between solvent molecules whose first excited states are higher than those of the 
solute molecules, at sufficiently long wavelengths the absorption of the solvent 
will be negligible compared with that of the solute. Hence in these systems a 
measurement of e by the above method can, in principle, always be made. 


2.2. Experimental Procedure 


All the measurements of fluorescent intensity were carried out using a Beckman 
quartz spectrophotometer, model D.U., with minor modifications. ‘This 
instrument was used both in order to monochromatize the incident radiation 
and also to measure the intensity of the fluorescent radiation. Measurements 
were made either using the No. 2260 Beckman mercury arc lamp as a source, or, 
when higher intensities were necessary, a Hanovia U.V.S. 250 high pressure 
mercury lamp. For convenience, the fluorescence was measured in the same 
direction as the incident radiation. In most cases the thickness of solution used 
(one centimetre) was sufficient to absorb practically all the exciting radiation, 
even at the longer wavelengths where the solvent does not absorb. Nevertheless, 
appropriate filters were always used in order to eliminate completely any direct 
contribution from the primary exciting radiation. ‘The liquids were contained 
in rectangular quartz cells. Corrections, which were’ generally small, were 
carried out for the following effects when necessary: (i) background intensities 
due to scattered light from the monochromator: this is a function of the 
monochromator setting and slit width; (ii) the relatively small amount of 
fluorescence excited in the entrance window of the quartz cells, at exciting wave- 
lengths shorter than 26004; (iii) geometrical and self-absorption effects arising 
from the variation in absorption coefficient among the various solutions. 

In addition to comparing J, and J, it is necessary to compare the ratio of 
numbers of incident quanta m, to 7, at the different wavelengths, in order to obtain 
e in accordance with equation(1). For this purpose the intensities of the incident 
primary radiation were monitored by measuring the fluorescence induced in an 
aqueous solution of fluorescein. According to the measurements of Vavilov 
(1922) and more recently of Fuchslocher and Glaser (1954), the fluorescence yield 
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of fluorescein is independent of exciting wavelength in the range under 
consideration. 

In the experiments to be described, p-terphenyl or anthracene were used as 
fluorescent solutes, toluene and anisole as solvents absorbing the primary 
radiation and transferring to the solute, and cyclohexane as a solvent transparent 
even for the short wavelengths. Similar qualitative behaviour, however, was in 
general exhibited using liquid systems made up of other common organic 
solvents (e.g. benzene, xylene, as absorbing solvents and chloroform, hexane, 
alcohol and acetic acid as non-absorbing solvents). Thus the authors believe the 
results to have a general validity, although particular systems were chosen for 
detailed investigation in order to demonstrate most clearly and conveniently 
particular phenomena. 


§ 3. EXPERIMENTAL RESULTS 
3.1. The Influence of Concentration on Transfer Efficiency 

‘These experiments were carried out using two systems, a solution of p-terphenyl 
in toluene, and a solution of anthracene in anisole. It will be seen that although 
these solutions possess fluorescence efficiencies which differ almost by an order of 
magnitude for equivalent solute concentrations, the form of the dependence of 
transfer efficiency on concentration and also the absolute values of this quantity 
are similar. 

Figure 1(a) shows the relative fluorescence efficiency as a function of the 
concentration of p-terpheny] in toluene for exciting wavelengths of 2537 A (curve 1) 
and 3130A (curve 2) respectively. It follows from the discussion of the experi- 
mental methods (§ 2.1) that the ratio between the ordinates of the two curves at a 
given concentration yields directly the intrinsic efficiency at this concentration. 
This is shown in figure 1(). As to be expected the transfer efficiency increases 
with increasing concentration reaching the high value of about 88% at a concen- 
tration of 5g 1, i.e. at this concentration very nearly all the excited solvent 
molecules transfer energy to the solute. Curve 1 in figure 1 (a), which represents 
the overall fluorescent efficiency after solvent absorption (and which one might, 
a priori, expect to resemble the variation of scintillation efficiency with concentra- 
tion under gamma-ray excitation) does not differ very much from curve 1 (4) 
showing the behaviour of ¢, since curve 2 in figure 1 (a) shows that the quenching 
of terphenyl in toluene only changes slightly with concentration, i.e. the self- 
quenching must be very small. 

Figures 1 (c) and 1(d) show the corresponding curves for anthracene in anisole 
for exciting wavelengths 2650A and 3340A respectively. Curves 1 and 2 in 
figure 1(c) are now quite different from the corresponding curves in figure 1 (@). 
In particular, the fluorescent efficiency of anthracene is low, and also strongly 
concentration dependent as shown by curve 2 of figure 1(c). On the other hand, 
the transfer efficiency curve in figure 1 (d) shows the same general behaviour as in 
the previous example, and the transfer efficiencies at high concentrations have 
similar values (88°, and 70%). Owing to the self-quenching of anthracene which 
is very concentration dependent (curve 2 in figure 1 (c)) the overall fluorescence 
efficiency, in this case (curve 1, figure 1 (c), reaches a maximum and then decreases 
at sufficiently high concentrations. 

Curves 1 of figures 1 (a) and (c) do indeed bear a very close resemblance to the 
curves obtained by other workers showing the dependence of scintillation 
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Figure 1. (a) Variation of fluorescence intensity of p-terpheny! in toluene with concentration 
of p-terphenyl; 1, 2537 A; 2, 3130 A. 
(6) Variation of energy transfer efficiency in solutions of p-terphenyl in toluene 
with concentration of p-terphenyl. 
(c) Variation of fuorescence intensity of anthracene in anisole with concentration 
of anthracene; 1, 2650 A: 2, 3340 A. 
(d) Variation energy of transfer efficiency in solutions of anthracene in anisole 
with concentration of anthracene. 


efficiency with solute concentration. (While no data is available for anthracene 
in anisole, the curve for anthracene in xylene (Kallmann and Furst 1950) shows the 
same shape as curve l, figure l(c). ‘This is a strong justification for assuming that 
the final transfer process after gamma-ray excitation is identical with that taking 
place after ultra-violet excitation. 

If the probability of transfer is proportional to the concentration c of the solute 
then c/e should be a linear function of c, since € is then given by e=ck/(ck+q), 
where ck is the probability of transfer and q 1s the probability of loss of excitation 
energy of the solvent molecules by other means. One concludes from figures 2 (a) 
and (6), which show the linear plots, that the transfer probability is accurately 
proportional to the concentration for both the solutions investigated. Earlier 
attempts (Kallmann and Furst 1950) to demonstrate this relation in the case of 
gamma-ray excitation were complicated by the concentration dependence of 
quenching of solute fluorescence described above and more complicated equations 
with a greater number of parameters have to be introduced. 
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3.2. Influence of Quenching Agents on the Transfer 


When certain solvents transparent to ultra-violet radiation, such as chloroform 
or carbon tetrachloride, are added to a solution showing fairly good transfer 
properties, the transfer process may be strongly quenched. ‘The quenching of 
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Figure 2. (a) Plot of c/e against ¢ for solutions of terphenyl in toluene. 
(6) Plot of c/e against c for solutions of anthracene in anisole. 


the transfer process by CCl, was also shown in a recent paper by Furst and 
Kallmann (1955). As these solvents provide a method of influencing the transfer 
process in a controllable way it was thought worth while to examine this quenching 
quantitatively. 

In figure 3 (a) we see the transfer efficiency plotted as a function of the terphenyl 
concentration in toluene with and without the addition of 3 g 1.1 CCl, («, and e 
respectively). 

Figure 3(b) shows ¢,/e as a function of the terphenyl concentration. ‘The 
influence of CCl, decreases with increasing terphenyl concentration. Figure 3 (c) 
shows a plot of c/e, as a function of c, the terphenyl concentration. ‘The linear 
relation shows that the equation of the former section (with a new value of the 
quenching coefficient g) can also be used to describe the competition between the 
solvent-solute transfer and between the quenching processes which in this case 
includes the collision quenching of the solvent by molecules of CCl,. 
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Figure 3. (a) Variation of transfer efficiency in solutions of p-terphenyl in toluene with 
concentration of p-terphenyl; 1, with addition of 3 ¢g1.-! CCl,; 2, without 
Or: 
(6) Variation of €,4/e with concentration of p-terphenyl. 
(c) Plot of c/eg against © for solutions of p-terphenyl in toluene containing 
3 1. CCl: 
From the above results some approximate conclusions can be reached with 
respect to the time involved in the transfer process. From figure 3 (a) it is seen 
that the addition of CCl, ata concentration of 3 gl! toa 5 g1—! solution of terphenyl 
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in toluene quenches the transfer by about 30%. Since, in this solution, the Celi 
and terphenyl are present at about equal molar concentrations, it follows that the 
excited toluene molecule transfers its energy to terphenyl in a time which, on the 
average, 1s not very much shorter than the average time required for quenching of 
the excited molecule by CCl. It is unlikely that this latter time is appreciably 
shorter than the mean time which passes before an excited toluene molecule 
makes a close collision with a molecule of CCl,. At a concentration of 3 g1.-! this 
time should be of the order of 10-° second.f It seems therefore that the excited 
toluene molecule transfers excitation energy to the solute in about 10-® second, a 
time which is not much shorter than the measured decay times of liquid scintillators 
which are about 3 x 10~® second (Post 1950, Swank and Buck 1955). 


3.3. Dependence of Transfer Efficiency on Exciting Wavelength 

The dependence of ¢ on wavelength of the exciting radiation was investigated 
for terphenyl-toluene solutions at concentrations of 0-1, 1:0, and 5-0 g1.—! in the 
range between 2200 A and 27004. It was found that for all three concentrations 
the intrinsic transfer efficiency is independent of exciting wavelength in the 
spectral range considered, within a maximum experimental error of about 5%. 

In this range the absorption spectra of toluene shows two bands (Friedel and 
Orchin 1951). For exciting wavelengths shorter than 23004, one therefore 
expects the second electronic state to be excited. ‘The constancy of « suggests 
that the transfer always takes place from the first excited state even though the 
second state may be initially excited. ‘This is consistent with the high probabilities 
of interval conversion processes in the higher excited states of complex organic 
molecules and with the rough estimate of the average time for transfer given in 
the last section. 


3.4. Influence of Dilution of the Transferring Solvent on the Transfer Efficiency 


Among the various ideas which have been proposed in connection with the 
transfer process, it has been suggested that the solvent molecular excitation energy 
is propagated through the solvent by a quantum mechanical exchange interaction 
between neighbouring solvent molecules until an excited solvent molecule finally 
transfers its energy to a neighbouring solute molecule (Kallmann and Furst 1950). 
By making certain assumptions concerning interaction energies between neigh- 
bouring solvent molecules, Harrison (1951) has arrived at plausible estimates for 
the time involved in this transfer process, bearing in mind the measured fluorescent 
decay times in liquid organic solutions, which are of the order of 3 x 10~® second 
(Swank and Buck 1955). 

In order to investigate this possibility experimentally, the intrinsic transfer 
efficiency in liquid systems was investigated as a function of the degree of dilution 
of the transferring solvent by a second solvent transparent to the exciting wave- 
length, while the solute concentration was kept constant. In this way, if a 
sufficiently thick layer of solution is used, the number of absorbing solvent 
molecules which are excited is left unchanged, but, on the other hand, the average 


+ In this rough estimate it is assumed that a molecule of toluene makes about 5 x 107! 
‘encounters’ per second with other molecules. Since molecules in a liquid may make a 
number of successive collisions with each other before separating, it is necessary to dis- 
tinguish the total number of collisions, which is of the order of 2 x 10’” per second at room 
temperature, from the smaller number of ‘encounters’ or collisions with different 
molecules (see, for example, Bowen and Wokes 1953). 
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distance between the molecules of the absorbing solvent is increased. ‘The 
function of the second solvent is to separate molecules of the first solvent; in other 
respects it should be as far as possible inert. According to the above theory of 
intermolecular propagation through solvent nearest neighbours a decrease of 
transfer efficiency would be expected with increasing dilution. 

The results to be described below were obtained for the following systems, in 
which the absorbing solvent was diluted with cyclohexane: terphenyl in toluene, 
anthracene in toluene, anthracene in anisole. Cyclohexane was found to be a 
satisfactory inert and transparent solvent after careful purification. Similar 
qualitative results were obtained using alcohol as an diluting solvent. Measure- 
ments with terphenyl in toluene were carried out up to dilution ratios of 1: 100 
of toluene in cyclohexane. Higher dilution could not be used, because of the 
prohibitively large corrections arising from direct absorption of the exciting 
radiation by the solute at 2537A. Since the absorption coefficient of anthracene 
at 2650 A is about 10%, that of terphenyl at 2537 A ,whereas the toluene absorption 
is unchanged, measurements with anthracene in toluene permit dilutions up to one 
part in 400 without large corrections. At 2650 A, the absorption in anisole is about 
six times greater than in toluene; thus measurements could be made up to dilution 
ratios of 1:1500 in anthracene-anisole systems, without excessively large 
corrections for direct solute absorption. 

The results are shown in figure 4(a), (b) and (c), using a logarithmic scale for 
the dilution factor. In all but one of the curves, we see that after a small initial 
decrease in the transfer efficiency corresponding to relatively low dilution factors, 
the transfer efficiency remains remarkably constant (within a few per cent) even 
at the very highest dilutions. Curve 1 of figure 4(c), corresponding to 0-25 g1.-t 
anthracene in anisole, displays the same general behaviour, but there is an 
indication of a slight rise after the initial drop. 
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Figure 4. (a) Variation of ¢€ in solutions of p-terphenyl in toluene—cyclohexane with 
dilution factor. Concentration of p-terphenyl: 1, 0:25 ¢1.-1; 2, 0:5 ¢1.4 
(6) Variation of ¢ in solutions of anthracene in toluene-cyclohexane with dilution 
factor. Concentration of anthracene 0-25 ¢ 1.71. : 
(c) Variation of € in solutions of anthracene in anisole-cyclohexane with dilution 
factor. Concentration of anthracene: 1, 0:25 g 1-1: Pie Meal. 
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In order to interpret the experimental curves correctly, it is first necessary to 
consider carefully the influence of dilution on the natural fluorescence of the 
absorbing solvent, for it is well known that the natural fluorescence of organic 
solvents increases considerably with dilution, because of the decrease in the 
extent of self-quenching. Figure 5 shows our experimental results for the natural 
fluorescence of anisole. Although the present authors (Cohen and Weinreb 
1954) have shown thatin undiluted systems reabsorption of the solvent fluorescence 
by the solute is not a process which can account to any significant extent for the 
observed transfer, it was necessary to examine this point afresh, in the case of 
diluted systems. ‘This was investigated by comparing the solute fluorescence 
intensity (isolated from the solvent fluorescence and primary radiation by a suitable 
filter) obtaining from ‘thin’ and ‘thick’ layers of solution, under conditions such 
that the primary exciting radiation is completely absorbed by the absorbing 
solvent; here ‘thick’ and ‘thin’ implies distances large or small compared with 
the mean free paths of the natural fluorescent radiation of the absorbing solvent in 
the solution. ‘The existence of an appreciable radiative tranfser from the solvent 
to the solute would give rise to an increased solute fluorescence when a thick layer 
is used, since only in this case isa large fraction of the solvent fluorescence completely 
absorbed by the solute. It was found that in the case of toluene, the amount of 
radiative transfer was not greater than 2° of the total transfer, even at high dilution 
and at the lowest concentrations used in the dilution experiments described above. 
The natural fluorescence of anisole is, however, appreciably greater than that of 
toluene, and for a solution of 0-5 g1.-! of anthracene in anisole it is not surprising 
that the presence of a small amount of radiative transfer was found. ‘This does 
not exceed 10°, of the total transfer, even at high dilutions. 


Intensity (arbitrary units) 


10 100 1000 


Dilution Factor 


Figure 5. Variation of fluorescence intensity of anisole in cyclohexane with dilution factor. 


Returning now to the interpretation of the experimental results shown in 
figure 4, the fact that after a small initial decrease « remains sensibly constant with 
increasing dilutions, implies that in the process of transfer from an excited solvent 
molecule to a solute molecule other solvent molecules can play no part, at least 
for the diluted solutions studied. It seems reasonable to believe that this is also 
approximately the situation in the undiluted solutions. ‘The fact that all the graphs 
in figure + show a small initial decrease in « suggests, nevertheless, that in the 
undiluted systems there exists a small additional possibility of a fast transfer 
through neighbouring solvent molecules as a consequence of a short range 
interaction. It is however, possible, in principle, to resolve any of the curves 
shown in figure 4 into the sum of two curves, for example, such as is shown by 
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the dotted lines in figure 4(6), in which one assumes that at very low dilution 
the transfer takes place mainly through the solvent molecules according to the 
proposed theory, while at high dilutions the reverse is true, there being a con- 
tinuous transition between these two extremes. Inthe absence of further evidence, 
however, we believe this to be the less likely of the two possibilities, and that the 
short range interaction is small in undiluted systems. ‘The small increase of « 
in curve 4(c) (obtained at the lower concentration of anthracene in anisole) 
receives a ready explanation on the basis of the appearance of a significant amount 
of radiative transfer at sufficiently high dilutions, as explained above; the rise 
occurs at the expected dilutions, taking into account the results shown 1n figure 5. 

It has to be stated here that the results shown in figure 4 seem to be quite 
contradictory to the conclusions of Moodie and Reid (1952, 1954) which assert 
that almost no transfer of energy takes place between molecules of different 
aromatic compounds which are dissolved in an inert solvent. 


3.5. The Influence of Transfer on the Natural Fluorescence of the Solvent 

If one makes the assumption that the process of natural solvent fluorescence 
competes with the process of transfer of energy to the solute, then the experi- 
mentally observed high efficiencies for transfer compared with the low efficiency 
for natural fluorescence would suggest that the former process is much faster than 
the latter. One would then expect that the natural fluorescence of the solvent 
would be partially quenched by the addition of solute molecules, and that the 
quenching efficiency should be almost equal to the transfer efficiency. This 
question was investigated experimentally. For this purpose, it was necessary 
to choose a system in which the absorption of the natural solvent fluorescence by the 
solute is as small as possible. It is also necessary to choose a solute with a relatively 
low overall fluorescent efficiency in order to increase the ratio between the solvent 
fluorescence and the solute fluorescence obtaining after transfer. Anthracene 
fulfils both these conditions, and in the experiments the two fluorescence intensities 
were comparable. Experiments were carried out using simple systems of anthra- 
cene in toluene, anthracene in anisolet and also diluted systems, in which the 
natural fluorescence is greater, in accordance with the discussion of the previous 
section. In each case three different measurements were made. First, the 
intensity of the fluorescence of the pure solvent was measured, and then the 
intensity of the fluorescence of the solution was measured using both ‘thick’ and 
‘thin’ layers of solution (in the sense of the last section). Since the solvent 
fluorescence and solute fluorescence were comparable in intensity, and since 
previous results show that radiative transfer is very small, it follows that the 
thick layer fluorescence arises almost completely from the solvent—solute transfer, 
whereas the thin layer fluorescence includes both the solvent and solute fluores- 
cence. ‘The difference between ‘thin’ and ‘thick’ layer fluorescence gives the 
solvent fluorescence in the presence of acceptor solute molecules and must be 

+ In this experiment the solvent must have a very high grade of purity. The anisole was 
distilled three times 7 vacuo and then underwent a twofold distillation in a Todd fraction- 
ating column of about 30 theoretical plates. After every distillation the transmissivity and 
the fluorescence intensity of the distillate was examined under excitation with ultra-violet 
radiations at 2650 A. Practically no changes were detected after the second distillation 
m vacuo and no differences at all could be detected between the different fractions of the 
distillation in the column. No further purification of the toluene used was considered 


necessary since the measured fluorescence spectrum (obtained by photography) was in 
complete agreement with that given in the published literature (Pringsheim 1949). 
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compared with the solvent fluorescent intensity from the pure solvent. As the 
fluorescence spectrum of the solvent lies in a different spectral region from that 
of the solute, the existence of the two different fluorescent radiations in the case of 
thin layers could be further checked by the use of suitable filters. The results 
are shown in the table. 

It is seen that in all cases except one no quenching of the solvent fluorescence 
was observed at all, within the limits of experimental error, as a consequence 
of the addition of solute molecule. In one case only, 1 gl. anthracene in 
anisole diluted by a factor of 1: 10 in cyclohexane, a 20°/, quenching was observed 
against a transfer efficiency of about 40%. 


System (Gy) (2) 
0:25 g 1.1 anthracene in toluene 25 <6 
0-25 g 1.-l anthracene in toluene-cyclohexane 1 : 10 20 <=3 
0-5 g 1.-l anthracene in toluene—cyclohexane 1 : 10 30 <5 
1 g ].-t anthracene in anisole-cyclohexane 1 : 10 40 20+ 6 


(1) Transfer efficiency (°%); (2) degree of quenching of solvent fluorescence by the 
solute (%). 


These results seem to show that the assumption of competing processes stated 
at the opening of this section is not true for the first three systems, and only partially 
true for the fourth system (which contains a higher concentration of solute 
molecules). 

Further evidence for this conclusion can be derived from the experimental 
results of the previous section which are shown in figure 4. For, if we regard the 
process of natural solvent fluorescence and of energy transfer as competing with 
zach other and with quenching processes in the same molecule, then one should 
expect that a large change in the fluorescent efficiency of the solvent, following a 
change in the conditions producing quenching, should be accompanied by a 
change in transfer efficiency in the same direction. But a comparison of figures 4 
and 5 shows that, whereas the fluorescence efficiency of the solvent increases 
considerably with increasing dilution of the solvent, the transfer efficiency remains 
constant to a very high degree. 

The relatively poor natural fluorescent efficiencies of the solvents used in the 
present work show that excited solvent molecules are efficiently quenched in the 
pure solvent, whereas excited solvent molecules which finally transfer very 
efficiently can exist for times of the order of 10-® second for terphenyl in toluene 
suffering appreciable quenching. ‘This is further experimental evidence that to a 
large extent solvent fluorescence and energy transfer take place from different 
molecular states. 


§ 4. Discussion 

The similarity between the behaviour of the organic solutions when excited 
by ionizing radiations and by ultra-violet light which is absorbed by the solvent, 
and in particular, the similar dependence of light output on the concentration of 
the solute, indicate that the actual transfer processes are identical in both cases. 
It has been argued that the transfer mechanism in liquid scintillators is essentially 
a radiative one, the solute fluorescence being stimulated by the absorption of the 
solvent fluorescent radiation (Ageno and Querzoli 1952, Birks 1953). The 
experiments using ultra-violet excitation rule out the possibility of a significant 
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amount of radiative transfer, except in some special dilute systems, such as 
anthracene in diluted anisole. Even in the latter example, the amount of radiative 
transfer is not more than about ten per cent of the total transfert. 

The experiments dealing with the quenching effect of carbon tetrachloride on 
the transfer process show that a relatively long time must elapse, on the average, 
before the excitation energy of a solvent molecule is transferred to the solute, at 
optimum concentrations. This time is of the order of 10~® second, a time which 
is not short compared to the observed fluorescent decay times (3 x 10~* second). 
The experiments with diluted systems show that in these cases the excitation energy 
is retained by the same solvent molecule during this time. During 10~° second 
the excited molecule will make numerous collisions and will diffuse until it 
approaches a solute molecule.{ The assumption of such an initial diffusion 
process may perhaps find support in the well-known fact that higher solute 
concentrations are needed in plastic scintillators than in liquid solutions in order to 
obtain equivalent efficiencies. ‘This may be explained by the absence of the 
pre-transfer diffusion and the consequent increase in the average distance between 
the solvent and solute molecule over which the interaction responsible for transfer 
must be operative. It is also reasonable to assume that this general picture of 
diffusion of the excited solvent molecules for a considerable time, followed by 
transfer, holds also for the undiluted liquid systems, although in the latter case 
the results of $3.4 seem to provide some evidence for an additional relatively 
weak transfer of excitation energy through neighbouring solvent molecules 
before transfer to the solute, in accordance with the hypothesis of Harrison. 

Itis not possible, however, to assume that the solvent-solute transfer takes place, 
in general, in a close collision occurring directly between the two molecules; this 
would lead to scintillation decay times greater than those observed (Harrison 
1951) and one must assume some kind of long-range interaction between solvent 
and solute molecules to account for the final transfer. 

A theory of along-range dipole-dipole interaction has been proposed in order to 
explain the observed energy transfer between dye molecules in solution (Forster 
1949). Forster defines a probable interaction distance Ry which may be calculated 
empirically from the experimental dependence of transfer efficiency on con- 
centration. From the results shown in figures 1() and (d) one obtains in this 
way values of R, equal to 384A and 294 for terphenyl in toluene and anthracene 
in anisole respectively. The theoretical values of Ry, however, calculated on 
the basis of the Forster theory from the absorption and fluorescent properties of 
the molecules involved, turn out to be much smaller—about 154 for both 
terphenyl in toluene and anthracene in anisole. This may not be surprising, 
since Forster neglects diffusion processes, which is not justified for the solutions 
used in the present work. ‘The Brownian diffusion distance for terphenyl in 
toluene, as calculated from the solution viscosity and the 10° second lifetime for 
transfer is about 18A. Calculation (details to be published later) shows, however, 


+ The behaviour of these diluted liquid systems bears a phenomenological resemblance 
to the behaviour of plastic scintillators, for example, anthracene in polystyrene, where about 
20-25%, of the transfer is radiative (Krenz 1955). 

} Preliminary experiments by one of the present authors (A.W.) on the dependence of 
the transfer efficiency on the viscosity of the solutions provide corroborative evidence that 
the excited molecule makes a large number of collisions and diffuses appreciably before 
transfer occurs. The transfer efficiency for low solute concentrations is found to increase 
with decreasing viscosity ; this illustrates nicely the effect of ‘ encounters ’. 
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that even when account is taken of the pre-transfer diffusion the ‘empirical’ 
interaction distances still remain larger than the ‘theoretical’ values. Thus one 
finds, for example, that any solute molecule which is present within a sphere 
of radius 38 A (the empirical interaction distance for terphenyl in toluene) around 
an excited solvent molecule, has a probability of 50 per cent of finding itself, 
at some time within the diffusion process, within a sphere of radius 27 A around 
the same solvent molecule. ‘This latter distance is still considerably greater than 
the theoretical range of 15A. It must also be noted that the Forster theory 
assumes that the transfer process competes with the natural fluorescence of the 
solvent. ‘This indeed is confirmed by experiment for the dye solutions studied 
by Forster. But the results of §3.5 show that this is, at most, only partially true, 
for the systems studied here. It seems, therefore, that although the final transfer 
process may well be some sort of dipole-dipole interaction, the Forster theory, 
in its present quantitative form, is not applicable to the solutions used in the work. 

The possibility exists of investigating the nature of the transfer mechanism 
by measuring the degree of polarization of the solute fluorescence after primary 
excitation of the solvent with polarized ultra-violet light. For a dipole-dipole 
interaction, some polarization should be detected, but only under very favourable 
circumstances including high viscosity and high transfer efficiency. Experiments 
designed to detect such effects are being carried out in this laboratory. 
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Abstract. Bismuth telluride has been investigated because of its promise as a 
material for thermo-electric applications. Attempts have been made to grow 
single crystals of the material by the Stockbarger method, by directional freezing 
in a horizontal boat, and by pulling from the melt. ‘The first two methods were 
not found to be satisfactory because of segregation of tellurium towards the last 
end of the ingot to freeze. This was particularly marked at the slow speeds of 
withdrawal desirable for good single crystal growth. At fast speeds of withdrawal 
the segregation was prevented, but at these speeds large single crystals were not 
produced. Largercrystals, about 1 cm x 2cm x 3 cm were produced by the pulling 
method, using a hydrogen atmosphere. ‘These were all p-type of thermo-electric 
power 200-215 »v deg ' even when considerable departures from the stoichiometric 
composition Bi,’Te, were made in the charge from which the crystals were pulled. 
The energy gap of this material, measured optically, was 0-15ev. A p-type 
single crystal specimen of thermo-electric power 200 uv deg had a room temper- 
ature electrical conductivity of 500 Q-!'cm~ parallel to the cleavage planes. ‘The 
room temperature thermal conductivity of the same specimen was 
0-0175 wcmtdeg™ parallel to the cleavage planes, and 0-0076 wcm— deg! 
perpendicular to the cleavage planes. 


§$ 1. INTRODUCTION 


N 1910, Haken published results showing the relationship between thermo- 

electric power and composition in the bismuth-tellurium system. From these 

results and later work it is seen that the maximum thermo-electric power in 
the system is obtained in the range round about the composition Bi,Te;. A small 
excess of bismuth in this range leads to p-type material of high thermo-electric 
power, while a larger bismuth excess yields n-type material. A tellurium excess 
produces n-type material of larger thermo-electric power than the n-type bismuth 
rich compositions. Some interest has been shown recently in the semiconductor 
bismuth telluride Bi,Te,, as a possible material for thermo-electric applications. 
This material has a high ratio of electrical to thermal conductivity, a factor of 
importance in these applications (Goldsmid and Douglas 1954), and work has 
been done in these laboratories on this material. Preliminary work showed that 
thermo-electric powers up to 240uv deg could be obtained, using very pure 
starting materials, and that the material usually produced on melting down a 
charge weighed to give the stoichiometric composition Bi,Te, was p-type n-type 
material of similarly high thermo-electric power was produced with difficulty, by 
adding considerable excesses of tellurium (up to 5%) toa charge of the stoichio- 
metric composition and passing a molten zone down the charge at a rate of about 
>in. hr.’ Chemical and x-ray analyses showed no difference in composition 


+ Now at Department of Glass Technology, University of Sheffield. 
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between p-type material of maximum thermo-electric power, intrinsic material, 
and n-type material of maximum thermo-electric power, indicating that the change 
from maximum p-type to maximum n-type material occurred within a composition 
range of 0-2, the limit of sensitivity of the analyses. This is in agreement with 
the findings of Vasenin (1955). Furthermore it can be predicted that the change 
from maximum p-type to maximum n-type material should occur within this 
composition range. It is evident, therefore, that only a small fraction of the 
considerable excess of tellurium necessary to produce maximum n-type material 
is, in fact, going into the main.crystal structure, the unincorporated material 
remaining as a separate phase, possibly at the grain boundaries. ‘To overcome the 
possibility of grain boundary phases in the polycrystalline ingots, it was decided 
to try to grow single crystals of bismuth telluride. 


§ 2. ‘THE STOCKBARGER METHOD 


The first method used was an adaptation of the Stockbarger (1936) method, the 
apparatus being as shown in figure 1. ‘The two furnace windings were indepen- 
dently controlled, to +1°c, by means of platinum resistance type controllers. 
The upper and lower furnaces were separated by means of a platinum baftle and 
hardened steel liners were used to render the temperatures in each furnace fairly 
uniform. The gap between the upper and lower furnaces was 1 in. and the temper- 
ature difference between the two was usually in the range 100-125°c. 
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Figure 1. The Stockbarger-type furnace. 


The raw materials used were zone refined to a very high degree of purity, such 
that no impurities were detected spectrographically in the bismuth, and only a 
trace of bismuth was present as impurity in the tellurium. ‘They were carefully 
weighed and sealed inside pointed bottom silica containers, evacuated to a pressure 


608 L. Ainsworth 


of less than 10° mmHg. ‘The containers were supported as indicated, by means 
of a silica tube on the end of a metal rod. The upper end of the rod was in contact 
with the point of the silica crucible, and the lower end passed through a water-cooled 
jacket. This was to ensure heat flow in the right direction as the charge was 
lowered from the hot to the cold part of the furnace. 

The speed of withdrawal was varied between 2in. hr and 1/10in. hr“. It 
was found that at the slow rates of withdrawal desirable for good single crystal 
growth, segregation of tellurium to the top of the ingot took place. ‘This free 
tellurium was detected by x-rays, and in the case of the slowest speeds of withdrawal 
was present in sufficiently large amounts to cause detectable differences in the 
lattice parameters of the bulk, bismuth-rich, bismuth telluride. In particular, 
appreciable contractions in the ¢, lattice parameter were detected, 1.e. there were 
marked decreases in the spacings of the (0001) cleavage planes and slightly larger 
changes in the axial ratio c/a of the hexagonal structure cell (see table). _ Electrical 
measurements on these tellurium deficient ingots showed them to be n-type of low 
thermo-electric power (20-50 nv deg), in qualitative agreement with the curves 
published by Haken and Vasenin, i.e. a considerable excess of bismuth causes the 
material to become n-type. This excess bismuth is taken up in the main crystalline 
phase, as shown by the x-ray examination. No similar tellurium excesses 
could be detected in the main crystalline phase of any of the ingots by x-ray 
examination, even when excess tellurium was added to the starting charge in 
attempting to produce n-type material of high thermo-electric power. The 
excess tellurium was always found at the top of the ingot, as free tellurium. When 


Bismuth ‘Telluride Ingots 


(1) (2) (3) (4) (5) (6) (7) (8) 
+Normal See — 200 to 4:384 30:469 6:95 
Bi, Te, below — 240 
B.T.Al Vertical 1/10 —44 4-388 30-385 6-925 Ingot consisted of 
furnace 3 good quality 
single crystals. 
B.T.A6 Horizontal 1/10 —58 4-385 30-421 6:94 Two large single 
furnace crystals and one 
or two smaller 
ones. 
B.T.A9 Vertical 1/6 +124 Normal Very Almost Crystal size not 
furnace slightly normal large. 
contracted 
BeleAu2. * 1/2 +184 a Normal Normal Crystal size fairly 
; small. 
B.T.A 7 x 1 198 ds a - Crystal size small 
B.T.A20 na 2 +214 of aa S Crystal size very 
small. 
B.T.A19 Pulling Oni +218 5 ys x Single crystal, 
method size 


iem><25 cmes 
cm. 

+ This is the material obtained by simply melting down pure bismuth and tellurium to 
the stoichiometric composition inside an evacuated sealed container. The lattice parameters 
quoted agree with those given in the A.S.T.M. index. 

t (mm min“), 

(1) Source of specimen ; (2) method of preparation ; (3) speed of withdrawal (Gea, lave. —2)) 
(4) thermo-electric power (wv deg~!); (5)-(7) lattice parameters: (5) a direction, (6) p 
direction, (7) c/a; (8) remarks. 


Single Crystal Bismuth Telluride 609 


the speed of withdrawal was increased to }in. hr! or more there was very little 
segregation of tellurium to the top surface, and stoichiometric Bi,Te, charges 
yielded p-type material of nearly the maximum thermo-electric power. At these 
fast rates of withdrawal, however, the ingots were by no means single crystal. A 
summary of some of the results is given in the table. 

This method is therefore not a good one for obtaining single crystals of bismuth 
telluride. At the slow rates of withdrawal segregation of tellurium to the top of the 
ingot invariably occurs. This is particularly noticeable when excess tellurium 
is added to try to produce high thermoelectric power n-type material, but also 
occurs when charges of the stoichiometric composition Bi,Te, are used. At the 
faster rates of withdrawal the crystal size is not good. 


§$ 3. HORIZONTAL DIRECTIONAL FREEZING 


Attempts were also made with the furnace in a horizontal position, the charge 
being withdrawn horizontally from the hot end to the cold end. This was done 
to allow a large free top surface, to take up any strains due to expansion differences 
between charge and boat. The important conditions to be fulfilled in attempting 
to grow single crystals by this method, as for the previous method, are (i) pure 

_ starting materials, (ii) steep temperature gradient across the liquid—solid interface, 
(111) slow rate of traverse, (iv) a liquid—solid interface which is convex as viewed 
from the liquid. 
| The first condition is to lessen the effects of constitutional supercooling 
(Rutter and Chalmers 1953, Chalmers 1953). The next two conditions are to 
lessen the effect of supercooling due to the existence of a finite rate of freezing, and 
» hence the fact that the conditions are of necessity not those of equilibrium. The 
. third condition has also an effect on the shape of the interface. These three condi- 
} tions can be, and were, met by suitable adjustments. ‘The fourth condition 
+ presents more difficulty. Its purpose is firstly to lessen the possibility of the 
) formation of stray crystals by nucleation at the surface of the boat ahead of the 
| advancing solid and secondly to cause any stray crystals which might form to 
grow out immediately to the wall of the crucible, as illustrated in figure 2, In 


| Direction of Growth 


| 


c=) Interface 
i 
(4) 
Figure 2. Illustrating the importance of the shape of the interface on the growth of single 
crystals. 


figure 2 (a) the temperature at the wall of the boat near the solid liquid interface is 
higher than that in the centre of the charge. dbivere will therefore be less chance of 
) astray crystal nucleating at the wall ahead of the advancing solid than there will be 
in case 2 (b), where the temperature at the wall is lower than that in the centre of the 
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charge. Furthermore, in case 2 (a) if a stray crystal does form at the liquid—solid 
interface it will usually grow out to the side wall immediately, whereas in 2(b)a 
stray crystal which nucleates will grow wider as growth continues, as indicated by 
the direction of the arrow. 

The factor which governs the shape of the interface is the ratio of the heat 
lost by conduction from the interface along the solid charge, to that lost laterally 
through the sides of the boat. he rate of growth of the crystal depends on the 
rate of loss of the latent heat of solidification from the interface, and for the right 
shape of interface most of this heat should be lost by conduction through the solid 
charge to the cold end of the ingot and thence by radiation and conduction through 
the supporting rod. To fulfil this condition ideally the charge should have a very 
much higher thermal conductivity than the boat material, and this is invariably 
the case with metals, which are easily grown by this method. Semiconductors 
generally are more difficult to grow in single crystal form by this method, because 
of their lower conductivities. Bismuth telluride in particular is dificult, because 
low thermal conductivity is one of its advantages for thermoelectric applications. 
Figure 3 (Plate) illustrates this point very well. ‘This is a photograph of an ingot 
of Bi,'Te, grown by this method at a speed of 4 in. hr-!. The ripple marks, which 
may be caused by tapping the supports lightly during freezing, indicate the shape 
of the interface and it can be seen that in this case the interface is of the wrong 
shape, being concave as viewed from the liquid. The resulting crystals growing 
in along parallel lines from the side of the boat may be seen towards the last end 
of the ingot to freeze. The ingot has been etched to reveal the individual crystals 
more clearly. This has rendered the ripple marks fainter than on the untreated 
ingot; they can, however, be seen sufficiently well to indicate the shape of the 
interface. 

Again there was segregation of tellurium towards the last end to freeze when 
slow speeds of withdrawal were used to promote larger single crystal growth. 
A small tellurium end cap can, in fact be seen on the ingot shown in figure 3. In 
both these methods therefore, slow speeds of withdrawal led to segregation of 
tellurium, while faster speeds were not conducive to good single crystal growth. 


§ 4, THE PULLING METHOD 


Attempts were next made to pull single crystals of bismuth telluride from the 
melt, on the end of a seed crystal, by the method due originally to Czochralski 
(1918) and modified recently for growing single crystals of germanium (Teal and 
Little 1950). Here the difficulty is that the volatile constituent, tellurium, tends 
to come off and condense on the container wall or be evacuated in the vacuum 
pumps. It was found that when pulled under vacuum the amount of tellurium 
coming off and condensing on the walls was large enough to obscure the view after a 
short while, but when a stream of hydrogen was passed over the charge at a pressure 
very slightly above atmospheric only a relatively thin deposit of tellurium formed 
during a run. ‘The system finally used was as indicated in figure 4. Heat was 
supplied by means of a molybdenum strip furnace, the energy input being 
controlled by adjustments to two continuously variable voltage supplies in series, 
one a coarse control and the other, adjustable to 1/20 volt, a fine control. Both 
supplies were obtained from a stabilized constant voltage source. Hydrogen was 
passed continuously through the tube containing the charge. The seed crystal 
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was rotated continuously during the run and withdrawn by means of an electric 
motor operating a screw drive through a variable speed gear box. 


to Pulling and 
Rotating Gear 
Hydrogen Hydrogen 
out Y ine 


Water Cooled 
Metal Stopper 


Silicone Greased 
Rubber Gaskets 


Silica Tube 


Bell Jar 


Polished Molybdenum 


Baffl 
to Vacuum ae 


Pump 


Current 
Leads 


Figure 4. The pulling apparatus. 


It is necessary to cut the seed crystals with the cleavage planes running length- 
wise down the seed. ‘This is the only way in which the seed is mechanically 
strong enough to support a crystal growing on the end. It cleaves readily parallel 
to the basal planes of the hexagonal structure cell. This being so, it might be 
expected that the crystal growing on the seed would tend to grow at different speeds 
in the different crystallographic directions. ‘This was found to be so. The 
crystal tended to grow out more quickly in the direction parallel to the cleavage 
planes, direction AA in figure 5, resulting ina crystal of oval cross section. Often, 
also, the crystal tends to grow with its cleavage planes radial, in directions other 


Ingot 


“Seed 


Figure 5. Schematic top view of growing Bi,Te, crystal, showing the relative orientations 
of seed and ingot. 


than AA, and when this happens a V forms down the middle of one side of the 

crystal, the bisector of the V being perpendicular to the direction of the cleavage 

planes in the seed crystal, as indicated at B in figure 5. This is a characteristic 

feature of crystals grown by this method and figure 6 (Plate) shows photographs 

of two typical ingots, showing the V down one side. The central portions of such 
R-2 
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crystals, are however, usually of good single crystal material. The departure from 
single crystal formation is easily detected by simple visual examination. 

A number of single crystals of Bi, Te; have been made by this method. In all 
cases measurements have shown them to be p-type semiconductors of high thermo- 
electric power, 200-220 pv deg. This has been so in spite of very noticeable, 
though not extensively large, deposits of tellurium, identified by X-rays, on the 
walls of the containing tube. Attempts to alter slightly the composition of the 
pulled crystal, and therefore its properties, by adding excess bismuth or tellurium 
to the starting charge failed. In all cases, with excesses of tellurtum up to 5% OF 
with excesses of bismuth up to 2°% in the molten charge, the pulled ingot was p-type 
of the same high thermo-electric power, and no change in the lattice parameters 
was detected by the use of x-rays. It seems, therefore, that the composition of the 
crystal growing on the end of the seed is within very narrow limits always the same 
irrespective of the composition of the melt, at least within the range of melt 
compositions indicated above. 

The energy gap of this material measured optically was found to be 0-15 ev. 
A single crystal specimen of thermo-electric power 200 nv deg"! (p-type) had an 
electrical conductivity at room temperature of 500 Q-!cm™, measured in a direc- 
tion parallel to the cleavage planes. “The room temperature thermal conductivity 
of the same specimen was 0:0175 wcm deg, measured parallel to the cleavage 
planes, and 0:0076wcm-! deg! perpendicular to the cleavage planes. ‘These 
results are reported in greater detail by Goldsmid (1956). 
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Some Observations on the Theory of Photoconductivity in the 
Lead Sulphide Group of Compounds 
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Abstract. Measurements have been made of the thermal activation energy of 
PbSe evaporated films at various stages of sensitization treatment. For the 
highly sensitized film the thermal activation energy was found to be 0-29 ev, 
which corresponds to the photoconductive threshold. This result has been 
interpreted as support for the ‘ numbers’ theory of photoconductivity. 


§ 1. INTRODUCTION 


REVIOUS experimental work has shown that it is necessary to expose PbS, 

PbSe and PbTe evaporated films to oxygen in order to obtain appreciable 

photosensitivity (Smith 1951). Several attempts have been made to 
explain the role of oxygen in the sensitization treatment, and the theories of 
photoconductivity in these compounds fall into two main categories. The first, 
which may be called the barrier theory, supposes that Shottky-type potential 
barriers are present in the layer and that radiation lowers the height of these 
barriers and thus increases the mobility of the current carriers. According to this 
theory the role of oxygen is to produce these potential barriers (Sosnowski et al. 
1946, James 1949, Rittner 1950, Chasmar 1948, Chasmar and Putley 1951). 

Under the second class come the normal or ‘numbers’ theories of photo- 
conductivity in which radiation increases the number of current carriers and has 
negligible effect on the mobility. The strongest evidence for this theory is that 
Hall effect measurements on PbTe (Levy 1953) have shown that a large increase 
in numbers of carriers occurs on illumination, whereas the change in mobility 
is small. However, the role of oxygen in this case has appeared to be more 
obscure. This was mainly because of a discrepancy between the measured 
values of the thermal and optical activation energies in these compounds. Early 
attempts to measure the thermal activation energy in evaporated films failed 
because the usual plot of the log (resistance) against reciprocal temperature gave 
curved lines (Chasmar and Putley 1951). Similar measurements on large 
polycrystalline and single-crystal filaments of these compounds at high tempera- 
tures (>500°K) yielded straight lines with slopes corresponding to activation 
energies very much larger than those obtained from the photoconductive 
threshold (Putley 1952). 

Scanlon (1953, 1954) was able to make measurements at much lower 
temperatures by using very pure single crystals, and he obtained thermal activation 
energies which correspond closely to the optical values. He suggested that both 
atomic and electronic changes are taking place at high temperatures and therefore 
the values obtained by Putley are invalid. — 
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§ 2, EXPERIMENTAL PROCEDURE AND RESULTS 


It is the purpose of this paper to show that the optical and thermal activation 
energies in sensitized evaporated films are in fact in agreement down to tempera- 
tures well below room temperature (~ 180°k). New measurements have been 
made of the variation of resistance with temperature of several PbSe evaporated 
photocells. In order that only electronic changes should take place, these 
measurements have been carried out in the temperature range from room 
temperature down to the boiling point of liquid nitrogen. ‘The photocell was 
placed in a dark evacuated enclosure inside a Dewar vessel containing liquid 
nitrogen. The temperature of the photocell was measured by a chromel—alumel 
thermocouple attached to one of the electrodes. 

Figure 1(a) shows the results obtained on a highly sensitized PbSe photo- 
cell. ‘This cell was sensitized by baking in air, and possessed a limiting 
sensitivity at room temperature of about 10-!° watt incident on a sensitive area 
of 0-15 cm? for 1c/s bandwidth and 800c/s chopped radiation of 3 ~ wavelength. 


Resistance (kQ) 


Figure 1. (a) Fully sensitized photocell. (6) Photocell exposed to air. 


It is seen that a straight line is obtained down to quite low temperatures. From 
the slope of this curve an activation energy of 0-33 ev is obtained. This value 
is in good agreement with the photoconductive threshold for this cell (~ 3:5 p), 
i.e, the value at which the sensitivity has fallen to one-half of the peak value. 
Other highly sensitized cells have yielded similar activation energies. However, 
in plotting log (resistance) against 103/7°K to determine the activation energy 
it is assumed that the mobility is varying according to a T-32 law. It has been 
shown that, for the PbS type compounds, the mobility in single crystals (Putley 
1952) obeys a law of the form p « T-52, If this law is obeyed in evaporated 
films of PbSe, the ordinates of figure 1(a) should be divided by the absolute 
temperature 7. From this curve, an activation energy of 0-29 ev is obtained. 
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We have attempted to sensitize PbSe photocells without baking, by exposing 
the film to various pressures of air at room temperature, but the photosensitivity 
at room temperature has been negligible. However, exposure of a sensitized 
cell to air at room temperature destroys the photosensitivty and for this reason 
the evaporated film in our PbSe photocells is situated in an evacuated Pyrex 
enclosure (~ 10-°>mm Hg). After the measurements described above had been 
made the photocell was broken open and exposed to air at room temperature 
for 24 hours. ‘This treatment destroyed the photosensitivity and caused the 
dark resistance to fall by a factor of about 25. The variation of resistance was 
again measured and the results are plotted in figure 1(b). In this case the curve 
consists of two straight lines with slopes of 0-05ev and 0-025 ev. The results 
of measurements on a PbSe film evaporated in a vacuum of less than 10-> mm Hg 
with no subsequent sensitization treatment, and therefore possessing very little 
photosensitivity, is shown in figure 2(a). The slope of the curve corresponds 
to 0-015 ev. Curves are also shown of cells which had been over-sensitized by 
baking in air (figures 3(a) and (b)) and of a cell which had been sensitized by baking 
treatment but not sufficiently to reach maximum sensitivity (figure 2(b)). In the 
latter case the curve is non-linear and therefore the activation energy could not 
be calculated. 


Resistance (kQ) 


Resistance (kQ) 
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Figure 2. (a) Non-sensitized photocell. Figure 3. (a) Over-sensitized photocell. 
(6) Partially sensitized photocell. (b) Greatly over-sensitized photocell. 


Only non-linear curves were obtained by Chasmar and Putley (1951) and by 
Simpson (1947) from their results on evaporated films of PbTe and Pb Se. Our 
results suggest that this was due to their films being insufficiently sensitized, 

Simpson postulated that the resistance-temperature characteristics could be 
explained by a variation of the resistance of the intercrystalline contacts of the 
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film, due to the differential coefficient of expansion of the film and the glass 
substrate. Since our PbSe films were evaporated on to Pyrex glass substrates 
it was necessary to assess the importance of the differential coefficient in the above 
results. 

A PbSe film was evaporated in a bell-jar apparatus on to a fluorspar (CaF) 
substrate. The linear coefficients of expansion of CaF, and PbSe are both 
approximately 20x 10-®. ‘This film was highly sensitized by baking in air. 
A plot of resistance-temperature measurements in the range from room 
temperature up to 100°c gave a straight line curve of the same slope as in figure 1(a). 
Therefore, it was concluded that the activation energies obtained with Pyrex 
substiates are an intrinsic property of the PbSe compound, and not due ta 
differential expansion coefficients. 

Figures 3(a) and (6) show that a permanent change in resistance had occurred 
after one temperature cycle. It is possible that this change is due to cracks in 
the film caused by the differential coefhcients of expansion. ‘This has not 
however, affected the slope of the curves in figure 3(a@) at the higher temperatures. 


§ 3. DiscussIon OF RESULTS 


‘The results described here appear to show that one of the main roles of oxygen 
is to‘ purify ’ the compound by balancing n- and p-type impurities. ‘The impurity 
levels present in the film before sensitization are probably due to a stoichiometric 
excess of one of the constituents of the compound. ‘The PbS-type compounds 
can exist, apparently, in a wide range of non-stoichiometric ratios. Thermo- 
e.m.f. measurement by many workers have indicated that an excess of lead 
produces an n-type compound whilst an excess of the electronegative constituent 
makes the compound p-type. In the case of the film referred to in figure 2(a) 
excess of lead is present and we have an n-type layer with a small donor-impurity 
activation energy. Using a simple semiconductor model with one donor- 
impurity level the slope of curve 2(a) corresponds to an activation energy of 
about 0-03 ev. However, because the position of the Fermi level is varying 
over this temperature range it is necessary to assume a fairly large concentration 
of impurities of the order of 10!5 cm” in order to obtain an approximately straight 
line. It is of interest to calculate the value of the impurity activation energy 
assuming a hydrogen-like model. This energy is given by 
_ eam ®e® V3 57 

K2R2 ~  =— «Ke 
Avery (1953) has obtained a value of 4-6 for the refractive index of PbSe at a 
wavelength of 3 microns; hence the dielectric constant K is about 21. Assuming 
the effective mass m* is equal to the free electron mass, E,=0-03 ev. Such good 
agreement is probably fortuitous for the following reasons: (a) it is unlikely that 
the effective mass is equal to the free electron mass, (b) the value for the dielectric 
constant should lie between the values for high frequency and static fields, and 
(c) 10° impurities cm? is probably too high a concentration to give the donor 
depth corresponding to infinite dilution, for which the hydrogen atom approxi- 
mation is valid. 

On exposure to sufficient oxygen, an evaporated film can be changed from 
n-type to p-type and becomes neutral near peak photosensitivity. Thus, during 
the initial stages of the sensitization treatment acceptor impurities are introduced 
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so that both types of impurities are present in fairly large, although unequal, 
numbers and the resistance increases. This state of the layer can give rise to a 
curved log (resistance) against 1/T plot (Shockley 1950). This is the state of 
the film referred to in figure 2(6). 

When fully sensitized, the film increases its resistance still further, and 
becomes intrinsic down to quite low temperatures as in figure l(a), by balance 
of n- and p-type impurities. It is unlikely that the acceptor and donor impurity 
activation energies are equal. However, unless the difference is large, intrinsic 
conduction will still be obtained in the temperature range shown in figure 1(a). 
For example, with an acceptor level 0-06 ev above the full band, and a donor 
level 0-03 ev below the conduction band, the semiconductor will be intrinsic 
down to 170°K. 

Over-oxidation introduces an excess of p-type impurities with a resultant 
decrease in resistance, as in figures 3(a) and (6). It is possible that the actual 
oxidation mechanism is the replacement of F’-centres by O?- ions as suggested 
by Ehrenberg and Hirsch (1951). 


§$ 4. CONCLUSIONS 

‘he barrier theory has been invoked in order to explain the variation of the 
room-temperature resistance and the thermoelectric behaviour during sensitiza- 
tion (Sosnowski et al. 1947). There is little doubt that potential barriers are 
present in evaporated films of the PbS-type compounds but their contribution to 
the photoconductive mechanism is more difficult to assess. It is possible that 
the photoconductive behaviour is influenced by potential barriers and by increases 
in numbers of carriers, the degree to which each applies depending on the method 
of preparation and sensitization of the film. However, the thermal activation 
energy of our evaporated films corresponds to the photoconductive threshold, 
and to the optical activation energy determined by Gibson (1950, 1952) and 
Avery (1953, 1954) from optical absorption measurements on evaporated films 
and single crystals. On the barrier theory one would expect to obtain a thermal 
activation energy of nearly twice the intrinsic energy gap. Rittner (1950) has 
suggested a model in which there is a quasi-intrinsic region between the barriers. 
Our results suggest that if barriers are present in our sensitive layers, then these 
intrinsic regions must make up the bulk of the layer. Hence the * numbers 
theory ’ appears to be the more likely explanation. Consideration of a simple 
definition of d.c. photosensitivity S in the ‘ numbers theory’, e.g. S=(t;—1a)/ta 
where 7, and 7zq are the conductances under illumination and in the dark, respec- 
tively, will show that a small increase in dark resistance will greatly increase the 
photosensitivity. 

It is immediately obvious why the photoconductive response is many orders 
of magnitude less in single crystals of the PbS-type compounds than in evaporated 
films, because of the difficulty in producing single crystals that are intrinsic 
below room temperature and which are, from optical absorption considerations, 
of the same order of thickness as evaporated films, i.e. about 1 micron. 

One important set of experimental results has been neglected so far. ‘This is 
the variation of the shape of the spectral response curves with degree of oxidation. 
Bode and Levinstein (1954) have accounted for this variation in Pb'Te by assuming 
that adsorbed oxygen removes electrons from lower levels of the conduction 
band. It appears likely, however, that oxygen also produces trapping levels in 
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the compound, since they observed a large difference in response time between 
the long- and short-wavelength peaks in the spectral response curve. An 
alternative explanation is obtained by postulating an overlapping band structure 
(Gibson 1950, 1952). Further experiments are planned in our laboratory in 
order to give more information about the true mechanism. 
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By M. A. BoONUTEILNS? 


Imperial College, University of London 


Communicated by H. Fones; MS. received 9th January 1956 


Abstract. The first six Brillouin zones for a metal with a body-centred cubic 
structure are described in detail. The density of states for each of these zones is 
found by assuming the electrons to be free. The discontinuities in the energy at 
points of high symmetry in the Brillouin zone structure are calculated by the 
approximation of nearly free electrons, and numerical values are obtained for 
sodium by comparison with the results of Howarth and Jones. The separate* 
N (£) curves for each of the zones are modified in accordance with these values of 
the energy and the modified total curve is obtained. 


§ 1. INTRODUCTION 


HE density of states of the conduction electrons in a metal, usually denoted 

by .V (4), is of interest for the interpretation of many of the metal’s physical 

properties. For example, the soft x-ray emission is determined largely by 
the density of states in the region below the Fermi limit, and the soft x-ray 
absorption by the density of states in the unoccupied region above this limit. 
Other properties such as the electronic specific heat and the magnetic susceptibility 
depend upon the density of states in the immediate neighbourhood of the Fermi 
limit. For real metals the function N(£) is difficult to calculate; only when the 
conduction electrons are assumed to be completely free can it be obtained easily. 
It is then proportional to \/E. 

The present calculation is made for a metal having a body-centred cubic 
structure. Asa first step in this calculation, the free electron approximation has 
been used to obtain the density of states for each of the first six separate Brillouin 
zones of the lattice. These curves are plotted in figure 1, and it can be seen that 
addition of the separate curves reproduces the free electron parabola. In order 
to obtain a more realistic curve, which takes into account the periodic field of the 
lattice, the energies at points of high symmetry in the Brillouin zone structure have 
been calculated formally by using the approximation of nearly free electrons. 
Since it is well known that this approximation cannot be used to obtain reliable 
values of the energy gaps by a direct calculation of the Fourier coefficients, these 
coefficients have been obtained, for the special case of sodium, by a comparison 
with the energy gaps calculated by the cellular method (Howarth and Jones 1952). 
The separate (E) curves, determined for free electrons, have been modified by 
displacing horizontally, to the energy values appropriate to the real metal, those 
points on the curves which correspond to points of high symmetry in the Brillouin 
zones. ‘The whole of each separate N (£) curve has then been obtained by propor- 
tional displacements of each point. Finally the ordinates have been scaled so that 
the area of each curve remains unaltered. ‘Thé total density of states is given by 


+ Now at Bedford College, University of London. 
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the addition of the separate curves. ‘This method, while admittedly approximate, 
should give a good idea of the general form of the density of states, and has the 
advantage that it can be applied to large energies where detailed calculations would 
become impracticable. 


§ 2, GEOMETRY OF THE First SIX BRILLOUIN ZONES 


The Brillouin zones for any cubic lattice, of lattice constant a, are formed by the 

planes whose equations are 
nek=an7/d.. . “a9 See eee ee (1) 

where k is the wave vector defined so that #k is the momentum of the electron, and 
n is a vector with integer components (#7), m3, 23). In the particular case of the 
body-centred cubic lattice the energy does not change discontinuously across all of 
these planes ; only those for which the structure factor 1+ exp ai (m,+7.+73), 
does not vanish need to be considered. 

In order to simplify the description of points in the Brillouin zones it is con- 
venient to change the scale of k and to let 


k= (ain)ke-* | 2 > eee (2) 
In the new units equation (1) has the form 
nekioek ) 1) QS) Pee (3) 


‘The first six zones have been determined by equation (3), together with the rule 
that a line joining the origin to any point in the mth zone crosses exactly n — 1 planes 
of finite energy discontinuity. 

The following is a description of the zones, in which it should be noted that 
the coordinates are referred to axes whose scale is determined by equation (2) : 
First Zone. 'Vhe first zone consists of the dodecahedron formed by the set of 
planes {1, 1, 0}. 

Second Zone. 'Vhe outer boundaries of the second zone are formed by extending 
the {1, 1, 0} planes. ‘The zone consists of twelve pyramids whose bases are the 
faces of the dodecahedron. The coordinates in k’-space of the vertices of a typical 
pyramid are (1, 1, 1), (—1, 1, 1), (2, 0, 0), (0,250), (0n2,2) 

Third Zone. ‘The outer boundaries of the third zone are formed by the further 
extensions of the {1, 1, 0} planes together with the set of planes {2, 0, 0}. The 
zone consists of twenty-four tetrahedra ; a typical tetrahedron having vertices at 
the points (2, 0, 2), (0, 2, 2), (0, 0, 2), (1, 1, 1). 

Fourth Zone. ‘The outer boundaries of the fourth zone are formed by the 
extended (1, 1, 0} and {2, 0, 0! planes together with the {2, 1, 1} planes. The 
elements of the zone may be divided into two sets which are such that the elements 
of each set are similar and similarly situated with respect to the origin, and so may 
be taken as identical for the purposes of the present calculation. The first set 
consists of twenty-four tetrahedra, a typical tetrahedron having vertices at the 
points (0, 0, 2), (2, 0, 2), (0, 2, 2), (3,4, 24). Thesecond set consists of eight figures, 
each made up of two tetrahedra with the same base, a typical example having a base 
determined by the points (0; 222) (Ome (ee 0), and vertices by the points 
(1, 1, 1) and G, 2, 3). 

Fifth Zone. The outer boundaries of the fifth and sixth zones are formed by the 
extensions of all the planes previously considered. The fifth zone has three sets 
of elements : (a) twenty-four pyramids with quadrilateral bases, a typical pyramid 
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pans as base the quadrilateral specified by the points (0, 0, 2), (4, $, 24), (—3, 4,25), 
(0, 3, 2%) and the vertex by the point (0, 2, 2), (b) twenty-four tetrahedra of the type 
whose vertices are given by (4, 4, 24), (2, 0, 2), (0, 2, 2), (1, 1, 3) and (c) twenty-four 
tetrahedra of the type with vertices (2, 0, 2) (0, 2, 2), (4, 4, 2), (2,3,.5). 
Sixth Zone. ‘The sixth zone has four sets of elements : (a) forty-eight tetrahedra 
of the type with vertices (4, 4, 24), (0, 3, 23), (1, 1, 3), (0, 2, 2), (6) twenty-four 
tetrahedra of the type with vertices (1, 1, 3), (0, 2, 2), (2, 0, 2), (4, 4, 2), (c) twenty- 
four pyramids of the type with base ($, $, 2), (§, 2, $), (3, 3, 3), (1, 2, 2) and vertex 
(0, 2, 2), and six octahedra with quadrilateral faces, a typical octahedron having 
vertices (0, 0, 2), (0, 0, 3), (4, 4, 24), (—4, 4, 24), (4, — 4; 24), (—4, —4, 24), (3% 0, 23), 
(0, 3, 23), (— $, 0, 28), (0, — 3, 28). 

Diagrams have been given for the outer boundaries of the first four of these 
zones by Nicholas (1951). 


§ 3. DENSITY OF STATES OF THE SEPARATE ZONES 


If the electrons are considered to be perfectly free the number of states per unit 
volume (including the factor 2 to take account of both spin states) which lie within 
a single Brillouin zone is given by 

m 

Qarh2p' azh? 

where the integration is taken over the part of the surface of the sphere of radius Rk’ 

which lies within this zone, k’ being defined by equation (2). The above quantity 
is the density of states, N(£), for the single zone. 


| 4s, 


am (energy) 
hh? gy 


Figure 1. Density of states curves for the separate Brillouin zones of a body-centred cubic 
lattice, assuming the electrons to be entirely free. N(£) h?a/m is plotted against 


8a?mE/h*. 


The integrals for the first six zones have been evaluated exactly for continuous 
values of k’ up to 1/6. Since for free electrons, E is proportional to k’, the graph 
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of N(E) against k” is proportional to the true density of states curve. These 
graphs are shown in figure 1, and it can be seen that there are discontinuities at the 
values of k’? equal to 2, 23, 3,4and6. These points correspond to the start of new 
zones. In figure 1 N denotes the point corresponding to the point (1, 1, 0), in the 
Brillouin zones. In the same way F, P, H and G denote the points (3, 3, 5)> 
(1, 1, 1), (0, 0, 2) and (1, 1, 2) in the zones. In figure 1 suffixes are added to the 
letters to indicate to which zone they belong. 


§ 4. MODIFICATION DUE TO LATTICE POTENTIAL 


Values for the discontinuities in the energy at the points N, F, P, H and G can 
be found in terms of the Fourier coefficients of potential energy, by using the 
approximation of nearly free electrons. Approximate values of the Fourier 
coefficients lV’, have been found by fitting the energy gaps at N and H to the data for 
sodium given by Howarth and Jones (1952), the resulting values for Vj4) and Voo 
being 0-024 and 0-039 rydberg unit respectively. In order to find V’,,, a spherical 
potential of the form (1/r) exp (— ar) was assumed in the atomic cell, and the ratio 
of V14) to Vz,, obtained. The value adopted for V,,, was 0-054 rydberg unit. ° 

The different energies associated with each of the points N, F, P, etc. can be 
correlated with the separate Brillouin zones, the lowest energy corresponding to 
the lowest zone, the second lowest energy to the second lowest zone and so on. 

The values of the energy relative to the energy of a free electron at the same 
point of the zone are given in the table. 


Point Energy Zone Point Energy Zone 
N | Wn0 1 J =< t20e = 1, 2,3 
L Vio z H —2V 139 + V 200 4,5 
[ 4V 110+ V 200 6 
Vi, ee, 

F ) 10 FS ’ - 4 e 

L 2V i10 S) [ Vivo V200—-Vaiy 3 

i aao4- Vo 4 

: % Gos 110-1 Y 200 V 211 
P f _ Vi10 eS, | Viro 2007 Vou 5 
L 3V i10 4 L VirtVe00tVe1 6 


The points in figure 1 (with the exception of P;) have been displaced in 
accordance with the table ; for example N, has been moved 0-024 rydberg unit 
backwards so that it now corresponds to the energy at N, in the actual metal. 
Displacement of points in between have been made fractionally. The ordinates 
of the curves have then been altered so that the area under each curve is the same 
as it was originally. ‘The resulting curves for the separate zones are shown in 
figure 2 in which the scale of the abscissa has been changed to give the energy in 
electron volts. ‘The total curve has been found by adding the curves of the separate 
zones and this is also shown in figure 2. 

It is of interest to compare the calculated N(£) curve with the observed soft 
X-ray emission and absorption spectra. A curve relating to lithium may be 
constructed from the data given by O’Bryan and Skinner (1934) for the soft x-ray 
emission, and by Skinner and Johnston (1937) for the soft x-ray absorption. The 
experimental curves giving the intensities of the emission, and the absorption, 
against frequency may be converted into plots against energy, and the vertical 
scales of intensity can be chosen so that the first peaks on both curves have the same 
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height. Such a curve is shown by the full line in figure 3. There is, of course, 
inevitably some uncertainty in the fitting of the emission and the absorption data 
together. A theoretical curve which may be compared with this can be obtained 


W(z) Electrons per Atom per ev 


Energy (ev) 


Figure 2. Modified density of states for the separate Brillouin zones in the case of sodium. 
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Figure 3. Curve A: Total curve of figure 2 with the scale change to ev for lithium 


instead of sodium. 
Curve B: N(£) curve for lithium found by combining the soft x-ray emission 


spectra with the soft x-ray absorption spectra. 


by changing the value of the lattice constant in the factor which relates F and k’. 
Thus from the total density of states curve of figure 2 a similar curve can be obtained 
with an energy scale appropriate to metallic lithtuum. This is shown as the 
broken curve in figure 3. It is known from the calculations made by Schiff (1954) 
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that the energy gap at N, is approximately two electron volts larger in lithium than 
insodium. Thus the first peak of the dotted curve should be displaced approxi- 
mately one electron volt to the left. It is not possible to say from existing calcula- 
tions how the higher energy peaks should be displaced. However the general 
resemblance between the two curves of figure 3 appears to be good evidence that 
the shapes of the emission and the absorption bands are largely determined by the 
density of states in the normal condition of the metal. 
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Abstract. Previous work has shown that the absorption of ultrasonic waves 
in liquid carbon disulphide is governed by a relaxation mechanism. The 
measurements reported from this work were made below the frequency of 70 Mc/s, 
which is near the centre of the dispersion range at 25°c. Combining these 
results with others reported by Rapuano in the frequency range 75 Mc/s to 
195 Mc/s, led to the conclusion that the observed behaviour was associated with 
the time of transfer of energy to the degenerate bending vibration of the carbon 
disulphide molecule. Quantitative analysis of the results, however, was not 
regarded as satisfactory. 

Measurements of the absorption of ultrasonic waves in carbon disulphide 
have now been made by the authors at frequencies up to 190 Mc/s and at different 
temperatures. ‘The results obtained do not agree with Rapuano’s particularly 
at the higher frequencies so that his measurements have been discarded. 

Analysis of the complete experimental results now available at both 25°c 
and — 63°c shows conclusively that the anomalous absorption in carbon disulphide 
is due to the relaxation of the total vibrational specific heat as described by a single 
relaxation time. Moreover, the absorption at frequencies well above the 
relaxation region appears to be determined by the ‘classical’ mechanisms of 
shear viscosity and thermal conduction. 


§ 1. INTRODUCTION 


HE anomalous absorption of ultrasonic waves in liquid carbon disulphide 

(Andreae and Lamb 1951) is of particular interest since it appears possible 

to relate it quantitatively to a specific molecular process. ‘The results 
previously obtained indicated that the observed behaviour was associated with 
the time required to establish equilibrium between the translational energy 
and the energy contained in the degenerate bending vibration of the CS, molecule. 
In order to make a complete analysis of the behaviour it is necessary to have 
available experimental results covering a substantial part of the dispersion range. 
The previous results of Andreae and Lamb extended only up to a frequency 
of 70 Mc/s which is near the centre of the dispersion region at 25°c. Use was 
made, however, of additional results reported by Rapuano (1950) in the frequency 
range 75 Mc/s to 195 Mc/s. ‘The quantitative analysis of the combined data 
led to complications (Andreae and Lamb 1954) which become superfluous i: 
| the light of new measurements. With improved equipment the present authors 
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have now measured the ultrasonic absorption in carbon disulphide up to 190 Mc/s. 
The results obtained are reported in this paper and since they do not agree with 
Rapuano’s, particularly at the higher frequencies, the latter have been discarded. 
In consequence a satisfactory analysis can now be made, providing the first 
instance in which an ultrasonic relaxation in a liquid has been quantitatively 
related to a specific molecular process in an unambiguous manner. 


§ 2, EXPERIMENTAL SYSTEMS 


All the measurements of the absorption of ultrasonic waves in carbon 
disulphide have been made by what is generally termed the ‘pulse method’ 


after Pellam and Galt (1946) and Pinkerton (1949). Three different sets of | 


experimental apparatus have been employed over the frequency range 20 Mc/s 
to 190 Mc/s. Since an adequate description of the technique is available 
(Pinkerton 1949), it suffices to give a brief outline of the experimental arrange- 


ments and to indicate the particular features of each apparatus which differ from | : 


previous descriptions. 
Separate X-cut quartz crystals are employed to generate and to detect the 
ultrasonic vibrations. Pulses of radio frequency voltage of approximately 


1kv amplitude, peak to peak, and of 5 microseconds duration are applied to the i] 
transmitting quartz crystal at a repetition frequency of approximately 500 per jf} 
second. ‘The transducer is acoustically connected by a thin film of oil to a length | 
of fused quartz rod which is optically polished on its end faces and serves as a |f} 
delay line. The time taken for an ultrasonic wave to make a double journey | 
in the rod exceeds the duration of the pulse (5 usec). The upper end of the rod_|]} 


is in contact with the liquid which is contained in a suitable vessel attached to the 
fused quartz rod by means of a ground joint. 

A similar fused quartz rod with a receiving transducer attached to its upper 
end is supported on a movable carriage. ‘The lower end of this rod dips into 
the liquid. Changes of the ultrasonic path length are recorded on a dial gauge. 


The fused quartz rods are enclosed in a chamber which is thermostatically 
controlled to within +0-1°c, the temperature being measured by means of a | 


thermocouple which is attached to the base of the movable rod. 

The pulses of radio frequency generated by the receiving transducer are 
amplified by a high-gain receiver and are finally displayed, after rectification, 
as video pulses on the screen of a cathode-ray tube. 

Three sets of experimental arrangements have been used: these differ mainly 
in the mechanical construction employed to produce known changes in the 
ultrasonic path whilst maintaining parallelism between the end faces of the two 
quartz rods. ‘he systems differ electrically in that in A a piston attenuator is 
connected in series with the output from the receiving crystal while in B the 
attenuator is placed in series with the electrical feed to the transmitting crystal. 
The settings of the attenuators are adjusted to compensate for changes in the 
ultrasonic path, the comparison being effected by visual observation of the 
height of the pulse envelope on the screen of the cathode-ray tube. 

In the third system C, use is made of a pulsed comparison oscillator operating 
at the same frequency as the oscillator which energizes the transmitting crystal. 

The pulse which is applied to the comparison oscillator is derived from the 
main pulse generator and occurs at a suitable time interval after the main 
transmitter pulse. ‘The output from this oscillator is fed through an attenuator 


| 

| 

| 
i) 
{| 
| 
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and then receives the same amplification as the signal which passes through the 
ultrasonic system. he variable time-delay is adjusted so that the comparison 
pulse appears on the screen of the cathode-ray tube alongside the first received 
pulse from the receiving quartz crystal. The attenuator setting is again adjusted 
to equalize the height of the two pulses when changes are made in the ultrasonic 
path. In this method of operation the gain of the amplifier is adjusted to give 
approximately the same output from the receiver under all conditions. 

The two piston attenuators which have been employed in this work are of 
circular cross section and operate in the E,, mode. They have different but 
accurately known bores and have been checked against other attenuators operating 
in the H,, (circular) and Ho, (rectangular) modes. In all cases the calculated 
attenuation constants were found to apply in practice to within the limiting 
accuracy (+4%)) of the method of comparison. 

Different pairs of X-cut quartz crystals have been used, the choice of the 
fundamental frequency of thickness vibration being determined by the desired 
spacing of the harmonic frequencies. Fundamental resonance frequencies in 
the range 7-5 Mc/s to 20 Mc/s have been employed. 

The three sets of apparatus cover approximately the same frequency range 
and the agreement between the values measured on these different systems is 
taken as sufficient evidence for rejecting the conflicting data given by Rapuano. 

Analar grade carbon disulphide manufactured by Messrs. Hopkin and 
Williams Ltd. has been used for most of the work. Measurement of samples 
immediately after careful distillation revealed no difference in the absorption 
values. 

No published results could be found for the velocity of sound in carbon 
disulphide at —63°c and at frequencies below the relaxation range. ‘These 
values were measured by means of an interferometer which was operated at a 
frequency of 1-75 Mc/s and was of conventional design employing a fixed reflector 
and a movable crystal transducer. 


§ 3, ‘THE ULTRASONIC DaTA 


An attempt has been made in the experimental work to cover as much as 
, possible of the dispersion range which is centred around a frequency of 78 Mc/s 
j at 25°c. Previous absorption measurements have been made by Huddart (1950) 
} at frequencies of 2, 6 and 10 Mc/s and over the temperature range 0°c to 35°c 
} His values at 25°c are given in table 1 which contains the results of the present 
» work. The values quoted in this table are in each case the average of a number 
of observations taken under identical conditions. Although measurements 
} have been made over a temperature range the observations at 25°c and —63°c, 
) which are given here, were taken with particular care. ‘The lowest temperature 
+ (—63°c) was determined by practical considerations, the aim being to obtain 
4 accurate results at two widely different temperatures, for the purpose of theoretical 
analysis. 
The ultrasonic velocity in CS, has been measured to a high order of accuracy 
by Freyer, Hubbard and Andrews (1929) at a frequency of 414kc/s. These 
workers found that the velocity is proportional to temperature over the temperature 
| range 0°c to 40°c, the value at 25°c being c=1142msec'. Extrapolation of 
) the linear law to temperature below 0°c has been verified es the authors, the 
“measured value at — 63°c being 1424 msec. 
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Table 1. Experimental Results for the Absorption in Carbon Disulphide at 


Different Frequencies 


ax—absorption coefficient relating to the amplitude of excess pressure 


# (Me/s) 2+ 6 MOF 23 0-0 7 
= sO 25°c 5830 «5910 5650 5390: «5100 4650 4120» 3240 
(sec? cm-!) | —63°c 3920 — 2430 — 1090 
f (Mc/s) 81-2 103-5 106-2 107-4 111 148-2 168 1893 
7 <8 25°c 2800 2060 1960 1870 1955 1200 970 760 
‘(seckem™) | —63°c 795 466 


+ Huddart (1950) 


§ 4, PHYSICAL PROPERTIES OF CARBON DISULPHIDE 


Carbon deuipnide has a molecular weight WM = 76-13: at atmospheric pressure | 


it freezes at —111°c and boils at +46-3°c. 


of 273°c and a pressure of 76 atmospheres. 
A summary is given in table 2 of the various physical constants required in 


the following analysis of § 5. 


The critical point is at a temperature 


Table 2. Physical Properties 
‘Temperature (ee) +25 =—635 
Density* p (g cm~*) 1-256 1-385 
Thermal expansion coefficient* 6 (deg)! x 103 1-191 1-041 
Ultrasonic velocity at 414 ke/s| c (m sec *) 1142 1424 
Shear viscosity a (cpoise) 0:355+ 0-88 
Specific heat at constant pressure T Cy (cal mole? deg~") 18-17 17:97 
Ratio of specific heats [ y=C,/Cy il cisysyll 1-465 
Specific heat at constant volume @a(calimoles des =) iibe7/ik 1225 


* Timmermans (1950). 

| Freyer, Hubbard and Andrews (1929) and authors’ measurement at —63°c, 

§ From extrapolation formula given in International Critical Tables, 1929, 7, 213. 
+ Brown and Manoy (1937). 

{ Calculated from the formula y—1 = VMoven Ce. 


§ 5. ANALYSIS OF RESULTS 


The pronounced decrease in the value of «/f? for carbon disulphide shown i) 
by the results recorded in table 1 occurs at frequencies above 2 Mc/s. As a i] 
preliminary to analysing these results it is necessary to consider the possibility | | 
or otherwise of other relaxation mechanisms occurring at frequencies below | 
2Mc/s. The adiabatic compressibility of CS, has been measured by Tyrer | 
(1913, 1914) at very low frequencies. Tyrer’s method does not involve a precise 
frequency, but from the information given in his paper this would appear to be 
in the region of one cycle per second. Very good agreement (closer than 1%) 
is found between the adiabatic compressibility measurements of Tyrer and the 
values derived from the ultrasonic velocity data by Freyer, Hubbard and Andrews 
(1929), the latter corresponding to a frequency of 414kc/s. It is concluded i 
therefore that no significant dispersion occurs between 414kc/s and 1c/s and | 
it is very unlikely that any such effect would occur at frequencies Mole c/s. 
Consequently the value of the ‘static’ specific heat (Cp)s will be taken to | 
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apply at frequencies just below the present relaxation range (<2 Mc/s). 
The corresponding value of (Cy)s is then calculated using the formula 
ys—1=MeS02T/(Cp)s, where the suffix s denotes a low-frequency or ‘static’ 
value. 

Preliminary analysis of the results of table 1 indicated that the observed 
behaviour is not due to the time of transfer of energy to the degenerate bending 
vibration only but rather to a relaxation of the total vibrational specific heat. 

The fundamental frequencies v of the normal modes of vibration of the C535 
molecule are given by Herzberg (1945) and these together with the calculated 
values of the contributions to the vibrational specific heat are recorded in table 3. 


Table 3. Vibrational Specific Heat 


Vibrational frequency v (cm~!) 657 397 523 
Degeneracy i 1 2) 1 
Energy quantum (hv) (kcal) 1-877 1-134 4-352 
oa DSK 0-9130 2-951 0-0690 
Oe es Pea ered 
Einstein specific heat (cal mole deg~!) + 1 63°C 04569 2-220) 00064. 
Total vibrational A = 25°C BOSS 
specific heat AC (cal mole~! deg~) ae —63°C 2-683 


T (=nRx?e-*/(1 —e-®)?, where x=hv/kT) 


In the present case of a vibrational relaxation the elevation of a molecule to 
a higher internal energy state is likely to take place at constant volume. Herzfeld 
(1941), Davies (1954), Davies and Lamb (1956) Andreae and Lamb (1956) and 
others have shown that in these circumstances the specific heats at constant 
pressure Cy and constant volume Cy each contain the relaxing component 
AC/(1+jw7), where 7 is a relaxation time and w is 27 times the frequency. AC is 
the contribution made by the molecular vibrations to the static specific heats 
(Cp)s and (Cy)s (i.e. the specific heats as w—0). These quantities may be related 
to the absorption ~ and phase velocity c of ultrasonic waves by the formulae 


AC A 
ee PSD Se 9 Ors re 1 
P-Tegrn 7? M 
c\2 = ((Cp)s — (Cy) sj AC | 2 
(i) + GhiGr-ac GF a 

where (Cy)s(Cy) 

a4 : Eee ys ee ae 3 
Fe= 2ut Fae —AC}(Cy)s= cai Ss 


and cy is the low frequency value of the phase velocity c. ‘The derivation of these 
formulae, as given by the above-mentioned authors, proceeds from the assumption 
that a process relaxes with a single relaxation time 7 and that no other process has 
a relaxation time of the same order of magnitude as 7. Also it is assumed that 
(«c/@)? is much less than unity. 

It follows from formula (1) that the ultrasonic absorption per wavelength, 
j.=xac/f, is composed of two parts: the one equal to Bf represents the combined 
effects of shear viscosity, heat conduction and all processes having much smaller 
relaxation times than 7; the other part, 


ee oe, sienna 
Y= Tip 7 TG ae 
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is the absorption per wavelength due to the single relaxing process and it attains 
a maximum value 
nee U(Cp)s = (Cv) sf AC 
Hm 2 [(Ep)s{(Cp)s— AC}(Cv)s{(Cv)s — ACHP?’ 
at the frequency f=/,. 

Ultrasonic measurements have provided the value of cs and the variations of 
x/f?, (not ac/f?), with frequency. Since the velocity dispersion cannot be 
neglected in the case of carbon disulphide, comparison of the measured af 
values with the calculated values can only be effected by a series of successive 
approximations. First, it is assumed that a relaxation of the total vibrational 
specific heat is responsible for the observed behaviour and, as will be evident later, 
this is found to be the case. Secondly, an assumed value for f, is substituted in 
equation (2) to give the velocity c, which is then used in the evaluation of «/f? 
from equation (1). In making this evaluation the parameter A is chosen to give 
the best fit with the experimental values of «/f?. The process is then repeated 
until the calculated and measured values agree within experimental accuracy. 


Table 4. Testing the Relaxation Formulae (1) and (2) for CS, at 25°c 


AC =3-933 (cal mole! deg~'), the value of the total vibrational specific heat 
A= / 001 0st secu >—ouNlese: 


fz cale ria SEG : Ge = ! (Cy)s{(Cy)s—AC} Tap? 


Experimental arrangement A A A A A A 
ft (Mc/s) <6 10 28 29-6 37-4 = 48-5 66:7 il ow 
¢(misec) 2 els Oe Samet allow 1170 = 1184 1194 


exptl 5870* 5650 5390 5100 4650 4120 3240 2800 
Cale 5829) 5763 5359 5074692 2 Ose OOP 
fy) 


Yo excess of experimental -+ 0-7 AO) aOR Oss 0-9 0-2 ORs iets) 
over calculated values 


= Sal OLA (Secrcrm) { 


Experimental arrangement C C€ Cc A cc B GC 
f (Mc/s) 103°5 106:2  107:-4 al 148-2 168:0 189-2 
¢ (m sec~) 1206 1207 — 1207 SOs) 21) oe 


* 1017 (Geena) exptl 2060 1960 1870 1955 1200 970) 776 
f calle ANI IH IDG «= ID TIO 971 793 
% excess of experimental” -+-2-3-"+0-8 —2-4 46-7 +0-7 =04q —=23 
over calculated values 
Lem’ (calc) (from eqn (5))=0-260 : pry’ (exptl) = Af. —0-262 
* This is the average of Huddart’s (1950) values at 2 and 6 Mc's. + Huddart (1950). 


Finally, the validity of the whole argument is examined by comparing the value 
of um'(=24f,), selected to give the best fit with the experimental results, with 
the value calculated from equation (5) on the basis that AC is the total vibrational 
specific heat. 

It transpires that good agreement between theory and experiment is obtained 
at 25°c when the term B in equation (1) is of the order of the contribution due to 
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shear viscosity and thermal conduction. This amount is less than 1° of the 
measured «/f? value at the highest frequency (189-2 Mc/s) and has therefore 
been neglected. The results of these calculations at 25°c are given in table 4 
from which it can be seen that there is excellent agreement between the calculated 
and experimental values of um’. Agreement between the calculated and experi- 
mental value of «/f? is within the experimental accuracy, estimated to be to 
+3%, except at 81-2 Mc/s and 111 Mc/s. However, absorption values at these 
two frequencies were taken with the first experimental arrangement A, the 
mechanical design of which was less satisfactory than for systems B and C in 
relation to measurements at the higher frequencies of the present range. The 
extent of the agreement shown in table 4 is regarded as satisfactory, more reliance 
being placed on measurements taken with systems B and C above 100 Mc/s. 

At —63°c measurements were made only with the experimental system A, 
but these were sufficient to confirm the agreement found at 25°c between the 
experimental and calculated values of wm’. The results are given in table 5. 


Table 5. ‘Testing the Relaxation Formulae (1) and (2) for CS, at —63°c 
AC=2:-683 (cal mole deg) (table 3) 
S000 emt ScC um 4 Ole VLC) Seam O59) q Omezisecn; 


Experimental arrangement A 


j (Mc/s) ws! 37-4 66°7 81-2 111 
(msec *) 1446 1461 1475 1478 1481 
~ . 1057 (sec? em) exptl 3920 2430 1090 795 466 
f2 

= 101” (sec? cm—) calc 3902 2455 1086 788 466 
°,, excess of experimental +0°5 —1-0 +0°5 +0-9 — 


over calculated values 
tm’ (calc) (from eqn (5))=0°133: pm’ (exptl) =4Af,=0-134. 


+ This value of B has been chosen to give the best fit to the experimental points. It is 
somewhat larger than the classical contribution due to shear viscosity (7:5 x 10~™ sec) 
obtained by using an extrapolation formula for the shear viscosity at —63°c (see table 2). 
In view of the limited experimental accuracy obtained with the experimental arrangement A 
at the higher frequencies, this discrepancy is regarded as having no significance. 


$ 6. CONCLUSIONS 


It is concluded from the analysis of §5 that the anomalous absorption in 
carbon disulphide is due to a relaxation of the total vibrational specific heat as 
described by a single relaxation time. Very good agreement is found at both 
25°c and —63°c between the two values of the maximum absorption per wave- 
length which are calculated from the total vibrational specific heat and from the 
measured ultrasonic absorption, respectively. It appears that at frequencies 
above the relaxation region the absorption falls to near the ‘classical’ value 
attributed to shear viscosity and thermal conduction. 
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Paramagnetic Resonance in Chromic Methylamine Alum 


By J. M. BAKER 


Clarendon Laboratory, Oxford 


Communicated by B. Bleaney; MS. received 7th November 1955, and in amended forn 
13th Fanuary 1956 


Abstract. ‘The paramagnetic resonance spectrum of chromic methylamine alum 
has been re-examined because of an 11°, discrepancy in the value of the Stark 
splitting between previous paramagnetic resonance and other low temperature 
measurements. ‘The crystalline electric field acting on the chromic ion, which has 
trigonal symmetry at high temperatures, is found to undergo a change below about 
160K to rhombic symmetry. ‘The Stark splitting is then 0-178 +0-002cm?; 
this is a little higher than the previous resonance value, reducing the discrepancy 


to 5",. Measurements of line width indicate that this discrepancy is probably 
not due to exchange interaction. 


§ 1. INTRODUCTION 


HROMIC methylamine alum, Cr(CH,;NH3) (SO,), 12H,O, forms 

crystals with cubic symmetry, space group ‘1’,°, with four molecules per 

unit cell. The alum has a §-type structure (Lipson and Beevers 1935, 
Lipson 1935) for which x-ray analysis shows the chromic ion to be at the centre of 
a regular octahedron of water molecules. ‘These give a strong crystalline electric 
field of cubic symmetry, which lifts the sevenfold orbital degeneracy of the 
ground state of the free chromic ion *F 3), leaving an orbital singlet with fourfold 
spin degeneracy lowest. 

Paramagnetic resonance measurements of Bagguley and Griffiths (1950), made 
at room temperature, show that this quadruplet is split into two spin doublets by 
a small axial component of the crystal field, which is produced by a trigonal 
distortion of the octahedron of water molecules, the trigonal axis being parallel to a 
body diagonal of the cubic structure. Each of the four chromic ions in the unit 
cell has the axis of its trigonal distortion parallel to a different body diagonal. ‘The 
ground state may be described by the spin Hamiltonian: 

MEBs Bho eral) ees (1) 
where H is the external magnetic field, 8 is the Bohr magneton, S=3/2 and the 
value of g is about 1-97 (there is also a hyperfine structure due to *Cr, whose 
natural abundance is 9:5°,, but as this is not resolved in this work it may be 
neglected). The 2 axis for each ion is that of the trigonal distortion of its crystal 
field. ‘The separation of the spin doublets in zero field is }=2D, and Bagguley 
and Griffiths found this to be 0-165 + 0-005 cm at room temperature. 

Bleaney (1950), also using paramagnetic resonance, found that 2D increases to 
0-170 + 0-003 cm! at 90°k and shows no further change when the temperature is 
reduced to 20°x. Cooke and Duffus (unpublished), using paramagnetic resonance, 
found the same value at 4°x. The low temperature measurements were made only 
with the external magnetic field parallel to a body diagonal, and the value of 5 was 
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taken as 2D, assuming the crystal field to have the same symmetry as at room 
temperature. 

The separation of the spin doublet 6 has been measured by other less direct 
methods withslightly different results. Gardner and Kurti (1954) and Hudsonand 
McLane (1954), both using adiabatic demagnetization methods, obtained respec- 
tively values of 0-188 + 0-007 cm™ and 0-187 + 0-002cm™. Paramagnetic relaxa- 
tion measurements of Cooke and Wolf (1953, unpublished) confirm the value of 
the magnetic specific heat obtained by Gardner and Kurti. ‘There is thus a 
discrepancy between these results, which agree remarkably well with one another, 
and those of paramagnetic resonance, which is well outside the experimental error. 
The paramagnetic resonance spectrum of the substance has been studied again 
in an attempt to resolve this difference, and this paper is concerned with the 
results of this investigation. 


§ 2, EXPERIMENTAL DETAILS 


In strong magnetic fields the spectrum (calculated from (1)) of each ion consists 
of a ‘central’ transition (IM =} to M= —}3) which occurs at hy =gBH (apart from 
second order shifts), and two ‘outer’ transitions (M= + 3 to M= +4) which are 
separated by 2D (3 cos?#— 1) when the field H makes an angle @ with the trigonal 
axis. [he measurements described below have been made in two crystal planes ; 
(111), which is easily found because it is parallel to one of the prominent crystal 
faces, and (110), which contains the three directions [001], [110] and [111] where 
the spectrum should be particularly simple (see Bagguley and Griffiths). This 
plane is obtained by placing two adjacent {111} faces of the crystal flush with the 
sides of a V-shaped trough of the correct angle, cut in distrene. Using these 
techniques it is possible to adjust the crystal so that the angle between one of these 
planes and the plane of rotation of H is not greater than 1°. This is confirmed by 
the fact that the spectrum of chromic potassium selenate, when mounted in either 
of these planes, shows the expected behaviour to within the experimental error. 

The standard technique of modulated external field and video frequency 
detection was used for all measurements in strong fields (central line at approxi- 
mately 8 kilo-oersteds). ‘The measurements at low fields employed in some cases 
the older galvanometer technique described by Bagguley, Bleaney, Griffiths, 
Penrose and Plumpton (1948) where the power absorbed by the crystal is plotted 
point by point as a function of the external field. The field for the low field experi- 
ments was produced by a solenoid which was calibrated in terms of current, using 


proton magnetic resonance at high currents. Strong fields were measured 
directly by proton resonance. 


§ 3. RESULTS 
3.1. Measurements at High Fields 


At temperatures of 90°K and below the angular dependence of the spectrum 
upon orientation of the external field was not that expected from the above 
Hamiltonian. As the resolution in the undiluted salt was poor the line width 
was reduced from ~100 oersteds to ~10 oersteds by using a diluted crystal, 
i.e. a mixed crystal of 99°, aluminium methylamine alum and 1% of the isomor- 
phous chromic salt. This showed a similar angular dependence which was 


easier to elucidate because of the better resolution. The departure from trigonal 
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symmetry is shown very clearly in the {111} plane (figure 1(a)). Since the 
magnetic field is always normal to the {111} axis, which (see § 1) is parallel to the 
2 axis of one ion, the spectrum of this ion (marked by the continuous lines) should 
remain fixed, while the others should show a 60° repetition. Also, whereas with 
trigonal symmetry about {111} axes all {110} planes are equivalent, in this case 
there are two types of spectra from these planes (figure 1 (b) and (c)). 


Magnetic Field (k oersted) 


Magnetic Field (k oersted) 
Magnetic Field (k oersted ) 


30 
Angle 8 Angle @ 


Figure 1. The fields at which the outer lines occur as a function of the angular orientation 
of the fieldin various planes, (a) {111} plane : if the crystal field had trigonal symmetry 
the heavy lines would be parallel to the 8 axis and the whole spectrum would have a 60° 
periodicity ; (b) and (c) (110) and (011) planes: if the crystal field had trigonal 
symmetry these would be identical and the transitions for the two ions marked with 
full lines would be coincident, with the separation aa equal to bb. 


The spectra in the {100} planes (not illustrated) and {110} planes show reflection 
symmetry in the cube faces so that the overall symmetry cannot be lower than 
orthorhombic. ‘The fact that there are only two types of {110} plane (figure 1() 
and (c)) restricts the symmetry to not lower than tetragonal, the (110) and (110) 
planes (taking c as the tetragonal axis) having a spectrum like figure 1 (4), and the 
other four {110} planes being like figure 1 (c). 

The observed angular dependence in all planes can be accounted for in terms 
of a rhombic distortion of the crystal field, which modifies the Hamiltonian to 


H = gBH .S+ D[SP—$S(S+1)]+E(S2—S,?)  .++2--(2) 


the value of E being about 10°, that of D. ‘To satisfy the symmetry consideration 
of the last paragraph the (110) and (110) planes each contain the z axis of two 
ions. 
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A rhombic distortion of the crystal field is incompatible with the space group 
'[, with four ions in the unit cell. As the spectrum shows only four ions, 
the space group at low temperatures must be one of lower symmetry, probably 
D,,, the tetragonal crystal axis being parallel to one of the cubic axes of the 
T, modification. ‘Thus, there must be a transition in crystal structure between 
room temperature and 90°k. This transition has been observed in both diluted 
and undiluted crystals when they were allowed to warm up from 90°K; at about 
160°K there was a small movement of some of the spectral lines as the rhombic 
component of the crystal field disappeared. 

The direction of the tetragonal axis has no a priori preference for any of the 
three axes of the cubic modification. Some crystals when cold did in fact show 
many more lines than usual, as though different parts of the crystal had different 


tetragonal axes. ‘These crystals were usually found to be cracked when they” 


were warmed up again. In most cases the crystal became tetragonal as a whole 
with the same axis throughout, though the axis was not always in the same direction 
for two successive coolings of the same crystal. The direction which the tetragonal 
axis assumes is probably determined by the local strains in the region of the crystal 
which first cools below the transition temperature. There is presumably no 
great change in the lengths of the sides of the unit cell of the crystal, as otherwise 
the crystal would always break up on cooling. Hence directions described by 
the usual notation (110) etc., are practically the same in both the cubic and the 
tetragonal modification. 

Similar behaviour was found by Beun, Steenland, de Klerk and Gorter (1955) 
who measured the ballistic susceptibility of the undiluted salt at low temperatures 
in transverse magnetic fields. Polar diagrams of x, in a {100} plane show binary 
rather than quaternary symmetry, the shape of the diagram being different for 
the same crystal after successive coolings from room temperature. This 
behaviour is probably due to break-up of the rather large crystal into a number of 
smaller crystals with differently oriented tetragonal axes, the arrangement being 
different on successive coolings. 

The directions of the rhombic axes in the undiluted salt are given below in 
the form of direction cosines with respect to the orthogonal axes of the tetragonal 
crystal, the c axis being that of the tetragonal axis: 


a axis b axis C axis 
® axis —0-35+0-05 — 0-35 +0-05 + 0:87 + 0-03 
y axis +0-:71+ 0-04 —(-71+ 0-04 0+ 0-05 
& axis +0-61 + 0-04 + (0-61 + 0-04 +0-50 + 0:04 


‘The directions for the other three ions are obtained by successive rotations of 
the system axes (xyz) about the c axis through angles of 7/2. As it is established 
that the = axis lies in one of two planes through symmetry arguments, for whose 
validity the fact that all the figure 1 (c) type planes are identical is a fairly sensitive 
test, the largest error in the determination of the direction of the z axis is in 
deciding its orientation within the plane illustrated in figure 1(b), which can be 
done to about 3°. ‘This has been taken as the error for all the directions given 
above. Amongst other results of the transition from cubic to tetragonal symmetry 
the following may be noted : (a) the angle which the z axis makes with the 001 axis 
has changed from 55° to 60 + 3°; (6) one of the rhombic axes (the axis, assuming 


FE to have the same sign as D) is along a face diagonal of the cubic modification. 
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The values of g, D and E were obtained in the usual way and are given in the 
table, together with the resultant separation of the doublets in zero field, 
d= 2(D* + 3°)". The value of g is identical with that (1-976 + 0-002) previously 
measured in diluted potassium chromium selenate alum (Bleaney and Bowers 
1951). ‘The sign of D is found from the change in the relative intensity of the 
outer lines with temperature (see Bleaney, Scovil and Trenam 1954); no change 
in the parameters D, EF between 90° and 13°K was observed. Hebb and Purcell 
(1937) found it necessary to assume that D is negative in potassium chromic 
sulphate in order to interpret the results of adiabatic demagnetization experiments ; 
Hudson and McLane, and Gardner and Kurti have made the same assumption 
for the methylamine alum. 


Parameter Diluted Salt Undiluted Salt 
g 19772210008 1-976+ 0-007 
D —958+ 4 —871+ 7 
E —92+ 8 —92+ 8 
2 (D?+-3E?)1 2 1942+ 10 1770+ 20 
5 1939+ 6 1790 + 30 


The spin Hamiltonian parameters and the Stark splitting at liquid hydrogen temperatures. 
The constants D, EF and the splitting 6 are given in units of 10-cm~!; 2 (D®+ 3E”)!/? is the 
splitting calculated from measurements in strong fields, and 6 is the splitting determined 
directly by extrapolation from small fields to zero field. 


3.2. Measurements at Low Fields 

The specific heat below 1°k depends upon the separation 8 of the doublets 
in zero field, but the value of 6 calculated from parameters measured at high 
fields involves an extrapolation which is only valid if the chosen Hamiltonian 
is correct. In order to check this, measurements were made at microwave 
frequencies which were close to the separation 6. ‘The spectrum then has lines 
very close to zero field, and a plot of the fields in which the lines occur as a function 
of the frequency enables one to extrapolate to zero field to find an approximate 
value of 6. When the microwave frequency is set at this value only slight 
adjustments of frequency are required to bring the lines precisely into zero field ; 
measurement of the frequency then gives 6 to high precision. ‘The value of 6 
measured in this way on the dilute sample gave excellent agreement with that 
deduced from the high field parameters (see table). 

It was not, however, possible to do this with the undiluted salt as the lines 
were so much broader. ‘This, together with the fact that there are several lines 
converging on the same frequency whose relative intensities change as they 
approach zero field, made it extremely difficult to judge precisely when the line 
was in zero field. ‘The absorption of the microwaves will decrease most rapidly 
as the field is increased when the frequency is exactly equal to 6, but this cannot 
be judged precisely because of the changing relative intensity of the component 
lines contributing to the absorption. ‘Thus it is probably more reliable to 
extrapolate from small fields where the expected dependence of line position 
upon frequency can be calculated. 

Several measurements have been made: (a) magnetic field parallel to {111}: 
extrapolating from small fields at frequencies above and below 6 (figure 2) gives 
0-181+0-005cm—+; (6) field parallel to {111}: the line in zero field gives 
0-17740-010cm~; (c) field parallel to {100}: at frequencies greater than 6 
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Figure 2. ‘The wave number at which a line occurs as a function of the magnetic field when 
the field is parallel to a {111} direction. A linear Zeeman effect is obtained with 
equal values of (dy/dH) in the two branches. 

Figure 3. The square of the magnetic field at which the line occurs as a function of wave 
number when the field is parallel to a {100} direction. A simple quadratic Zeeman 
effect 1s found for one branch: the other shows a mixture of linear and quadratic 
effects. 

(figure 3) this gives 0-180 + 0-005 and at frequencies lower than 6 (figure 3) this 

gives 0:176+0-010cm™. The variation with frequency of the field at which 

lines were observed was in good accord with the functions calculated from 
equation (2). The weighted mean of these values of 8 is 0-179 + 0-003 em-! 
which agrees well with that calculated from the high field parameters 

0-177 + 0:002 cm. 

It is of interest to note that when >=0-187 cm, the value of § required by 
the results of Hudson and McLane, the lowest line is at a field of over 300 oersteds. 


§ 4. Discussion 


4.1. The Nature of the Transition 

The temperature of the transition, which was determined while the 
temperature of the specimen was rising, was 170+2°K and 157+2°xk for the 
diluted and undiluted crystals respectively. These temperatures correspond 
very closely to those of 170+2°k and 160+2°K at which Griffiths and Powell 
(1952) found an abrupt discontinuity in the dielectric constant of aluminium 
and chromic methylamine alums respectively. 

Nuclear resonance of the protons in aluminium methylamine alum has been 
observed by Rollin and Watson (unpublished). At room temperature and at 
195°k there was a sharp line, but at 90°K there was only a broad line (about 30 
oersteds). In order that an axially symmetrical ion like methylamine may be 
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accommodated on a lattice site normally occupied, in other alums, by spherically 
symmetrical ions it must probably undergo a random tumbling motion to produce 
a time averaged spherical symmetry and, also, a narrow resonance line. At low 
temperatures its energy of tumbling would not be sufficient to surmount the 
potential barrier and it would be frozen in to some relatively fixed orientation, 
giving a broad line. ‘This process might necessitate a lowering of the symmetry 
of the structure to accommodate the axially symmetrical radical. All of the 
available results are consistent with such an explanation, but it would be of interest 
to carry out X-ray structure measurements at low temperatures to verify that 
this is the correct explanation. The presence of this transition may explain 
the effects obtained by Hudson and McLane which depend upon the rate at 
which the crystal is cooled to liquid nitrogen temperatures. 


4.2. The Discrepancy between Measurements of 8 


This discrepancy is conveniently discussed in terms of the specific heat C 
of the spin system, which at high temperatures may be written in the form 


CT R=8/442424A078 a, (3) 


where the second and third terms represent contributions from magnetic and 
isotropic exchange interaction respectively. A is the Curie-Weiss constant, 
which Gardner and Kurti report as 0 + 0-02°K, so that this contribution is very 
small (10+ deg”) and can be neglected. The value of 7 is 0:02°k and hence 
magnetic interaction contributes 10 (in units of 10~* deg?) while the paramagnetic 
resonance value of 6 gives 6?/4=164, so that the expected total is 174. The 
thermal measurements, on the other hand, give a total of 193, from which 6 
was deduced by subtracting the magnetic contribution from the measured total 
(the errorinthistotalis + 14(Gardner and Kurti) and + 4 (Hudson and McLane), 
as computed from the errors given for 5). Hence there is excess specific heat 
amounting to 19 in these units, which might be due to the presence of anisotropic 
exchange interaction. The second term in equation (3) would then have to be 
replaced by a more general expression, but A would remain unaltered (see Baker 
and Bleaney 1955). Such interaction would contribute to the mean square 
width of the paramagnetic resonance spectral lines, and some measurements of 
this quantity were attempted. 

When the external magnetic field is parallel to the [111] direction the line in 
highest field (the + 3/2-— + } transition for the ion whose axis is parallel to the field) 
is well clear of the rest of the spectrum so that a reliable line shape measurement 
can be made on it. The root mean square width, measured at both 90°K and 
20°xK, is 116 + 6 oersteds compared with 116 oersteds calculated from the magnetic 
interaction with neighbouring chromic ions, assuming that they are in the same 
positions that they occupy at room temperature. Also the ratio of the measured 
half width at the half power points to the root mean square width ts 1:26 + 0-07 
compared with 1-18, the value of this ratio for a gaussian line shape. Van Vleck 
(1948) shows that for a simple cubic lattice with the magnetic field parallel to 
a body diagonal the line shape should be nearly gaussian for purely magnetic 
interaction, and Bleaney (1950) verified this for the corresponding line in caesium 
chrome alum. 

The neighbours of any chromic ion can’ be regarded as dissimilar as they 
have different magnetic axes. Van Vleck has shown that for this case isotropic 
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exchange will contribute to the root mean square width of the line. Also aniso- 
tropic exchange will in general contribute to the root mean square width. ‘Thus 
these measurements give no indication of exchange, but the possibility remains 
that exchange effects produce a change in line width in other directions. ‘This 
could not be checked in the concentrated salt as line width measurements in 
other directions are impossible because the spectral lines overlap one another. 
However, useful measurements can be made in a semidilute crystal of aluminium 
methylamine alum containing 5 to 10° chromium. Such a crystal displays, 
in addition to the usual spectrum due to single ions, a weaker spectrum due to 
pairs of interacting ions which is centred on each of the spectral lines due to 
isolated ions, on either side of which they appear as satellites; the separation of 
the satellites is proportional to the interaction between the neighbours. ‘Thus 
the measurement of the satellite separation in any direction gives the strength 
of the interaction tensor in that particular direction. 

When the field is parallel to the [111] direction the extreme satellites are 
visible on the central line of the spectrum, and they are separated by 45 + 5 oersteds 
compared with 40 oersteds expected from the magnetic interaction alone. ‘This is 
in agreement with the fact that the mean square width in the undiluted salt is 
that expected from magnetic interaction alone. When the field is parallel to the 
[110] direction the extreme satellites are visible on the two central lines of the 
spectrum (the central line for two of the ions is separated from that for the other 
two by second order effects), and are separated by 150 + 10 oersteds compared with 
158 cersteds expected from magnetic interaction alone. In other directions the 
satellites are not visible because they are masked by the much larger lines due 
to isolated ions. It is unlikely that the interaction tensor would be equal to the 
magnetic interaction in two directions and yet be different in the third direction, 
although this is of course a possibility. It therefore seems probable that there is 
only very small exchange interaction between the chromic ions and that the 
discrepancy between the paramagnetic resonance and other measurements 
cannot be explained in this way. 

There remains the possibility that the energy levels of the methylamine 
ion have a small splitting, such as might be associated with resonance between 
several equivalent positions. ‘T’o explain the excess specific heat would require 
a splitting of the order 0-08°k, with which would be associated a Schottky anomaly 
at a few hundredths of a degree Kelvin. No trace of such an anomaly appears 
in the measurements of Gardner and Kurti, Hudson and McLane or Beun, 
Steenland, de Klerk and Gorter. Also, the close agreement between the relaxation 
measurements of Cooke and Wolf and the calorimetric measurements shows 
that the excess specific heat resides in the spin system rather than the lattice, 
whereas the methylamine ions are much more likely to be coupled to the latter 
than to the former. 
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Variation of Contrast in Electron Microscope Images with size 
of Objective Aperture 


By J. H. COUPLAND 
Wheatstone Physics Laboratory, King’s College, London 


Communicated by F. T. Randall; MS. received 17th October 1955 and in 
revised form 22nd December 1955 


Abstract. Measurements of the contrast in electron microscope images show a _ J 


much greater variation with size of objective aperture than predicted by some of the 
earlier calculations. Experimental results for an inorganic object are compared 


with values derived from current scattering theory for the angular range |) 


10-°<a%<10-*rad, where « is the angle of scattering. Better agreement is || 
obtained, but a significant discrepancy remains. 


§ 1. INTRODUCTION 


T is well known in practice that the contrast in electron microscope images 
| changes considerably with variation of relative objective aperture over the 

range 10-°<%<10rad. If axially parallel illumination is assumed then « 
represents the maximum angle of deflection of electrons scattered at the specimen 
and accepted by the objective to contribute to the finalimage. Estimates of atomic 
cross sections for scattering at very small angles have been made by Marton .and 
Schiff (1941), Boersch (1947), von Borries (1949) and Hillier and Ramberg (1949), 
but none appears to be in full agreement with experiment. Biberman and 
associates (1949) have drawn attention to the rapid increase in cross section at 
small angles and conclude that it must be due to inelastic processes, though in this 
particular case Lenz (1954) has been able to modify the elastic scattering theory to 
account for their experimental values for chromium. ‘The work of Leonhard 
(1954) further supports the Biberman suggestion. 

By taking a multiply folded ‘ Formvar’ film as an organic test object, contrast |} 
measurements were made at 150 kv for several angles « and different thicknesses, |} 
and the results were mentioned very briefly at the Electron Microscopy Conference, 
London 1954 (Coupland 1954, 1955). Figure 1 illustrates the effect. Since these |}| 


earlier measurements did not conform to theoretical predictions, see figure 2, | i. 
they have been repeated with greater accuracy and under slightly different ||) , 


conditions to give substantially the same results. An account of this work now 
follows. 


§ 2. EXPERIMENTAL METHOD 


‘Formvar’ films were prepared on glass slides from an ethylene dichloride |} 
solution by the method of Revell and Agar (1955) so as to obtain a near uniform 
film thickness. Precautions were taken to minimize film shrinkage. No 
significant change in thickness was found on using a divided beam interference 
microscope on the specimen before and after examination in the electron micro- 
scope, but the accuracy of the method as used was limited to + 10%. Dba 
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film thickness was measured by the multiple beam technique in reflection as 
developed by ‘Tolansky (1948), and by combining this with the measured density 
(1:24 gcm~*) of ‘Formvar’ cast from solution the mass per unit area of film was 
obtained. 


2.1. Photographic Technique 


The ratio of the incident electron beam intensity J, to that of the transmitted 
beam J, was obtained by measuring the blackening on appropriate areas of a suit- 
able micrograph of known calibration. By using recording film instead of plates 
thirty exposures may be made on‘a single film, thus permitting a time-graded 
series at constant intensity to be made on the same film for three different values of «. 
A characteristic (H,D) plot of optical density D against log,) (Jt), where (It) 
represents the exposure, gave a linear portion with slope Y = 3 for Kodak Microfile 
film. This value of Y will be inappropriate to the analysis if reciprocity in J and ¢ 
is not obeyed (cf. Digby et al. 1953). To check this point, a similar exposure 
sequence was taken for different known intensities obtained by variation of the 
current in the intermediate projector lens controlling the magnification. Identical 
(H,D) plots were obtained for both series over the linear portion and hence 
reciprocity may be assumed, but some differences were observed at low densities. 


2.2. Variation of « 

In the high voltage electron microscope (Coupland 1954, 1955) used for these 
measurements, two standard type copper aperture discs are mounted on a copper 
rod which may be moved through the non-magnetic spacer in the pole-piece gap 
of the objective lens. ‘This allows for two alternative discs or none to be employed 
without breaking the vacuum system. ‘The values of « are then taken as 
«= [(diameter of Da Fa +e, with the correction e (= +7%) to allow for the 
curvature of the electron trajectory and the extra focal position of the object. 
The focal length f,(=0-74 cm) was deduced from the magnification of the first 
stage. Care was taken to ensure that the maximum semi-angle of convergence of 
the illumination did not exceed 10 radian. 


§ 3. ANALYSIS OF RESULTS 


All measurements of photographic density were made over extended areas at 
low magnification so that lens errors and edge contour effects were unimportant. 
Only in the absence of a limiting objective aperture, 1.e. very large «, was there any 
general background scattering over the whole field of view as measured by the 
intensity in an image region corresponding to an opaque object. Hall (1951) 
found that it was possible, by using a dark field mask placed a few millimetres 
below the specimen, to separate the transmitted electron beam J., which is accepted 
by the objective aperture, into two components, /, the residual and effectively 
undeflected beam, and J, the portion deflected through angles less than «, so that 
I,=1,+1,. In the experiments with a film 500A thick, where the probability of 
scattering is small for 150 ky electrons, it was found difficult to distinguish J, 
from J, over the angular range 10-? <« <10 radian. . 

Figure 1 shows within experimental error that the usual exponential relation 
I,=Iy exp (—no'x) is applicable. Here « is the film thickness, o’ is the cross 
section for single scattering through an angle greater than « and m is the number 
of atoms/cm’, It has also been shown by multiple scattering analysis 


lies 
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(Zworykin et al. 1945) that this relation would still hold experimentally if the film 
thickness and angles are sufficiently small as is the case. However, on the basis 
of this equation, values of o’ may be compared and plotted as a function of «. 


Thicknesses 
4 


10m t 
@ (rad) 


Figure 1. Logarithmic plot of contrast with aperture angle for folded ‘ Formyar ’ film. 


§ 4. COMPARISON WITH ‘THEORY 
4.1. Elastic Scattering 


According to the theory of Moliére (1947), the elastic scattering per unit solid 
angle Q is given by 


IN| u 2723 / 3 a, 2 
ann) #8 (1+ strom) a (Zazromp) 


U —1/2 
aA 1/8 4-1/2 aa = 
Og =— 4-17 Zie ne (1+ um | u = 150000 volts, 
6=angle of scatter, ( yx)=‘mass thickness’ (ug cm-?) 
and 
i= 1 2 3 
i= 0-1 0-55 0-35 
Di 36 1-44 0-09 


d 


Using these formulae, values of (d/d0)(N/N,) for carbon were obtained and 
subsequent integration then gave the elastic cross section o, for scattering through} 
angles greater than. In figure 2, o, for 10~°g of material is plotted as a function ||f 
of a. 

If different elements (including the special case of hydrogen) be considered then |} 
on most theories of scattering o,, expressed per unit mass, varies only slowly with | 
atomic number. As experimental evidence the work of Hall (1955) on a wide 
range of elements may be cited, but in this case the appropriate angle « was large 
and uncertain as no limiting aperture appeared to be used. Von Borries (1949) 
has shown that the scattering formulae of Debye, Bethe and Moliére all give 
substantially similar results for ¢,, and it may be shown that these agree equally 
well with values derived from data by Bullard and Massey (1930) for a Thomas— 
Fermi atom when a full relativity correction factor for mass and wavelength is 


applied. 
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Figure 2. Plot of oj, after Koppe, for carbon, o,, after Moliére, for carbon, Scale = 1% 
Texp as by experiment, for ‘ mass thickness’ 1 gem~*? (u=150 000 vy). 


4.2. Inelastic Scattering 


Values for the inelastic cross section o; for carbon have been evaluated from the 
theory of Koppe (1948) and plotted in figure 2 together with total values, 
Genie =F, +0;. ‘The simpler formulae of Marton and Schiff (1941) show a similar 
variation for oj over this angular range. According to Koppe 


ary iN. 1 u 2 G(V) 
a (w,)=0830 ene sire) V3(V+V*) (yx) 


J eta ye u 1/2 Jl 2 92 1/2 
where = 7 ( + ru) [Garexnaven cy, i | 


1-638 x10 

Fae 
The function G(V) of Bewilogua—Heisenberg is tabulated by von Borries (1949, 
p. 64), / is the ionization energy (volts) and y is the diamagnetic atomic suscepti- 
bility (cm?*). 


and V*= 


4.3. Total Scattering 


The average experimental values o,,,,, for the total scattering are also plotted 
in figure 2 for comparison with o,,,, which assumes that the film is amorphous. 
There is only a rough order of magnitude agreement, and the differences in curva- 
ture imply corresponding discrepancies in total differential cross section. In 
the experimental results the angular variation is accurate to +5°,, but there may be 
a systematic error in absolute values of the order of 10%, due to shrinkage or 
irregularities in film thickness. 

The recent extensive work of Leonhard (1954) on thin films of beryllium, 
aluminium and gold is very relevant. By using a velocity spectrometer and 
50 kv electrons he has separated the components and finds that the experimental 
elastic scattering is far less than the Moliére theory suggests. ‘The measured 
inelastic scattering, however, appears to follow the theory of Koppe for beryllium, 
but is much greater than this theory predicts for aluminium and gold. 


646 J. H. Coupland 


There is clearly need for further experimental and theoretical work for a full 
evaluation of the very small angle scattering at these medium energies. Such an 
evaluation is not only of theoretical importance but of practical value to electron 
microscopists who require to improve the contrast of a given object. As a 
limiting case, the ultimate detectability of single atoms has already been discussed 
on the basis of elastic scattering theory by Boersch (1947) and more recently by 
Haine (1954). 
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A Study of Bitter Figures using the Electron Microscope 


By D. J. CRAIK 


The Plant Laboratory, Boots Pure Drug Co. Ltd., Nottingham 
Communicated by L. F. Bates; MS. received 30th January 1956 


Abstract. ‘Vhe Bitter figure technique is modified to give patterns in the form 
of thin films which can be removed from the specimen and examined by high 
power phase-contrast microscopy and by electron microscopy. This makes 
possible the observation of extremely fine detail and direct measurement of 
the width of domain walls. . 


§ 1. INTRODUCTION 


HE well-known powder pattern method for the study of domain 

configurations in ferromagnetic materials (Bitter 1931) consists in 

placing a drop of a colloidal suspension of magnetite on the specially 
prepared surface of the ferromagnetic. Where domain boundaries (Bloch 
walls) intersect the surface, strong local magnetic fields exist and attract the 
magnetic particles of the colloid so that in the majority of cases the position 
of the domain walls can be observed. 

It is not considered that the pattern formed is a true representation of 
the wall itself. Commonly the amount of colloid used is such as to give 
deposits of width around 10-4 to 10-?cm, which is several times the width 
ascribed to the wall. If a less concentrated colloid is used the deposits are 
correspondingly finer, but a limit is soon reached where the pattern can no 
longer be clearly observed by reflection microscopy. 

The object of this investigation was to modify the method in such a way 
that much finer patterns could be clearly observed, and ultimately to prepare 
patterns which could be considered to be more direct representations of the 
domain walls. These latter patterns had to be prepared in such a way that they 
could be observed in the electron microscope, facilitating measurements down 
to 10-® cm, 


§ 2. MrTHOD 


The new method consists in the preparation of thin films of the pattcrns 
which can be dried without distortion and may be removed from the metal 
surface for examination by high power transmission microscopy, or by electron 
microscopy. In a stable colloid the particles are held apart by electrostatic 
repulsion, arising from the inherent charges of the particles themselves or 
from layers of adsorbed ions. When the volume of the disperse phase is reduced 
the particles are forced into close proximity and, when drying takes place, they 
adhere to form coarse aggregates. The appearance of a normal magnetite 
suspension, after drying, is shown in figure 1.+ 


+ For figures see Plates at end of issue. 
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It was clearly necessary to produce a colloid which would show an entirely 


different behaviour when dried, and it was therefore necessary to incorporate |" 


in the colloid a substance which would satisfy the following conditions. First, 


it must act as a protective colloid to maintain the particles in a highly dispersed | 


state. Secondly it must, on drying out from a weak solution, show a gradual 
increase in viscosity until it eventually solidifies without any abrupt change 
of state and locks the particles in position, i.e. it must be amorphous. And 


finally it must form a film which is regular and tough enough to withstand i) 


manipulation and the heating effects of the electron beam, although it is only 
a few hundred angstroms thick. 

The substance eventually chosen was a methyl ether of cellulose known by 
the trade name ‘ Celacol’. ‘The magnetite was prepared in a finely particulate 
but aggregated form by the action of caustic soda on ferrous and ferric chlorides. 
The deposit was filtered and washed with distilled water. Hydrochloric acid 
was added to peptize the deposit sufficiently for it to be carried through a fine 
filter paper. The ‘ Celacol’ was added at this stage to 0-1°%. In order to 
remove the acid the colloid was dialysed against several changes of distilled 
water until no chloride reaction was given. If the acid was removed before 
the protective colloid was added complete flocculation took place—the magnetite 
by itself did not form a stable suspension. ‘The final preparation was quite 
stable and could be used for several weeks, although it was considered advisable 
to re-filter it before use. 

When a few drops of this colloid were spread on a polished stainless steel 
surface and allowed to dry, a thin tough film was formed. When this film was 
stripped and mounted on a glass slide, it was found on microscopic examination 
to be quite featureless with no visible particles on aggregates. Electron micro- 
scopic examination of such a film showed particles of a few hundred angstroms 
diameter uniformly distributed in the film (figure 2). If a structure is found 
in such a film it is assumed to be evidence of the existence of magnetic fields 
which vary from place to place. According to Kittel (1949) the field necessary 
to form a pattern when the particle diameter is 500 angstroms is 2 oersteds, 
while smaller particles need some 300 oersteds. The general method of 
preserving the state of dispersion of aqueous colloids when dried appears to 
solve an outstanding problem in electron microscopy and will be published in 
greater detail elsewhere. 

In the investigation of cobalt specimens no problems of corrosion arise. 
If the colloid dries directly on the surface, however, the resulting film is hard 
to remove intact, and accordingly the following procedure was used. A film 
of Formvar resin some 200 angstroms thick was formed by dipping a glass 
slide into a 0-1°% solution of Formvar in ethylene dichloride and allowing it 
to dry in a vertical position. The slide was then placed in a petri dish con- 
taining distilled water in such a way that the film floated off at one end but 
remained attached at the other. By means of angled forceps the cobalt specimen 
was placed below the film and on the slide, which was then withdrawn so that 
the film settled down evenly on the specimen. 

To form the pattern, a measured quantity of the colloid was placed on the 
film-covered surface and spread out with a bent platinum wire, care being 
taken not to scratch the film. When the pattern was intended for electron 
microscopy the quantity used was sufficient to give a film some 500 angstréms 
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thick, while the strength of the magnetite was varied to give deposits of varying 
density. Usually the colloid was almost colourless, with a faint amber tint. 
To prepare a pattern for light microscopy, a stronger colloid was used to give 
both a heavier deposit and a thicker film. 

After the colloid had dried, a few drops of a thick solution of collodion 
in amyl acetate were applied. This dried to form a relatively thick film which 
was peeled off, carrying the pattern-bearing film with it, by means of ‘ Sellotape’, 
or by using forceps. With reasonable care the pattern was not distorted during 
this process. For optical observation the patterns were mounted under a 
cover-slip with Canada balsam, when they formed a permanent record and 
could be examined and photographed at will. For electron microscopy, selected 
areas of the composite film were laid on the standard copper grids with the 
collodion side downwards. The grids rested on curved strips of stainless steel 
mesh, below which a quantity of amyl acetate could be introduced in such a 
way that it came into contact with the collodion. This amyl acetate was withdrawn 
and renewed at intervals until the collodion was completely dissolved and the 
thin film of ‘ Celacol’ remained stretched across the grid. The procedure 
resulted in very little distortion or folding of the film. 

When this method was applied to iron specimens a major consideration was 
the rusting which would have ensued if the colloid dried directly on the surface. 
This was circumvented by covering the surface with a very thin film of quartz, 
which was deposited by vacuum evaporation. A film even a few hundred 
angstroms thick gave complete protection. Since some deterioration of the 
surface takes place when the liquid colloid is used, it is suggested that this 
method of protection would be of value when the conventional methods of 
observation are used. 


§ 3. EXPERIMENTAL RESULTS 

Patterns on two cobalt crystals have been investigated. Micrographs of a 
pattern prepared for optical microscopy, using a cobalt disc, are shown in 
figures 3 and 4, where 180° walls are shown, and the very intricate pattern on 
a face perpendicular to the hexagonal axis is represented in considerable detail. 
In order to show the fainter lines without coarsening the general pattern by the 
application of an excessive amount of colloid, phase-contrast microscopy was 
used. ‘’his was found to be of very great advantage. 

Patterns were prepared for electron microscopy with two objects: to 
elucidate the very fine detail of certain patterns, and to obtain information 
about the domain walls themselves. A cobalt strip with a face cut perpendicular 
to the hexagonal axis yielded an extensive pattern of which a detail is shown 
in figure 5, and at a higher magnification in figure 6 ; the advantage of the very 
high contrast, inherent in electron microscopy, becomes apparent. Figure 7 
shows the distribution of particles across part of a dagger-shaped domain on 
a cobalt crystal whose surface made a small angle with the hexagonal axis. 
Figure 8 is a typical detail from a lace pattern formed on the (100) surface 
of a silicon—iron crystal with an applied field of 40 oersteds in the direction 
shown. The gross pattern was made up of long, roughly parallel lines of such 
features, perpendicular to the direction of the applied field. . 

Examples of the finest patterns obtained are shown in figures 9-13. Figures 9 
and 10 show 180° walls on a silicon-iron (100) face. A very weak colloid was 
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used. Figure 9 includes a striation, indicating that the magnetization within 
the domain is parallel to the wall. Although the deposit is somewhat irregular, 
rough measurements gave the average width of such lines to be between 2 and 
5x 10-° cm, agreeing quite well with the theory. 

Figures 11, 12 and 13 are the results of a systematic attempt to determine 
the width of the domain wall on a face parallel to the hexagonal axis of cobalt. 
Successively more dilute colloids were used, the concentration of the ‘ Celacol ’ 
and the quantity used being kept constant. In figure 11 the width of the deposit 
is approximately 4x 10°->cm. Figure 12 shows part of one of several lines of 
which the average width was 1:5x10°°cm. Finally, figure 13 is an example 
of a pattern obtained with an almost colourless colloid, the average width 
being 8 x 10°® cm. In figure 11 the line is seen to be very regular and unbroken, 
as 1s to a lesser extent the line of figure 12. When the amount of magnetite is 
reduced to the extent represented by figure 13, small gaps begin to appear and 
the line is less regular. When even more dilute colloids are used, isolated 
particles and clumps appear spread out along the lines. 

Clearly, reducing the amount of magnetite available reduces the width of 
the deposit to an extent where there is insufficient to cover the whole of the 
domain wall. It is suggested that when this stage is reached the width of the 
deposit corresponds with the width of the wall itself, the value in this case 
being approximately 1 x 10-° cm. 

At present it is difficult to draw any conclusions as to the configuration 
of the field within the walls. In order to gain such information an even finer 
colloid would be desirable, and certain modifications might be made to the 
technique. It might then be found that a photometer trace across a very high 
magnification electron micrograph would lead to the experimental determination 
of the field distribution. However, examination of the figures does suggest 
that the distribution is rather flat with a fairly sharp decrease at the edges. 
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Pre-Breakdown Current and Vacuum Breakdown 
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Abstract. An account is given of measurements of the development of current 
between un-outgassed electrodes at distances up to 45cm with uniform electric 
fields at voltages up to 100kv at pressures of the order of 10->mmHg. Four 
distinct stages of development were noted : (i) an initial pre-breakdown stage in 
which a cold emission of electrons under electric fields of the order of 10° vcm~! 
took place; (ii) the occurrence of current pulses of the order of 10~*c at a critical 
voltage; (iii) larger, repetitive pulses of the order of 10~°c at a slightly higher 
voltage accompanied by x-ray generation and the release of gas, and (iv) complete 
breakdownin which the current was determined by circuit constantsat a still higher 
voltage. ‘lhe pulse threshold voltage for large gaps was determined by the total 
gap voltage. ‘he development of the field emission initiated arc is discussed in 
terms of the particle exchange theory and the importance of x-rays and photons 
and of the release of gas are discussed. 


§ 1. INTRODUCTION 


HE electrical breakdown of vacuum insulation is a problem of considerable 
practical importance owing to the increasingly widespread application of so- 
called vacuum insulation in high voltage devices such as particle accelerators, 
x-ray tubes, high frequency low-loss condensers, etc. Owing to their large physical 
size it is often impracticable effectively to outgas such apparatus, which may there- 
fore operate at pressures of residual gas of the order of 10-°>mmHg. The 
present work is a preliminary investigation of what is called vacuum breakdown 
under such conditions, and consists of an examination of the development of 
current between electrodes at pressures of the order of 10° mm Hg and with electric 
fields of the order of 10°vcm~!. The general problem is to account for the 
initiation and broad action of a conducting electrical discharge in these conditions. 
The build-up of current leading to vacuum arcs has been the subject of many 
previous investigations (see for example Langmuir 1913, Coolidge 1913, Bennet 
1932 a, b, 1933, 1934, Ahearn 1936, Cranberg 1952 and Kilpatrick 1953), and this 
previous work has suggested that field emission may be responsible for pre- 
breakdown currents at potentials greater than about 10kv and it is generally 
recognized that field emission can play an important part in the initiation of break- 
down. ‘The recent comprehensive work of Dyke et al. (1953b) and Dolan et al. 
(1953), using clean outgassed electrodes under very high vacuum conditions, has 
established that as the field emission current density is increased this emission is 
terminated by an explosive arc, the arc being initiated at a critical value of the field 
emission current density of the order of 108 acm and involves both high fields 
and high temperatures at the cathode. The transfer of material from the anode 
would appear to play no part in the process. 
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The conditions on which higher residual gas pressures of the order of |) 
10-° mm Hg prevail and with un-outgassed electrodes used in practical applications |) 
are often more complex, and it is important to find what mechanism or mechanisms 
operate in these conditions. ‘The precise mechanism of the transition from low’ 
current conduction to a high current arc in these circumstances is not fully 
understood, but a number of mechanisms involving the transfer of anode material, | 
impact of ions and photons, the action of adsorbed gases and residual gas have | 
been suggested to account for breakdown. 

Moreover, it is not always clear from earlier work that a number of different 
types of discharge may occur. ‘This fact has led to some confusion and may 
account for apparent discrepancies between the work of different observers. 
It is desirable, therefore, to describe the phenomena which were observed in the 
present investigation. ‘lhe experimental technique adopted involved the | 
measurement of currents flowing across the so-called vacuum gap, and their 
dependence on gap voltage and nature of the electrode surfaces. 


§ 2, APPARATUS 


‘The apparatus used consisted of two plane parallel copper electrodes A and C 
mounted in an evacuated discharge chamber D of internal diameter 10cm (see 
figure 1) and capable of separation up to distances of about 4cm, a source of |} 


Corona 
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Figure 1. Discharge chamber. 
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stabilized high voltage, and current and voltage measuring apparatus. A Geiger 
counter connected to amplifiers and a loudspeaker was mounted alongside the 
chamber in order to detect any x-ray emission. 

The discharge chamber used in preliminary measurements was constructed 
from hard glass and steel, had a volume of 7-5 litres and incorporated a Wilson 
vacuum seal W which permitted the electrode separation to be altered without 
disturbing the vacuum. In later work, an improved and larger chamber was 
used. ‘The electrodes consisted of copper discs 6cm in diameter with rounded 
edges to avoid local field distortion and to ensure a uniform field at the centre. 
Before assembly in the chamber the electrodes were carefully polished with 
successively finer grades of emery paper, washed and dried, but not given any 
further treatment. The chambers were evacuated by a mercury diffusion pump 
and backing pump, and the usual liquid oxygen trap was incorporated to prevent 
contamination. Pressures were indicated by a Philips gauge which had been 
calibrated against an ionization gauge. ‘lhe applied high voltages were measured 
with a high resistance chain and a sensitive galvanometer, and the usual anti-corona 
precautions were taken. Inter-electrode currents were measured with galvano- 
meters suitable for currents greater than about 10-*a or (for lower currents) 
electrometers; the electrometer circuit was screened. In the event of excessive 
current flowing a neon tube fired and short-circuited the instruments thus 
protecting them. Voltages up to 100 kv were available. 


§ 3. PRELIMINARY EXPERIMENTAL RESULTS 


The first experiments were carried out using electrode separation d of 0-5 cm 
to 2-0cm to establish the general character of the breakdown phenomena in the 
parallel plate gap at a residual gas pressure of 2x 10°°mmHg. The broad picture 
of the train of events is as follows. 

Using the galvanometer, no measurable current was found at any given 
separation as the anode voltage was gradually raised until, at a critical value V,,, a 
sudden kick was noticed indicating a sudden pulse of current. If the voltage was 
maintained at this value, the pulse almost immediately extinguished and the 
magnitude of the charge passed in the pulse was about 10~‘c. _ Reduction of the 
anode voltage below the initial value eliminated the pulses. ‘The onset of a pulse 
seemed to depend mainly upon the gap voltage but (to a lesser extent) also on the 
average field E(=V/d). 

Further, there appeared to be at least two types of pulses; one representing 
discharges of from 1 to 30 x 10-*c, and the other, much larger and requiring a 
higher voltage V,,’, representing discharges of 10c or more, ‘The luminosity 
produced was also characteristic of the two types. When V,’ was maintained at 
this higher value a succession of such larger pulses occurred, the repetition 
frequency and magnitude of the pulses increasing with V,,’. An X-ray generation 
was recorded by the nearby Geiger counter and this always occurred at the same 
time as the current pulses in the discharge chamber. 

Accompanying the current pulses fluorescence of the glass walls of the chamber 
of the type associated with electron bombardment was observed. A significant 
feature with the larger pulses was that when they occurred the Philips gauge gave a 
sudden large momentary deflection, as if there had been a momentary increase in 
gas pressure. ‘The pressure might have been appreciable at the cathode, since, 
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despite the response time lag in the pressure gauge and the time thus allowed for the 
dispersal of the gas, significant increase was actually indicated by the gauge. A 
typical change of pressure was from about 2 x 10-> mm Hg to about 8 x 10~° mm Hg; 


as the volume of the chamber was about 7-5 litres this would represent the evolution || 


of about 2 x 10'® molecules of gas. W 

At still larger values of anode potential an apparently continuous, but not | 
necessarily steady, current of several microamperes was observed, the ultimate 
value being determined by the circuit constants. ‘This continuous current, once 
started, could be maintained without much reduction in magnitude even though the 
applied voltage was considerably reduced ;_ the extinction voltage being much lower 
than the starting voltage. In this, and certain other respects, the discharge | 
resembled a low pressure gas discharge. 

A significant result was, however, that with small gaps of the order of 0-1 to 


0-2cm this continuous current stage was reached apparently without the inter- |/) 


mediate stages of current pulses. If permitted, the current could increase | 
catastrophically, as in fact it did on one occasion. ‘The continuous currents, 
although they might be unsteady, were quite distinct from the current pulses. 
Careful visual observations showed that the apparently continuous discharge con- 
sisted in fact of a rapid succession of narrow sparks occurring randomly over the 
electrode and not confined to any one region. In larger gaps, however, the 
discharge, if visible at all, was much more diffuse and was largely masked by a 
marked fluorescence of the glass walls of the chamber. ‘These continuous currents 
were also accompanied by continuous X-ray generation which was indicated by the 
Geiger counter, and then appeared to represent the breakdown of the vacuum 
insulation in the fullest sense. 

‘The fact that no pre-pulse currents could be recorded on the galvanometer, 
in spite of the apparent influence of the electric field V/d upon the onset of the 
pulses made it necessary to investigate pre-pulse phenomena in more detail with 
more sensitive instruments. Accordingly, electrometers were used and these at 
once disclosed currents of the order of 10~!! a to 10-° a, depending on the value of 
the field E. 


§ 4. THE PRE-PULSE CURRENTS 


In order to investigate the nature of the origin of the small pre-pulse currents, a 
large number of measurements was made on the variation of the currents J with 
gap voltage V for various different gap widths d between 0-15cm and 2:-16cm. 
During this stage the well-known conditioning effects (Trump and Van de 
Graaff 1947) were noted, and difficulty was experienced in obtaining consistently 
reproducible values of the pre-breakdown currents. This was largely due to the 
variable conditions to be found with un-degassed electrodes. 

Examples of the results for different gap widths are given in figure 2 in the form 
of graphs of (log //E?, 1/E). The lines 1, 2 and 3 were obtained with a 0-52 cm gap, 
and line 4 with a 1-03cm gap. On these graphs the occurrence of a pulse is 
represented by the sharp vertical peaks. 

‘The general form of the curves 1-4 suggests that for the lower fields of the order 
of 5x 10*vcm™! the graphs tend to a uniform slope. Further, the current 
depended mainly upon the value of the electric field, irrespective of the gap 
width, provided that the latter was not so great that the total applied voltage was 
sufficient to cause a current pulse. For example, the field currents represented by 
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|. Pulses 


14 16 ; 18 20 
1/E x10-° (cmv) 


Figure 2. Pre-breakdown currents with the occurrence of pulses 


the curves 3 and 4 are practically coincident, and for a given point on curve 4 
(the 1-03 cm gap) the voltage is double that for the corresponding point on curve 3. 
At the larger distances, greater than 1 cm, it was only possible to establish high 
values of the field EF by using correspondingly high values of anode potential V, 
and such values of V produced successions of pulses. High values of F could, 
however, be obtained with low V by using much smaller electrode distances. 
Thus, in order to investigate the field currents over a wider range of values of EF 
without the production of pulses, currents were measured using a gap distance of 
0-15cm; and although values of Eup to80 kv cm! were used the anode potential 
was less than 12kv and no pulses were produced. The full curve involving 
currents up to 10-6 a thus found is givenin figure 3, The field # could in this way 
be increased until the current became large enough to be limited only by the circuit 
conditions corresponding to the full breakdown of the so-called vacuum. ‘The 
slope of the linear curve of figure 3 for the 0-15 cm gap, where the values of V 
extend over a much wider range to much lower values is approximately the same as 
those in figure 2. 


log Z/E” 


12 6 20 24 28 32 
1/E x 10-8(cmv"') 


Figure 3. Pre-breakdown currents in the 0-15 cm gap. 


These results are consistent with the view that the pre-breakdown currents 
were due to electron emission from the cold cathode at fields of the order of 
10° vcm~—, the emission being dependent upon-the electric field and not upon the 
gap voltage. Within the limits of the experiment it is possible to compare the 


656 W. 7. R. Calvert 


data with the Fowler-Nordheim (1928) equation for field emission, making allow- | 
ance for local field intensification due to surface irregularities. In this way | 
estimates of the work function ¢ and emitting area S of the electron source can be | 
obtained, and the values thus found are d~0-1 ev and S~10-*cm?. ‘These are | 
in agreement with estimates made by Llewellyn Jones and Morgan (1953) and | 


Morgan and Harcombe (1953) in studies of enhanced electron emission from }// 
cold electrodes in gases with similar values of electric field, of the order of | 


104-10°v cm", and is in agreement also with the estimates made on the basis of 
the Fowler—-Nordheim equation by Kerner and Raether (1954) from their measure- 


ments of electron emission from cold metals under electric fields of the order of |i) 


104vV cmt. 


The present results quantitatively support the view that cold electron emission | 
(at least, field-dependent emission from electrodes at room temperature) plays a | 


part in initiating breakdown at these low gas pressures of the order of 10-> mm Hg. 


§ 5. CURRENT PULSES 


The pulse threshold voltage V,, was measured for different gap widths and | 


different electrode surface conditions. The pulse threshold voltages were definite 
and critical. ‘There was no evidence of a change in the relation between the 
magnitude of the current / and the value of E( = V/d) as conditions approached the 
pulse stage; the occurrence of a pulse was quite sudden. For example, curve 4 
(figure 2) is coincident with curve 3 until V reaches about 66 kv when a pulse 
occurred terminating curve 4. There is no gradual departure from coincidence 


as the voltage approached this value. The occurrence of a pulse at large values of | 


electrode separation appeared to be mainly determined by the total gap voltage V 
and the nature of the electrode surface rather than by the value of the electric field. 
‘The steady current J was, however, determined by the field V/d irrespective of the 
separate values of V or d, i.e. these currents were independent of the actual 
potential of the anode. On the other hand, the pulses seemed to be separate and 
distinct phenomena from the current J, independent of (or dependent only to a 
subsidiary extent on) £, but dependent on V. This is} illustrated by figure 4 


where pulse threshold voltage V,, is plotted against gap width d. This at once |f} 


suggests that the production of pulses depended on the energy the particles acquired 
in passing from one electrode to the other. ‘The curve CC of figure 4 was obtained 


with freshly polished electrodes, the curve BB was obtained with electrodes | 
several weeks after they had been initially polished. ‘The curve AA was obtained |} 


with electrodes in the first (small) discharge chamber. 


Pulse Threshold Voltage Tp (kv) 


_ Ve 
24. ~28 §3:2936 


L_ lS ees 
0 04 08 12 16 20 
Gap Width (cm) 


Figure 4. Pulse threshold voltage as a function of electrode separation. 
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These results also illustrate the importance of the electrode surface conditions 
in determining l’,: for the freshly polished surface (curve CC), V,, was approxi- 
mately 25kv greater at distances greater than 0:5cm than for the aged surface 
(curve BB). After the sharp initial rise in pulse threshold voltage shown by the 
curves AA and BB, the pulse threshold voltage gradually increased with increasing 
electrode separation; the slope of all the curves in this region is approximately 
uniform. In the curve AA, the line joining the points for the gaps of 1-6 and 
2:16cm is approximately the same as that for BB and CC, but the point for the 
1-03 cm gap is slightly below, and the point for 0-52cm gap is much below the 
continuation of this line. Now this curve corresponds to the results shown in 
figure 3 which have a marked up-curving in the (log //E?, 1/E) graphs of the pre- 
breakdown current for higher values of E. With the curve BB, on the other hand, 
when the pre-breakdown currents were smaller and when there appeared to be no 
significant up-curving in the (log Z/E?, 1/E) graphs, the (V,, d) curve continues at 
the small slope down to much lower values of d(<0-5cm) before V,, becomes 
markedly reduced. This is also the case for the set of results represented by curve 
CC and was also noted in many subsequent measurements. A group of results is 
given in the table, from which it appears that the magnitude of the pre-pulse 
current exerted some influence in the onset of pulses, provided, however, that the 
anode potential was adequate. 


Gap width d (cm) 0-15 0-52 1-03 1-6 DAS 
Pulse threshold V, (kv) ap 37 66 HHS 83 
IT (10-8a) 102 i 25 DES) MORE Delsy WO 
Ee Vid) (kvcma) 80 71 64 48°5 B35) 


+ No pulse with V=12 kv. 


It has been pointed out above that the gas density may be considerable for a 
short time in the immediate vicinity of the area on the electrodes from which the 
gas was evolved. Now this evolution of gas at once suggests a reason for the 
self-extinguishing of the pulse. When the electron density or particle energy at 
the anode becomes sufficient to cause a momentary liberation of gas, critical 
ionization of the gas molecules must immediately occur in that region, giving 
rise to a pulse. The expansion and dispersion of the gas throughout the large 
volume of the chamber rapidly reduces the ionization current, thus extinguishing 
the pulse. 

It appears, therefore, that if there is significant cold electron emission the pulse 
threshold, or threshold for a continuous discharge, is lowered, especially at smaller 
gap widths. Now the departure from linearity of the (log 7/E?, 1/E) curve at the 
high values of E shown in figures 2 and 3 suggests that there was some additional 
current-generating process contribution to the current. It is not difficult to 
envisage a simplified picture of the action of positive ions liberated at the anode by 
the high-energy electrons emitted from the cathode; further, there is the possibility 
of x-rays being liberated and producing additional electrons not only at the cathode 
but also at the walls of the chamber. Again, electrons scattered at the anode 
surface can lead to further electron emission from the cathode by causing fluores- 
cence of the glass walls, leading ultimately to cathode photoelectric emission. 

It is suggested that the results are consistent with a picture drawn on the 
following lines. Suppose an initial field emission current J) leaves the cathode ; 
let the coefficients of ion- and x-ray photon-generation per incident electron at 
the anode be A and B respectively, and let f be the absorption coefficient for 
electrons incident at the anode. Let C be the number of electrons produced per 
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incident ion at the cathode, and D the fraction of x-rays liberated which release an 


electron from the cathode. Again, suppose that of the J,(1—/) reflected electrons | 
a fraction £ causes fluorescence of the glass walls leading to the liberation of G 1 


photoelectrons from the cathode. ‘Then the total gap current may be shown to be 
given by 
f=1,(1+fA)/[1—(f(AC+ BD) + (1—f) EG}], 
=1)(1+fA)/G— €). 
If the denominator approaches zero then the current can increase catastrophically. 
The condition for instability and rapid increase in current is therefore €>1. 

This criterion is fundamentally the same as that given by Trump and Van de 
Graatt (1947) in their particle exchange theory of vacuum breakdown. If the 
products AC, BD and EG are sufficiently large such a particle exchange process 
could lead to the occurrence of pulses and finally to breakdown. 

‘This view is supported by the results obtained with the 0-15 cm gap where the 
current increased steadily at comparatively low voltage and finally passed into a 
discharge without an abrupt discontinuity, and where J, was appreciable. For 
gaps greater than 2 cm, pulses occurred without apparently any gradual increase in 
I. However, it must be remembered that the electric field for the larger gaps 
was much smaller than for the 0-15 cm gap although the total voltage was greater. 
‘The present work shows that J, decreases exponentially with decreasing field so that 
J, would be small if the voltages were such that the x-rays and photons could be 
produced with the larger gap widths. However, once the critical voltage for 
x-ray liberation is reached the products BD and EG might become rapidly appreci- 
able and a pulse occur for small increases of V: there would be no gradual increase 
of current with V. The fact that the pulse threshold voltage was critical tends 
further to support this view. Even at smaller distances and reduced voltages the 
field would be larger and I, appreciably bigger, and a more gradual increase in J 
would take place, since the main contribution would now be due to positive ions 
released at the anode and secondary electrons released by the ions on impact with 
the cathode. 

The value of the secondary ionization coefficient y due to H* ion impact on 
Cu has been determined by Hill, Buechner, Clark and Fisk (1939) and for ion 
energy of 100kv is about 2-3. Values of the secondary electron coefficient 8 are 
much less than this (Trump and Van de Graaff 1947). The product AB, which 
may be of the order of magnitude of y8, is thus small and certainly does not 
approach sufficiently near unity to cause any marked increase in the total current. 
It is doubtful whether these two factors A and B can alone lead to breakdown 
without any contribution due to x-rays and photons unless there is some other 
process active by which their effect is greatly enhanced. The release of gas from 
electrodes would provide the medium for such an enhancement by the amplification 
of the initial current in ionizing collisions with gas molecules. If the gas pressure 
was maintained, this action would lead to a low pressure gas discharge. It is not 
unlikely that the continuous discharge noted in $3 was of this type. Further 
evidence on the importance of x-rays and photons in the particle exchange process 
was provided by the observed gradual increase of V,, as the electrodes were 
separated, as shown in figure 4. At increasing distances the solid angle presented 
by the cathode diminished and the probability of x-ray interaction with the 
cathode was correspondingly reduced. To lead to breakdown additional x-rays 
would then be required as the gap increased. Now the X-ray intensity increases 
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with the square of the voltage, so that raising the voltage would again lead to 
conditions tending to satisfy the breakdown criterion. This explains qualitatively 
the gradual slope of the (V,,,@) curve at larger distances and voltages. 


p? 


$6. RESULTS WITH IMPROVED APPARATUS 

At the larger electrode distances with the original discharge chamber there was 
some indication that effects other than those due to electron emission from the 
electrodes were occurring. Consequently the apparatus was modified, the 
electrode shape and the screening of leads to the cathode were improved, an 
enlarged chamber being used to provide greater distances from the electrodes to 
the glass walls. 

With this later improved form of apparatus using freshly polished and cleaned 
electrodes it was at first found that the pre-pulse currents were too small to be 
measured accurately, but after some weeks measurable currents were obtained over 
a much wider range of fields than was previously possible. The points obtained 
with low fields and those obtained with high fields all fell on the same straight lines 
which had approximately the same slope as the linear portions of the graphs in 
figures 2 and 3. Atno time did they exhibit marked up-curving portions similar 
to those graphs. In general the currents were rather smaller than those corre- 
sponding to the linear part of the graphs. With gaps of 0-2cm and using smaller 
but more stable generators, it was possible to get currents of as much as 10-%a 
without the occurrence of a pulse. 

With the freshly polished electrodes pulses appeared at lower threshold voltages 
than with the previous apparatus, and a graph of V, against d was an approximately 
straight line nearly parallel to the axis, indicating very little dependence on any 
factor other than the anode potential. This relation held for gap widths between 
0-Scm and 45cm. Below 0-8cm the threshold voltages were reduced. ‘The 
experiments showed that the nature of the anode surface had an important effect 
upon the pulse threshold voltage. The threshold voltage could be reduced by 
careful polishing and cleaning of the surface, but the pre-pulse field currents from 
the unaltered cathode remained unchanged. 

The same general phenomena of the development of current observed in the 
preliminary work was again noted ; the generation of x-rays and fluorescence of the 
chamber walls accompanied the occurrence of pulses. Again, as with the original 
chamber and electrodes, evolution of gas was noted and with a small gap of about 
0-15 cma type of discharge could be obtained in the form of a continuous succession 
of narrow sparks without the prior occurrence of a pulse. Once initiated, the 
discharge appeared to be entirely governed by the nature of the external circuit and 
alteration of the impedance of the latter indicated that the current would increase 
to high arc values. For the 0-15 cm gap the total anode potential was about 30 kv 
while the field was over 10®°vcm. The results obtained with the improved 
apparatus thus confirmed the results obtained with the first chamber. 


§ 7. CONCLUSIONS AND SUMMARY 


The present work supports previous suggestions that vacuum breakdown is 
initiated by cold electron emission ; however, the order of magnitude of the fields 
necessary to cause this emission are only about 104 to 10®vem™!. Under suitable 
conditions this initiatory emission can lead to complete breakdown with gas- 
discharge-like characteristics preceded by current pulses. At larger gap distances 
and with low electric fields the action of x-rays and photons appear to be necessary, 
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whereas in shorter gaps and higher fields, the relative importance of the action of I 


positive ions is increased, particularly when there is a release of gas. At larger || 


distances breakdown is determined mainly by the total gap voltage, whereas at 
smaller distances it is determined to some extent by the electric field and magnitude 
of pre-pulse currents. In both cases the state of the electrode surfaces isimportant, 
especially when gas can be evolved under electron bombardment at the anode or 
ion bombardment in the cathode. 

The development of current passing between un-outgassed electrodes with an | 
approximately uniform field at pressures of the order 10-?*mmHg is thus — 
characterized by four stages : 

(1) small field-dependent currents <10-° a, 

(2) current pulses at a critical anode voltage, 

(3) larger repetitive pulses at a higher voltage with which the evolution of gas 
was readily observed, 

(4) more complete breakdown with current determined by the circuit }| 
constants. 

The occurrence of a pulse is a separate process from (1). Over a wide range of |} 
gap widths of from 0:5cm to 40cm the pulse voltage was nearly constant, an | 
eightfold increase in gap width causing a 50° increase in pulse voltage. Hence | 
with a short gap the pre-pulse current can reach a high value before a pulse 
intervenes. The pulse is quite sudden and no evidence was ever obtained of any 
build up of current as the conditions for a pulse approached. 

The occurrence of pulses involves evolution of gas, primarily due to bombard- 
ment of the electrodes. ‘There was, however, no evidence of discharges due to the | 
residual gas. ‘The importance of the walls of the chamber was very evident. 
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Abstract. The theory of the recombination of holes and electrons via traps is 
extended to include the effect of degeneracy. Special attention is paid to the 
example of InSb. 

Values for the radiation lifetime for specimens of various carrier concentrations 
are also calculated. 


§ 1. INTRODUCTION 


HE object of the present paper is to extend the theory of the recombination 

of holes and electrons by trapping mechanisms to the case of degenerate 

semiconductors. ‘This extension is of some intrinsic interest since recom- 
bination theory has always been worked out in a semi-classical approximation 
in which degeneracy effects have been ignored. This applies not only to 
recombination via traps, but also to radiative recombination between bands 
(Van Roosbroeck and Shockley 1954) and to recombination by Auger effect 
(Pincherle 1955). ‘The extended theory is also of practical interest since it is 
required for comparison with experimental studies on the lifetime of carriers in 
InSb, though the detailed data available for this comparison are as yet rather 
inadequate. No attempt is made here to assess which of the various recombina- 
tion mechanisms dominates in InSb, but merely to discuss quantitatively some 
of the effects which recombination via traps is likely to have in this material. 
In germanium recombination via traps can be the dominant mechanism (Burton, 
Hull, Morin and Severiens 1953). 

The potentialities of InSb as a long wavelength photoconductor have already 
been shown (Moss 1955 a, b), so that a study of the lifetime of injected carriers 
in this material is of interest. It is also well known that this substance becomes 
degenerate at comparatively low electron concentrations (~7 x 10'%cm-*). 
This departure from classical statistics can in fact be seen very clearly by plotting 
the ratio np/n;? as a function of the position of the Fermi level (figure 1), where 
n, p are respectively the densities of electrons in the conduction band and holes 
in the full band, and n;? is the value which the product mp would have if the 
sample were truly non-degenerate, so that the departure of mp/n;” from unity is 
a measure of the ‘degeneracy’ of the sample. In figure 1, and throughout the 
rest of this paper, it is assumed that the temperature of the material is 290°K, 
that the main energy gap in InSb is 0-18 ev at this temperature, and that the 
effective mass ratios m,/m, m,/m are respectively 0-03 and 0:23.t ‘The position 


+ Departures from these values given by low temperature cyclotron resonance 
experiments are not expected to affect the order of magnitude of the results obtained in this 


paper. 
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of the Fermi level E,, is measured by the energy E, — Ey which separates it from 
the top of the valence band Ey, expressed in units of the main energy gap 
E,(=0-18 ev). With the above values nj; is found to be 1:56 x 10cm’. 


mcm=)___ 3310 95x10" 1X10” 18*10") 


pcm?) 70x10’ 9x10" S208 


Figure 1. The departure of xp/n,? from unity as a measure of ‘ degeneracy’ in InSb. 
The position of the Fermi level is plotted horizontally and depends on the composition 
of the sample. 


§ 2. RECOMBINATION ‘THEORY 


In this section the theory will be worked out in general terms, application 
to InSb being postponed to §4. Three groups of quantum states will be 
considered. Quantities pertaining to the conduction states in the almost empty 
band will be given suffixes e, quantities pertaining to the conduction states in 
the almost full band will be given suffixes h, and quantities which refer to 
localized levels are given suffixes j (=1,2,...), where different values of J 
distinguish states belonging to different energies. ‘The number of states of type 
J per unit volume is G;. ‘The number of conduction states per unit volume in 
an energy range dE, on the other hand, is denoted by N(E)dE. Let A,,;, Aj; 
be the probabilities per unit time that an electron or hole respectively makes a 
transition from a conduction state to a localized state, and A;., Aj, be the 
probabilities per unit time for the converse processes. The net rate of capture 
of conduction band electrons, which lie in the energy range dE,, by traps of 
type j is then 

dU j=N,G,[AgP.1—P,)—A;,P)1—P,)|\dEs  ...... (1) 
where P., P,, denote occupation probabilities of a conduction state by electrons 
and holes respectively, and are given by Fermi functions. P, is the occupation 
probability of a localized level and is of the form 


1 
eee a ee es Z 
: 1+ 8; exp(n,;—F;) ) 
where 7; represents the energy of the localized level, i.e. E,/RT, F, is the quasi 
Fermi level of the localized state, also in units of kT, and £,; depends on the nature 


of the trapping atom (Landsberg 1952). This may be 3, 2 or a more complicated 
function, which may be temperature dependent. The need to introduce the 
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p s explicitly may be removed by the convention, which will here be made, that 
‘effective’ energies are used for localized levels; these have the form 


ESE ing ened SN tee (3) 


Hence, ae use of the fact that dU, vanishes at equilibrium to eliminate 
A,;,/A.; 
dU5=PNA,GJI=P)|l—exp(—F,)|dBj tenn. (4) 
In equilibrium the quasi rei levels (divided by RT) for the pe levels 
F’; and the conduction band F, are, of course, equal. Defining A, 
(1/7) )| PN ans 


and similarly for 4;,, one finds after integrating over the conduction band, 


Uj=n[l—exp(F)~F)\I-P)GjAyj wee (5) 
A similar argument for holes leads to 
U,;=p[1 — exp (F, — F,)|P;G,Ay, eae (6) 


for the net rate of capture of holes by traps of type /. 

The state of the system which is of interest is one in which the transition 
rates (5), (6) are non-zero and constant in time, and in which the electron-hole 
recombination rate, which they represent, is balanced exactly by an electron-hole 
generation rate which is induced by external sources (e.g. incident light). In 
such a steady non-equilibrium state the P,’s must also be constant in time, i.e. 
U.;=U),;. Electron transfer between traps of different types and direct transi- 
tions between conduction and valence bands are neglected. By equating (5) 
and (6), then, one obtains an equation for P;, which can therefore be eliminated 
from these equations. Hence, the steady state recombination rate via traps 
of type j, which will be denoted by U,, is found to be 

tee A. jAnjG; np|1 —exp (Fi, — F.)] AG 
' Aggn[1 + exp (n;— F.)] + Anjp[l + exp (Fi —7)] 
The total recombination rate U due to trapping is obtained by summing (7) over 
all levels j. 

It will be supposed that the steady state conditions envisaged represent 
small departures from equilibrium. Giving equilibrium quantities an additional 
suffix zero, we have 

1) = NoGij( Fo — Ne), Po = PoGria(nv — Fo): 
where \, = 4r7h-*(2m,.RT)??, and P, is the corresponding expression for holes ; 
n., ny are the energies (divided by R7) at the bottom of the conduction band and 


the top of the valence band respectively. Also 
e wo dK 


Co = | 9 Lt+exp(x—y)’ 
Hence 
2) Osc eNO 1 ON 2 aT a (8) 
where 
2G: =) a( Fy — 7) 2on, = G_ijo(nv cae F5) ee wre (9) 


PEG b) Y C 
Ca) Gen) 


n in (7) is now interpreted as m,+6n. and similarly with p, F,, F,, subject to the 
assumption 6n= 6p. 
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Defining the lifetime 7 of the additional carriers as on/U, 7 can be obtained 
by reciprocal addition of all the lifetimes 7; = 5n/Uj, associated with the individual 
trapping states. Using (7) and (8), it is found that 


Ay; 

apes ST epee E af Dubo exp (Fyn) | ee (10) 
G;A,; Ny Ke + Po%, eg 

which is the desired lifetime. It can readily be shown to go over into equation 

(5.5) of Shockley and Read (1952) if degeneracy is neglected. 


It is convenient to replace the second factor in (10) by m/(% + Po). This | \ 


increases (10) by a factor which always lies between 1 and 1-05 in the case of InSb. 
It is also a very good approximation in most other semiconductors. ‘This is due 
to the fact that if the Fermi level lies low in the forbidden band, and a, <1,a,~1,  }} 
the electron population is negligible compared with the hole population, and | 
w, cancels. On the other hand, if the Fermi level lies high in the forbidden 
band, and %,~ 1, «<1, the hole population is negligible compared with the 
electron population, and «, cancels. In either case the « which deviates from 
unity tends to cancel. 


§ 3. DEPENDENCE OF LIFETIME ON COMPOSITION (FERMI LEVEL) 


It will be supposed in this section that lifetimes have been measured at constant ||) 


temperature for a range of impurity concentrations on a material whose effective 
masses, energy gap and impurity levels are reasonably well known, so that the 
position of the Ferm: level can be estimated. It will also be supposed that the 
dominant recombination mechanism for at least part of the curve of lifetime 
against Fermi level is the trapping by a single type of centre. The first point 
to be observed in this case is that the position of the maximum of this curve 
can sometimes be used to suggest which of the known trapping levels may be 
responsible. ‘This will now be demonstrated. 
The following simplified form of (10) will be used: 


GAA jt; =(1%+Po)* [Ajo a Ay jPo exp (Fo —7;)][1 + exp (yj — Fo)]. .-- (11) 


Differentiating with respect to Fy, and equating to zero, we find, after some 
computation, the following condition for a maximum: 


Hee tAjexp(Fo—7;) — pteg tl lta, 


e+ A exp(Fy =) 9 pel © pd 
= I fs Oy, 12) 
1 se exp (Ff _— 7;) 1 ae pat exp (nj BG F,) sooo cc 
aes, \j= Ayy| Aes and: (=| Py == ew Pere (13) 


If the maximum occurs when the Fermi level is not too close to either edge of | 
the forbidden gap, it will be a very good approximation to simplify (12) by putting | 
G=%H=1, p=(m,/m,)exp(2Fy—n,— Nv). sees (14) 
We shall write Fm for that equilibrium value of the Fermi level for which a 
maximum occurs if trapping is by the jth type of centre. The resulting form of 
equation (12) is quadratic in exp (/’,,,), and its solution can be written in the form 


exp (Ea) dia W; a (or? ain Wee eecveces (15) 
where v= (m,/m,)?” exp (—7,.— nv), sxeene (Og) 
Ww; =A;~ [vexp n; +A; exp(—7))J7 Pre 5) 
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To show that exp F,,,, as given by (15) and (16), satisfies two inequalities, 
note first that, by (166) and since A; 1s positive, 


=U exp — a) = exp ys 9 MP aa: 17 

Note next that : ; : i?) 
d (exp Fim) w,; v 

dw, ra, (vt a aw Pe il Zilly eter Saw ltene (18) 


By (17) and (18) the least value of w; corresponds to the largest value of FF a 
and conversely, so that 


— exp 9; + (wv * + exp 2n;)"? <exp Fm <v— exp (—,)+ [v1 + 0 exp (— 2y,)]#?. 
anaes (19) 


Thus with each type of trapping centre there is associated a range of positions 
of the Fermi level such that the corresponding lifetime can have a maximum only 
if the Fermi level lies within that range. It is therefore possible to use the 
experimental lifetime to determine which of the possible trapping levels may be 
responsible. 

Once a likely dominant trapping level has been determined, the validity of 
the present theory may be tested by using the experimentally determined relation- 
ship between lifetime and Fermi level to plot 


2 Tj Ny + Po " be & 
~ 1+exp (n; +F,) mM against ¥= oe (Fo 7)» Jae (20) 


Equations (10) or (11) lead one to expect the ae line 


y=(G; iy cod ie at A Sebo (21) 
Confirmation of (21) would lend support to the theory, and would lead to an 
empirical estimate of the ratios A; of the transition probabilities. If a straight 
line is not obtained, other traps or other recombination mechanisms must play an 
important part. 
The following approximations are also useful: 


J As + NolPo) exp (nj — ne) (Fo <j» Mo <Po)y +++ e0 (22) 


Gj Ayjtj= 
1 1+A,(Po/po) exp (nv — 75) (Fy = patie ePa)e act ate (23) 


hj 7 


§ 4. APPLICATION TO InSb 


Using the constants given in $1 we can now calculate the lifetime 7, when 
there is a trapping level whose effective energy is at the bottom of the conduction 
band, and similarly a lifetime 7, for a level at the top of the valence band, Le. 
=e N= Nv. Typical computed curves for zt, are shown in figure 2 and for 
fim figure 3. 7%, is (G,A,,) + and 7, is (GzA pa) * 

Suppose now that in plotting the curve given by (11) one were to compute 
the carrier densities not by using the Fermi integrals, but by using the classical 
approximation G1)(y) ~(1?/2) expy to these integrals. This is equivalent to 
assuming the semiconductor to be non-degenerate. ‘This approximation must 
in the present case be expected to affect the right-hand sides of the curves of 
figures 2 and 3. In the case of 7, the error produced lies within 1% for A, ~ I. 
On the other hand, 7, would be markedly depressed below the values shown in 
figure 3 3 for values of (Ey — Ey)/E, lying between 1 and 3. For A,=1 the error 
rises to 64% at (E,»—Ey)/E,=1:5. This difference may be nadeceed by 
reference to equation (23). The departure from the limiting value (G; tAG ye of 
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the lifetime is determined by the factor (mp exp 7;)1, and is therefore largest for |) 
the lower lying levels. Also, an approximation which overestimates under- h 
estimates this departure from the limiting value. This is what happens if the |/ 
classical approximation is used for these high lying Fermi levels. 


200 
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EI 100 
50 
Range for maxima | Range given 
EN? yee 
0 05 ae 15 20 0 Ke 8 
Fv 
g ms 


Figure 2. The lifetime of holes and electrons Figure 3. The lifetime of holes and electrons 


in InSb if they recombine only via traps in InSb if they recombine only viatraps 
whose effective energy level lies at the whose effective energy level lies at the 
bottom of the conduction band. Other top of the valence band. Other 
assumptions as discussed in the text. assumptions as discussed in the text. 


The ranges available for the Fermi level at which the lifetime is a maximum 
must now be estimated. We have ' 


v_}=(m,,/m,)3? exp n, = 21-2 exp 7:2 ~ 28 200, 


where the top of the valence band has been used as the energy zero. Hence (19) i 
yields 2:56<F,,,<5-25, 5-12<F,,,<10-94. On the horizontal axis of figures 2 |] 
and 3 these ranges correspond to the intervals (0:36, 0-73) and (0-71, F-352i ' 
Preliminary experimental results suggest a maximum in the lifetime somewhere | 
in the range (0-6, 0-8), so that it is not yet possible to point to either trapping level 
as probably carrying the main recombination traffic. 

It is easy to show from (166) that 


dw; _ _vexpnj + exp (— 7) 


0) BOA ee: 
dd; — [A;exp(—7,;)+vexp n;J? Ge 
From (18) and (24) 
d(exp Joa 
OR ke Soto) 


In the case of the curves of figures 2 and 3 the Fermi level does in fact decrease ||| 
as \ is increased, but the change is very slight, as is clear from the table. All | q 
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values given in the table correspond to values of (E,—Ey)/E, which lie near 
0-71 or 0-72. It is easy to verify, however, that the maxima of 7, and T, separate 


if \, is increased above 2 and A, is decreased below 4. 


Calculated Values of exp Fm for maximum Lifetimes 


A=3 A=1 A=2 
1 178 168 159 
2 169 168 167-5 


$5. EsTIMATION OF THE ORDER OF MAGNITUDE OF A= Ayj/ Aes 

Consider a specimen with a trapping level at the bottom of the conduction 
band. For intrinsic InSb where the Fermi level lies approximately 2kT below 
the conduction band the occupancy of this trap will be P;=0-12. The frequency 
at which electrons go into and out of these traps will be high, and as a consequence 
the rates in and out will be much greater than the net rate U,,; so that from 
equation (1) A,,P.(1 = P,)=A,,P,(1 — P.). 

From Mott and Gurney (1948) the average time in the trap is 


I/tp~vexp(—W/RT) 


where Wis the trap depthand v(~ 10! c/s) is the frequency of the lattice vibrations. 
We have said W=0 so t,~ 10-@sec. Now the average number of electrons 
in the traps P;G, will be given by the product of 7, and the rate of entering the 
maps A.G,1— P,)|N.P,dE,. Hence 


Aj~ 255 (ital 10 As aay Gx 10M em? 
J 
for intrinsic InSb. 

A,,; may be estimated from equation (11) using measured values of 7;,, We 
shall use the value 7; =4 x 10~7 sec (Moss 1955a), and assume that in this particular 
sample the main recombination was via traps at the bottom of the conduction 
band. If any other recombination mechanism were operating in this sample 
then the lifetime due to trapping would of course be larger, and consequently 
the values of A,,; deduced below would be even smaller. 


From (11), 
Gyr; =[1 + exp (nj — Fy) [Any + Aej v7 exp (Fon) + 4). 


The value of G; is given by 1—P;~m) or G;~m. For all except very 
p-type samples the A. term may be neglected, and the value of A,,; is found to 
decrease progressively from about 10-8 at py = 10" to about 10-™ at m=7 x 10". 
It is thus clear that for a wide range of Fermi levels A< 1. . 

Hence if the only trapping level present is near the bottom of the conduction 
band the Fermi level for maximum 7, will lie near the maximum of the permitted 
range shown in figure 2, i.e. near 0-7 of the way up the forbidden zone, or 
approximately 2RT below the conduction band, which is the condition for 
intrinsic material. Conversely, for a trapping level at the top of the full band 
it would be expected that \ >1, giving the Fermi level for maximum 7; near the 
minimum of the permitted range in figure 3, again corresponding to near intrinsic 


material. 
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It is thus tentatively concluded that for low energy traps, whether donors or 
acceptors, maximum 7, will occur for approximately intrinsic material, and only 
if the traps are deeper will the position of maximum 7, serve to identify the 
position of the trapping level. 


§ 6. RapIATIVE RECOMBINATION 


In an uncooled photoconductor, room temperature radiation within the 
material produces photoelectrons and photo-holes, and by the principle of | 
detailed balancing there must be a complementary process whereby electrons | 
and holes recombine with the generation of radiation (Van Roosbroeck and | 
Shockley 1954). Calculation of this rate of photo-excitation thus gives the radiative | 
recombination rate. ; 

The photo-excitation rate is R=Jc’g,K,dA where q, is the photodensity | 
in the material, A, the absorption constant, and c’ the radiation velocity in the | 
material, As the significant part of the integral is situated near the long wave- | 
length absorption edge where the material is non-dispersive, c’ is constant. 
We have 


where Q, is the tabulated Planck function for radiation in vacuo, 
QO, =2ncrk(exp hv/RT—1)-1. 


For a specimen with carrier concentrations n, p, and equilibrium values 
No, Po the recombination rate 


. Re= Kip | NyPp)s a oe ee eee (26) 
where Ris the equilibrium rate (Van Roosbroeck and Shockley 1954). Ifmandp 
are small increases, i.e. n=) + dn and p=py)+6p, then 
Rega POO IOR erp rene en 

No Po PM | ORG Hg Py 
Values of k have been computed for specimens of various carrier concentrations 


R=4(5) | K,O,4an | 


making allowance for the shift of the absorption edge with concentration. The _ 


data given by Avery, Goodwin, Lawson and Moss (1954) were used for the complete 
absorption spectrum for impure InSb, with interpolation between these data and 
transmission measurements by various workers in the region of the absorption 


I 


edge for the other specimens. _ In all cases the extrapolated free carrier absorption | 


was subtracted from the measured data. For the n-type samples this varies 
as \2 (Avery et al. 1954). | 


Life-time (usec) 


10'° 10'6 10'7 10'8 
Electron Concentration (cm) 


Figure 4. Calculated lifetime for InSb for radiative recombination only. 
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The corresponding values of 7, are plotted against electron concentration in 
figure 4. Results published by Mackintosh and Allen (1955) since this paper 
was written have shown that the effects of degeneracy on lifetimes is negligible. 
The lifetimes calculated by these workers agree with those of figure 4. 

It will be seen that the radiation lifetime has a maximum value 0-6 psec for 
an intrinsic sample. ‘There is uncertainty in this value due to the difficulties in 
interpolating the absorption data. Errors of as much as 2:1 either way are 
conceivable. Nervetheless the fact that the calculated maximum lifetime is 
little greater than some measured values of + (Moss 1955a, b, Avery and Jenkins 
1955) is a strong indication that radiative recombination is of importance in InSb. 
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Optical and Electrical Properties of some Oxygen Activated Alkali — 
Halides | 


By J. EWLES anp D. S. BARMBY?+ 


Department of Physics, University of Leeds 
MS. received 9th August 1955 and in amended form 29th September 1955 


Abstract. Phosphors showing well-resolved bands in their emission spectra | 
have been made by thermal treatment of alkali halides in the presence of 
oxygen. ‘The emission spectra are strikingly similar with quite different halides 
all showing a wave number difference of about 1000cm-! between the peaks of | 
the main components of the band system. The chlorides and bromides show | 
abnormal thermoelectric effects. It is suggested that both the similarity in the, 
emission spectra and the abnormal thermoelectric effects can be accounted for 
by the adsorption of O,* on active sites. | 


§ 1. INTRODUCTION 


rt was observed by one of us some time ago that many white solids became 

markedly luminescent under ultra-violet light after flaming with a small | 

gas jet. Further investigations showed that in the case of alkali halides | 
the luminescence was of two kinds, one, a broad unresolved band mainly in the 
blue and violet and the other a band progression of narrow components mainly 
in the red, yellow and green. The broad band is obtained by rapid heating and 
cooling by any method, in vacuo as well as in air, and is absent with slow heating 
and cooling. Similar effects are produced by mechanical strain and by the 
introduction of divalent positive ions. A report of investigations on these effects 
is given in another paper where it is shown that they are associated with positive 
ion vacancies. The system of narrow bands which appear on flaming appear 
also if the molten halide is dropped into liquid air or liquid oxygen but not with 
liquid nitrogen. They also appear if the halide is heated with any oxygen | 
containing salt. This paper reports investigations of some luminescent and _ 
electrical properties of these phosphors and attributes the effects to adsorbed | 
oxygen. 


§ 2. PREPARATION OF THE PHOSPHORS 
2.1. Materials 
For the alkali halides both Analar and ‘luminescent pure’ (1.e. showing no 
luminescence on slow cooling) materials were used. The luminescent spectra 
produced by dropping into liquid oxygen were the same in both cases. The 
oxygen containing salts could be any such as peroxide, hydroxide, nitrate, 
chlorate, etc., and were added up to about one per cent by weight. Neither 


the nature of the added salt nor its concentration within this limit affected the 
results. 


t+ Now with Wool Industries Research Association, Torridon, Leeds. 
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2.2. Activation 

(a) Flaming. A layer of halide 2-3 mm thick was placed on a platinum 
tray and a small gas jet played on it till the solid melted. 

(6) By liquid air or oxygen. The halide was melted in a platinum crucible 
and poured while molten into liquid oxygen or liquid air. 

(c) By heating with oxygen containing salts. The halide was ground into 
intimate mixture with the oxygen containing salt and then the mixture heated 
to melting in a platinum crucible and cooled slowly. 


7 


eh LUMINESCENT SPECTRA 

Emission spectra excited by ultra-violet light from a high pressure mercury 
vapour lamp were obtained at room temperature, 77°K and 20°K by arrangements 
previously described (Ewles and Curry 1950). Some of these spectra are shown 
in the Plate, and the wave numbers of the peaks of the components of the bands 
in the table. Excitation spectra were obtained by the previously described 
method of photoelectric fluorescent photometry (Ewles 1949) and are shown 


/ in figures 1 and 2. 
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Figure i. Excitation spectra, various halides. 
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Figure 2. Excitation spectra of KCl activated in various ways. 
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§ 4. DEPENDENCE OF LUMINESCENT EFFICIENCY ON ‘TEMPERATURE 


The efficiency was compared with that of a target material of constant 
quantum efficiency (aesculin solution). The luminescent output relative to th 
excitation energy was measured photoelectrically over a range of temperature 
from 183°c to 300°c using the arrangements previously described (Ewles an 
Lee 1953). In figure 3 is shown the way in which the relative output varies with 
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Figure 3. Luminescent efficiency as a function of temperature. 


temperature. It is seen that, in the cases studied, the output increases to a 
saturation value at low temperatures; the output ordinates have therefore been 


given as fractions of this saturation value, the curves being normalized to a 
saturation value of unity in each case. 
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As is well known, a temperature dependence of this kind has been interpreted | 
by supposing the existence of a non-radiational state from which transitions 


— 7 oo = 


a 
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may occur to the unexcited state without emission of radiation and to which the 


excited centre may be lifted by thermal energy (von Hippel 1936, Mott 1938). 
From this idea it is easy to show that 


N/M = n=1/1+A exp (— E/RT)| 


where 7, is the efficiency at temperature 7, 7) is the efficiency at saturation 
(in the absence of temperature quenching), E is the energy required to lift the 
centre from the excited state to the non-radiational state, A is a constant 
comprising the relative probabilities of transitions from the excited state to the 
ground state with emission or to the non-radiational state without emission. 
So that if In(1/7—1) is plotted against 1/7 the gradient of this graph gives E/R 
and so permits an evaluation of the energy of thermal deactivation. 

Figures + and 5 show such graphs for the four phosphors whose temperature 
dependence is shown in figure 3. If the above interpretation of this effect 
is accepted it is evident that there are in each case two non-radiative transitions, 
one predominating at low temperatures and the other at higher temperatures; 
the thermal deactivation energies deduced from these graphs are given in 
figures 4 and 5. 


§ 5. ELECTRICAL PROPERTIES 
5.1. Conductivity 


Owing to polarization effects which vary with the applied potential difference 
and time of application, d.c. measurements proved to be unsatisfactory. 
A.C. methods were at the time limited by stray capacitance to resistivities of 
about 10’ ohmcm so that measurements could only be carried out at temperatures 
above about 200°c. In this region, the conductivity while beginning at abnormally 
high values rapidly decreased with time after application of the potential difference 
so that no reliable quantitative results can be given. ‘The initial conductivity 
appears to be markedly increased by the activation, especially when this is 
effected by heating with an oxygen-containing salt. 


5.2. Thermoelectric Power 


A slice of activated crystal about 2mm thick was coated on each side with 
gold by evaporation. The coated crystal was held by springs between copper 
discs one of which could be either heated by a flat heating coil or cooled by 
contact with a flat-sided vessel containing a refrigerant. ‘This assembly was 
placed in a Dewar flask containing a drying agent. ‘The temperatures of the 
two faces of the crystal were measured by copper—constantan couples soldered 
to the copper electrodes. By suitable switching the copper leads of the thermo- 
couples could be used as potential probes to measure the thermoelectric potential 
developed across the crystal. A d.c. amplifier permitting a very high input 
resistance and connected to a moving coil galvanometer served to record the 
input potential difference on a previously calibrated scale. ‘The results for the 
samples examined are shown in figure 6 and discussed later. 


5.3. Hell Effect 


The high resistance of the samples made measurements of the Hall effect 
difficult. However, it was possible to make-a qualitative observation on an 


activated crystal of KCI. With a field of about 12000 oersteds and a d.c. potential 


X-2 
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difference of 100 volts a definite Hall effect of negative sign was detected with 


a very sensitive moving coil galvanometer. Spurious thermoelectric or contact 
effects were eliminated by reversing the field. 
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Figure 6. 


§ 6. Discussion 


The striking similarity of the emission spectra of the phosphors produced 
with quite different alkali halides dropped when molten into liquid oxygen, 
heated with an oxysalt or flamed with a gas jet containing oxygen, indicates a 
common luminescent centre. Honrath (1937) obtained similar phosphors by 
heating alkali halides with salts containing oxygen or by heating alkali chlorates 
or bromates or by heating alkali halide crystals in a high pressure of oxygen. 
He attributed the emission to complexes of the type ClO,. The nearly equal 
wave number differences (of about 1000cm™~!) which appear between the com- 
ponents in the emission spectra of halides differing both in anion and cation 
make it difficult to accept Honrath’s suggestion, for it is inconceivable that 
quite different complexes such as ClO, and BrQ, in quite different crystal fields 
should have the same vibrational frequency. It seems certain that the presence 
of oxygen and a somewhat violent thermal treatment in its presence is necessary. 
It is therefore suggested that the centres are in fact oxygen itself and that the 
character of the spectra suggest molecular oxygen. ‘The method of preparation 
indicates too that the formation of fresh crystal surfaces is necessary, suggesting 
that the oxygen is adsorbed on active sites on these surfaces.+ The only known 


spectrum of molecular oxygen that seems to resemble in position and vibrational 


frequency the bands reported here is that of O,+, Ist negative, in which the 
transitions are 4) 


Lg >4IL, with w’=1198-1em and w”=1037-2cm-} (Pearse 
and Gaydon 1950). Recently Ogawa (1954) has reported a somewhat similar 
band system in NO excited by silent discharge. Since the preparation of our 
phosphors was carried out in air it is conceivable that NO could be responsible 
for the effects. Some experiments carried out since the publication of Ogawa’s 
paper, however, seem to eliminate this possibility. Specpure KCl heated with 
about 1% by weight of analar KCIO, in a high vacuum gave a phosphor showing 
the same bands as those obtained in the previously described experiments. 

If the attribution of our bands to O,* be accepted, an explanation of the 
thermoelectric behaviour of these phosphors becomes possible. It will be 


t+ The ‘ surfaces’ are taken to include internal surfaces, cracks and ‘ sub-structure ” 
boundaries. 
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observed (figure 6) that the thermoelectric effects are anomalous in that above 
the temperature at which the power changes sign there is a rapid increase with 
temperature. Crawford and Williams (1950) report a similar increase with 
temperature for the semiconducting zinc fluoride-manganese phosphors although 
there is no reversal in sign in their results. Granville and Hogarth (1951) show 
thermoelectric power curves for semiconductors which are very similar to those 
obtained for our oxygen activated alkali halide phosphors. heir results were 
considered to indicate that this behaviour was due to surface effects. In our 
case if it is assumed that the oxygen is adsorbed on active sites on the freshly formed 
crystal surfaces, this gas would provide available electron levels at the surface 
lower than the conduction band of the crystal. The energy levels may be so 
modified near the surface that the filled band may be raised sufficiently to donate 
electrons to the oxygen thus creating holes.in the filled band. At lower temperatures 
there should be as many electrons as holes taking part so that there will be only 
a very small negative thermoelectric power due to the greater mobility of the 
electrons. As the temperature rises, more and more electrons will pass to the 
adsorbed oxygen until the oxygen band is more than half full. Then the carriers 
become effectively all holes and the power becomes positive and increases rapidly 
with temperature. In allocating the effects to ionized oxygen molecules it is 
true that it might appear unlikely that the gas could be ionized when, for example, 
the phosphors are prepared by dropping the molten halide into liquid oxygen. 
But, as de Boer (1935) and others have pointed out, when a molecule is adsorbed 
on a highly polar crystal surface such as the alkali halides used here, the potential 
energy—configuration curves may be so greatly modified that the ionization 
energy may be quite small. ‘The excitation spectra (figures 1 and 2) show that 
the energy levels of the adsorbed gas must be indeed considerably modified and 
differently by the different halide crystal surfaces. Considering the luminescent 
eficiency-temperature results (figures 3, 4 and 5) it is noted that the high 
temperature thermal de-activation energies are similar for the chlorides and for 
the bromides. This suggests that the active sites on which the oxygen may be 
adsorbed may be anion planes and this may account also for the fact that it is 
difficult to obtain good phosphors of the same type with the fluorides. 

The wave numbers of the peaks of the components of the emission bands 
(see table) suggest a progression derived from transitions from a succession of 
levels of the lower state to the lowest level of the upper state. In the case of 
the KCl and NaCl phosphors at 20°k it is noted that the spectrum becomes more 
complicated (or better resolved) by the appearance of two diffuse components 
between the sharp components. ‘The sharp components appear in all the spectra 
of all the phosphors and are clearly the progression indicated above. ‘The diffuse 
components appear only with KCl and NaCl. It is suggested that they might 
be accounted for by supposing that either (a) the levels of O,* are split into two 
by a Stark effect of the crystal field or (b) lattice vibrations are superposed on the 
electron vibration spectrum of the adsorbed gas. Further analysis with better 
resolution is however required to test these suggestions. A diagrammatic 
representation of these possibilities is shown in figure 7. 

The fluorides appear to behave somewhat differently from the chlorides and 
bromides. For although at 77°K both KF and NaF show the same wave number 
difference (~1000 cm!) between the main ‘members of the band system, at 
20°x NaF gives a very complicated emission spectrum. With the resolution 


678 J. Ewles and D. S. Barmby 


available at present it is impossible to make any reliable analysis or detailed 
interpretation of this spectrum except to give in the table the wave numbers 
of the most obvious peaks. 


21970 (s.1.) 
22300(22340d.) 
2040 (s.) 
21240 (21200 d.) 
19860(s) 
2219002004) 
— |8850/(s) 
19180 (192204) 
17850 (s) 
18180 (I8220d) 
(6840(s.) 
11170 (17230 4.) 


970 b \5870(s) 
| es 
16200 (16190 4.) 


Figure 7. Suggested energy level scheme. (Observed peaks in brackets.) 


21870 (21890d.1.) 


20810(no) 


19760 (19720 4.) 


18750 (18760 d.) 


17750 (177204) 


16740 (16740d.) 


15770(IST70.d.) 
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Thermal Expansion of Caesium Bromide 
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§ 1. INTRODUCTION 


AESIUM BROMIDE has come to occupy an increasingly important position 
in optical instrumentation because of the wide range of infra-red trans- 
mission (up to 40) that it possesses. Ballard, Combes and McCarthy 
(1952) have made a comparison of the physical properties of this material with 
those of KRS5 and have mentioned the advantages of caesium bromide over the 
other crystal. 
Caesium bromide has the body-centred cubic ionic structure. A study of 
thermal expansion of this crystal would therefore also be of theoretical interest. 
Menary, Ubbelohde and Woodward (1951) have studied the thermal transition 
in caesium chloride. They have measured the lattice constant of caesium 
chloride as a function of temperature from 20 to 469°c. Johnson, Agron and 
Bredig (1955) have measured the lattice constants of caesium bromide and iodide 
as a function of temperature up to its melting point. But the values of the 
expansion coefficient at different temperatures deduced by them are not of great 
accuracy. In the case of caesium iodide, their value of the linear expansion 
coefficient at 25°c is 20°% smaller than the value of Rymer and Hambling (1951) 
determined with a precision x-ray method. 
In view of its importance in optical instrumentation it was thought desirable 
_ to measure the expansion coefficient of caesium bromide with the interference 
method capable of yielding great precision. 


§ 2. METHOD OF MEASUREMENT 


The interference method suggested by Peters (1919) has been used for 
measuring the expansion of this crystal. In this method three pieces were cut in 
the required direction from the crystal and they were ground and polished to form 
three small pyramids of equal height. ‘I'wo fused quartz plates with optically 
polished faces formed the interferometer plates, the three pyramids of the crystal 
acting as spacers between them. ‘The most stable of the pyramids was also loaded 
} with a U-shaped weight to prevent it from tilting, as suggested by Saunders (1929). 
When a parallel beam of monochromatic light was allowed to fal! on this system 
} straight line interference fringes of width determined by the slight difference in 
height between the specimens were formed. ‘They could be observed through a 
suitable optical arrangement. As the temperature was raised the expansion of the 
specimens would cause the fringes to move acrossa fixed mark. Froma knowledge 
of the number of fringes moving for a known temperature interval, the coefficient 
of linear expansion of the specimen could be evaluated. 
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‘The apparatus used in the present investigation for work above room temper-. 
ature was that described by Press (1949). The essential component was the: 
furnace which was carefully designed to prevent large temperature gradients | 
alongitsaxis. ‘The interferometric arrangement was housed in the furnace. ‘The: 
junction of a calibrated chromel—alumel thermocouple in contact with the under | 
surface of the bottom interferometer plate measured the temperature of the crystal. 
The furnace was heated gradually, the rate of rise of temperature being 0-75°c per 
minute and the thermo-e.m.f. of the thermocouple was measured every minute 
on a precision vernier potentiometer reading up to luv. This apparatus has 
been used for measuring the expansion coefficient of a number of substances by’ 
Press (1949), Sharma (1950, b, 1951 a, b) and Srinivasan (1955) and very good 
agreement with the values in the literature have been observed showing that there 
was insignificant lag in temperature between the crystal and its environment for 
this rate of heating. ‘The rate of heating was controlled and made uniform. The 
movement of the fringes was observed visually and the time of transit of the 
fringes across a reference mark was noted to the nearest second. The tempera- 
ture at the time of transit of the fringe could be found by interpolation. Before 
an experiment was begun, the interferometer was heated to the highest tempera-. 
ture to which the experiments were intended to be performed and cooled back 
gradually. In these measurements, a small correction for the variation of the 
refractive index of the air with temperature was applied. 

The apparatus used for low temperature measurements was that described by 
Sreedhar (1952). The interferometer was housed in a central hole bored in a 
brass block weighing 4kg. A small heater was enclosed in another hole in the | 
block. A calibrated copper-constantan thermocouple was used for measuring the 
temperature. The interferometer chamber was evacuated to about 4mm of 
mercury to prevent the deposition of solid carbon dioxide and ice on the interfero- 
meter plates, at the same time providing good thermal contact between the 
thermocouple and the interferometer plates. No correction for the variation of 
refractive index of air with temperature was applied for low temperature measure- 
ments. A copper vacuum jacket surrounded the brass block. The interfero- 
meter was first cooled to liquid air. After the block had reached the equilibrium 
temperature, the outer jacket was evacuated. The current in the heater was 
switched on and observations of the temperature and fringe shift were made as the 
temperature of the brass block rose gradually till it attained room temperature. | 

With this apparatus Srinivasan (1955) has determined the thermal expansion | 
coefhicients of sodium chloride and iron pyrites. For these two crystals measure- 
ments have already been made in this temperature range by Buffington and 
Latimer and Valentiner and Wallott respectively. The agreement between the 
values determined with this apparatus and the values for these two crystals in the 
literature is excellent and shows conclusively that there is insignificant lag in 
temperature between the crystal and its environment with the rate of heating | 
used, 


The single crystal of caesium bromide employed in this investigation was of 
synthetic origin and grown from melt. The specimen was ‘procured from | 
Messrs. Hilger and Watts Ltd., through the kind courtesy of Dr. A. C. Menzies, 
Research Director, to whom the author’s thanks are due. Three pyramids | 
of 0-367 cm height were prepared from this crystal and were used as the spacers 
in the interferometer. 


— —- 


Research Notes 


§ 3. RESULTS 


681 


The mean values of the linear expansion coefficient «, at various temperatures 


obtained from these measurements, are collected in table 1. 
with temperature is illustrated graphically in the figure. 


‘The variation of « 
‘The measurements are 


accurate to about 3°%%. 


(x, 7) curve for CsBr. 


over temperature intervals of 16 centigrade degrees. 
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The values of the coefficient of expansion are mean values 


Mean Linear Expansion Coefficient « of CsBr 


a xX 108 


The coefficient of expansion for CsBr can be well represented over the entire 
range, i.e. from — 139° to 300°c by the following equation: 
a, = (46°60 + 4-67 x 10-¢ — 1-78 x 10-5?) x 10-8. 
where ¢ is the temperature in degrees C. 
Baxter and Wallace (1916) have measured the volume expansion coefficient of 


CsBr employing the pyknometer-technique. ‘he mean linear expansion coefficient 
between 0 to 50°c was found by them to be 47 x 10-6 which agrees well with the 


value 47-7 x 10~® at 25°c read from the figure. 


The expansion coefficient values determined by us is compared with the values 
determined by Johnson, Agron and Bredig (1955) with an x-ray method. 


TELS 
a=10° 


present values 
Johnson et al. 


208 270 EN) 
Sad Soy Sye1 7) 
51°8 56:0 S77) 


We find that the present values are consistently higher than the values reported 
by these authors and the difference amounts to about 20% at 25°c. We must 
mention that in CsI at 25°c these authors obtained a value of 40-4 x 10~* for ~; the 
value of Rymer and Hambling (1951) determined with a precision x-ray method is 


48-6 x 10-* and the difference amounts to about 20%. 


that the agreement is good. 


Yet these authors claim 
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The Griineisen constant y is calculated from the equation 


y= Bipxe, 
where f is the volume expansion coefficient of the crystal, y its compressibility, | 
c, the specific heat per g of the substance and p its density. 
Taking the following values : 

B=3a=141 x 10% at 10°c (figure), y=7 x 10-1? dyncm- (Richards and | 
Saerens 1924), c, =0-243 joules g ! (Bronstead 1912), p=4-44.g cm-3, y comes out | 
as equal to 1:87, which is of the same order as for NaCl and KCl (Srinivasan | 
1955). It is hoped that measurements on specific heat and other physical | 
properties would be forthcoming soon so that a test of Griineisen’s law for 
this crystal could be made. 
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Electron Impact Studies of the Dissociation Energies of N, and H, 


By R.. THORBURNmanp J. D. CRAGGS 
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$1. INTRODUCTION 


F the various processes which can take place when a molecule XY is 

subjected to electron bombardment that which has been studied in this 

work and which is the most important in the evaluation of the dissociation 
energy of the molecule XY, i.e. D(XY) is the dissociative ionization process 


XYe X ep Vere. =) ee (1) 


Denoting the appearance potential of X*, the ionization potential of X and 
the dissociation energy of XY by A(X*), I(X) and D(XY) respectively, the relation- 
ship between these quantities for the process (1) is 


AX") = DOSY) 1) a5 Kes Pale ile apnea (2) 
where K +E represents the sum of the kinetic and excitation energies possessed 


by the fragments involved in these processes. From equation (2) it is seen that 


if the values of A(X+), I(X) and K+ E are known then the value of D(XY) can be 
determined. 
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The present work was prompted by the existence of widely differing values 
for D(N,). Gaydon (1947) summarized the position for both the spectroscopic 
and electron impact data, discussed the three most likely values, i.e. 9-764 ev, 
8-573 ev, and 7-383 ev and stated that the first seemed the most likely. ‘The 
electron impact work by itself has given a similar range of values (see, for example, 
Massey and Burhop 1952) and for this reason it was thought worth while to use 


the Lozier apparatus (originally built in this laboratory for different purposes) 


in an attempt to clarify the situation. ‘The hydrogen results were taken as a 


| check and are only briefly discussed-here. 


§ 2. APPARATUS AND EXPERIMENTAL METHODS 


The mass spectrometer used was a 60° Nier-type. The Lozier apparatus 


| (Marriott and Craggs 1954) was of essentially the same construction as that used 


by Lozier (1934) and need not be described here. 

‘Two types of measurement have been carried out in this work. Firstly, the 
positive ion current as function of electron energy and secondly the positive ion 
current as a function of the radial retarding potential in the Lozier apparatus have 
been determined. ‘These two measurements yield the appearance potentials 
of the positive atomic ions and their kinetic energies. Since the Lozier apparatus 
does not give mass analysis the appearance potential of the atomic ion is deter- 
mined by observing a ‘ break’ in the ionization efficiency curve. The difference 
in electron energy between this ‘ break’ and the onset of the parent ion formation 
is equivalent to the difference in appearance potentials for the diatomic and atomic 
ions. ‘The standards used for energy scale calibration are the ionization potentials 
of the respective molecules, 1.e. of N. and H,. Due to the shape of the ionization 
efficiency curves for these molecules and because of the relatively small amount 
of atomic ion formation the only method of deducing the appearance potentials 
of the atomic ions is that of extrapolated linear intercepts (see Barnard 1953). 
The validity of this method has been checked in nitrogen with results which are 
given below. ‘The data given for nitrogen and hydrogen have been obtained 


@ using the Lozier apparatus, the mass spectrometer being used solely for the 


identification of a particular ion occurring at some ‘break’ on the ionization 


4) curves obtained with the Lozier apparatus and the procedure outlined above for 
| obtaining these data is justified by the equality of the two estimates of A(Nt) 
) from nitrogen, quoted below. 


§ 3. RESULTS AND DISCUSSION 


) Nitrogen. 


In nitrogen there are breaks in the ionization efficiency curve, one of them 


© corresponding to the formation of N,* ions in the reaction 


N, +e N,* + 2e. 


| The appearance potential of the N,* ions corresponds to the ionization potential 
1 of nitrogen, a value of 15:7ev. ‘This value has been determined from the mass 
} spectrometer using A(A*) from argon as the standard (15-76 ev) and isin agreement 
/ with previous values given in the literature. ‘The appearance potential for the 


process giving N* in the Lozier apparatus was obtained from this value by the 
method of extrapolated linear intercepts, arid so A(N*) was found to be 
24-3 + 0-3 ev. 
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As has been explained above the appearance potential of N+ from N, has alsc 
been obtained using the mass spectrometer as a check on the Lozier reading anc 
the value thus found was 24-4 + 0-1 ev agreeing so well with the Lozier apparatus 
value of 24-3 + 0-3 ev that it would seem certain that the ‘ break’ in the ionizatior 
curve in the latter apparatus does indeed denote the onset of N+ formation by th 
dissociative ionization process 

N,+e>Nt++4+N+2e. 

The results of the application of retarding potentials to the postivie ions 
formed by 35 volt electrons using argon for the purpose of comparison and for 
calibrating the retarding potential scale show that within experimental error, 
which is +0-1 ev, ions of zero kinetic energy are formed. Thus the appearance) 
potential of the N* ions at 24-3ev corresponds to that of ions of zero kinetic} 
energy. ‘This value is in agreement with those obtained by Lozier (1934) 
(24:27 £.0-2 ev); Hagstrum (1951) (24-3 + 0-2 ev) and Vaughan (1931) (24-5rev): 

From equation (2) above we have 

A(N)=D(N.)+J(N)+K+E 
and putting K=0 
D(N,.)=9-8ev—E. 

The method of electron impact does not give a unique value of D(N,) as the} 
degree of excitation of the products of dissociation still remains undetermined., 
A considerable number of values of D(N,) have been favoured at various times, 
the two receiving most support being the 9:8ev and the 7-4ev values. The 
latter were deduced from the electron impact data by assuming that the neutral 
fragment involved in the dissociation process was in an excited state in the 
reaction N,(x',+)—~ N+(3P)+N*(2D°). Recent work by Clarke (1954) has 
shown that the products are unexcited. This would appear to be the most natural 
interpretation of the electron impact data and fixes the value of D(N,) at 
9-8 + 0-2 ev. 

Fox and Hickam (1954) have studied the formation of N,* at energies just 
above the critical (appearance) potential which they found to be 15-60 + 0-01 ey, 
in good agreement with the spectroscopic value of 15-58 ev, Using a velocity 
selector, Clarke (1954) studied the formation of N+ and N,* and found the. 
appearance potential of N+ to be 24-35+0-1 (xenon as standard) and taking | 
I(N) as 14-54, D(N,) was found to be 9-79ev. The spectroscopic value of 
9-764 is given by Douglas (1952) who has also summarized the recent | 
values (1955). | 
Hydrogen. | 

The dissociation processes produced in hydrogen have already been | 
completely studied by Lozier (1930) and have never been seriously questioned, | 
so they were repeated to provide a check on the performance of the instrument | 
and on the method for obtaining dissociation energies. In the case of hydrogen | 
a correction has to be made for the effect of the magnetic field on the energy of the | 
ions (Lozier 1930). 

The ion current curve for ions possessing a minimum kinetic energy of 
I-4ev gave the appearance potential for these ions, determined by the method | 
of extrapolated linear intercepts from the onset of H, formation as 20-7 + 0-3 ev. 
The total amount of kinetic energy involved is 2-8ev (H+H*+) and from 
A(H*)= D(H.) +1(H) +2:8ev, D(H) = 4:4 + 0:3 ev. 
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It is assumed that the products H* are unexcited. The value quoted above is 
| in favourable agreement with that found by other workers (see Massey and 
Burhop (1952) where a value of 4-4 ev is quoted). 
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| A Note on the Electron Distribution Function in Insulators 
) at High Field Strength 


By J. J. O’DWYER 


Division of Electrotechnology, National Standards Laboratory, C.S.I.R.O., Sydney 


MS. received 2nd February 1956 


applied fields of near breakdown strength has been calculated by Frohlich 


| HE distribution function of the conduction electrons in an insulator for 


(1947), Heller (1951) and Franz (1952). Ina previous publication (1954) 
: the present author has noted the equivalence of the solutions of Frohlich and Heller 
for high energies (but lower than the ionization energy). It was also stated 
* erroneously that Franz had assumed that the effect of the field was to shift the 
¥ electron distribution bodily in momentum space by an amount determined by 
some relaxation time constant. ‘The author was led to this belief by Franz’s 
incomplete treatment of the effect of collisions, and it is the purpose of this note to 
, indicate the consideration which has been omitted by Franz and which, if included, 
+ reduces his solution also to the Frohlich solution. 

In considering the effect of electron lattice collisions Franz (1952, eqn (1)) 

i gives for the current of electrons in energy space caused by these collisions 


-E rH +E 
dD pede aerdEy mitiea ayaa (1) 


where y (E£) dE is the number of conduction electrons whose energies lie between E 
/ and E+dE, wa and w, are the probabilities per unit time for the absorption and 
} emission of a lattice quantum respectively, and « is the energy of the lattice 
j quantum. It is stated that the summation » is over all collision processes, and 
> that cis relatively small (presumably compared with R7)) so that (1) is developed as 


$(B) | w= —D e(,— ta) x(B)-D pews FX(B) se) 


) where wy=W, + Wa. 
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However, Franz seems to have overlooked the fact that the summation itself’ 
depends on the energy (e.g., w, + wa is not a function of EF but Ne (w, + wa) is) so that 
it appears that the = also should be under the integral sign in (1). The develop- 
ment for e < RT would then be , | 

aX(E) | 
S(E) a= — > €(@,— a) x (E)—D 4s — x (E) a [> 4e2ws|. -G) ] 
|) 

Since this expression is rather formal it is of interest to evaluate the summations 
involved. ‘This has been done by Fréhlich (1937) who finds (cf. eqn (17) of that} 
paper) | 

A/ 27 e* mi? 

B(E)=> ew, —wa)= Ve Bie logy, = 4)” aii: (4) 


and using a similar argument we find 


Z 
C(E)=> je?105 =e B(E) {1 Brens eae i} “kT BE) (5) | 
Thus also from (4) and (5) 
aC(E) _ kT 
iE = aR P(E) Soe (6) 


so that using (4), (5) and (6) in (3) 


dE + 2p x{*) 
Frohlich, using a dimensionless variable «= E/RT and a density function g(x), | 
obtains (1947, eqn (16)) for the current 


7% O)| eon= = | | (1 = =) (6) 


which is identical with (7) since g(w) = RT y(E) and dg(x)/dv =(RT)? dy (E)/dE. | 
The difference in sign simply means that S$ andj have opposite directions of positive 
current flow. 

It cannot be objected that this extra term is unimportant since Franz explicitly _ 
claims to deal with low energies and it is just this case in which the term is most | 
important since then RT/2E>1. Neither can it be objected that the approxima- 
tions used by Frohlich in deriving (4) and extended here to (5) and (6) do not deal 
adequately with the case as proposed by Franz. Franz himself implies RTS 
as already seen, and Callen (1949) (whose results Franz quotes to evaluate his 
summations) gives E> (eqn (59) of his paper) and infers for practical calculations 
on the alkali halides that E Se (discussion of the validity of the perturbation 
treatment in his paper). 

Finally it should be mentioned that ignoring the energy dependence of the 
‘sum over collision processes’ amounts in a certain way to treating the collision | 
relaxation time as constant since it is essentially from this ‘sum over collision 
processes’ that it too derives its energy dependence. 


SB) a= B(E)| ~x(B)— RTE + FF y(B) |. 
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Epitaxial Growth of Crystals of Hexagonal Selenium 


By R. A. HYMAN 


Standard Telecommunication Laboratories Ltd., Enfield, Middx. 


Communicated by R. W. Ditchburn; MS. received 6th December 1955, and in revised form 
21st February 1956 


RYSTALS of hexagonal selenium in the form of a cactus were first obtained 

by Brown (1914): a thin needle, with the c-axis parallel to its length forms 

a spine from which grow an array of branching needles, in each of which 

the c-axis is again parallel to the length; the area of contact is in a prism plane of 
both the spine and branch needles. ‘The author has grown some crystals of 
selenium by deposition from the vapour, including a number with this form. The 


_ angles between the c-axes have been measured and found to correspond to 


preferred orientations of epitaxial growth. 

40 grammes of selenium with a purity of 99-99°, were kept molten at 240°c 
at the bottom of a sealed Pyrex tube, in an atmosphere of spectroscopically 
pure argon ata pressure of 5cmHg. At the top of the furnace, in a region where 
the temperature had been maintained at 205+ 10°c, an array of crystals had 
formed. 

Among the crystals were a number of the type shown in figure 1 (Plate). 
These fall into two groups: in one group (figure 1(a@)), of which twenty were 
found, the c-axes of the branching needles were perpendicular to the c-axis in the 
spine; in the other group (figure 1(6)), of which ten examples were measured, 
the c-axes in the branch needles were at an average angle of 40 + 3° to the c-axis 
of the spine. If a layer of atoms is deposited on a crystal surface of selenium 
the state of lowest energy clearly occurs when the layer continues the lattice. 
The next most favourable orientations, shown in figure 2, are when the c-axes 


Figure 2. The crystal structure of hexagonal selenium. 
Chain-dotted lines show preferred directions of c-axis in epitaxial growth. 


are at 90° and 41° to the original directions, the misfits being 14% and 25%, 
respectively, both of which lie within the limits of misfit for permitted epitaxial 
growth. The possibility of epitaxial growth is, in this case, determined solely 
by the geometry, because the interchain forces are residual and therefore isotropic. 
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The crystals show cleavage only along prism planes (de Boer 1947) and they | 
are prone to permanent distortion by bending, twisting or simply crushing. | 
The spine of the crystal shown in figure 1(6) was originally straight but was | 
bent before being photographed. | 

The prevalence of the needle shape in the crystals proves that the rate of | 
growth tends to be greater along the c-axis. This is probably the result of the | 
absence of fundamentally flat planes in the selenium structure, other than the 
prism planes. The absence of a fundamentally flat plane of course removes | 
the restriction of growth to regions including an emergent screw dislocation. 

The ring molecules, which are the main constituent of selenium vapour | 
at about 240°c (Preuner and Brockmdller 1912), are not a constituent of hexagonal 
selenium, and itis necessary for the rings to break as they are added to the hexagonal 
structure. When there is no free chain-end—the chain might, for example, 
be terminated by a monovalent impurity atom such as iodine—the probability 
of the selenium ring-of-eight molecule breaking and being joined to the lattice is 
reduced by a factor of the order exp(£/RT), where E is the energy of the Se-Se 
bond, 2:5 ev, and T is the absolute temperature of the crystal, say 480°K: that is, 


the probability is reduced by approximately exp (50). Therefore, it may be | 


concluded that in the case of selenium the crystals only grow rapidly where there 
is a free chain end. 


ACKNOWLEDGMENTS 


Most of this work was carried out during leave of absence at Reading 
University and the author would like to thank Professor Ditchburn for the 
provision of facilities to carry out this work, and Dr. H. K. Robinson for many 
useful discussions. 


REFERENCES 


DE Borr, F., 1947, Philips Res. Rep., 2, 349. 
Brown, F. C., 1914, Phys. Rev., 4, 85. 
PREUNER, G., and BROCKMOLLER, I., 1912, Z. Phys. Chem., 81, 129. 


| 689 


LETTERS TO THE EDITOR 


A Simple Etching Technique for Revealing Dislocations in Silicon 


A method has been developed for revealing dislocations in crystals of silicon 
| by chemical etching. 

CP-4, the etchant used for this purpose on germanium (Vogel e¢ al. 1953, 
Oberly 1954), did not in fact produce dislocation etch pits on silicon and 
| accordingly a series of experiments was made until a suitable etching technique 
{ was obtained for this purpose. 

The following procedure was found to give clear reproducible results as 
) illustrated in the figure (Plate), which shows an etch pit pattern on a (111) 
/ crystal face. Pits were also obtained on planes within 10° of the (110) and (100) 
» faces. 

The crystal face to be examined was ground flat on a glass plate using 302 
» grade carborundum powder and then etched in a bath containing HF(40°%) 
4 30-40%, HNO,(conc.) 30-35°%, CH,COOH (glacial) 30-35%, until the surface 
§ was polished. This took 1-2 minutes. The etchant was then diluted with 
1 40-60°, water, whilst the crystal remainedinthe bath. After 3-1} minutes the 
) crystal was removed and on examination the etch pits were visible. ‘The sizes 
_of the etch pits were to some extent dependent on the time of etching and the 
‘dilution; if the dilution was too great then the crystal surface tarnished 
\ obliterating the etch pits formed. 

_ The etch pit densities counted on the crystals varied between 104 and 
910° cm~*. These are comparable with values given by Kurtz, Kulin and 
» Averbach (1956) for edge dislocations in germanium and silicon. 
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Radiative Recombination in InSb 
| The application to fairly pure samples of InSb of the theory of radiative 
5 recombination of holes and electrons in a semiconductor, as given by van 
© Roosbroeck and Shockley (1954) requires an accurate knowledge of the 
4 absorption spectrum for wavelengths greater than about 3. Previous 
‘calculations on radiative recombination by Avery and Jenkins (1955) and 
‘by Mackintosh and Allen (1955) were based on absorption spectra which were 
S incomplete due to the difficulties which arise in carrying out transmission and 
4 reflection measurements in the region with absorption coefficient 10°—10* cm", 
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It has been found possible to obtain values of the absorption coefficient in | 
this region by making a study of the short circuit photomagnetic current per} 
unit quantum as a function of wavelength (paper to be published later). ‘The 
complete absorption spectrum at room temperature has been obtained in this} 
way for a single crystal of InSb containing 410! extrinsic holes per cm?! 
and is shown in the figure. The optical resolution for transmission measure- | 
ments was 0:07 u. The radiative recombination rate R calculated from this | 
spectrum is | 


R=2-25 x 1022 cm~* sec} 


at room temperature and due to the purity of the crystal this can be taken as] 
the recombination rate in intrinsic material. | 
| 


3 |— | ee ee ae 


————————— 
@ Transmission \ 
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Absorption spectrum of InSb at room temperature 


Taking the electron or hole concentration in intrinsic InSb at roo 
temperature to be m,=1-6 x 1016 cm~’, the value of the radiative recombinatio 
lifetime of carriers injected into intrinsic material is 


7,=n,/2R=0-36 psec. 
This value lies somewhat lower than those given by previous workers and i 
more accurately determined, the total error being not more than 10°). Errors 


arise from a lack of knowledge of an accurate value of m, and because of th 
finite resolution of the optical system. 


Acknowledgment is made to the Controller, H.M. Stationery Office, fo 
permission to publish this letter. 
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The Magnetic Properties of MnAs and MnBi 


It is well known that the intermetallic compounds MnAs and MnBi which 
crystallize with the NiAs hexagonal structure are ferromagnetic at room tem- 
perature and that they undergo transitions, at 45°c and 360°c respectively, to 


_ magnetic states which show some of the characteristics of antiferromagnetism 


(Guillaud 1951). 
Associated with the magnetic changes are discontinuous changes in lattice 
constants (Willis and Rooksby 1954) and for MnAs a specific heat anomaly of 


' the A type has been observed near 45°c (Bates 1927, Guillaud 1951). 


Street and Bacon (1955) have made a neutron diffraction study of MnAs and 
have failed to observe superstructure lines or changes in intensity in the (0002) 
and (1011) reflections due to antiferromagnetism above 45°c in a polycrystalline 
specimen. ‘Their results indicate that in the ferromagnetic state the moments 
of the manganese atoms are orientated in a direction perpendicular to the c axis. 
They have studied the (1010) reflection in a single micro-crystal and observed a 
decrease of about a quarter in the intensity of this reflection on raising the tem- 
perature through 45°c, ‘The absence of evidence of antiferromagnetic ordering 
is consistent with other evidence about the properties of these compounds, which 
suggests that the magnetic interactions are always ferromagnetic, and a recent 
study (Leech and Manuel 1956) of the properties of some anhydrous chlorides 
or the iron group has indicated how a two-dimensional ferromagnetic ordering 
can simulate antiferromagnetism because of the high shape anisotropy of single 
layer domains. 

MnAs is paramagnetic above 126°c and follows a Curie-Weiss law with a 


paramagnetic Curie temperature of 283°K (10°c) (Serres 1947). This high 
) positive value of @ indicates a very large internal field favouring ferromagnetic 


ordering in the temperature region above 126°c. ‘There is no discontinuous 
structural change at 126°c and below this temperature a ferromagnetic and not 
an antiferromagnetic internal field should exist. Heikes (1955) has shown 
similarly that the internal field in MnBi above 633°x is of a ferromagnetic nature. 

The lattice of manganese atoms in these compounds is made up of super- 


) imposed layers of triangular plane lattices in which at room temperature im- 


mediate neighbours are at a distance of about 3:72A in MnAs and 4-28 Ain MnBi. 


| The distances between immediate neighbours in adjacent layers of manganese 
atoms are about 2:85 A in MnAs and 3:05A in MnBi. ‘There is the possibility 
{ that the large positive values of @ in the Curie-Weiss Law are consistent with a 
| strong ferromagnetic interaction in one direction accompanied by a weak anti- 
| ferromagnetic interaction in a perpendicular direction. ‘The symmetry of the 


lattice does not favour antiferromagnetic ordering in basal planes (Wannier 1950) 


‘and the only plausible antiferromagnetic structure would be one in which the 
| basal planes were ordered ferromagnetically, adjacent basal planes having their 
} moments directed in anti-parallel directions. The large separation of im- 


mediate neighbours in the basal planes (3-72 A, 4:28 A) is consistent with a ferro- 


} magnetic exchange interaction between the d shells of the manganese atoms. 


If there is to be a ferromagnetic—antiferromagnetic transformation at 45°C as 


® postulated by Guillaud (1951) there should be a change in sign of the exchange 
| interaction at this temperature due to change in the separation of the magnetic 


atoms. 
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As the temperature of MnAs is increased through 45°c there is a men a: 
change in a which decreases to about 3-68 A, still very large and favouring Pe 
magnetic ordering, and a steady expansion in the direction of the c axis, the 
increasing separation of the magnetic atoms being inconsistent with a change 
from ferromagnetic to antiferromagnetic interaction, For MnBi there are dis- 
continuous changes at the transition temperature, a increasing and ¢ wae 
‘The separation of the manganese atoms in the c direction decreases to 2-998 
which is greater than the separation of the manganese atoms in ferromagnetic 
MnaAs. 

Since there appears to be ferromagnetic ordering on both sides of the tran- 
sition temperatures in the compounds in question, a change from one to another 
kind of ferromagnetic ordering is indicated. It is suggested that at low tem- 
peratures the substances are ferromagnetically ordered in three dimensions, but 
on raising the temperature a relatively weaker interaction between the basal 
planes is broken up by thermal agitation leaving an assembly of two-dimensional 
ferromagnetically ordered triangular networks of the basal planes; the direction 
of the magnetic moment of each basal plane would vary randomly from plane to 
plane but would always remain normal to the c axis, on account of shape aniso- 
tropy of the single layer ferromagnetic domains. Such a magnetic structure 
could give rise to magnetic properties similar to those of antiferromagnetic 
substances (Leech and Manuel 1956). 

Kurti (1951) has observed that the entropy of ordering is of the same magni- 
tude for both ferromagnetism and antiferromagnetism and a simple change from 
one to the other should not involve a specefic heat anomaly of the size measured. 
A change from three-dimensional to two-dimensional ordering would introduce 
an entropy change and a corresponding specific heat anomaly, although the dis- 
continuous changes in lattice constants in MnAs at the transition temperature 
makes the specific heat anomaly less significant in the interpretation of the 
magnetic transition. F ; 

‘The observed decrease in intensity of the reflection from the (1010) plane in 
the neutron diffraction experiments of Street and Bacon on MnAs is consistent 
with the above interpretation if the directions of easy magnetization below and 
above the transition temperature bear the same relation to the hexagonal 
symmetry of the crystal structure. A. J. MANUEL. 
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A New Method for Determining the Second Virial Coefficient of a Gas 


The dependence of the refractive index n on the molar volume V of a gas is 
conveniently expressed in the form 


ae oY 
— 0 ae wise Joy he er umm het) i jin Wt 1 
eae Pe(14+ 5 + pat ) (1) 
where P° is independent of the temperature while 8, y,... depend on the 


temperature. ‘The form of (1) is analogous to the standard expression for the 
pressure p 


Bis 
pV=RT(1+ 7+ at--) Pe eetne (2) 
where the virial coefficients B, C, ... depend on the temperature. From the 


analogy between (1) and (2) the coefficients B, y, ... might also reasonably be 
called refractivity virial coefficients, but we deplore the recent suggestion by 
Buckingham and Pople (1955) to attach the name virial coefficients to P°, 
eyo... mstead of to B; y,:...: 

We here confine our discussion to densities so low that formulae (1) and (2) 
may with sufficient accuracy be replaced by 


n—1_. ( B 
= 0 rel ee 8m le sever arene, 3 
aE) i me (°) 
B 
pV =RT (1+ 7). Re (4) 
Dividing (3) by (4) we have to the same degree of accuracy 
nm’ —1 RT B— =) 
idl alice acl Ry 21 a lem, hea 2) 
a3 (14 (5) 


The theoretical evaluation of 8 is considerably more difficult than that of B. 
The problem was first attacked by Kirkwood (1936) who showed that for non- 
attracting rigid spheres 


Pe Pe 
Be Peni oo & 0! bo olen 6 
leer ila) WIE (0) 


where o is the molecular diameter, L is Avogadro’s number and 4 is related to o 
in the manner of van der Waals. The evaluation of 8 for an inverse 6-12 inter- 
action has been performed by de Boer, van der Maesen and ten Seldam (1953). 
Their formula was subsequently rederived by Buckingham and Pople (1955). 
For our present purpose it is sufficient to write this formula as 


E Z (=) (=) Se (7) 


where « is the depth of the potential energy at its minimum. All we here need 
to say about the function ¢ is that at ordinary experimental temperatures It 1s 
comparable with unity. | ' ; 

A rough estimation of 6 and P® is sufficient to establish that for A, Xe, H,, 
N,, CH,, C,H,, CO, the ratio (P°/b)? is about 0-01 or less and we presume that 
this is also true for other non-polar gases, while B is, except near the Boyle point, 
comparable with 6 in magnitude. It follows that in the region of densities where 
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formula (4) is adequate, f is less than the experimental inaccuracy in B. Although 
the statement that £8 is negligible compared with B seems not to have been made 
before, it is borne out by the analysis of experimental measurements at higher 
pressures (20 to 100 atmospheres) by Miller (1948). 
Consequently we may without loss of accuracy replace (5) by 

n—1 RT A p 

aD (1-85). seeds (8) 
Formula (8) gives us a new method for evaluating the second virial coefficient B 
from measurements of n and p without any need for density measurements. 
This procedure has been applied to ethylene. Measurements of refractive 
index were made with a Rayleigh interferometer and details will be published 
later. ‘The experimental results can be expressed by formula (8) with 
P® = 10-734 cm® mole“! as compared with the previously measured value (Watson 
and Ramaswamy 1936) 10-75cm* mole! and values of B which we compare 
with those deduced from the density/pressure measurements of Michels and 
Geldermans (1942) at pressures of 20 atmospheres upwards. 


‘Temperature (°c) 26-6 50-2 63-9 
B (cm? mole!) ue refractive index —145+4 — 124 —107 
from \ density/pressure —139 = fils OF 


Note added in proof. Measurements on neopentane between 25°c and 70°C have now 
been made. The values obtained lie between —950 and —700 cm? mole! and agree 
within about 50 cm’ mole~+ with those found by density/pressure measurements. 


Department of Chemistry, H. M. AsurTon. 
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6th February, 1956. 
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REVIEWS OF BOOKS 


The Theory of Hydrodynamic Stability, by C. C. Lin. Pp. xi+155. (Cam- 
bridge: University Press, 1955.) 22s. 6d. 

It is well known that the textbook cases of steady motion of a viscous fluid 
are difficult to reproduce in practice, and that an unsteady turbulent motion 
often occurs in their place. Closer observation shows that these states of steady 
laminary flow are unstable, and, a8 with the rising plume of hot smoke from a 
cigarette, develop periodic oscillations of increasing amplitude which ultimately 
break up the steady motion. Study of the conditions under which a steady 
laminary motion is unstable to suitable disturbances constitutes the difficult 
subject of hydrodynamic stability. It has attracted mathematicians for many 
years, but it did not really come into its own until aeronautical engineers discovered 
that the frictional drag of a body of streamline form depended vitally on whether 
the viscous boundary layer near the body surface was unstable to small dis- 
turbances. For the most part, engineers now have the required information 
about the stability of fluid flows, and the rest of us have been presented with a 
most interesting minor branch of mathematical physics. 

By writing this book, the first in the field, Professor Lin has done a consider- 
able service to those interested in fluid mechanics. He has certainly earned 
the right to write it. Beginning in 1945 with a long paper which infused new 
life into the subject, he has made contributions to almost all aspects of the 
theory of hydrodynamic stability, and the book is woven round these contri- 
butions. His concern is primarily, although by no means exclusively, for the 
mathematical analysis of stability problems, and the book provides a careful 
and illuminating account of the many difficulties that have given rise to so much 
doubt and confusion in the journal literature. 

The bulk of the book is devoted to an analysis of two simple flow systems, 
which provide prototypes of two kinds of instability. The first is flow in the 
space between two concentric circular cylinders in steady relative motion, 
which is unstable to axisymmetric disturbances of suitable size when the 
circulation at the inner cylinder is a little greater than that at the outer cylinder. 
The second is plane Poiseuille motion—flow between parallel plane boundaries 
under the action of a uniform pressure gradient—which is unstable for reasons 
that are not at all obvious. Professor Lin explains clearly how, in this latter 
case, the action of viscosity, normally a damping effect, can actually cause the 
instability; no student of fluid mechanics should regard his education as 
complete until he understands how this happens. ‘The analysis of other related 
flows, including the important practical case of a boundary layer on a flat plate, 
follows naturally from the discussion of the second of these two prototypes. 

There is much to be learnt from this little book about the progress of research 
in recent years. It is clearly and carefully written, and seems to provide a 
suitable reference book to accompany a lecture course on advanced fluid 
mechanics. G. K. BATCHELOR, 
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Figure 3. Bi,Te; prepared by directional freezing in a horizontal boat. The ripple 
marks indicate the shape of the solid—liquid interface during freezing. Stray 
crystals may be seen growing in from the side of the boat towards the last end of the 
ingot to freeze. 


Figure 6. Bi,Te; ingots grown by pulling from the melt. ‘The stumps of the seeds are 
3 mm in width. 


PROC. PHYS. SOC. VOL. 69, PT. 6—B (D. J. CRAIK). 


(5) 


Figure 1. Dried magnetite colloid of normal composition. 
Figure 2. Dried magnetite colloid containing ‘ Celacol’. 


Figure 3. Phase-contrast micrograph of ‘ Celacol ’-treated colloid on hexagonal face of; 
cobalt. 


Figure 4. Phase-contrast micrograph of ‘ Celacol ’-treated colloid on (1000) face of cobalt 
showing 180° walls. 


Figure 5. Electron micrograph of treated colloid on hexagonal face of cobalt. 


yo ~ PHYS. SOC. VOL. 69, PT. 6—B (D. J. CRAIK), 


(7) 


8) (9) 


‘figure 6. Portion of the pattern of figure 5 at higher magnification. 


Figure 7. Portion of an electron micrograph of a dagger closure domain on a cobalt crystal. 


Sigure 8. Portion of an electron micrograph of a lace pattern on (110) surface of silicon-iron; 
applied field 40 oersteds. 


figure 9. Electron micrograph of 180° wall with striation deposits on (100) face of 
silicon-iron. 


\ 
PROC, PHYS. SOC. VOL. 69, PT. 6—B (D. J. CRAIK). 


(10) 


(11) 


(12) 


(13) 


Figure 10. Electron micrograph of 180° wall on (100) face of silicon 


—iron. 


Figures 11, 12, 13. Electron micrographs of 180° boundaries obtained 
more dilute colloids, 


approximately 1 : 4. 


with successively 
the relative dilution for neighbouring photographs being 
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KCl-1% Na,O, 


KCI flamed 


KCl-liquid O, 


USB 


NaCl-1°% Na,O, 


NaBr-1% Na,O, 


KBr-1% Na,O, 


NaF-1% Na,CO, 


KF-1% K,CO, 


NaCl:1% Na,O, 


: NaBr-1%Na,O, 


‘ramen 
a w%& 


|| KBr-1% Na,O, 


KCl-liquid O,* 


*Enlarged |4 times others 


Luminescent emission spectra of some oxygen activated alkali halide phosphors. 


Spectrograph—Hilger E2, Slit width 0:05 mm, Plates—Kodak spectrographic 1F, 
Exposures 10 to 60 minutes, 
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Figure 1. Crystals of hexagonal selenium. Scale 3cm 


= 1mm. 
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Carrier Accumulation in Germanium 


By J. B. ARTHUR, A. F. GIBSON anp J. B. GUNN 


Radar Research Establishment, Malvern, Worcs. 


MS. received 11th October 1955, and in revised form 18th February 1956 


Abstract. Contacts can be made to germanium crystals which are largely 
impermeable to minority carriers but permeable to majority carriers. In the 
presence of a suitable electric field high concentrations of minority carriers can 
accumulate at such contacts. It is the purpose of this paper to describe some 
experiments which demonstrate the existence of this effect. 


§ 1. INTRODUCTION 


T is well known that the entry of minority carriers into a normally doped 

germanium crystal can be markedly reduced by the interposition of a heavily 

doped section of crystal of the same conductivity type between the main body 
of the crystal and the external contact. ‘Thus, for example, Arthur et al. (1955) 
used a heavily doped n-type region (designated n+) in conjunction with lightly 
doped n material to exclude the entry of holes from the positively biased contact. 
Similarly it might be expected that such an n-n+ junction would restrict the 
exit at the negative terminal of holes from normally doped n-type material. 
Hence the conditions required by Low (1955) for the observation of the minority 
carrier accumulation effect would be achieved and a high concentration of holes 
at the junction expected. 

The purpose of this paper is: 

(1) To discuss briefly and qualitatively the theory of n-n+ and similar 
junctions and to indicate the conditions necessary to observe minority carrier 
accumulation. 


(2) ‘To describe some direct experimental observations of carrier accumulation. 


(3) To introduce the current gain effect which is a consequence of accumulation 
and the subject of the succeeding paper. 


§2. THE L-H JUNCTION 
For greater generality we shall designate junctions of the n-n+ type L-H 
junctions where L and H refer to light and heavy doping concentrations 
respectively. [he arrangement to be discussed consists of a filament containing 
an L-H junction at right angles to its length. ‘The H and L sections are assumed 
to be of infinite length (i.e. long compared with the downstream diffusion length) 
a condition which can be achieved to a good approximation experimentally by 


* the use of ‘dumbbell’ end connections. A sweeping field is applied with a 


polarity such as to cause minority carriers in the L region to flow towards the 
L-H junction. If, as indicated above, the L-H junction is largely impermeable 
to minority carriers but not to majority carriers, a high concentration of minority 
carriers will accumulate at the L side of the L-H-junction. 

PROC. PHYS. SOC. LXIX, 7—B z 
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The low permeability of the L-H junction to minority carriers arises essentially 
from the different modes of carrier transport on the two sides of the junction. 
Because of the low resistivity of the H region, the electric field there is negligible | 
and the carriers flow only by diffusion. The passage of a minority carrier current 
across the junction will therefore cause a concentration gradient to be set up which 
will, in turn, give rise to a large concentration of carriers at the junction if the | 
lifetime in the H region is not too small. eee 

To put the above argument on a more quantitative basis and to indicate the | 
experimental conditions required to observe accumulation we shall show that 
the distribution of minority carriers is that shown in figure 1 which also serves | 
to define the symbols used. For greater generality we may suppose that there | 
is an additional source of carriers (e.g. an emitter contact) on the L side. 


| 
| 
| 
| 


L Side | H Side 


| 
Minority 
Carrier 
Density 


— 


Figure 1. Expected minority carrier distribution in a biased L—H junction. 


Pest. Poo H 


Distance ——— 


The hole current density in the H region of an n-type L—-H junction may be 
calculated on the same basis as the hole saturation current of a p—n junction and is 


D 
ip=Q(Pou—Pon), fo ene (1) 


Te 


where Dy and ry are the diffusion constant and lifetime of the minority carriers — 
on the H side. If the junction is abrupt and the voltage drop across it small _ 
compared with RT/q the electron and hole quasi-Fermi levels will be unchanged 
through the junction so that 


Pou — 1 Gy ip Pen 
—<—<— RT SS eee fe 
Pow = Non ae Ce Pp at (2) 


where ¢ is the difference in hole potential on each side of the junction and the | 
other symbols have their usual meaning. Equation (2) can be modified very | 
simply to allow for a finite voltage drop across the junction by reducing the value 
of ¢. 

In the absence of recombination in the very narrow junction region the | 
hole current must be the same on both sides and hence 


P n D : 
iy= Pex —Por) (2H oP — Pano veeee (3) 
oH nen 
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where Vo, may be called the leakage velocity of the junction. As the hole current 
Ip 1s determined by the field conditions and the hole density p,;, in the L regien 
far from the junction, the concentration of accumulated holes po; can become 
very large if Vy; is made small. 

The important properties of an L—H junction may therefore be tabulated as 
| follows: 
| (i) The leakage velocity of minority carriers across the junction may be made 
| very low if the resistivity ratio is large and an adequate lifetime is maintained in 

the heavily doped section. 

(11) The leakage velocity is independent of the sweep current provided no 
| significant electric field exists in the H region. This condition is satisfied in all 
| the experiments described. It may be noticed that this result makes the current 
| ratio y, as defined by Low (1955) for example, an unsuitable parameter for 
) describing the properties of L—H junctions as y will be a function of sweep current 
at small currents. 


5 


| (111) Equation (3) indicates that the leakage velocity will increase when the 
t minority carrier concentration is comparable with, and causes a significant 
} increase in, the majority carrier concentration m),. In addition enhanced 
} recombination in the accumulation region may be expected under such conditions. 
» Hence the density of accumulated holes may be expected to saturate with time 
/ at some given value but the experimental results cannot indicate whether leakage 
) or recombination is the dominant process. 
| The above theoretical discussion is a much simplified version of a comprehen- 
) sive quantitative theory of L—H junctions developed by Gunn which, it is hoped, 
will be submitted for publication shortly. As all the experiments to be described 
are, however, of a qualitative nature the above theory is sufficient for present 
| purposes and may serve as an introduction to Gunn’s paper. 


§ 3. EXPERIMENTAL DETAILS 


Minority carrier accumulation can and does occur in systems other than 
_L-H junctions, for example on the low recombination velocity surface of a 
, magnetic rectifier of the type described by Welker (1953). The present discussion 

will, however, be limited to L-H junctions. The simplest method, from the 
point of view of experimentation and interpretation, of demonstrating carrier 
accumulation directly is illustrated in figure 2. The measurement of current 
| multiplication, to be described in the succeeding paper, represents an indirect 
4 observation of accumulation. 


| 
| 


vo eee 


to Amplifier 
and Display 


Collector 


Input 
Pulse Pee ( Phosphor Load 
. (+ve) olleclor 4 = Bronze) ive Collector 


Bias (5-10Vv) 


L Section H Section 
(n-Type Ge) | (n+Type Ge) 


Figure 2. Experimental arrangement for the observation of carrier accumulation. 
ba PA 
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‘The experimental arrangement (shown in figure 2) consists of an L—H filamen} 
with a suitable point contact collector contact (formed or unformed) placed a 
various points on the L region. | 

A small bias is applied to the collector contact. The collector current signa’ 
is amplified in a wide bandwidth amplifier (7 Mc/s bandwidth) and displaye 
on an oscilloscope. It is assumed that the collector current is a monotonically 
increasing function of local hole density and hence the latter can be observed ag 
a function of time. A voltage pulse, typically of 10 microseconds duration ang 
variable amplitude, is applied to the rod containing the L—H junction so that 
minority carriers accumulate at the junction. A pre-pulse, about 0-75 micro- 
seconds before the main pulse, initiates the start of the oscilloscope time base. 

In all the experiments described in the present section n-type L—H junctions) 
were used and all were grown in a conventional crystal pulling equipment by, 
Dr. W. Bardsley. ‘The resistivities of the n sections ranged from 8 to 40 ohm cn4 
and the heavily doped n sections had resistivities of the order of 0-002 ohm cm, 

A great variety of collector current waveforms, some of considerable 
complexity, can be obtained under the above experimental conditions depending, 
for example, on the nature of the end contact to the L section and the intensity) 
of any ambient illumination. Essentially similar results were obtained with 
all the junctions examined and hence to facilitate description the waveforms 
obtained on only one specimen will be described. ‘The resistivity and lifetime) 
of the L section of this specimen were 8 ohm cm and 50 microseconds respectively 
the rod having a cross-sectional area of about 25 x 10-4cm2 and the L sectio 
being 0:-32cm long. ‘The H section was about 0-7cm long. Both ‘dumbbell ? 
type and soldered connections were used on the L section, the marked amount o 
injection occurring in the latter representing a useful source of additional minorit 
carriers to accumulate at the junction. 

Some typical collector signal waveforms, obtained under various conditions, 
are shown in figures 3, 4 and 5. The experimental conditions and suggeste 
interpretation of each waveform are given in the following sections. 


§ 4. EXPERIMENTAL RESULTS—First WAVEFORM 


‘The experimental conditions under which the waveform shown in figure 3 
was obtained were as follows: (a) collector contact about 0-1 mm or less from the 
L-H junction, (6) no external illumination, (c) applied pulse amplitude about! 
50 volts, duration 10 microseconds. ‘The waveform can be conveniently split 
into three regions, designated A, B and C on the diagram. The suggested | 
interpretation of this waveform is as follows: 
Region A (0<t<1-0 usec). 

During the first microsecond or so of the applied pulse the intrinsic holes} 
in the L region of the specimen are swept towards the L-—H junction and accumulate 
there, causing an increase in the local hole density. Equilibrium will become} 
established between the leakage through the junction, recombination and the 
oncoming flow of holes. The collector current then tends to saturate with time. | 
Region B (1-0 psec <t <10 psec). | 

With a hole mobility of 1800 cm? v-!sec~ the transit time of holes down the 
L section with 50 volts applied should be 1-1 microseconds. At or about this 
time after the pulse is switched on, holes at the positive-going soldered contact. 
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| 
) begin to arrive and accumulate at the L—H junction. Again an equilibrium 
situation is reached after a few microseconds. Under the conditions of the 
| experiment, however, the density of accumulated holes may now be comparable 
) with the original electron density. If so, the leakage velocity through the junction 
), and the recombination rate of holes will be increased. As the equilibrium hole 
» density in 8ohmcm material is about a tenth of the equilibrium electron density, 
| and as the signal amplitude in region B is about five times that in region A, which 
| inturn probably corresponds toa hole density markedly in excess of the equilibrium 
4, value, it is likely that the above condition is achieved. 


"1 


Collector Signal (v) 
ae 


0 2 4 6 8 10 12 14. i6 18 
Time (sec) 


ry 


Figure 3. Accumulation waveform with collector very near junction. 


® Region C (t>10 psec). 

When the applied field is switched off, the density of accumulated holes 
» decreases rapidly due to recombination with electrons and diffusion back into 
; the body of the specimen. ‘The form of the decay curve observed in this region 
» is critically dependent on the position of the collector contact relative to the L-H 
@ junction and the simple decay indicated in figure 3 is obtained only when the 
| collector is very close to the junction. This result will be discussed more fully 
Hin $6. 


4.1. The Effect of Electric Field Variation 


As the magnitude of the applied sweep current pulse is increased the following 
S effects are observed : (a) The time interval to the cusp AB, which represents the 
transit time of injected holes down the length of the L region, decreases mono- 
fi tonically as would be expected. (6) The signal amplitude in region B (and, 
»theretore, C) increases as more holes are injected due to the increasing sweep 
‘current. The density of accumulated holes does not increase indefinitely, 
i however, but tends to saturate at high sweep currents. ‘This saturation may be 
jidue to either of the following: (1) non-linearity of the collector at high signal 
Bievels: this is thought to be unlikely as substantially larger signals have been 
* obtained in other experiments (see below); (11) increased hole—electron recom- 
bination and increased hole leakage through the junction as described above. 


§ 5, EXPERIMENTAL RESULTS—SECOND WAVEFORM 


The experimental conditions under which the waveform shown in figure 4 
4was obtained were as follows: (a) collector contact about 0-1 mm or less from the 
+ L-H junction, (+) specimen flooded with light from a tungsten lamp, (c) applied 
| pulse amplitude about 20 volts, duration 10 microseconds. 


| | 
. 
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Region A (0<t<5 psec). 
During the relatively long period between the applied pulses (typically 
2-10 milliseconds), the background light generates a large density of holes in 
the L region. On the application of the field these holes are swept along the rod] 
to accumulate at the L—H junction. ‘The light is however unable to maintain 
this high density of holes in the L region during the application of the pulse. 
(cf. Lawrance and Gibson 1952). This source of holes is therefore exhausted 
after a time equal to the transit time down the filament. This occurs at point B. | 


4 


Collector Signal (v) 
iN 


0 2 4 6 8 10 12 14 16 18 
Time (sec) 


Figure +. Waveform in presence of bright background light. 


In spite of the continued application of the field there is now only an | 
insignificant number of optically generated holes to accumulate at the junction. | 
Therefore the quasi-equilibrium condition reached at point B cannot be maintained 
and the density of accumulated holes falls rapidly, presumably due to recombina- 
tion and leakage through the junction. The density of accumulated holes | 
represented by point B almost certainly exceeds the initial majority carrier density, | 
as indicated by the magnitude of the signals obtained (cf. figure 3, region B). 

Ultimately a new equilibrium state is reached having a magnitude comparable | 
with that of region B, figure 3, and invariant with background light intensity. 
The dominant source of holes is now end injection, as before. 
Region D (t>10 psec). 


Finally the applied field is switched off and the density of accumulated holes 
decays away. 
5.1. The Effect of Electric Field and Light Intensity Variation 


As the magnitude of the applied pulse is increased, the following effects are 
observed: (a) The time inter 


of holes along the filament, decreases monotonically. ‘The apparent mobility 


Region C (5 usec <t <10 psec). 


val to the point B, which represents the transit time _ 


a 
a 


—_— 


— 
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is, however, less than the normal value as the large density of holes created by the 
light is comparable with the electron density (cf. Arthur et al. 1955). (b) The 
magnitude of the whole waveform increases and very large signals (10-12 volts 
in amplitude) can be obtained. ‘The signal amplitude tends to saturate at high 
field due to increased leakage through the junction and enhanced recombination. 
(c) The rate of decay in region C increases, indicative of enhanced leakage and 
recombination. ‘The initial decay, covering half the total drop in amplitude, 
becomes very rapid indeed and is limited by the bandwidth of the display 
equipment. 

As the background light intensity is increased the following effects are observed : 
(a) the magnitude of region A increases relative to the limiting value of region C, 
as would be expected; (4) the transit time of holes (the time interval to point B) 
increases at constant sweep current, as would be expected. 


§$ 6. EXPERIMENTAL RESULTS—T'HIRD WAVEFORM 


The experimental conditions under which the waveform shown in figure 5 
was obtained are as follows: (a) collector contact about 1mm from the L—H 
junction, (b) specimen flooded with light from a tungsten lamp, (c) applied pulse 
amplitude 70 volts, duration 10 microseconds. ‘The suggested interpretation 
of this waveform is as follows: 


Regions A and B (0 <t<10usec). 

The important aspect of this arrangement is that the collector is placed 
a considerable distance from the L—H junction. One result of this is an 
appreciable ‘ohmic’ component of the collector signal due to the voltage drop 
along the filament during the application of the pulse. 


Collector Signal (Vv) 


Time (fsec) 


Figure 5. Waveform with collector far from junction. 


A noticeable increase in hole density at the collector does occur during the 


4 first microsecond of the applied pulse (region A). As the accumulation of holes 


at the junction proceeds the hole density at the collector decreases to a steady, 


4 low, value. Thus this portion of the waveform is indicative of the rate of 
§ accumulation of holes at the L—H junction. Initially, at zero time the hole 
density is everywhere uniform and as accumulation proceeds the spatial distribu- 


tion of holes on the L side of the junction becomes progressively higher and 
steeper. The local hole density at a point far, from the junction can therefore 
rise and fall as observed. This type of behaviour is observed to a greater or lesser 


{ extent at all points in the L region except very close to the L—H junction. 
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Region C (t>10 psec). | 

When the applied pulse ceases a high concentration of holes has accumulated 
at the L—H junction. In the absence of the applied field this concentration | 
gradient causes diffusion of carriers back towards the collector contact. Initially | 
the collector current falls, due to the drop in ohmic signal, but subsequently | 
the holes diffuse past the collector causing a marked rise and then fall in collector | 
current. 

The above phenomenon, which will be referred to as the ‘rebound’ effect, | 
can be observed at almost any position of the collector except very close to the | 
L-H junction. Indeed a simple decay of the type indicated by figures 3 and 4 
requires very careful placing of the collector point. In general the collector 
waveform is a complex function of a simple decay and a rebound pulse. 


§ 7. CONCLUSIONS 


The leakage velocity of minority carriers through an L-H junction can | 
have a very small value in suitably designed junctions. If the leakage velocity 
is less than the drift velocity in the L region far from the junction, minority 
carriers must necessarily accumulate at such junctions. It is believed that the 
experiments described, and particularly the occurrence of the rebound effect, 
provide convincing and direct evidence of the existence of this effect. In the 
following paper (Arthur, Gibson and Gunn 1956) current gain which is a necessary 
consequence of accumulation will be described. 
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Abstract. Junctions between lightly and heavily doped germanium of the same 
conductivity type (L-H junctions) have a low leakage velocity for minority 
carriers. This result, which is discussed in the preceding paper, can be considered 
as a reduction of the minority carrier mobility and gives rise to enhanced current 
gain in certain structures, for example filamentary transistors. The paper 
describes experiments designed to demonstrate the existence of this effect and! 
to indicate its magnitude. 


§ 1. INTRODUCTION 


HE accumulation of minority carriers which occurs at biased L—H junctions ' 

has been described in the preceding paper (Arthur, Gibson and Gunn 1956) ' 

and familiarity with this paper will be assumed. It is possible to show, ' 
by simple physical arguments, that current gain must also occur. The detailed 
theory of this effect has been calculated by Gunn (to be published) but, as 
before, we shall use only qualitative arguments to predict the experimental 
results. 

In a normal n-type filamentary transistor of the type described by Shockley, 
Pearson and Haynes (1949) the presence of injected holes in the filament increases 
its conductivity and hence the collector current at constant collector voltage. 
In addition electrons enter the filament at the collector to compensate for the’ 
added space charge of the holes. ‘Therefore the collector current /. can exceed 
the emitter current J, the current gain being given by 


a= (dIoldle\y =og+(l—opyB(145) sae (1) 


where %)=Rp/(Rp+ Re) and b=pn/pp=2:1 in germanium of transistor purity 
at room temperature. jn and pp are the mobilities of electrons and holes 
respectively, y and f constants of the order of but less than unity and Re, Rp the 
collector and base resistance respectively. "The maximum value of « is therefore 
1+ and about 3-1 under normal conditions. 

Consider now a filamentary transistor containing an L-—H junction, as 
illustrated in figure 1. We shall show that, if appreciable accumulation of 
minority carriers occurs at the L—H junction, the current gain of the transistor 
can be greater than that indicated by equation (1) and often greater than 1 +6. 
The large current gain arises because the accumulation of a high density of holes 
increases the local conductivity by a very large amount and allows a large electron 
current to flow. The L-—H junction may be considered as a device for reducing | 
the hole mobility, at least locally, with a consequent increase in the effective 


mobility ratio b. 
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Emitter 


Collector 


Output 


Load. 
Resistor 


Figure 1.—Schematic diagram of an n-type filamentary transistor containing an L—-H 
junction. Resistance of H region assumed negligible. 


§ 2. "THE OBSERVATION OF CURRENT GAIN IN FILAMENTARY ‘TRANSISTORS 
CONTAINING L—H JUNCTIONS 


Clearly the most important experiment that can be carried out is a direct 
observation of current gain in an arrangement of the type shown in figure 1. 
In order to demonstrate convincingly that the junction enhances the current 
gain, however, certain conditions are at least desirable if not essential, as follows. 

If at all possible a current gain greater than 3-1 (=5+1) should be obtained 
at room temperature as this represents the maximum achievable value in a normal 
filamentary structure. ‘lhe important factors are: 

(a) The value of %. Clearly from equation (1) the current gain will be 
a maximum where Rb is small compared with Re. 

(6) ‘The distance of the emitter from the L—H junction. Even if the minority 
carrier lifetime in the filament is infinite so that no carriers are lost in transit 
through the L region and the condition Rp < R; is achieved the current gain will 
increase as the emitter is brought nearer to the L—H junction. This arises 
because the portion of the L region in which the holes accumulate is very short 
(~0-1mm or less) and only in this portion is the modulation of filament con- 
ductivity large. If the emitter is placed a considerable distance from the L-H 
junction most of the filament (and hence R-) is only modulated to a depth indicated 
by equation (1). 

(c) ‘The nature of the base connection. Equation (1) assumes that the base 
connection is non-injecting. If however minority carriers can be injected by 
the base connection an enhanced value of « can be obtained due to this effect 
alone. ‘This arises because injection of holes from the emitter gives rise to an 
increase in base current which injects further holes, which increases the base 
current still further, andso on. A suitable base contact therefore is the ‘dumbbell’ 
type which is equivalent to making the filament infinitely long (Shockley, Pearson 
and Haynes 1949). 

(d) As the leakage velocity of holes through the junction and the recombination 
rate near the junction will increase when the density of accumulated holes becomes 
large it is to be expected that the current gain will decrease at high emitter currents. 
Hence the experiment is likely to be most successful at low emitter currents. 
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With these aspects in mind the arrangement adopted experimentally was 
that shown in figure 2. The resistivity of the L region of the specimen was 
8ohmcm and its cross-sectional dimensions were about 0-4 0-4mm?. It was 
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Figure 2.—Schematic diagram of circuit used to measure current gainin a filamentary transistor. 


found necessary to place the emitter less than 0-4 mm from the collector contact 
in order to obtain a large current gain. This destroys the one-dimensional 
aspect of the experiment but fortunately does not invalidate the main purpose 
of the experiment as the current gain still cannot exceed (and indeed would be 
less than) that indicated by equation (1) unless increased by the L—H junction. 
In order to reduce the effective value of Rp to a minimum a voltage probe 
was put close behind the emitter contact and the collector voltage measured 
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Figure 3.-—Collector current (/,) VS. emitter current (/,) for various emitter, positions. 
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relative to this probe. ‘The collector voltage was measured with the aid of an 
electrometer valve voltmeter of the type described by Scroggie (1952) which has 
an input impedance of the order of 10% ohms. ‘The experiment then consisted 
of varying /., adjusting the collector supply to give a constant predetermined value 
of Vand observing Jo. 

Curves of J. plotted against J. at various spacings between emitter and L—H 
junction are shown in figure 3. The slope of each curve gives the value of the 
current gain x. It will be seen that each curve is approximately linear and the 
current gain appreciably greater than 3-1. It is observed, as expected, that the 
current gain decreases markedly at emitter currents of 0-5 ma or greater. ‘The 
largest value of current gain ever observed in this type of experiment was 30 at 
small values of emitter current. 


§ 3. ‘THE PHOTO-RESPONSE OF L—H JUNCTIONS 

Inasmuch as L—H junctions produce current gain, they show a marked 
photoconductive response when biased in the accumulation direction. It is 
therefore of interest to replace the emitter contact of the previous experiment 
by a line of light, stretching across the filament, the beam being interrupted at 
800 c/s. By traversing the line of light along the filament a measure of the current 
gain can be obtained as a function of distance without resort to the somewhat 
artificial use of a voltage probe. 

To be strictly analogous to the previous experiment the photo signal should 
be measured with a constant voltage across the specimen. As is common in 
this type of work, however, the signal under constant current conditions is simpler 
to interpret. In the absence of any enhanced gain at the L-H junction the signal 
will be proportional to the distance between the light spot and the junction 
(the H region being assumed to be of negligible resistance). Any multiplication 
effects at the junction will be indicated by a signal near the junction greater than 
that expected from a linear increase of signal with distance. 

Multiplication effects are clearly indicated by the set cf typical curves given in 
figure 4. Of these curves A was obtained using the filament previously described 
for current gain measurements and, due to the ‘dumbbell’ type end connection, 
may be the most reliable. ‘The same general behaviour has however been obtained 
for all junctions examined, at alloyed junctions (see below) and at soldered contacts 
to high resistivity specimens which were known to show exclusion effects. In 
each case the rapid rise in signal coincides with the position of the L-H junction 
to within the limits of measurements. 

The main features of the experimental curves obtained in the absence of 
background light can be explained on the basis of two assumptions, as follows: 
(a) The lifetime of carriers in the filament is long compared with the transit 
time but short compared with the interruption period of the light. The validity 
of this assumption is assured by the experimental conditions used. (6) The 
distribution of accumulated carriers in the accumulation region is determined 
by the magnitude of the electric field in the L region and back diffusion. For 
low densities of accumulated carriers the distribution will be exponential and 
characterized by the upstream diffusion length (Low 1955); for high densities 
the width of the accumulation region will be larger due to a fall in the local electric 
field. In either case it follows from this assumption and the previous one that the 
distribution of carriers in the accumulation region is independent of the position 
of the light spot in the L region. 
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The observed variation in signal with light position then arises as follows. 
illumination in the H region produces virtually no signal due to the already low 
resistivity of this region. Illumination in the accumulation region leads to 
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Figure 4. 


a large signal which remains substantially constant throughout the accumulation 
region. Illumination in the bulk of the L region leaves the signal from the 
accumulation region unchanged and in addition modulates the resistivity of 
the rod between the light spot and the edge of the accumulation region. ‘The 
latter contribution increases linearly with distance, as observed. 

On this interpretation the width of the flat regions in figure 4 is a measure of 
the width of the accumulation regions, typically about 0-2 mm. 

In the presence of a background light the results are inevitably more 
complicated. The leakage velocity of holes through the junction and their 
recombination rate must increase, making the accumulation region relatively less 
effective compared with the ‘normal’ portion of the filament. ‘This is essentially 
similar to the fall in « at high emitter currents as the background light represents 
a d.c, bias superimposed on the small 800c/s signal. Curve B of figure 4+ does 
appear to indicate that this type of behaviour is occurring. 


§ 4. THE Use oF ALLoy JUNCTIONS aS ACCUMULATING CONTACTS 


It will be clear from the above discussion that high values of current gain « 
are difficult to achieve in filamentary systems due to the relatively high base to 
collector resistance ratio. A more favourable geometry in this respect, though 
of greater theoretical complexity, is an alloy junction of small area made on the 
surface of a large block of germanium. The junction (collector) resistance is 
large due to spreading resistance effects while the resistance of the bulk of the 
material (base resistance) remains low. 
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With the above considerations in mind the current gain occurring at L-H 
junctions formed by alloying on both n-type and p-type material was measured. 
The base contact was also an alloyed L-H junction of large area to exclude the 
possibility of spuriously large values of « being obtained due to base injection 
(see above). Initially point contact emitters were used but subsequently p—n 
junction emitters were employed, also fabricated by alloying. ‘The alloys used 
were indium when p+ material was required and tin-antimony for n+ material. 

While point contact and junction emitters gave essentially similar results the 
latter were considered more reliable as the injection ratio of the emitter would 
not vary markedly with emitter current, at least at low currents. The current 
gain of various assemblies was measured using d.c. meters and results on three 
typical units are given in figure 5. It is to be expected that « will fall off with 
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increasing emitter current due to increased recombination at the junction and 
leakage through the junction. In spite of this the current gain remains well 
above b+1 over a substantial range. 


§ 5. CURRENT MULTIPLICATION AT FORMED POINT CONTACT COLLECTORS 


It has been known for many years that electro-formed collector contacts 
on n-type germanium can give a current gain in excess of unity if the contact 
wire contains a significant n-type impurity—for example phosphor-bronze wire. 
To explain this result Valdes (1952) has assumed the formation of a p-n hook 
at the collector, the p material being produced by thermal conversion and the 
n region by injection of impurities from the contact wire. An alternative model 
due to Sittner (1952) invokes traps at the collector and does not indicate why the 
composition of the wire should be important. 

It has recently been shown that similar forming rules apply to silicon point 
contact collectors (Granville e¢ al. 1955). Wires containing a group V element 
must be used for n-type silicon and a group III element for p material. While 
thermal conversion effects of a complex nature do occur in some samples of silicon 
(Fuller et al. 1955) it is not possible to invoke the p—n hook mechanism in both 
n and p material as thermal conversion at a given forming temperature is a one way 
process. 

To explain the above results, therefore, it is now suggested that electro-forming 
results in all cases in the formation of an L-H junction. It is known that recti- 
fication either deteriorates or reverses in direction on forming (Granville e¢ al. 
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1955), a result consistent with this view. A high contact resistance is maintained 
due to effects of the type described by Gunn (1952). 


§ 6. CONCLUSIONS 


Qualitative arguments have been given that indicate that an enhanced current 
gain should be obtained in filamentary and similar transistors containing an 
L-H junction. This arises because of the accumulation of minority carriers 
that occurs on the L side of the junction. The experiments described are believed 
to demonstrate the existence of this effect unambiguously. ‘Thus one more 
mechanism of current gain in semiconductors must be added to the p-n hook 
and trap theories and possibly this is the relevant one in formed point contacts. 
The accumulation effect must also be important in diodes of the p—i-n type 
which may be considered as transistors with the base contact open-circuited. 
The accumulation occurring at the i-n junction when the diode is biased forward 
will give enhanced forward current and increased hole storage and a compromise, 
achieved by adjusting the value of junction leakage velocity, may be necessary. 
Provided that the lifetime in the n region is not too small the leakage velocity 
can be conveniently adjusted by varying the thickness of the n region. 
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Abstract. Experiments on germanium point contact transistors in which collector 
points of pure donor and acceptor elements are formed show that in general 
donors appear to be essential to obtain current gain improvements. Successful 
forming was also achieved with pure gold points. It is assumed that the atoms 
of the material of the collector diffuse into the germanium during forming. 
This leads to a change in the amount of lowering of the surface barrier due to the 
holes injected at the emitter, and accounts for the increased current gain. 


§ 1. INTRODUCTION 


wo main lines of approach have been used in attempts to explain the 

phenomenon of current multiplication at the formed collector of an n-type 

germanium point contact transistor. Both theories are based on the 
concept of injected holes from the emitter being delayed in front of the collector, 
but neither discussion is free from serious objection. Direct experimental 
evidence of the physical changes occurring at the collector point during forming 
as used for transistors has been difficult to obtain. 

In the present work the effect of forming on the gain has been studied for 
collectors of several materials, including pure donors. It appears that infused 
donor atoms enhance the barrier lowering, which arises from the injected holes 
from the emitter, as discussed by Hogarth (1954). 


§ 2. "THEORIES OF CURRENT MULTIPLICATION 


It was suggested by Shockley (1950) that the forming process may introduce 
hole traps in the germanium immediately in front of the collector. A theoretical 
discussion of this concept has been given by Sittner (1952) who used the theory 
of traps as developed for filamentary transistors. However Hogarth (1954) 
has shown experimentally that the hole trap theory of Sittner is not applicable 
to point contact transistors. Further, observed values of « considerably greater 
than 3-1 predicted by Sittner at emitter current J, of order milliamps are not 
readily explicable on this approach. 

Shockley (1950) has also suggested the possibility of a p-n hook appearing 
in front of a formed point (figure 1). According to the theory of Shockley, 
Sparks and Teal (1951), the intrinsic current gain «* of a pnpn structure is 
(1+oLn/opW) where on/op is the conductivity ratio of the n and p regions in 
front of the collector, Ly, the diffusion length for holes in the collector n region 
and W the thickness of the collector p region. For small values of W high values 
of ~* may be obtained. 
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The serious objection that the high forward resistance expected from this 
structure is not observed with a formed collector can be met by postulating high 
values of op and op. Then the junction nearest the positive biased collector 
will have a very high potential gradient, being in reverse bias, and will break 
down at low values of applied voltage. The other junction will have a high 
breakdown voltage since most of the potential drop will be in the comparatively 
high resistivity n-type germanium. A breakdown voltage of 0-4 volts would 
result from conductivities on = 50 (Q em) and op = 33 (Qem)-4, using Shockley’s 
(1949) calculations of junction width and the value 2 x 10° volt m=! obtained by 
McAfee et al. (1951) for the field required to produce breakdown at a junction. 
It is not easy to see why the rather particular values of on and op should always 
be obtained under a wide variety of forming treatments. 
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Ge Surface 
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Figure 1. 


Further, no satisfactory mechanism has been advanced to explain how p and n 
regions could be formed as a result of the power treatment applied to the collector. 
Under very heavy forming Valdes (1952) found a p-type region of diameter about 
2x 10-*cm and depth about 10-*cm to appear round a phosphor bronze point 
in n-type germanium, but after normal light forming the region affected was too 
small to be examined by Valdes’ methods. Conditions in this case differ in that 
comparatively low temperatures over small areas, hardly extending beyond the 
collector point, obtain. . 

Experiments described in §3, showing the possibility of forming with pure 
donor points, support these objections against the hook theory, since very 
artificial mechanisms must be proposed to account for any p region under the 
conditions of the experiments. 

In view of the difficulties to which the preceding theories are subject, a further 
theoretical approach based on barrier modification by impurities introduced 
during forming has been considered. ‘To determine the importance of these 
impurities, it appeared necessary to establish experimentally the significance 
of the composition of the point used during forming. 


§ 3. EXPERIMENTAL RESULTS 
In an effort to obtain more conclusive evidence from the somewhat varying 
data obtained from forming, experiments were performed with points which 
were either extremely pure donors or pure acceptors. . 
High purity aluminium (99-99%) and antimony (99-92%), both supplied 
by Johnson, Matthey and Co. were further purified by the zone melting technique, 
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and point contacts prepared. The material of the points was expected to be as 
pure, or purer, than the original material. 

Experiments were performed with these points as collectors subjected to 
forming treatments on two ground polished and etched single crystal n-type 
germanium surfaces. Surface A was of 5Qcm 100sec material etched with 
CP 4 etch and surface B was of 1} Qem 50 psec material etched with hydrogen 
peroxide (100 vols). ‘Thorough and repeated etching was used. 

Forming pulses of either polarity were supplied by discharging condensers 
through a variable resistance across the point contact and base. ‘The results 
were displayed on an oscillograph such that «, Rj, etc. could be measured 
immediately after a forming pulse. 

‘Tungsten or phosphor bronze emitters were used in all cases at spacings of 
afew mils. In all cases a large variety of surface positions and pulses were used 
and a number of different points of each material. No significant differences in 
the results from positive or negative pulses were observed, though in general the 
positive voltages required were considerably lower. ‘This suggests that the 
electric field present during forming is not of major significance. 


3.1. Experiments with Donors 


It was found that successful forming could be achieved with antimony but 
not with aluminium, suggesting the importance of donor atoms. Since commonly 
used phosphor bronze wire has a phosphorus content of 0-05°% to 4°% with tin 
from 1°, to 7°, and the balance copper, experiments were also performed with 
points made from commercial copper (containing traces of phosphorus), unpurified 
phosphor copper containing 15 wt°,, phosphorus, and unpurified phosphor tin 
of 5 wt°,, phosphorus. 

The values of x (with J, of order 1 ma) generally obtained at not too low Ry» 
and corresponding values of Rj, are shown in the table. 


Surface A Surface B 

x Roo(kQ) a Ro(kQ) 
Phosphor bronze 4—5 30 2-3 30 
Antimony 2-3 20 2-3 20 
Phosphor copper 4—5 20 2-3 20 
Phosphor tin 4—5 20 2-3 20 


With these materials Ry, generally showed a progressive decrease with forming 
though transistor action remained down to values of Rj of a few thousand ohms. 
Further pulsing produced lower resistance ohmic contact with no hole collecting 
properties. he forward resistance remained low and similar to an unformed 
point in all cases. 

In one case with the antimony collector an « of approximately 20 was observed, 
which was maintained in the presence of oscillations, up to a spacing of 20 mils 
before decreasing rapidly with further removal of the emitter. No satisfactory 
explanation of this phenomenon was adduced, but it is of interest to note that 
anomalous results such as this have been reported with phosphor bronze points. 

Phosphor copper and phosphor tin gave similar results. On surface A in 
a few cases values of « of 8 to 10 with R,»in the range 10 to 15 kilohms were obtained. 
On surface B slightly lower values of x, 2 to 3, were obtained, under lesser forming 
pulses. On occasions however, values of « of 6 to 7 were obtained with the 
phosphor copper and in one case with the phosphor tin an « of 20, with oscillations, 
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was observed. No such results were obtainable on this surface with phosphor 
bronze. ‘The results tend to suggest that higher phosphorus content makes 
possible higher values of « in a greater percentage of cases. 


3.2. Results for Aluminium Formed Collectors 


Very heavy forming was necessary to reduce Ry. On surface A in a number 
of spots the discharge of an 8 ur condenser charged to + 300volts only reduced 
R,, to about 60 kQ, from its initial value of several hundred kilohms. On surface 
B pulses of slightly less energy were required to reduce Ry». Here ohmic contact 
resulted after a pit was blown in the germanium surface with pulses much higher 
than those required to cause melting using phosphor bronze points. 

It is not expected that the oxides film on the aluminium prevented its diffusion. 
It is noted that aluminium wires are formed on to silicon surfaces to give junction 
diodes. A pellet of aluminium was placed on a thin slice of germanium and the 
assembly heated in hydrogen at 500°c for two minutes when it was observed that 
the aluminium had diffused into the germanium surface forming a rectifying 
junction. 


3.3. Results for Commercial Copper Collectors on Surface A 


Varying results were obtained. On some spots, forming yielded values of 
a of 1 to 2. On other occasions all types of forming could not yield enhanced 
transistor action. Several times large forming pulses caused melting of the 
germanium accompanied by a flash and pits in the surface. ‘The back resistance 
however remained high, values of 40 kQ to 5kQ being variously observed. With 
all other metals used, flashing and pitting were invariably accompanied by the 
appearance of ohmic characteristics. Further, with the copper, there was still 
some transistor action after the melting had occurred. 

We suggest that occasional very slight donor (phosphorus) impurities in the 
point were responsible for enhanced transistor action, and similarly, absence of 
such concentrations in the point of contact caused the frequently observed failure 
to show « enhancement on forming. 


3.4. Results for Gold Points on Surface A 


Using points of 99-99°,, pure Johnson Matthey gold, forming was successfully 
achieved with pulses rather higher than those used for phosphor bronze. ‘The 
values of « were somewhat lower, a typical value being 2 for R,. about 10kQ. 

Dunlap (1953) has found that gold introduces two high lying acceptor levels 
(0-15 ev and 0-5 ev) above the filled band in germanium, though ‘Taft and Horn 


- (1954) have found from resistivity temperature data of gold doped silicon that 


gold produces a donor level 0-33 ev above the full band in silicon. It appears 
that gold does not act in the same way as a simple Group III acceptor impurity 


in germanium. ‘This would be particularly so in the surface region where the 


Fermi level is nearer the full band and well below the higher of the two energy 


H levels introduced by the gold. 


3.5. Forming Breakdown with Indium p—n Functions 
The explanation advanced for breakdown observed when point contacts 
on n-type germanium are subjected to heavy forming is based on the filling 
of surface acceptor levels by donors from the metal, resulting in progressive 
barrier lowering. Breakdown was however also observed with the pure acceptor 
2 A-2 
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aluminium points after extremely heavy forming, hence further experimental 
evidence on this phenomenon was sought by subjecting diffused indium p—n 
junctions to forming pulses. 

After a certain pulse level the back resistance was observed to decrease 
markedly, and further pulsing resulted in breakdown with ohmic characteristics. 
This was observed to be due to ohmic contact being established at a few spots 
where melting occurred, on the indium pellet periphery. Further pulsing caused 
the indium at these spots to dissolve more germanium, leaving small holes in 
the 0-004 in. thick slab. ‘The properties of the junction are apparently degraded 
by pulsing. 


| 


3.6. Discussion of Results 


The experiments show that forming can be achieved using points containing | 
donor impurities alone. ‘The importance of donors has been previously suggested 
by Pfann (1951). The presence of Group III acceptor atoms does not appear 
to be required. | 

It is noted that Granville et al. (1955) have found experimentally that donor | 
impurities are the significant ones for formed collectors on n-type silicon. 


§ 4. THEORY 


Formed point contacts share with unformed ones two important general 
characteristics, low forward resistance and characteristic rise in « at low Jp. 
‘This suggests that a basically different structure may not result from the forming 
process which is often very light. 

In considering a diffusion model it is noted that Aarons et al. (1954) have found 
that atoms from gold points much larger than those used for transistors had 
passed into a germanium surface during forming. A technique for arcing 
antimony and aluminium into p- and n-type silicon crystal surfaces has been 
developed by Jacobs e¢ al. (1954). The experiments of Granville et al. (1955) 
provide support for the assumption that impurities from the collector diffuse | 
into the surface during forming. 

If go is the collector barrier height and p, the excess hole concentration in 
the collector barrier region due to the emitter, we calculate d¢y/dpy in a manner 
similar to Hogarth’s (1954) method for an unformed transistor, but with the 
addition of terms due to infused donor and acceptor concentrations. 

We consider in n-type germanium of not too low resistivity a density ng of 
ionized surface acceptor levels producing a rise ¢, in electron energy at the surface 
x=Q. Poisson’s equation becomes 


d2 
ine = (Na -- Na) +p exp ($/RT) —nexp(—¢/RT)+fa—fa} ...... (1) 


where w=47e?/e, is electron energy measured from bottom of conduction 
band in the interior, e is electronic charge, € dielectric constant of germanium, 
Na and N, donor and acceptor density normally present, and fa and fa infused 
donor and acceptor density respectively. 


P=Pnt+Po+P ae (2) 


where pn is hole concentration before forming, P; hole concentration introduced 


by ionized infused acceptors and py the hole concentration due to injection, 
assumed small. 


N=Ny + Ny, 
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| where mp and n, are the electron concentrations before forming and introduced 
) by the ionized infused donors respectively. We neglect the electrons which 
), accompany the injected hole density py. 

| Equating surface and internal charges, 


a | {N+P exp (d/RT)—n exp (—4/RT) +fa- a} dx eirssisitaltey'e (4) 
~ 0 


approximately if py is small. We put Ny =Na— Na and x, is the value of x where 
¢@ equals zero and remains equal to.zero for x>x,. Then using the boundary 
conditions 


I 
p=H, at x=0, a = ate Caceres (5) 


ye we obtain 


1 /d¢ 
aap aa (3)... Eset (6) 
It has been assumed that the forming has not destroyed the surface states entirely, 
_ though 7, after forming is probably less than before forming, making for a lower 
j value of ¢) and a reduced back resistance for a point contact. Similarly the value 
of x, would be different after forming. 
. The term (dd/dx),_) 1n equation (6) is obtained by integrating equation (1). 
{ This is difficult to do exactly. We use as an approximate solution obeying the 
6 boundary conditions (5) 


& = — VEN ing + RT plexp g/RT — 1] +RT (rm +m)[exp(—4/RT—1)}}" 


oe i dee eee (7) 


| 
| 
7 which is shown in the Appendix to be a fair approximation near x=0, r being 
p an integer between 1 and about 10. 
With this approximation we find that the rate of change of collector barrier 
6 height with hole concentration due to the emitter, 


fee = —kexp (bulk) / | (Wor ma-tm)+ (sem PP Ff | eae) 
d where » 
F-| i CAVE 


| The expression is obtained by substituting equation (7) into (6) and extracting 
1. explicitly, using the approximation exp(¢)/RT’) >1. It may be noticed that 
f 


terms containing pn +p, do not appear in equation (8). 
For the unformed case, F=n,=0, r=1, and 


| w N, 
* = —kTexp (dulkT)/| (No +n) + (oer ns — re | na ema) 
{, where n, and ¢, have their pre-forming values. Equation (9) is similar to an 
i expression which can be derived from equations given by Hogarth (1954) who 
) however neglected the electron contribution my. ‘The term (27e2n.?/eRT) in 
+ equation (9) differs from the equivalent term given by Hogarth by a factor 4a, 
| but numerical calculation confirms that this factor must be included. 
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§ 5. CALCULATION OF @ 
(dle dl. dbo dpy (10) 
go [ae I Sos 
dle V. const dd, Apo dI¢ 
and [e=Jen+Jlep where [cp is the hole current to the collector and Jen is equal 
to Bexp(—¢,/RT) (as approximately found by Gunn (1954), Simpson and 
Armstrong (1953) and earlier theory) B being a constant. The term dlop/dl. 
cannot exceed | and is known experimentally to be small in the unformed case. 
We may assume, following Hogarth, that d/en/d/e is the major term. ‘Then 


le k7 ) FI 
i= 163 7 ( exp ( kT / rR Sg ( ) 
and after forming, 


d ‘ wr 5 Nee. 
x= BS? | (Nort mn tn) + oer FP at |: See (12) 


4 


Hence « may be increased greatly by forming if F is positive and comparable 


with ns, provided this is the dominant term. Numerical calculation (see Appendix) | 


shows that this is so. 
Since F=| (fafa) aw 
“ O 


the result immediately follows that donors alone can cause forming improvements 
whereas acceptors alone cannot, as found experimentally. We can define the 
forming improvement factor 

ee No tn, + (1/RT)(27e?ng?/e — Nobo) 

Not+my+ny 

as the ratio of the maximum value of « after forming to that before forming, 
where ns and ¢, have their pre-forming values. In order to estimate € we must 
assign values to ms and 49. No accurate values for these quantities appear to 
have been obtained, but several estimates based on indirect methods have been 
published. 

For materials of resistivity 2:2Qcm and 7 Qcm Hogarth (1953) has rather 
indirectly estimated ng as about 11 x 10!cm-2 and 4:3 x 10!©cm-2 respectively 
with corresponding barrier heights in the range 0-25 to 0-27 ev and 0-166 to about 
0-20ev. Various other estimates of these orders have been given. In view 
of the uncertainties in the values of my and ¢,, we have calculated ddy/dp, tor an 
unformed transistor, and € for a range of values suggested by the above estimates. 
Results appear in figure 2 and 3. 

It is apparent that values of €, especially at higher values of ng, are adequate 
to account for the increased values of « observed after forming. Since the 
discussion refers to low emitter currents, a typical case might be an increase 
in « from | to 8 after forming. Values of € in excess of this are readily possible. 
Most forming of course does not obtain the optimum improvement which is 
possible. 


If as an approximation we put dpy/d1e = po/Ie in equation (11) we obtain 


- Ic 1 dbo 
x= (70) (— gp op’): soe (14) 


If we assume 10a as a reasonable value for I, and I, and 10x 10-4 cm? for 
—(RT)'d$o/dp, from figure 2 we find p, to be about 102 cm”, and hence a value 
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of 0-1 for « for an unformed transistor with 7 Qem germanium. ‘lhe choice of 
different possible values of py, Je and ddbo/dp) would still yield similar values for «. 


The result is in agreement with experiment at low emitter currents to which the 
calculation refers. 
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Figure 2. 70Qcm Ge. Figure 3. 2:20Qcm Ge. 


§ 6. CONCLUSION 
The results show that current gain in transistors may be accounted for by the 
lowering of the collector barrier by injected holes. The effect is enhanced by the 
presence of infused donors in the region of the collector barrier after forming. 
Numerical calculations within the uncertainty of the values of surface state 
density and barrier height indicate that the values of « observed before and after 
forming may be accounted for on this mechanism. 
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ALU PENDIX 


Equation (7), the approximate solution to equation (10), is obtained by 
considering the exact solution (A) to an equation (B) like equation (1) but with 
the terms containing ¢ multiplied by a factor 8 which is slowly varying with 
respect to x at small x. Numerical calculation shows that the terms containing 
x are dominant in equations (1), (A) and (B). By considering the exact solution 
of equation (B) both for B=0 and for 6 having its calculated value of about 10 
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we can show that equation (7) is an approximation which is expected to be 


considerably closer than 10%. 
For the case of forming with an antimony collector fa and F may be calculated 


from the diffusion equation 


fa= oa exp (— x?/4Dt) 


used by Dunlap and Brown (1952) who measured the diffusion coefiicient D of 
antimony into germanium at 730°c as about 3 x 10~!%cm?sec™’. Considering 
a light forming pulse where this temperature is attained, the time ¢ may be taken 
as about 10 msec, and the initial surface density O may be estimated from the 
lattice constants of antimony, taking into account imperfect contact. Then 
the term F in equation (8) is estimated to have a value in the range 1017 to 10% cm 
which may be compared with published estimates of mg of the order of 101? cm~*. 
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Abstract. Observations have been made of the scintillation response S of a 
0-2cm thick anthracene crystal to photoelectrons of energy E=6 to 30kev 
produced by various characteristic K x-rays. The responses to "In and 1’Cs 
internal conversion electrons were also measured, and the results reduced to 
a standard scale of S, and compared with other data. 

The (S,E) curve agrees closely with that predicted theoretically. The 
response curve at — 65°C is identical with that at 16°c, apart from a general 
increase of 50% in S. 

The response to internal electrons is significantly greater than that to external 
electrons of the same low energy. Reasons are suggested for the divergent 
results reported by Robinson and Jentschke. The reduced response to external 
electrons is attributed to the escape and/or quenching of the fluorescence excitation 
energy at the crystal surface. These and other surface phenomena affecting 
the response of organic scintillators to short-range external particles are discussed. 


§ 1. INTRODUCTION 


HEN ionizing radiations impinge on anthracene or other fluorescent 
organic crystals, part of their incident energy is converted into light, 
which is emitted as normal fluorescence from the crystal. The 
scintillation response S depends on the nature and energy E of the incident ionizing 
particle, of range r within the crystal. Birks (1951) has shown that the specific 
fluorescence dS/dr may be expressed as a function of the specific energy loss 
dE/dr, and appears to be independent of the nature of the particle. ‘he theoretical 
relation 
dS A dE|dr (1) 
ar. Ie RBidijdre ~~~ 2 ee 


has been obtained by considering the competitive processes of fluorescence 
emission and of primary quenching by molecules damaged or ionized by the 


incident particle. 

An alternative expression has been derived by Wright (1953), who attributes 
the primary quenching to the combined effect of unimolecular and bimolecular 
processes in the primary excitation column. ‘This leads to a relation 


dS|dr = C\n(1 + D dE/dr) eps) 


which approximates to (1), except at high dk/dr. Other relationships between 
dS/dr and dE/dr have been proposed by Chou (1952) and Black (1953). 
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These expressions account satisfactorily for the scintillation response of 
organic crystals (and also solutions) to all types and energies of incident ionizing 
particles, except those of short range. For x-particles of + less than 8mm air 
equivalent, the value dS/dr is, however, less than that given by (1) or (2) (Birks 
1950, Kingand Birks 1952). A similar effect is observed with short-range electrons 
and protons (Taylor et al. 1951). Since both effects are associated with short- 
range particles it is suggested that they are due to surface phenomena, probably 
either surface escape of excitons or radiations (Birks 1952, 1953) or quenching of 
fluorescence excitation energy by a non-fluorescent impurity in the surface layer 
(King 1952). A theory of surface escape has been formulated by Birks (1952, 
1953). It involves multiplying the right-hand side of (1) or (2) by a ‘surface 
escape function’ 

@= l= slexp(—7/4q) (7/46) E1725) eee (3) 
where Fi(r/a,) is the exponential integral, and a, the mean free path of the escaping 
photons. ¢ increases from 0-5 at y= 0, to approximately 1-0 for r>2ay). Recent 
observations by Wright (1955) indicate that quenching impurities are formed 
on the surface of anthracene crystals exposed to the atmosphere, thus causing 
surface quenching. 

If surface effects are operative, the scintillation response of anthracene to 
photoelectrons produced within the crystal by x-rays should differ from that 
excited by external electrons of the same energy, since in the former case surface 
effects are eliminated (Birks 1952). A detailed study has therefore been made 
of the scintillation response of anthracene to photoelectrons of 6-30 kev energy 
for comparison with the external electron data of Taylor et al. (1951). A brief 
account of the preliminary results, which showed the predicted difference in 
response, has been published previously (Birks and Brooks 1954). Robinson 
and Jentschke (1954) have subsequently reported the results of a similar investiga- 
tion, but showing no difference in the response to internal and external electrons. 
The present paper gives a fuller account of our original and later studies. These 
substantiate the differences in response originally reported. Similar results have 
recently been obtained by Fowler and Roos C55): 


§ 2. EXPERIMENTAL METHOD 
2.1. Apparatus 


A schematic diagram of the apparatus is shown in figure 1. The purpose 
of the experiment was to measure the scintillation response of the anthracene 
crystal D (0-2cmx0-5cemx0:5cem) to photoelectrons released within it by 


Camera 


X-Sweep 
Circuit 


Figure 1. Schematic diagram of apparatus. 
A, X-ray tube; B, scattering foil; D, anthracene crystal ; E, cooling jacket : 
F, wedge filter ; G, aluminium reflector ; H, light-proof box ; I, lead shielding, 


Scintillation Response of Anthracene to 6-30 keV Photoelectrons tes: 


secondary characteristic fluorescence K x-rays of different elements. Foils 
of these elements were placed at B, directly above the crystal and in the path of 
a collimated beam of ‘white’ x-radiation, AB. Pure metal foils (4 cm? x 0-01 cm 
thick) of Fe, Cu, Mo, Ag and Sn were used. Powdered layers of As, I and 
SrO, mounted in flat black paper packets, served as ‘foils’ of their respective 
elements. With these elements an x-ray energy range of 6kev to 32kev was 
obtained. A mechanical arrangement was used, enabling the foils to be changed 
or radioactive sources to be substituted, without exposing the photomultiplier 
to external light. During the investigation, various x-ray tubes were used as 
sources of ‘ white’ radiation, and the results were found to be independent of the 
tube used. 

Other low-energy x-ray sources were also employed, as follows: (a) In K 
X-rays emitted following internal conversion in !4In. Internal conversion 
electrons from the source were eliminated by a Perspex absorber. (6) Mn K 
X-rays emitted following K-capture in *°Fe. 

The scintillations were observed with an E.M.I. type 5060 photomultiplier, 
selected for its low dark noise and high sensitivity. The crystal D and the 
photocathode could be cooled by refrigerants placed in the cooling jacket E. 
By this means the dark noise could be virtually eliminated, and the temperature 
dependence of S could be studied. 

Voltage pulses from the photomultiplier were fed to an A.E.R.E. Model 
1049 A linear pulse amplifier. ‘The pulse amplitude distribution was measured 
with a multi-channel photographic wedge pulse analyser (Maeder 1947), based 
on the design of Bernstein et a/. (1953). This type of pulse analyser is particularly 
suitable for studying pulse sequences initiated by sources of fluctuating intensity. 
Provided the counting rate is not excessive, practically every pulse is counted. 
The only limitations on the amplitude resolution are the width of the cathode-ray 
tube trace and the circuit stability during the relatively short period of measure- 
ment. As described below, the characteristic response of the photographic 
film can be used to obtain a sharply defined pulse amplitude distribution. 


2.2. X-ray Absorption in Anthracene 


Internal photoelectrons of known energy are efficiently produced in anthracene 
by x-rays of energies below 20kev since the cross section of the photoelectric 
absorption process in carbon (see Heitler 1949 for data) is relatively high. At 
X-ray energies greater than about 22 kev however, Compton scattering becomes 
the main absorption process, and the photoelectric absorption declines rapidly. 
This places an upper limit on the photoelectron energy which can be resolved 
against the ‘Compton background’, and against the background due to scattered 
‘white’ x-rays which, though continuous and of low intensity, are efficiently 
absorbed at low energies. ‘The measurements indicated 30 kev as the upper 
energy limit at which a photoelectric peak could be clearly resolved with the 
arrangement used. 

2.3. Photoelectron Energy 

The K, and Kg components in the characteristic fluorescence were not resolved. 
A weighted mean photoelectron energy for each foil used was calculated from 
the following data: (a) the K, and Kg x-ray energies (Hodgman 1954), 
(b) the K,: Kg intensity ratio, which varies from 5:1 to 3:1 for the elements used 
(Compton and Allison 1946), (c) the photoelectric absorption coefhcient. The 
values obtained are listed in the table. 
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Atomic number 25 26 29 33 38 42 47 49 50 53 
Element Mn hie CulsaeAs Sr Mo Ag In Sn I 

Ky, energy (kev) 559 6:4 8:1) 1025) 14-2) 1725222 4 Se OO 
Kg energy (kev) esr oil RA lakes iG) IO) Dc? 27:7 28:9 32°83 


Weighted mean photo- 4 
electron energy (kev) 5:9 6:5 8:2 10:7 14:5 17:9 22:7 24:8 25:8 29-4 


2.4. Calibration and Test 


The scintillation response of the anthracene crystal to external electrons of 
known high energy was also measured. ‘This enabled the photoelectron 
measurements to be normalized to the same scale of S as that used by other 
observers. Internal conversion electrons from In (186 and 162kev) and 
Cs (624 kev) were used for this purpose. The two electron groups from 14In 
were not clearly resolved, but the mean pulse amplitude was observed. The 
ratio of the observed response to !4In and !°’Cs electrons was in agreement with 
the measurements of Taylor et al. (1951), Hopkins (1950,1951) and other 
observers. 

The comparative measurement of S over the interval from 6kev to 624 kev 
electron energy involved accurate calibration of the pulse amplifier gain and the 
photomultiplier gain over a range of more than 100:1. This calibration was 
performed using standard scintillation sources (i.e. mono-energetic «-particles, 
or '°7Cs internal conversion electrons, on anthracene) and comparing the mean 
pulse amplitudes at different gain settings. For this phase of the work, in which 
sources of constant intensity were used, the pulse amplitude distributions were 
measured with a discriminator and scaler. The gain calibration was shown 
to be consistent by numerous cross-checks, and was found to remain stable over 
the whole period of the measurements. Various other instrumental tests and 
calibrations were also used to ensure optimum and reliable performance. 


2.5. Pulse Amplitude Distribution 


‘Two typical photographs of the pulse amplitude distribution records, using 
As K x-rays and SnK x-rays, are shown in figure 2(a) and (b) respectively. 
Figure 2 (4) shows the increase in low amplitude background at the higher x-ray 
energies, referred to in §2.2. The records were obtained on 35mm Kodak 
‘Microfile’ film, using a Zeiss Contax Camera. The enlargements were made 
on to high-contrast reflex document copying paper, and they are inverted and 
rotated through 90° relative to the presentation on the cathode-ray tube of the 
wedge analyser. 

The use of high-contrast photographic materials gives a sharp transition 
from black to white, which serves as an iso-density contour or edge, from which 
the pulse amplitude distribution can be deduced (Maeder 1947). Since linear 
amplification is used, the pulse amplitude is proportional to the ordinate of the 
edge. N, the number of pulses per unit pulse height, is related to the abscissa 
x of the edge by 

x= RIn(N/N’) 2s ines ates (4) 
where R and N’ are constants, determined by the wedge density and the camera 
lens aperture respectively (Brooks 1955). Calibrations in terms of (4) were 
undertaken, and the abscissae in figure 2 are shown in units of NV. For the present 
studies an accurate determination of N was not required. 
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2.6. Scintillation Response 


The peak, or most probable, value of the pulse amplitude was obtained directly 
from the photographic records. At low particle energies this peak value is not 
exactly preportional to the scintillation response S, due to the asymmetry of the 
pulse amplitude distribution (Wright 1954a). The peak pulse amplitude data 
were therefore corrected to give the true values of S, by the proeedure described 
by Wright (1954b). 


Number of Pulses per unit of Pulse Height 4 


ee te das 8 te “110 
(a) Pulse Height (arbitrary scale) (d) 
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Figure 2. Pulse amplitude distribution photographs. 
(a) As K x-rays (mean photoelectron energy =10-7 kev) 
(6) Sn K x-rays (mean photoelectron energy=25°8 kev) 


§ 3. EXPERIMENTAL RESULTS 

The observed values of the scintillation response S of the anthracene crystal 
to photoelectrons of energy E are plotted in figure 3 (extended points). The 
scale of S is the same as used by ‘Taylor ez al. (1951) in their measurements of the 
response to external electrons (S=6240 units at H=624 key). 

For each photoelectron energy F, three or four separate measurements were 
made at room temperature (~16°c). In addition one measurement was made 
at a temperature of —65°c (+2°c) for each energy, except for I, 4*In and *°Fe. 
At —65°c, the scintillation response to 624 kev electrons increased by a factor of 
1:50 relative to the response at room temperature. ‘The response to photo- 
electrons from 6-30 kev energy increased by the same factor. Hence the low 
temperature photoelectron response data were normalized in terms of the 624 kev 
electron response, and included with the room temperature data in obtaining 
the mean values of S plotted in figure 3. 

The error limits shown in figure 3 include the probable errors from the pulse 
amplitude measurements, from the instrumental calibrations, and from the 
normalization of the data. 
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§ 4. DIscuSssION 

4.1. Present Results 
The data shown in figure 3 differ slightly from the preliminary results reported 
previously (Birks and Brooks 1954), and to which the statistical correction 
(§ 2.6) was applied by Wright (1954b). The difference is due to the inclusion 
of additional observations. It will be noted that the corrected response S$ is not 
proportional to the photoelectron energy F, although it is approximately linear 

over the energy range considered. 
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Figure 3. Scintillation response of anthracene crystal to electrons. 


I, Photoelectrons: RJ, corrected data of Robinson and Jentschke (1954); FR 
Fowler and Roos (1955). 


I], External electrons: T, Taylor et al. (1951); T interpolated, response curve inter- 
polated between 5 and 80 kev by Taylor et al. (1951). 


The increase in the scintillation response of anthracene by a factor of 1-50 
in cooling from 16°c to —65°c agrees with previous observations (Sangster 
and Irvine 1956, Liebson 1952). The fact that the shape of the relative 
response curve is unaffected by the temperature reduction is significant. It 
indicates that the increased efficiency at low temperatures is not due to a 
reduction in the primary quenching processes, responsible for the non-linear 
response. 

4.2. Comparison with other Results 


The experimental data of Taylor et al. (1951) on the response of anthracene 
to external electrons of 1-5 kev energy are plotted in figure 3 (open circles). 

Robinson and Jentschke (1954) have reported observations on the response 
to photoelectrons, agreeing with the external electron response data of ‘Taylor 
et al. ‘They did not, however, correct for the asymmetry of their pulse-height 
distributions (§2.6). The corrected values, estimated from their published 
observations, are plotted in figure 3 (crosses); they are significantly higher than 
those of Taylor et al.+ 


+ In addition there appears to be a discrepancy, with regard to the response to In K 
x-rays, between the text of the paper by Robinson and Jentschke and their figure 5. The 
plotted point S=180 units at E=28 kev would appear from the text to refer to the In K, 
energy which is 24:2 kev. Assuming the latter to be correct, a corrected value of S=190, 
E= 24-2 kev is obtained and plotted, and it is in good agreement with the present results. 
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The remaining discrepancies between the present results and those of 
Robinson and Jentschke may be attributed to differences in experimental method 
and arrangement, which were notably as follows: (i) Robinson and Jentschke 
used a single-channel pulse analyser, involving an estimated measuring period 
of atleast 3-4 hours. This may be compared with a period of less than 30 minutes 
with the multi-channel wedge analyser, which thus reduces errors due to instru- 
mental instability. (11) They needed to subtract background counts up to pulse 
amplitudes equivalent to E~15kev. In the present measurements background 
noise was negligible even at E~6kev. (iii) They used a larger anthracene crystal 
(2cm x 2cm x 1 cm) and different X-ray sources, mainly excited by InK x-rays 
from '!Sn, after the method described by Insch (1950). The various activities 
associated with "Sn (Hollander et al. 1953) probably produced a background of 
secondary radiations, analogous to the ‘white’ x-ray background described in 
§2.2. The use of a larger crystal would ‘accentuate the sensitivity to this and 
to the Compton background, and would also increase the number of multiple 
events (Compton scattering and photoelectric absorption in cascade) detected. 
Due to the non-linear response of anthracene, such multiple events would give 
a smaller scintillation response than that due to a single photoelectric event. 

All such background effects tend to reduce the apparent value of S. It is thus 
consistent with the explanations offered that the data of Robinson and Jentschke 
fall below those observed in the present investigation. 

The recent data of Fowler and Roos (1955) on the response of anthracene to 
10-30 kev photoelectrons have been included in figure 3 (open squares) by 
normalizing their pulse-height scale to the present one at 20kev. This normaliza- 
tion is consistent with a comparison of their proton response data with those of 
Taylor et al. (1951). The results are seen to be in satisfactory agreement with 
ours. 


§ 5. THEORY 
5.1. Specific Fluorescence and Response to Photoelectrons 


The scintillation efficiency dS/dE has been calculated as a function of E from 
the observed (.S, £) values (figure 3) for photoelectrons. The specific energy 
loss dE/dr as a function of FE has been similarly obtained from the range—energy 
data of Curie (1935) for electrons in standard air (all range data used refer to 
integrated ranges in standard air). Hence the specific fluorescence dS/dr for 
photoelectrons from 6-30 kev energy has been determined as a function of dE/dr. 

Similar calculations have been applied to the (.S, £) values for protons observed 
by Taylor et al. (1951) and Franzen et al. (1950), using the proton range—energy 
data of Livingston and Bethe (1937), and (dS/dr, dE/dr) has thus been obtained 
for protons. 

It is found that the (dS/dr, dE/dr) curves are identical for electrons and protons, 
within the experimental error and scope of the present and quoted measurements. 


' The original hypothesis (Birks 1951) that dS/dr is a monotonic function of dE/dr, 
) and independent of the nature of the ionizing particle (in the absence of surface 


effects) is thus verified for electrons and protons. 

The experimental (dS/dr,dE/dr) data are equally consistent with (1), (2) 
and the other formulae referred to in §1. The constants in (1) and (2) have been 
evaluated from the experimental response and range data, and the theoretical 


4 response curve shown in figure 3 (solid line) has been obtained by graphical 


integration. 
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At higher energies the theoretical response is also inagreement with the external 
electron response data of ‘Taylor et al. (1951), Hopkins (1950, 1951), Robinson 
and Jentschke (1954) and of the present investigation (§2.4). These show 
a linear response for anthracene to electrons with £ greater than 120 kev, which 
extrapolates to intersect the F axis at E= 20-25 kev. 

This feature of the experimental response curve is inherent in the theory. 
At high electron energies, where dE/dr is small, (1) or (2) may be expanded and 
integrated, giving 


S=A|  (dE|dr)\(1—kBaE|dr) dr 
~ 0 
2AE=E) ~~ a pee (5) 
-E 
ite B=kB{ (dBlddB, (6) 
~ O 


E' is practically constant for E>200kev, since dE/dr is small and decreases 
with increasing E. A value of E’=24kev has been calculated from kB and the 
range-energy data, and this corresponds from (5) to the intercept on the & axis 
of the linear portion of the (S, £) curve. 

Although the response curve (figure 3) is approximately linear for low energy 
electrons, the scintillation efficiency is less than at higher energies. At H=20kev, 
dS/dE=9-0 units of S/kev, compared with dS/dE= 10-4 for E>120kev. This 
decrease is attributed primary quenching processes as described by (1) or (2), 
and it is distinct from the additional surface effect encountered with externally 
incident electrons. 

5.2. Surface Effect for External Electrons 


‘The experimental results (figure 3) show a significant difference in the 
scintillation responses to internal photoelectrons and to external electrons. 
It is clear that the scintillation efficiency of anthracene is reduced for electrons 
absorbed near the crystal surface. This surface effect might be caused by one 
or more of the following processes: (a) back-scattering of the primary electrons; 
(b) additional quenching of the fluorescence near the crystal surface, due to 
chemical deterioration or other modification of the surface layer; and (c) surface 
escape of photons, emitted during the scintillation process, which would otherwise 
be absorbed in the crystal, leading to further fluorescence emission, and thus 
contributing to the scintillation response. 

The effect of back-scattering has been considered by Taylor et al. (1951) 
and Butt (1952, 1953). ‘The former estimate that less than 10% of the incident 
1—5 kev electrons are scattered in a backward direction. ‘The latter concludes 
that for 4-8 kev incident electrons, at least 80°%, of the back-scattered electrons, 
which constitute approximately 10°, of the incident beam, dissipate half their 
energy in the crystal. We have made similar calculations based on the recent 
data of Sternglass (1954) on the back-scattering of 1-10kev electrons from 
carbon, and have obtained results in agreement with Butt. It is estimated that 
the maximum effect of back-scattering of the incident electrons will be to cause 
a 4%, reduction in the scintillation response observed by Taylor et al. (1951). 
This is quite inadequate to account for the magnitude of the observed surface 
effect. 

Wright (1955) has recently made measurements of the photo-fluoresoence 
excitation spectra of anthracene crystals. These show a marked dependence 
of the flourescence efficiency on the depth of penetration of the exciting radiation, 
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the efficiency being less when the radiation is absorbed close to the surface. ‘The 
magnitude of the effect depends on the state of the crystal surface, and appears 
| to be partly due to chemical or physical deterioration of the surface, as well as to 
| the escape of normal fluorescence radiation. 

The surface effect has previously been attributed to the surface escape of 
| radiation as described by (3) (Birks 1952, 1953). A mean free path a, for the 
} escaping radiations of 3 to 8 was found to give a reasonably consistent description 
| of the external electron data of Taylor et al. (1951) and the «-particle data of King 
| and Birks (1952). Emission and absorption processes in cascade are known to 
} occur in anthracene in the 4000-4500 A wavelength region (Birks and Little 1953), 

| It has also been suggested that similar processes may occur in the 1650-18004 
wavelength region during the scintillation process (Birks 1953, 1954a). Hence 
4 surface escape of the normal (longer wavelength) fluorescence is to be expected, 
) while escape of the hypothetical primary (short wavelength) radiation is also 
+ possible. These alternatives cannot, however, be readily differentiated using 
» the electron response data for anthracene, nor can the possible contribution of 
i) surface quenching be estimated without detailed knowledge of the crystal used 
y by Taylor et al. (1951). 

It is of interest to note that King and Birks (1952) have observed a surface 
setfect of similar magnitude and a, in anthracene, para-terphenyl and trans- 
| stilbene crystals. The overlap of the normal emission and absorption spectra 
| in these last two materials is very much less than in anthracene (Birks and Wright 
#1954) and it is indeed negligible in para-terphenyl. Thus any surface effect 
yassociated with the escape of normal fluorescence should be much reduced in 
i these materials, compared with anthracene, and be insignificant in the case of 
‘para-terphenyl. 

_ A similar decrease in the scintillation efficiency of terphenyl solutions, when 
excited by short-range «-particles of r less than 10mm (equivalent from (3) to 
+ay~10u) has been observed by Reynolds (1952). Such solutions are highly 
‘transparent to the normal terphenyl emission. ‘This analogous effect in liquid 

scintillators, which has been previously attributed to primary photon escape 
«Birks 1953), might also be influenced by surface quenching due to absorbed 
Wpxygen (Pringle et al. 1953). 

' Without a fuller knowledge of the actual experimental surfaces used in the 

Hifferent studies, it is not possible to assess properly the relative importance 
jpf the alternative photon escape and surface quenching processes. ‘I'he similar 
“dependence of dS/dr on dE/dr, and the similar surface effect observed for each 
of the different organic crystalline and liquid scintillators studied, suggests, 
“nowever, that common primary quenching and surface processes are operative. 
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§ 6. CONCLUSIONS 
The present investigation has clarified several matters associated with the 
cintillation process in organic crystals. It has shown that: 
(a) The scintillation response of anthracene to internal electrons can be 
dequately described theoretically, and that the variation of dS/dr with dE/dr 


(b) The relative scintillation response of anthracene to electrons a different 
“inergies is unaffected by a reduction in temperature from 16°c to —65°c, 
oindicating that the 50°, increase in scintillation efficiency is not due to a reduction 


1 primary sonore processes in the excitation column. 
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(c) The scintillation response of anthracene to internal electrons is greater 
than that to external electrons of the same low energy. This is the result of a 
surface effect, probably due to the escape of photons and/or to impurity quenching 
of the excitation energy. ‘The effect, which appears to be characteristic of the 
organic scintillators, will be encountered with any short-range externally incident 
particles. 

The surface effects in anthracene and other organic scintillators merit further 
investigation. Further data are required on the scintillation response to external | 
electrons of 5-80kev energy, suitable for comparison with the theoretical | 
relation (3). In future studies attention should be paid to the state of the crystal | 
surface, to allow for any surface quenching effects. 
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Abstract. Renewed interest in the measurement of fluid velocities in boundary 
layers by the hot-wire method has called attention to a difficulty that arises when 
the wire approaches a conducting body cf lower temperature. The additional 
convection caused by the body may be large and is not easy to assess by experiment 
alone, while theoretical investigation is somewhat complicated. Some time ago, 
} the present authors obtained an approximate solution of the cognate problem 
of a hot wire moving adjacently to a cooling flat piate through an inviscid fluid, 
assumed to be initially stationary, and found a measure of agreement with 
corresponding experiments which they conducted in air. It is anticipated that 
the results should provide reliable corrections in the practical problem when the 
wire is small compared with the thickness of the boundary layer and sufficiently 
clear of the surface of the body. 

Section 1 of the present paper gives an account of the analysis, which is in 
the nature of a development of the work of King and of Piercy and Winny. 
Section 2 records observations of the cooling of a hot wire whirled through air 
round a Jarge circular brass cylinder of normal temperature. ‘The results of the 
experiments are compared with the theory by means of examples worked from the 
final equations. 


§ 1. ‘THEORETICAL 

HE analytical problem is assumed to be two-dimensional, and the fluid 
to be inviscid, incompressible and of uniform thermometric conductivity. 
The fluid is assumed to have a uniform undisturbed velocity — U parallel 
{ to an infinite plane boundary of infinite conductivity and heat capacity. In this 
_ plane the axis of x is located on the boundary and the centre of the trace of the 
f wire, of radius a, is at x=0, y=b. 

The familiar solution of this potential motion is noted for future reference. 
in terms of the coordinate t=&+7y, defined by 


} pegtane ti 1 @ O MINN) a) seer (1) 
- w=o+ i is given by 
j wz = ihe i sinst nO) 
w= 2Us > ( )’ exp ( lees bles ieee 
i From (1) 
x,y=a(siné,sinhy)/(cos€+coshyn) = cases (3) 


‘| so that 71=0 represents the x axis and on this streamline $=0. When 7=%, 
(3) gives 


| x? + (y—acoth 79)? = «? cosech? yp, 
| while (2) gives ; 


ek; ian a re (4) 


' so that the circle 
| a=acosech 7, Veeco my 29 |” sseerars (5) 
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is this streamline. We require the variation with a and 6 of the maximum and | 
minimum values of ¢ on the circle, denoted by + ¢9, and this has been plotted in | 


figure 1. 


b,/ 20 


0 0-1 0:2 0:3 0-4 0-5 06 07 0-8 0:9 Ro 
a/b 


Figure 1. The function ¢o/2a in relation to aJb ; a radius of wire, 
b distance of axis from wall. 


Denoting by k and c the constant conductivity and heat capacity of the fluid | 
per unit volume, the equation for the temperature @ at any point in the fluid is 
6 06 Ok 

ua ay Ace See (6) 
or, in the w plane, 

08 Rk f070 070 

5” clap * aR) 
In the w plane, s=0 represents the plane boundary, while the circle becomes 
both sides of the short length of the straight line = —«U between + ¢y (figure 1). } 
The thermal boundary conditions in this plane are specified by those in the 
x plane. It is readily verified that except at large Reynolds numbers, which 
are excluded, the temperature at the surface of a solid wire is closely uniform. | 
‘Thus the temperature of the short plate in the w plane is assumed uniform, and 
denoted by 6). The temperature of the infinite plane boundary is assumed to 
be the same as that of the distant fluid and, without loss of generality, is represented 
as zero. ‘This plane is replaced by the image in it of the short plate, and the tem- 
perature of this image is consistently denoted by —6). Hence the temperature 
of the fluid is +6, along s= + aU between the limits = + do, and is zero along 


a= (), 
Putting, as usual, 2n=c/k and 6=6,e"*, (7) becomes 
070, 070 
is Serr Ee eee eee (8) 
which has the solution 
0 =CRne ee) eee (9) 


where the Bessel function is defined generally by 


K(eé)= | exp (€ cosh?) coshint.dt3 ~"— ae (10) 
0 
Therefore, 
b=Ce¥ Renee eee (11) 
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It O is the quantity of heat issuing per second from unit length of a line source 
| at the origin, C= O/27k, and a solution may be built up from a distribution of such 
| sources. The present problem will yield to calculation of such distributions 
, along the real plate and its image and, from symmetry, the two systems will differ 


| only in sign. Let y(4,) be the heat flux from the real plate at 6=4,. The 
| function is determined by the integral equation 


| 2rkA= | exp {n(b—dy)Ko(nld— dal) — Koln lb — 22+ 220°) }x() db 


ee (12) 


} in which it will be assumed that the maximum value of ¢—¢, on the real plate 
} or its image is small compared with 2«U, their distance apart. 
Assuming for the solution the form 


X(Ps)=AxolPi)+ Brio), sen eee (13) 
t where 4, B are constants and yo, y, are defined by the integral equations 
“bo 
| 1= | Pacey {n($— $1) }Ko |2(6 = $1) | Xo(1) 4b1, «se (14) 
| -$, 
1= | exp(—nd,)Ky|u($— 4) lala) dn vee (15) 
4 we find from (12) 


P2rki, = [exp in(d~e1)}[Ky m(B— dh) | — Ky(2nU)}{ Aol) + Boal} 


= A= Ky(2naU) exp (nd) |" exp (—n,)xo(4) db} 


rPo 
= Bexp(np){1—KyQna) |” exp(—mbs)ralba) dss ano (16) 
«For (16) to be satisfied for all values of ¢,, A and B are given by 
) mR tne (17) 


| AK,2naU) |" exp(—nb, yada) 
Bs —¢do 


rho 
| 1—Kg(2n2U) | exp (—nda)xi($s) M1 
The heat loss H in unit time from the real plate for unit depth of the 
“two-dimensional system may now be written down in terms of (14) and (15), viz. 


H 1 0 
hades d 
2nk0,  2kO, | Se xr) dh 


0 Po 
K,(2n«U) {e exp (— 44) x0(¢1) 461 ie x1($1) 44 


1—K,(2nxUl) |" exp (—mby)xi(d) 


=| (ddd 
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The problem is seen to reduce essentially to the solution of (14) and (15). | 
That of the former equation, which refers to the distribution of heat sources | 
appropriate to an isolated plate in a stream, has already been discussed (Piercy | 
and Winny 1933). ‘This paper gives for this part of the heat loss the alternative | 


solutions 


bss (ny)*(log tudo ty +3) +1 
ip) = — = PALL Sete ens or 20 
| nee Xo( 1) dg, log Indy Ei y ) ny small ( ) 
or =4(ndo/a?)¥?, mbo large. se nes (2:5) 
y is Euler’s constant=0-5772... ‘The two results were shown to approach one | 


another through an intermediate range of values of no, of order unity, so that 
little numerical uncertainty exists at any value of this quantity. The distribution | 
of heat sources appropriate to (20) is, from this earlier investigation, 


_ D+ End, + F(nd,)? 
xo) cg tah ete (22) 


where the constants are defined by 


2 = (og baby +7)LH(bo)*(log Jy +78) =I, 


E= D(log indy +y + 1), F=4D(log indy +y+3), -.--- (23) 


whilst the distribution appropriate to (21) is 


xo(b1) = 5(5) (G73) ee (24) 


Before considering (15) we make use of the foregoing to evaluate a further 
integral which occurs in (19), From (22) and (23), for nf) small | 


‘do do n 2 
|, exp(—ndr)ro($.) db = | [mdr + Joby) Os. 


0 


See Cees Baek eae 
Jig nde bay if 
= = {D+4(3D—E+ FY(ngy)"} 
=—|logdudptvie. Peel © eee (235) 


From (24) for my large, writing m for {n(¢)+4,)}1”, 


2 P (2ndo)!* 


(St exp (— 1 )xXo($1) 461 = (=) 3/2 exp (1h) | exp (— m?) dm. 


cy 0 
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| Values al from tables of the probability integral; the limiting value as nhy 
i) increases is 34/7. 


~ “do 
| Figure 2. The integral | exp (—ngo)xX0(bo)ddho 
: Og 


. The two approximations (25) and (26) are plotted in figure 2, where they will 
be seen to differ so little through a range of values of ndy of order 1 as to leave little 
i numerical uncertainty at any value. 

| We proceed to examine (15) for n¢, small. On expanding the Bessel function 
as far as the squares of small quantities the equation becomes, with r written for 


§ 3n(¢—4,), 


-b, 
| l= |  {=(y+logr)(1 +7?) +r?}xu(¢r) exp (1) df. veeee (27) 
» Assume for the solution the form 
G+H4d,? 
| ral) exp(—nb)= ea see (28) 


) : ig ; ; F 
4 and substitute in(27); the integrals can be evaluated exactly, and for the equation 


~ to be satisfied for all values of 4, to the second order of small quantities, we find 
| . 1/G= —n(y + log tndo)[1 + (2nb)(3 + y + log tnGo)), 
. H=tn?G(4+ytlogindy). = = =  —— aeeece (29) 


Still retaining the restriction of nd, small, we evaluate the two integrals in 
) which the function (28) occurs. Firstly, we have 


. % G+Hd? 
[7 exp (—md,)xulba) dbu= | garg aye ts 
= = n(G+ Hb Ve rere (30) 
» Secondly, eae 
n a er 
J rah) 44.= | exp rb) gaa gaya Ms 
= [log tials eo wee (31) 


to the second order the same result as (25). 
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This completes the working for ndy small, and under this condition the 
solution of (19) is as follows. Writing 


fld,)<b+y+logindy  2(¢oi=1-+ eae eny eee (32) 
ee Boe K,(2nb)Lo($o) + Ango)?I 
Dake $=Ha) ! + (no) (bo) — Inbyelby) + Lf (bo) — Helo) + rho)! 

ie (33) 


Comparison with (20) shows that the effect of the cooling boundary is represented 
by the last term in the curly brackets together with the variation of dy from 2a, 
its value for an isolated wire. 

We now consider the extension of the solution to values of n¢y beyond the | 
range to which (33) is restricted. Following a method which has proved 
successful on several rather similar occasions, we first assume ¢y to be large and, 
further, that all effective contribution to the integral of (15) then occurs when 
f=¢,. It is clear from considerations of symmetry that (15) is to be regarded ~ 
as an equation for determining exp (—7¢,)(¢)). 

Appropriately to the assumption now made, the equation becomes 


, Ky(n|o—i])db, seve. (34) 


ro 
1=exp(—nd)xi($) | 


giving 


r 


exp(= nb yas) a= [db | Kull b— abi 1a | 


By (10) the right-hand side is recast into the form 


2 | nde [= | SAD Ai aTAeiag) COSINE Sha Date Oren See ‘i 


/0 de cosh t 


in which it is observed that since my is large the first exponential is always negligible 
compared with the second. Also since 


°° exp (—€cosh ?t) di 


lk K,(£) dé= I. ee (37) 
(36) reduces to 
“ho r CO i} 
2) ndd |7- | 4 B®) ae | < at aoe (38) 
Hence writing i 
p=mbo-9) T=| Kid ea, (39) 
ie 
and again identifying ¢ with 4,, 
=|" exp(—n,)x(ds) dey = ={ndy+ |" “ap 40 
jew 1 1 1 1 a | 0 i ae laf Ooricyoc ( ) 


The second term on the right-hand side requires to be evaluated graphically 
and it is found to approach the value (0)-271(7/2) as nd, increases. 
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The two solutions of the integral under discussion, viz. those given by (40) 
| and (30) for md) large and small, respectively, are compared in figure 3. It is 
| inferred that a close approximation for all values is obtained by assuming nd, large 
| to be greater than 1-5 and md, small, less than 1 with the transitional curve shown 
\ dotted in the figure between these limits. 


a 


vA 


10, large 


a 


rot 779, small 
| y 
Y, 


| Vi 


NO, 


0 


Figure 3. The integral 


exp (—nd,) x(diddi 
The integral remaining before (19) can be evaluated for ndy large is 


“Ho 
| I, = | P XG) 4oy ae we ws (41): 


) Multiplying both sides of (15) by e”® and retaining the first term only of the 
/) asymptotic expansion of the Bessel function, we have 


é TT 1/2 
em = | . | ez | WAGi) dale ae cakes (42) 


« Abel’s solution then gives 


xa($1) = @) e ie s a a se ROME ROE: (43) 


» and for nd, large this reduces, leading to 
> (2ndbo)'? 


2\3 
es (=) exp (ndby) | : exp (sta © °C Le (44) 


+ whose value for any value of md, is immediately known. 
. Equation (27) now permits the heat loss from the plate to be evaluated with 
‘| the help of figures 1, 2 and 3: an expression of this result in symbols, restricted 


so as to avoid the intervals of md, where a transitional curve provides the best 
+) approximation possible, would be cumbersome, and so, too, would be its use. 
Figure 4 exhibits the final solution of the problem, according to the present 
- theory, giving, in the form of examples, the modification cf the heat loss from 
> the circular cylinder as it approaches the cooling plate. It will be seen that 
+ as speed increases, the cylinder may approach the plate more closely before 
>) excessive heat loss is experienced. 
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‘The assumption leading to equations (14) and (15) becomes untenable as a/b 
approaches unity and as Uan increases. ‘This restriction leaves the theory useful 
over a wide range, including that of experimental explorations of velocity. 


Figure 4. Theoretical non-dimensional heat loss at various values of Uan. 


§ 2. EXPERIMENTAL 


2.1. Design of Apparatus 


‘Yo avoid turbulence the hot wires were required to be thin and to move at 
low speeds, while, according to §1, their cooling would be expected to become 
excessive only when they approached a conducting body within distances compar- 
able with their diameters. ‘These conditions imposed a stringency on the design 
of the apparatus and the method of observation, in order that the small thickness 
of fluid separating wire from cooling surface might be set and gauged reliably. 

A vertical shaft or axle, mounted between centres or in conical bearings in 
a heavy framework, was rotated through the reduction gearing by a 5 kilowatt 
electric motor driven from batteries to secure uniform speed. The axle carried 
two sliding frames, to each of which was attached an insulated blade forming 
an arm of the fork for the hot wire. "These frames could be traversed horizontally 
a total distance of 3cm by means of micrometer screws acting through the inter- 
mission of levers pivoted in knife edges and constraining strong springs, the 
double lever and micrometer system, operating each frame, providing coarse 
and fine adjustments. Each horizontal frame and its traversing gear formed 
a Separate unit carried in a machined casting secured to the axle. The axle, the 
sliding frames and the hot wire formed a complete loop, so that the cooling body 
needed to be floated between the blades in ball bearings on the axle. This body 
consisted of a cylindrical drum 25cm in diameter of polished brass. Tappets, 
tripped by a cam, kept the drum still, while permitting the hot wire fork to swing 
through. ‘The stationary cooling surface thus provided was 5-4cm long, but 
the surface was continued by stationary cylindrical casings of the same diameter 
and material fitted above and below so as to leave annular slots for the passage of 
the fork-blades. ‘To minimize swirl the sliding frames and all other gear were 


| 
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enclosed in interior drums secured to the axle and rotating with it. Only the 
fork-blades projected through them. The outer surfaces of these moving drums 
were fitted concentrically, with small clearance, within internal cylindrical surfaces 
machined in the stationary drums. Thus little more than the fork-blades was 
left to create swirl, and these were shaped to a ‘faired’ section. ‘The traversing 
screws were operated through doors in the casings. 

Heavy copper leads connected the fork to mercury slip-rings at either end of 
the axle. Double rings were fitted with the original intention of connecting 
one pair to potentiometer leads, which were to tap the wire at some distance 
from its ends. The refinement was abandoned because of the difficulty of 
keeping a fine wire straight in these circumstances. 


2.2. Method of.Experiment 


‘he experiments were made with three nickel wires of different diameters 
soldered tautly between the fork-blades, one of which was pivoted and sprung 
to provide tension. All wires were 5-4cm long and they were heated as follows: 
radius 0-0013cm, current 0-104, radius 0-0026cm, current 0-404, radius 
0-0038 cm, current 0-90 a, giving, approximately, a temperature of 40°c in still 
air remote from the cylinder. The supply currents were maintained constant 
during the experiments, resistance being allowed to change. 

The procedure for a series of observations was as follows. ‘The 
“cold resistance’ was determined by passing through a very small current, and 
the wire brought close to the cooling surface and set parallel to it by observing 
the wire and its optical image in the surface obliquely through a microscope. 
‘The value of the small clearance was determined by means of a calibrated eyepiece 
scale. ‘The whirling-arm was then rotated at various speeds, which were noted 
by stop-watch, and the various resistances of the wire were determined by means 
of a simple high resistance bridge. ‘The distance between wire and surface 
was then changed by a definite adjustment of the calibrated micrometer heads, 
while the microscope was again employed to check the new value of the clearance. 
A second set of resistances was then obtained, and the process repeated until 
the wire was too far removed from the cylindrical surface to be cooled by it even 
at low speed. 

The linear velocities of the wires ranged from 5 to60cmsec"t. ‘The maximum 
speed gave for the wire of greatest diameter a Reynolds number less than one-tenth 
of the smallest value at which eddying has been observed behind long wires of 


circular section. 


2.3. Reduction of Results 
The hot resistance R, of a wire of length / and its cold resistance Re are related 
to its temperature elevation 6) by 
We pele a Nee Fale Caan (45) 
The temperature coefficient of resistance « was specially determined by carrying 
out measurements on a coil of wire enclosed in a tube and immersed successively 
in ice, steam and boiling oil. Its mean value over the range of temperature 
provided was 4-55 x 10-3 deg"!._H, the heat lost per second by unit length of the 
wire, was obtained from the heat supply in the steady state, so that 
fah—w kd ea ple pecs (A) 
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I being the supply current in amperes and J the mechanical equivalent of heat. 
From (45) and (46), denoting by k the conductivity of the fluid, 


Hoek Res 
UkOy) 0 Ry =a 2n lh ie i a 


Of these quantities, Ry — Re was obtained directly in terms of the shift of the 
balance point along the bridge wire, while Re, although also obtainable from the 
readings, was in preference determined more accurately by measuring the 
resistance of a number of specimens of the wire stretched on a holder of such 
a form that length could be varied. The mean value of the specific resistance of 
the nickel was found in this way to be for each diameter 8-3 x 10-*ohmcm. 
Values of k were adopted from International Critical Tables to correspond with the 
mean temperatures of the wire and the cooling surface, the former being estimated 
from the observed resistance of the wire. Compaen with theory involves. 
the quantity =c/2k, and appropriate values of c, the heat capacity of the fluid, 
were taken from the tables with the same convention as to temperature. 

For each wire and each experimental value of b/a, the clearance between wire 
and cooling surface expressed in terms of the radius of the wire, the observations of 
H/27k6, were plotted against Ua. From the three families of curves so obtained, 
values a H1/27k8, were read off at chosen intervals of Uan. These are exhibited 
as points in figure 5, from which it will be observed that the wires gave results in 
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Figure 5, Experimental non-dimensional heat loss in relation to b/a. 
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agreement with one another. ‘The curves shown in the figure are theoretical, 
| but before making a comparison it is convenient to discuss briefly some sources 
| of error and causes of divergence in the experiments which have not yet been 
considered. 
3.4. Sources of Error 
The theory does not take account of radiation losses. In the case of the 
| thickest wire these were estimated to be 3x 10-3 cal cm sec! under the 
| conditions of the experiments, and the correction was consequently neglected. 
Natural convection, which may be expected to increase the heat loss at very 
small velocities, is also ignored in the theory. An estimate of its importance was 
sought by mounting a specimen of the wire vertically in a wide vertical tube 
connected to an aspirator, which could produce a downward flow of air in the 
tube counter to the upward current caused by free convection. It was found 
that for the wire to attain a maximum temperature a downward current of some 
2cmsec! was required. Thus observations of heat loss with the wire at rest 
correspond to the existence of an appreciable velocity parallel to its axis, but 
the effect on the results at normal velocities of the order of 5cm sec, or greater, 
will be small. 
Departure in the experiments from two-dimensional conditions also becomes 
_ important at low speeds. If the wires be assumed to conform in shape to long 
ellipsoids, the steady conduction of heat under static conditions may readily 
9 be calculated. ‘his was found to be appreciable in the experimental circum- 
% stances, but the result illustrates a well-known difficulty arising from the 
_ two-dimensional assumption in the steady state, and the theory must be supposed, 
i on this score alone, to break down as the velocity approaches zero. 
| Error arises in two ways from the leads and soldered electrical junctions. 
_ Their resistance does not affect Ry—R,, but it prevents direct measurement of 
the absolute value of either quantity separately. As already mentioned, the 
i difficulty was met by inferring R, from special experiments of a more general 
| kind. The other error is due to conduction of heat along the metal blades of 
»| the fork, and a direct estimate under present conditions was thought to be 
advisable. Calibration curves for the hot wires were obtained in an aspirator 
ii tube with the fork formed (a) of thick copper blades immersed in ice, (6) of thin 
+4 needles in air. Differences amounted to less than 3%. 
Preparations were made to correct the timed velocity of the wire for a velocity 
-) of swirl set up by the rotating parts of the whirling-arm apparatus, a stationary 
*) hot wire being mounted near the path of the moving wire. ‘lhe steps taken in the 
» design of the apparatus specially to minimize this drift of air proved effective, 
« however, for no appreciable swirl could be detected. 
| The most serious cause of discrepancies in early observations was found to lie 
in estimating the clearance between the wires and the boundary. Fair accuracy 
“| was clearly obtained in any one measurement by use of the method which has 
+} been described, and the cause of error was finally traced to a slight eccentricity 
' of the axle within the drum. The difficulty was overcome by choosing a suitable 
© particular range of angular position on the wire both for measurements of clearance 
» and for observations of heat loss. 


3.5. Comparison with Theory 


In figure 5 the curves are calculated from §1 and the points represent the 
») present experiments: fairly close agreement is seen to exist. 


742 N. A. V. Piercy, E. G. Richardson and H. F. Winny 


Atall but the greatest values of Uan there will be noticed a systematic divergence 
between experiment and theory, the latter tending to under-estimate the heat 
loss. The difference was investigated on the experimental side in the light 
of the sources of error detailed in the preceding section, and was found to be 
genuine. It might have been predicted. ‘The theory of convection from iso- 
lated wires in an inviscid stream advanced by two of the present authors was shown 
(Piercy and Winny 1933) to indicate a smaller heat loss at values of Uan less than 
0-2 than was indicated by a rearranged record of King’s experiments on isolated 


wires moving through air. The difference there found was of the same order 


as that under present discussion. 
The foregoing comparison suggests a method by which the theory of §1 


may be employed with accuracy. The heat loss from an isolated hot wire is | 
readily determined experimentally, while the excess heat loss due to the wire | 


approaching a conducting boundary may be calculated from § 1 in terms of the 


isolated heat loss and may be applied in that form to the experimental calibration. | 


Figure 6 illustrates the results finally obtained. The broken lines represent 


the present experiments and the full lines are calculated from the theory, except | 


that they are constrained in the manner described to agree with experiment at 


b/a= co. Small differences remain but, having regard to difficulties of accurate 


observation, the theoretical prediction is of equal reliability. 
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Figure 6. Apparent Uan in relation to b/a. 
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Abstract. A model of selenium is discussed in which it is proposed that a crystal 
is formed on continuous chains of atoms which zigzag so as to fill a volume 
which is large compared with the lattice spacing. It is assumed that the charge 
carriers (holes) move freely along these chains but that transitions between 
chains are difhcult. This predicts the right dependence of conductivity on 
frequency and a mobility rising with temperature but the magnitude of the 
resistivity is not explained since this requires a detailed discussion of the transition 
process. Some related properties are discussed. 


§ 1. INTRODUCTION 


URING recent years it has been shown that the electrical properties of 

selenium are unusual. The mobility of the positive holes, which are 

the majority carriers, is very small, of the order of 0-1cm?v—!sec"! 
at room temperature, and increases with temperature. The conductivity is 
dependent on both the frequency (Henkels 1951b, Rebstock and Seiler 1954) 
and on the magnitude (de Boer 1947, Plessner 1951a, Henkels 1951b) of the 
applied field. Attempts to explain these features in terms of barrier layers have 
not been satisfactory since the unusual features occur both in microcrystalline 
selenium and in single crystals where there seems to be no physical basis for the 
barrier layers. Further, the mobility of carriers in the isomorphous element 
tellurium, and in selenium-tellurium alloys containing up to 13° selenium 
by weight, is high, about 1000 cm? v1 sec, and decreases with rising temperature 
in the normal metallic fashion (Nussbaum 1954). It thus seems desirable to 
attempt to derive the properties of selenium from its peculiar chain structure 
and to determine the cause of the qualitative difference between the electrical 
properties of selenium and tellurium. 

The transition of carriers between separate molecules of selenium may be 
compared to the transitions between localized states (de Boer and Verwey 1937) 
in, for example, NiO, Fe,O, and Fe,Q,, in which the electrons must be considered 
as localized at the individual ions: whereas in these oxides transitions occur 
between neighbouring ions, in selenium the rate-determining processes are 
transitions between adjacent molecules. In selenium and Fe,0, (Morin and 
Geballe 1955) the activation energy associated with the mobility p is 0-Lev; 
in «#-Fe,O, and NiO (Morin 1954) the activation energy is approximately 0-8 ev, 
falling to 0-lev at a sufficiently high impurity concentration or temperature. 
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The transition probability is proportional to the diffusion constant for the | 


carriers, D=ykT/q, where q is the charge of the carriers. 
Potential barriers of thickness of the order of the interatomic spacing and a 


fraction of an electron volt in height should be transparent to the electrons, but | 


it may tentatively be suggested that the need for transitions between localized 
states to be accompanied by a reaction on the lattice is the origin of the exponent 
in the expression for the transition probability, and of the low mobility. Consider, 
for example, the case of the transition of an electron from one state to a neighbouring 
vacant state of equal energy. he transition of an electron by itself cannot be a 
complete description of the process since, if it were, the centre of mass of the 
system would have moved. ‘Therefore the transition must be accompanied by 
a reaction on the lattice which will require the initial absorption of energy, 
whatever the exact form of the interaction. 

In what follows it is simply assumed that the rate determining process in the 
transition of carriers between selenium chains is associated with an activation 
energy, without further consideration of its origin. 


§ 2. STRUCTURE 


The chains in hexagonal selenium have the form of spirals parallel to the 
c-axis and held together by residual forces. These spirals can fold back along 
a neighbouring position in the lattice with little distortion of the covalent bond 
Jengths and angles and, since the interchain forces are weak, the distortion of 
the chains caused by the folding requires little energy. With imperfections of 
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Schematic drawing of extended selenium chain. 


this type the chains would zigzag through the lattice (see figure). Let us call 
a length of this chain parallel to the c-axis a ‘link’, and each other section a 
‘cross link ’, so that each length of chain, or each molecule, is formed of a number 
of links each formed of atoms bound together by single covalent bonds. If the 
chain is terminated by a selenium atom—and not by a halogen impurity atora 
the end has an unsaturated valency which, it may be assumed, forms an acceptor. 

To simplify discussion let each chain extend through a rectangular solid, and 
let these rectangular solids be of uniform shape and size. Let one side of the 
solid of length d,, be parallel to the c-axis and the other two sides have equal 
length, written d,. As a result of the zigzag structure, each of these dimensions 
is large compared with the lattice spacing. 
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§ 3. ELECTRICAL MODEL 


We now derive the frequency dependence of the conductivity parallel to 
| one of the sides of the rectangular solid with side of length d. Let the voltage 
| drop across d be V’. As a first approximation take the current between 
| molecules to be zero, so that the conduction current is everywhere balanced by 
| an equal diffusion current. This approximation will be valid if the resistivity 
within each molecule is sufficiently small. 

Let 7 be the density of carriers with equilibrium value mp, and the voltage V =0 
where n=”). Since there is equilibrium, =n, exp(—qV/RT). From Poisson’s 
equation, 


— @V /dx? = (47q/e)(n— nj), 
} Or 
a?V /dx®=(4rqno/e){1~exp(—qV/RT)} a... (1) 


} where qis the charge of a hole and ¢ is the dielectric constant. Put 47q?n)/ekT = «2; 
then, for |V|«kRT/q, d?V/dx?=2?. Take x=0 at V=0,. The charge in each 
# region is conserved, m—n, < V, and V is a symmetrical function of x so that 
ee V'/2 at x= d/2. 

1 Therefore 

_ V sinhax 

~ 2sinhad/2° 


With a typical value of 7)= 10cm, «=3-4x104cm4. Also, the total charge 
flowing to one side of the region, per unit cross-sectional area, 

g?V’ cosh (ad/2)—1 

2akT sinh(ad/2) ~ 


A system, of unit length, of these regions may be regarded as 1/d condensers 

//in series, each having a charge O; and the total voltage across the system is 

)(1/d)V’, so that the capacity per unit length 

dO dg* cosh (ad/2)—1 

7 Ohl. sinh anion aplnl games (2) 
To calculate the current it is necessary to take a finite value for the transition 

probability. Let 7 be the average time a hole spends in a molecule before moving 

sa neighbouring link of another molecule. ‘The net current per unit area 

~1=(n,—n,)bqx'/7, where subscripts 1 and 2 refer to opposite sides of a boundary 

) or opposite ends of a region, 4 is the thickness of a layer of atoms, and x’ is a 

numerical factor of order unity. If, for example, the regions are divided by 

Wplanes parallel to the c-axis, x’ =4. 

Integrating equation (1), 


1/dV\* 4rqnyf, kT Lt) | 
efGad ee K. 
3(%) - F je 7 exp (— rT) | ~ 


But dV /dx is continuous, so that (dV/dx),=(dV/dx),. ‘Therefore 
V'=Vy—V,=(RT|q)lexp(—qV Jk) — exp (—qV|RT)} 
=(RT/q)(m —N2)/N; 
l= (nbx'J3r)\(g°V jRI). 
and the resistivity Pa37imde (RIG). a we wes (3) 
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The dependence of the resistivity on temperature appears as the exponential 
dependence of 7 on temperature. From equations (2) and (3), the time constant 
of the crystal, 
3r cosh(ad/2)—1 
Dobe -sinbi(ad/2)) ia) | peace (4) 
Now it is found experimentally that all the acceptors are fully ionized, so that 
in the pure material, since each molecule has two ends, d,2d,=2/m). Assume 
that p,d, ~ pyd, and take experimental values for the resistivity, p, ~ 10®ohmcm 
and p,y~ 10° ohmcm (Plessner 1951a), then d;~ 10cm, and d)~ 10-*cms 
From equations (3) and (4), we then find p,C,,~ 10~‘ sec and pyC, ~ 107 see: 
The only published measurements of the frequency dependence of the 

conductivity have been made on microcrystalline selenium with a carrier con- 
centration, my ~ 10%cm-%, in which it was found that the conductivity was | 
independent of frequency at frequencies below the order of 10’-108c/s; at | 
higher frequencies the conductivity was found to increase rapidly with rising | 
frequency. ‘This behaviour can be represented approximately by a resistance— | 
capacity network with a time constant pC ~ 10-7-10- sec. Therefore the theory | 
given above accounts for the rapid observed increase of conductivity as a function | 
of frequency, and gives the order of magnitude of the frequency at which this 
increase is found. 


pC= 


§ 4. MoBILITIES WITHIN A MOLECULE 

In order to consider the assumption made above that the bulk of the resistance 
occurs between separate molecules we next estimate the mobility of the carriers 
within a single molecule. We are here concerned with the lengths of individual 
links of a chain. 

Let J, be the average length of a ‘link’ parallel to the c-axis, /, the average 
length of a ‘cross link’, and wv the average velocity of a hole. 

If the extension of the chain through the lattice follows a ‘random walk’ 
and a hole moves freely along the chain, the mobility parallel to the c-axis 
py’ =D, /RT =qvl,|2RT. Similarly p= gD! |RT =(vl,?/1,)(g/4RT), the factor 5 
being due to planar geometry. 

Take J, =10-® cm and /,=4-4 x 10-* cm, the interchain distance. Assuming | 
the effective mass of a hole to be that of a free electron, v=6 x 10® cm sec™ at 
room temperature so that p’/=100, and p,’=0-1 cm? v-t sect. These may 
be compared with Plessner’s (1951a) experimental values for the mobility in | 
the material as a whole, j4,=0-1, 4,=0-01 cm? v1 sec. It has been assumed 
above that each hole reaching the end of a link moves to the succeeding link in 
the chain. In fact some of the holes will be reflected, but it may safely be 
concluded that the approximation is valid parallel to the c-axis. Perpendicular | 
to the c-axis the approximation may introduce some error at room temperature 
but improves as the temperature is reduced. In both cases, parallel and per- | 
pendicular to the c-axis, most of the resistance occurs at the boundaries between 
separate molecules. 


§ 5. RELATED STRUCTURES 
5.1. Liquid Selenium 
Liquid selenium is a p-type conductor with the number of carriers # } 


proportional to exp(—E/2kT), where E=2-3 ev (Lizell 1952). ‘This behaviour 
is not easy to understand in terms of activation across a forbidden band, but it 


The Electrical Conductivity of Hexagonal Selenium 747 


follows from the assumption made above that the free chain ends form acceptor 
centres, as the Se-Se bond energy is of the order of 2-5 ev. 


5.2. Graphite 
in relation to the assumption that the charge carriers in selenium move freely 
only along the chains, it is interesting to note that in the planar structure graphite, 
the experimental results for the conductivity of single crystals (Dutta 1953) are 
consistent with the interpretation that the carriers move freely only along 
the planes, the conductivity perpendicular to the planes being due to mis- 
orientations in the planes in the mosaic structure found in most real crystals. 


5.3. Tellurium 
| Vellurium and selenium-tellurium alloys containing up to 13°% selenium 
} by weight, which are isomorphous with hexagonal selenium, do not have the 
 srnalous electrical properties of selenium. If this difference is a result of the 
) holes in selenium being localized in the chains, then presumably at a sufficiently 
high pressure the conductivity of selenium must become of the same type as 
j that of tellurium. Measurements of the conductivity of selenium seem only 
| to have been made at pressures of up to 3000kg cm? (Montén 1909). In order 
| to create in selenium interchain forces of the order of the van der Waals forces 
in tellurium, pressures of the order of 30000kgcm™? would be necessary. 
| 
. 


§ 6. CONCLUSION 
In order to determine the magnitude of the conductivity a calculation of 
Bae nsition probability for charge transfer between chains would be necessary. 
9 From the hypothesis that the carriers in selenium move freely only along the 
*chains together with certain structural hypotheses, an explanation has been 
‘igiven of the frequency dependence of the conductivity of hexagonal selenium, 


ACKNOWLEDGMENTS 
The author wishes to thank Dr. R. J. Elliott, Dr. E. W. J. Mitchell and 
»Dr. W.N. Reynolds for many useful discussions and Standard Telecommunication 
a\Laboratories for leave of absence and support. 


REFERENCES 


five Boer, F., 1947, Philips Res. Rep., 2, 349. 
a. Boer, J. ae and Verwey, E. J. W., 1937, The Conductivity of Electricity in Solids, Proc. 
Phys, iis (Extra Part) 49, 59, 72, 
“DuTTA, Nk, 1953, Phys. Revs, 90, 192. 
SV4ENKELS, H. W., 1951 ie ih Appl. Phys,. 22, 916 ; 1951 b, Lfbid., 1265. 
igh.IZEL, B., 1952, ie Cue Phys., 20, 672. 
MIONTEN, F., 1909, Dissertation, Uppsala. 
mores, F. J., 1954, Phys. Rev. 93, 1195, 1199. 
Morin, F. J., and Gespatie, T. H., 1955, Phys. Rev., 99, 467. 
aNussBauM, A., 1954, Phys. Rev., 94, 707. 
eePLESSNER, K. W., 195183 eroc Pine. Soc. B, 64, 671 ; 1951 b, Ibid., 64, 681. 
’>EBSTOCK, H., cal SEILER, K., 1954, Z. Nanof. , 9a, 49. 


| 


20-2 


748 


The Discharge Mechanism in the High-Vacuum Cold-Cathode 
Pulsed X-ray Tube | 


By Jee ts Gy PEA | 

Nuclear Particle Laboratory, Queen Mary College, University of London | 
| 

MS. received 4th Fune 1955, and in revised form 24th February 1956 

| 
Absiract. ‘The existing theory of the discharge mechanism in the cold-cathode | 
pulsed x-ray tube based on ionization of residual gas and plasma formation is | 
reviewed and is shown to fail for a high-vacuum tube. A new theory is presented | 
which is based on the production at the cathode of a vapour jet having a velocity | 
of approximately 10°cmsec"!. ‘This results in an expanding region of low voltage | 
discharge, and leaves most of the applied voltage across a rapidly contracting | 
vacuum region adjacent to the anode. It is shown that the tube current and | 
voltage as functions of time and the x-ray pulse duration can be predicted from 
a knowledge of the voltage supply and tube parameters, and the results are | 
verified experimentally. 


§ 1. INTRODUCTION 

HE simplest method of producing a short pulse of x-rays is to dis- 
| charge a capacitor through a hot-cathode x-ray tube (Oosterkamp 1940, | 
Zuckerman 1943), and high speed x-ray motion pictures can be taken in} 
this way (Dickson, Zavales and Ehrke 1948, Slack, Ehrke, Zavales and Dickson } 
1949 a, b). For higher voltages either a normal impulse generator or a delay-line i 
impulse generator (Clayton 1952) is used. Discharge times, however, are limited} 
to a useful range above about 10ssec owing to the difficulty of obtaining from} 
a hot cathode the large current required. i 
By using a tube containing mercury vapour, either with a hot cathode} 
(Steenbeck 1938) or with a cold cathode (Kingdon and Tanis 1938), shorter 
discharge times of the order of several microseconds have been obtained, but the} 
shortest discharge times, down to several tenths of a microsecond, have been} 
achieved with cold-cathode high-vacuum tubes using an arc at the cathode for} 
discharge initiation (Slack and Ehrke 1941). These tubes have been considerably} 
developed, both in the U.S.A. (Slack and Dickson 1947, Slack and Ehrke 1948, 
Clark 1947 a, b, 1949, Breidenbach 1949, Criscuolo and O’Connor 1953) andi 
in Germany (Simon 1947, Schaafs 1949, Fiinfer 1950, 1953, Thomer 1953 
Schall 1953, Schaafs and Herrmann 1954). | 
At the highest voltages both hot- and cold-cathode high-vacuum tubes} 
give fairly long pulses (Brasch and Lange 1930, 1936, 1937, Brasch 1947} 
Sievert 1950, Lindell, Sievert and Wahlberg 1950). | 
‘The advantage of the cold-cathode tube is that no cathode supply is required] 
However, it is well known that in comparison with the hot-cathode type suc 1 
tubes are not stable and are difficult to operate; for this reason information or 
the mechanism of the discharge in the cold-cathode tube is useful and may assis# 
design which at present is based on empirical principles. 
+ Now at the Atomic Weapons Research Establishment, Aldermaston, Berks. 
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Theories exist regarding the mechanism of the discharge which can account 
for the current and voltage as functions of time within a certain pressure range, 
but they appear to fail for very low pressures. It is the purpose of this paper 
to analyse the difficulties of the existing theories and to propose an alternative 
mechanism applying to the high-vacuum cold-cathode pulsed x-ray tube. The 
theoretical argument is verified experimentally. 

The type of tube considered here is the cold-cathode pulsed x-ray tube (see 
figures 5 and 6) in which a field emission arc initiated at the cathode leads to a 
discharge which results in emission of x-rays from the anode. 


§ 2. ‘THE MECHANISM OF THE DISCHARGE 


The only theoretical work on the discharge process is that due to Steenbeck 
(1938) and although Fiinfer (1950) has extended the theory it remains essentially 
unchanged. Various other suggestions regarding the mechanism have been made 
in the literature without, however, any formulation into a usable theory. 

The basic task of any theory of the discharge is to explain the way in which 
the current through the tube is enabled to grow, since it is well known that the 
peak discharge current exceeds by some orders of magnitude the pure electron 
space-charge-limited current. There are two ways in which the space-charge 
limitation can be overcome; the first, adopted by Steenbeck and Fiinfer, is that 
positive ions neutralize the electron space charge at the cathode; the second, 
which is proposed in this paper, is that the distance over which electron space 
charge limits the current is reduced. 


2.1. Theory of Steenbeck and Fiinfer 


Steenbeck (1938) suggested that electrons from the cathode ionize the residual 
gas in the tube, producing positive ions which are effectively stationary in the 
short time of discharge, and by reducing the electron space charge allow larger 
currents to flow, the effect being cumulative. Assuming that at any time 
approximately equal numbers of ions and electrons are present Steenbeck 
obtained for the tube current 7 the relation: 


i=Osp(e/m)!(Vo>—O/CP2 nae (1) 


where QO is the total charge that has passed at any time, s is the number of positive 
ions produced per unit path length in gas at unit pressure, p is the pressure, 


- e and mare the charge and mass of the electron, and V4 is the voltage to which 


the capacitance C is initially charged. 
Fiinfer (1950) modified Steenbeck’s theory to take account of the variation 


- of the ionization function s with electron energy and obtained for the tube current: 


i=—pC(2eVimy2[osdV. ssn (2) 
The tube voltage can be found from the relation 
t= —CdV [dt pete) 


and in figure 1 is shown the result of a calculation made by Fiinfer. Experiments 
to check the theory using the capacitance and voltage for which the curves of 
figure 1 were calculated gave a maximum current of 50 and a discharge duration 
of 1-5ysec; the theoretical values are 2 and 30 psec. 


750 P. T. G. Flynn 


The clue to the reason for the failure of the theory may be found in figure 2 
which compares Steenbeck’s results for maximum current with the measurements 
of Kingdon and Tanis. It can be seen that at the lower pressures the maximum 
current is no longer proportional to pressure but is roughly constant with a 
magnitude greater than the theoretical value. Fiinfer’s measurements were 
made at a pressure of 3 x 10-° mm Hg, significantly lower than the region in which 
Steenbeck obtained agreement with theory, and again the measured current 
is higher than the theoretical value. It is thus apparent that the theories of 
Steenbeck and Fiinfer fail because the mechanism of gaseous ionization can 


10x10. 4x10° 


ie) 
ae 
6 — x» 
c 
- t 
a 5 
4 6 ‘ 
= E 
ce é 
I 20 
oO ea 
10x10” 0 ia 
pt, mm Hg x sec Pressure, mm Hg 


Figure 1. Fiinfer’s theoretical curves for Figure 2. Maximum current in the dis- 
the tube current and voltage for a charge asafunction of pressure. Full 
0-0005 uF capacitor charged to 40 ky, line: Experimental results of Kingdon 

and Tanis. Broken line: Steenbeck’s 
theoretical curve. 


no longer account for the production of sufficient positive ions. Fiinfer suggests 
that the extra positive ions may be produced by photoionization. Little 
information is available on this possibility, but it seems unlikely that at the 
pressures used the cross section would be large enough to give the required 
increase in current. In any case, if this mechanism were effective it would operate 
also at higher pressures and thus maximum currents proportional to pressure 
would still be obtained; this is found not to be true. The theory is also not 
satisfactory in view of certain other experimental results which will be discussed 
later. An alternative mechanism is therefore required, and one will now be 


proposed that will apply to the high-vacuum tube in which gaseous ionization 
is negligible. 


2.2, An Alternative Theory 


If the possibility of ionization of residual gas is rejected, other sources of 
positive ions must be considered in order to explain the large magnitude of the 
peak current in the discharge in relation to the pure electron space-charge-limited 
current. ‘The following are possible sources of positive ions: (a) the electrodes: 
because of the field direction only the anode need be considered, and an 
immediately obvious means of production is electron bombardment; (b) the 
tube walls: again electron bombardment is an obvious means of production ; 
(c) evolved gas: this could come from either electrode or from the tube walls 
and it then would be ionized in the same way as residual gas. 
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For the purpose of this analysis any process involving the tube walls will be 
) rejected. Although such processes may be important in certain cases it is possible 
| to make their effect small by ensuring that the tube walls are far away compared 
) with the inter-electrode distance. 

It should be noted at this point that no breakdown between the tube anode 
) and cathode will occur in the absence of the triggering discharge. 


2.2.1. Production of positive ions at the anode and space-charge limitation. 


The process of production of positive ions by electron bombardment of the 
anode, however efficient, is not by itself sufficient to account for the large currents 
occurring in the discharge. This may be shown by considering a result due to 
Langmuir (1929), namely that even with infinite supplies of electrons at the 
cathode and positive ions at the anode the maximum total current is 


imax = 1-86(te + my) sage ora (4) 


i where ze and 7p are the pure electron and the pure positive ion space-charge 
currents respectively. Now for given conditions the space-charge-limited current 
| 1s inversely proportional to the mass of the charge carriers, assuming that they 
» are singly charged, and therefore 


. Up/te = (me/mp)"? etareretere (5) 


+ where me and mp are the masses of electrons and positive ions respectively. The 
5| maximum current thus becomes 
’ sat 
| lmax = 1-86[1 + (me/mp)! }te. secre (Ol 
It can be seen that even with the lightest available ions the formation of 
« positive ions at the anode cannot explain the observed current magnitudes. his 
“conclusion implies that any ionization to be effective must take place at points 
= between the electrodes and not at electrode surfaces. 


| 


© 2.2.2. Ionization resulting from gas evolved at the electrodes. 


; It is now necessary to consider whether the required ionization results from 
gas which is evolved at the electrodes and flows into the gap. ‘This mechanism 
is at first sight a very attractive one, but consideration of the experimental 
) evidence leads to difficulties in its acceptance. 
Some results bearing on the case considered here have been obtained by 
‘| Allwood.+ In this work rectangular voltage pulses of 200kv with a duration 
* of 5 wsec were applied to a hot-cathode x-ray tube. A corresponding rectangular 
‘current pulse of 104 was obtained and it is significant that in almost all cases 
‘the current remained at 10a for the duration of the pulse, i.e. the anode could 
+ sustain bombardment of this magnitude over a fairly small area without supplying 
gas for ionization within the gap. 
Dickson, Zavales and Ehrke (1948) found that a current of 60a from a hot 
» cathode was maintained with only a slight increase when a capacitor charged to 
‘117 kv was discharged through the tube. In this case the discharge duration was 
4 25 psec. 


| + The author is indebted to the Director of Research, Nelson Research Laboratories, 
English Electric Co. Ltd., for permission to quote unpublished results. 
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Several authors attribute the current magnitude to vapour produced by 
heating of the anode, but it is difficult to accept this suggestion, since in order 
to produce sufficient heat for vaporization a large current must already be flowing. 

It therefore seems justified to conclude that production of gas at the electrode 
does not account satisfactorily for the discharge. 


2.2.3. The triggering arc. 

Much light can be thrown on the mechanism of the discharge by consideration 
of the triggering arc. In the tube shown in figure 5 the sharp edges of the cathode 
and third electrode are separated by less than a tenth of a millimetre, and on 
application of the voltage breakdown occurred in a time too short to be measured 
with the present equipment. Hull and Burger (1928) and Snoddy (1931) found 
that transition to arc conditions for similar geometries occurred in times of less 
than 10-7sec. his time is sufficiently short to allow the assumption that an arc 
is running at the cathode of the tube for the duration of the main discharge. 


Experiments made by several investigators show that an arc between electrodes. | 


in a vacuum produces a high velocity vapour. jet characteristic of the electrode 
material (Tanberg 1930, Kobel 1930, Easton, Lucas and Creedy 1934). There 


is thus a highly effective means available for producing vapour between the | 
electrodes in the type of tube considered here. All the velocities measured by _ 
Easton, Lucas and Creedy are of the order of 10®cmsec?. This is a sufficiently | 


high velocity for the vapour to travel well into the gap during the discharge, and 
there to be ionized. Alternatively, since the vapour is produced by the triggering 
arc, it is possible that it is already ionized, and that the jet actually consists of a 
mixture of electrons and positive ions. Either possibility allows the current and 
voltage for the discharge to be calculated. 


2.2.4. Calculation of current and voltage as functions of time. 


The mechanism of the discharge postulated here is as follows. On applying 


voltage to the three-electrode tube intense field emission between the cathode 
and the auxiliary electrode leads in a very short time to the initiation of the 
triggering arc, which causes a jet of vapour to be sent at high velocity from the 
cathode into the space between the anode and cathode. It is then assumed 
that the gap may be divided into two regions. The first extends from the anode 
to the front of the advancing vapour jet and is a vacuum region in which no 
ionization takes place. The second region extends from the cathode to the 
front of the advancing jet and will be assumed to be effectively conducting so 
that all the applied voltage appears between the advancing vapour front and the 
anode. ‘The limitation on the current will be that set by electron space-charge 
in the vacuum region, and it will be assumed that this current can be drawn 
from the advancing front. 

On the basis of these assumptions the current and voltage waveforms may be 
easily calculated. Consider electrodes of area A separated by distance d in 
vacuum. ‘These are connected to a capacitance C charged to Vo, and at time ¢=0 
the triggering arc occurs at the cathode and a conducting plasma begins to travel 


towards the anode with velocity v. ‘The effective gap at any time will be d—vt | 
and, assuming electron space-charge limitation, the equation for the current @ | 


may be written 


t=kAV3*(d—vt)? wee esen 
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where IV is the tube voltage and k isa constant. Since i= —C dV /dt the equation 
becomes 


SA Ol SRA dali k oo Rae istae:: (8) 
Inserting the boundary condition t=(0 when V =V, we find for the voltage 
V =4C?d?V \(d—vt)?[2Cd?+(RAV2—2Cadv)t}2 —....... (9) 
and for the current 
t= 8kAC%ABV (3(d —vt)[2Cd? + (RAV, 2/2 — 2Cdv)t]. ...... (10) 


Equations (9) and (10) are plotted in figure 3. Representative curves are 
shown for the discharge of a 0-01 uF capacitor charged to 100kv. The constant k 
has a value 2:34ay-3?, Easton, Lucas and Creedy (1934) give values for v; 
in view of the dependence of r.m.s. velocity on the type of distribution assumed 
and the fact that no account has been taken of any distribution of velocities in 
deriving equations (9) and (10), a value for v of 10®cmsec™! has been used in 
calculating the curves. It should be noted that production of positive ions at 
the anode can be allowed for by replacing A by ¢A where ¢ is a numerical factor 
having a maximum value 1-86[1+(me/mp)!?] (see equation (6)). The value 


of ¢ for any given production of ions may be found by reference to Langmuir 


(1929). 


Voltage , kV 
Current , amp 


Time , microsec 


Figure 3, Theoretical voltage and current curves for discharge with no expansion. 
C=0-01 we, V,=100 kv. (a2) A=4em?, d=S5cm. (6) A=8cm?, d=5 cm. 
(eed —lbscma ad — 5 em (ad) Ao cm ad ——Gucm. 9 )(e)eA——=t Orcas d= seem. 


It can be seen from figure 3 that the peak current in the discharge is greatly 
affected by the value of A, but that alteration of d produces relatively little effect. 
This is because the period during the close approach of the conducting region 
to the anode is more important than earlier periods in the discharge; only then 
can sufficiently large currents flow to discharge the capacitor in a short time. 

The duration of the discharge, i.e. the time to current zero, is shown by 
equations (9) and (10) to be proportional to the anode-cathode spacing. 
Equations (1) and (2) indicate that the theories of Steenbeck and Funfer predict 
no such dependence. 

An unsatisfactory feature of the above derivation is that at f= 0 finite currents 
are obtained, and these may be of considerable magnitude when d is small. ‘This 
difficulty may be removed by considering the conditions at ¢=(). At this instant 
the triggering arc is initiated, and it is apparent that the area from which electrons 
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are drawn cannot immediately reach the value A. It may therefore be assumed 
that expansion of the cross-sectional area of the discharge will take place, i.e. 


ASK ee CET) 
where « is the rate of expansion. — 
The current and voltage waveforms can now be calculated as before if A is 
replaced by the relation of equation (11). Equation (8) thus becomes 


_c 2 =hatVI{d—oty% see (12) 


As a first approximation a linear expansion of area with time will be assumed; 
« then has a constant value. ‘Together with the appropriate boundary conditions, 
equation (12) then gives for the voltage 


ka vt d : ale (2B 
V=| seed <In 7a) V, eS 
Hence the current is 
: nr tke vt d P Bee 4 
t= kat(d—vt) *| sca (goa -9g=5)) +Vo aemetcr atic ( ) 


Equations (13) and (14) are plotted in figure 4 for some representative values, 
taking as before k=2-34av-3?, v=108cmsec!, V,=100kv and C=0-01 HE. 
The values of « used in the calculations correspond to those estimated in § 3.4. 
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Figure 4. Theoretical voltage and current curves for discharge with expansion. 
C=0-01 wr, Vo=100 kv. (a) «=7 x 108 em? sec~',d=3 cm. (b) a=7 x 10® cm? sec-}, 
d=5cm. (c) «=6 X108 cm? SéGu id — Sicha: 


‘The equations derived above allow the current and voltage during the discharge 
to be calculated; (13) and (14) should be used for this purpose unless at exceeds 
the total anode area, in which case (9) and (10) should be used. 

One of the assumptions made in the above analysis is that the loop inductance 
of the discharge circuit is sufficiently small for the inductive voltage drop L di/dt 
to be ignored. Examination of the calculated current curves shows that provided 
the loop inductance is less than 10 wH there will be little error for most of the 
duration of the discharge. In practice the inductance will normally be between 
l and 10uH. However, the peak current may be subject to a larger error as in 
this region di/dt can be very high. 
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§ 3. EXPERIMENTAL RESULTS 
Experiments were made with the tube shown in figure 5 for which a tungsten 


| anode and a steel cathode structure were also available. A plane parallel electrode 
| system was used in preference to the normal arrangement with an inclined anode 


or 


N 
x 
Trigger y 
\ gap N 
\| Anode N 


Figure 5. The tube structure. 


to obtain uniform field and definite anode—cathode spacing. The system was 
continuously evacuated by an oil diffusion pump and a liquid-air trap was used. 
The pressure was controlled by an air leak valve, and was measured by a 
cold-cathode ionization gauge. 
The electrical circuit is shown in figure 6. All connections were made with 
thick conductors which were kept as short as possible to obtain a small loop 
inductance for the discharge circuit. A 20000 ohm potential divider designed 
for impulse work was used for voltage measurement. The resistors used for 
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Figure 6. Circuit details. 


+ current measurement consisted of flat constantan strip folded over thin mica 
1 sheet with the ends close together and soldered to a coaxial connector ; the whole 
¥% was contained in a soft iron can. Measurement showed the inductance of the 
arrangement to be approximately 5x 10H. For recording, a high speed 
cathode-ray oscillograph with a single sweep exponential time base was employed. 
‘| The signal cable was matched at the receiving end only. 


3.1. Current and Voltage Waveforms 


Previously published oscillograms of current and voltage waveforms (Slack 
and Dickson 1947, Fiinfer 1950, Reikhrudel, Sanin and ‘Titova 1951) show 
considerable variation in shape, this being greater for the current waveforms 
In this investigation waveforms corresponding to all those published have been 
obtained. It is thus difficult to give examples of ‘typical’ waveforms as these 
tend to mislead unless very many are shown. 
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With a continuously pumped system, the initial behaviour is quite different 
from the behaviour after a period of use, but even with sealed-oft tubes results 
are not reproducible, as may be seen from the x-ray pulse waveforms obtained 
by Allen and Hudson (1946). 

"A selection of oscillograms is shown in figure 7. These all correspond to 
the conditioned state of the tube, i.e. the state obtained after sufficient use to 
ensure that effects such as outgassing are absent. Outgassing is associated with 
low x-ray output, and a plot of x-ray output as a function of the number of dis- 
charges can be used to determine when the conditioned state has been achieved. 

It is apparent that with sufficiently intense discharges vaporization of the 
anode will take place. Now although this vapour will not affect the growth of 
the discharge (see §2.2.2), it can cause the discharge to end as a metallic arc. 
The conditions to be expected for such an arc are high current, low voltage and, 
since the circuit is almost without resistance, oscillation of the current and 


E1000 
sc 
€ 500 
= 2) 
<= UV 
(a) $ 1 Mc/s 
eS 
0 
ces 
0 15 800 
Time, microsec E 
4 
» 00 
(Dies 
t. 
shaly.r6 
oO 
1 Mcfs 
a 
100 
(b) 8, a. 1000 
: | ip 
iS OS Perr 2 500 
{ Mc/s (e) 9 
5 i, 40 
16) 
{ Mc/s 


Figure 7. Voltage waveforms C=0-01 ur, V,=100 kv. @) d=14 cm: (6) nd —3->renss 


5 
Current waveforms C=0-01 ur, V,>=100kv. (c) d=4cm. (d) d=3-5 cm. 
(ce) d=2' em. 


voltage. ‘This is observed experimentally, as shown in figure 7(d) and (e). If 
the discharge does not produce anode vaporization to any large extent then such 
an arc would not be formed. It would be expected that this case would correspond 
to a small supply capacitor and/or a large anode-cathode spacing. ‘This again is 
observed, as may be seen from the aperiodic waveform of figure 7(c). The 
aperiodic waveforms obtained by Fiinfer (1950) were obtained under conditions 
in which little anode vaporization should occur, viz. a 0-0005 LF capacitor charged 
to 40kv. However, using a larger capacitor of 0-01 »F at 40 kv Fiinfer did obtain 
some oscillation. (No figure was given for the anode—cathode spacing, but it is 
probable that it was small in view of the short discharge time and vaporization 
at 40 kv. The vaporization at this voltage may be due to the use of a copper 
anode as it is not clear from the paper which anode material was used.) Further 
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confirmation comes from the results of Slack and Dickson (1947) which show 
the metal arc corresponding to large energy input (0-0067 uF at 300kv) and 
small anode—cathode spacing (estimated at approximately 2 cm from photographs 
of the tube). 

Little energy is lost in the are because although the current is high, the voltage 
is very low and the circuit resistance extremely small. ‘The voltage causing the 
arc is that generated in the circuit inductance by the sudden collapse of current. 
This causes more current to flow than is just sufficient to discharge the capacitor 
and so produces a small negative voltage across the tube; the resulting oscillation 
then continues until the arc extinguishes and the energy loss should be small. 
Integration of the current oscillograms shows that almost all the charge passes 
before the metallic arc is formed. he oscillogram shown by Slack and Dickson 
(1947) does not exhibit this agreement if the supply values of the commercial 
equipment are assumed; however, the recording was made with an experimental 
circuit, and different values would explain the discrepancy. 

The frequency of the oscillation through the metallic arc gives a value for the 
inductance of the present circuit of 8-5H. From the damping of the oscillation 
the circuit resistance is found to be 4Q; of this 0-45 Q comes from the current 
measuring resistor and the rest from the resistance of the arc and the radiation 
resistance since the circuit itself has negligible resistance. 

A feature of the current waveforms for which there is no theoretical explanation 
is the occurrence in some oscillograms of many subsidiary peaks on the rising 
part of the curve; this is in marked contrast to the theoretical curves, which 
show a smoothly changing current waveform. ‘These currents do, in fact, 
flow across the gap and are electron currents since they produce x-rays. ‘This 
is shown by photomultiplier records (Allen and Hudson 1946, Fiinfer 1953) 
which show the shape of the x-ray pulse. These have peaks corresponding to 
those on the current waveform. Further evidence is obtained from Clark’s 
measurements with an exploding foil (1947 a, b); radiographs showed that the 
x-ray burst was multiple in character. It was thought that these peaks might be 
caused by the triggering arc which might not be stable with the triggering 
resistance used, thus leading to multiple triggering. However, tests made in 
which the triggering resistance was varied over a wide range showed that the 
occurrence of the peaks was not affected. It seems more probable that the peaks 
are connected with the availability of electrons in the discharge.f 


3.2. The Effect of Pressure Variation within the Tube 


The theories of Steenbeck and Fiinfer predict that the peak current occurring 
in the discharge and the time of discharge will depend on the pressure. As noted 
previously, Steenbeck obtained agreement between experimental and theoretical 
results (see figure 2) and found a linear relation between the peak discharge 
current and pressure, although divergence appeared at the lower pressures. 
In deriving the alternative theory of §2.2 it was postulated that the residual 
pressure within the tube should affect neither the current magnitude nor the 
discharge time; the following measurements were made to test the validity of 
this assumption and to find over what pressure range it might apply. 


+ One of the referees has suggested that the effect of the arc in air across the series 
spark gap should be considered as it may be a factor producing the wave-front oscillations, 
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The discharge time was selected as a more significant parameter for measure- 
ment than the peak current, as its magnitude was less likely to be in error, By 
discharge time is meant the period elapsing to the first current zero; the oscillatory 
state of the discharge is, of course, ignored. 

A typical set of results is shown in figure 8. It is apparent, despite the scatter 
of the points, that a change in the magnitude of the discharge duration by a 
factor of 100, which should occur between 10-° and 10-3? mm Hg if the pressure 
were affecting the results, does not take place. It seems justifiable to assume 
pressure independence for pressures up to 10-?mmHg. Unfortunately, at 
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Figure 8. Discharge duration as a function of pressure. C=0-01 yr, Y)=100 kv, 
d=3:5cm. Line shows theoretical value. 


values slightly above this the pressure became uncontrollable, and so no 
indication is given of the pressure at which residual gas becomes effective. The 
value obtained here for independence is slightly higher than that obtained by 
Kingdon and 'Tanis (1938) for mercury vapour, viz. 0-3 x 10-3 mm Hg. 

Approximate calculations for oxygen show that pressure should become 
effective for values of pd between about 5 x 10-2 and 2x 10-3 (where p is the 
pressure in mm Hg and dis the electrode spacing in cm). Leech (1955) estimates 
10™' mm Hg for a 5 cm gap with 50kv applied. There is thus rough agreement 
with the experimental values for gaps of centimetre order. 


3.3. The Discharge Duration 


An important result of the theory of § 2.2 is that the duration of the discharge 
should be directly proportional to the anode—cathode spacing, whilst the theory 
of Steenbeck and Fiinfer predicts no such relation. Thus experimental investi- 
gation of the presence or absence of the effect provides a good test of the relative 
merits of the theories in the high vacuum region. 

Some results are shown in figure 9. It can be seen that in general the results 
tend to confirm the existence of a linear relation between duration and spacing, 
and that the experimental values tend to lie along the line drawn for a velocity 
of 10°cm sec in agreement with the value used in §2.2.4. This relation has 
not been noted previously, presumably for two reasons: (i) most other experi- 
mental work has been done with x-ray tubes having fixed anode—cathode spacings ; 
(i1) the scatter of the results obscures the effect. At large spacings the discharge 
duration lies well below the curve around which the values for short spacings 
are grouped, but it is to be expected that this will occur since both the effect of 
the tube walls and the effect of residual gas become important for large spacings. 
The variation in the duration of the discharge at a particular gap setting may be 
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caused by variations in the velocity of the vapour jet from the cathode. Although 
Tanberg (1930), Kobel (1930), Chiles (1937), and Easton, Lucas and Creedy 
(1934) all found velocities of the order of 10°cmsec~, differences exist between 
the values; for several metals the figures given by Chiles are lower than those 
of Easton, Lucas and Creedy. Also both Tanberg and Kobel found that the 
measured velocity for a particular experiment varied by a factor of about 3. 
Further, although the theory of § 2.2.4 was derived on the basis of a single velocity 
value, it is more likely that a distribution of velocities is present in the jet, and it 
is to be expected that variations in the energy distribution would lead to variations 
in the duration of the discharge. 
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Figure 9. Discharge duration as a function of anode-cathode spacing. C=0-01 ur, 
VY,—100 kv. Each point is the average of a number of experimental values as 
shown in the table below : 


Anode—cathode spacing (cm) 1 OR 2 20P S00 32258 S50 es Saeee es() 
Average discharge duration (sec) ePID) sigs o's 2-6 2-9 4:6 5-2 
Standard deviation (usec) OR OSs ee On 026 1:0 O-8 1-6 2-0 
Number of values averaged 13 56 = 49 18 34 28 46 75 


It was found that the discharge duration was independent of the voltage 
applied to the tube over the range 50 to 100kv for gaps from 1 to5 cm. This 
result may be considered in the light of a theory of the production of the high 
velocity vapour jet (Finkelnburg 1948). Since the jet velocity depends on the 
vapour production per unit surface area, and therefore on the incident energy 
per unit area, a change in the velocity should result from a change in the magnitude 
of the energy delivered per unit area. Now this energy is derived from the anode 
or cathode falls of the triggering arc, and hence should not be affected by a change 
in the voltage applied to the tube. A change in the current magnitude may result, 
but this will affect the velocity only if there is a change in the energy delivered 
per unit area of surface; this is improbable, as there is evidence that increase 
of current is compensated either by an increase in the area of the anode and 
cathode spot, or by the formation of multiple spots (Llewellyn Jones 1953). 
This probably explains why discharging a large capacitor through the triggering 
gap, as in the method of Clark (1947a, b) and Breidenbach (1949), decreased 
the discharge duration only by a factor of 3 or 4; thus, although it Is difficult 
to increase the energy delivered per unit area, such extreme methods will succeed 
and result in higher jet velocities and shorter discharge times. 

Reference to the values of jet velocity quoted by Easton, Lucas and Creedy 
(1934) shows that the discharge duration using a molybdenum cathode structure 
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should be shorter than that obtained with a steel cathode structure. ‘Tests 
were made to detect this difference, but no significant result was obtained, both 
sets of points tending to lie along a line for a velocity of 10°cmsec™. In view 
of the variation in values of the jet velocity as discussed above, and the dispersion 
in the experimental results, it is not thought that this is a serious objection to 
the proposed mechanism; however, further investigation of this point 1s 
required. 

A check on the values obtained here is given by the velocity which may be 
estimated for the tube used by Slack and Dickson (1947) which had a molybdenum 
cathode structure and was operated at 300kv. From photographs of the tube 
the anode-cathode spacing may be estimated as approximately 2 cm and thus 
the discharge duration of about 1-5 psec gives a velocity not significantly different 
from those measured here. This figure also confirms the voltage independence 
of the velocity up to 300kv; further confirmation up to 372 kv is obtained from 
the measurements of Allen and Hudson (1946). 


3.4. Expansion of the Discharge 


In the theory developed in §2.2.4 it was assumed that the effective area of 
cross section of the discharge increases as the discharge progresses. "This could 
not be checked directly, but pin-hole radiographs of the anode showed that the 
area bombarded by electrons during the discharge depended on the anode-cathode 
spacing. Some results are shown in figure 10. It was found that 50 discharges 
were necessary to record the full area (no intensifying screens were used). The 
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Figure 10. Recorded emutting area as a function of anode—cathode spacing. C=0-01 ur, 
V)—100 kv. The curves (a) and (6) are drawn for values of « of 7X 108 em? sec—? 


and 3 « 10° cm?sec~! respectively. Inset: Area=anode area; Discharge =number 
of discharges. 


test using the tungsten anode gives a value for « of 7x 10®cm2sec-! if a value 
for v of 10°cmsec™ is used, and this agrees quite well with the value of about 
6 to 7x 10®cm?sec! obtained from oscillograms of the current during the 
discharge. The results for the molybdenum anode give a value for « of 
oe 10° cm*sec-!; the measured dependence of the recorded area on the number 
of discharges shows that a factor of two should be used to find the equivalent 
full area, and the value of 6 x 10®cm2sec~! then obtained is in good agreement 
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with the values above. The one point obtained for 50 discharges with a 
molybdenum anode is also plotted in figure 10 and is seen to agree well with the 
value obtained with the larger tungsten anode. 


§ 4. CONCLUSION 


The theory proposed here is not at variance with the experimental results; 
however, it should be regarded as tentative at present as considerably more work 
is required. 


For design purposes two results.are of importance: (i) the discharge duration 
{and hence the x-ray pulse length) depends on the anode-cathode spacing; 
(11) attempts to focus by means of the auxiliary electrode will fail since it can 
+ xercise no control. 
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RESEARCH NOTES 


Note on Turnover in Germanium Contacts 


By P. T. LANDSBERG 


Marischal College, University of Aberdeen 


MS. received 9th Fanuary 1956, and in final form 24th February 1956 


N an important paper, Burgess (1955) showed that many isothermal current- 

voltage characteristics of germanium diodes, which have been put forward 

on theoretical grounds, are inadequate in that they yield an incorrect de- 
pendence of power dissipation at turnover on ambient temperature. He gives 
three characteristics which would yield the correct turnover properties. These 
are, however, of rather unusual form. ‘The problem of determining a more 
general class of admissible characteristics therefore arises, and is discussed below. 

Consider a contact, subject to one-dimensional geometry, carrying a 
current J and sustaining a voltage V across it. The temperature distribution in 
the contact along the main axis is assumed to be known in terms of two parameters : 
the maximum temperature T in the contact, and the ambient temperature 7. 
In the steady state the rate of power generation in the contact (P= JV) is balanced 
by the rate R at which energy is lost to the surroundings. It will be assumed 
that R is proportional to the maximum excess temperature of the contact above 
the surroundings, so that 


AVA Ta 2 Pg ltt eet ee aa (1) 
where aisaconstant. Of the four variables J, V, T, T, two can be chosen at will, 
and these will be taken to be the voltage and the ambient temperature. ‘The 
current and the maximum contact temperature are dependent variables, and 


their determination requires two equations of which (1) is the first. ‘The second 
equation will be taken to be an unknown current-voltage relation of the form 

NS Gas dO ee ee ge Ste (2) 
The maximum temperature of the contact, given V and 74, is the root of an 
equation of the form aVf(V, T, Ta)=T—Ta. Hence the current can be inferred 
from (1) or (2), and the temperature distribution can also be calculated. 

If the temperature distribution in the contact is uniform, and if T=T,, 
equation (2) may be regarded as an isothermal current-voltage characteristic. 
The separate parameter 7, does not then appear in (2). No assumption of this 
type will be made here. However, any realistic theory of a germanium contact 
must require (2) to remain a meaningful characteristic in the special case T= T). 

The condition for zero slope in the steady-state characteristic of voltage 
against current is (Burgess 1955) 

aV(affeT)y p=. te we es (3) 
A subsidiary condition is required to insure that the point of the characteristic 
located by (3) is in fact a maximum. For any characteristic which describes the 
experimental findings to a reasonable approximation this condition will be 
fulfilled, and its existence will not be mentioned explicitly in the sequel. We 
2) |Z) 
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shall give a suffix t to the values which variables have at turnover, and require, 


in order to obtain agreement with experiments on germanium, that equations 


(1) to (3) imply 


Lal, L=l ae (4a, b) 
where J,, J’) are constants. ‘The results 
Vi,=(To-Ta)laly, Pr=(Lo- 1D) jel ORO (5a, b) 


are consequences of these conditions. The equations (4) and (5) are experi- 
mentally verified approximations for substantial ranges of the variables. 

The three isothermal characteristics which were pointed out by Burgess as 
being in agreement with these requirements are given by 


where 
F(x)=(14+x)4, (14%/n)™ or €%. 

It is very easy to extend this result. For suppose that the isothermal charac- 
teristic of the contact has a form (6), where 

F(0)=1, F’(«)=—1 if, and only if, pean OS tea ketene (7a, 6) 
Here F’ is the differential coefficient of F with respect to its parameter. Now 
for turnover we have from (3) that F’[(Ty—T7,)/aVJo]= —1. Hence, by (70), 
T,=T). It now follows from (6) and (7a) that I,=J). We have shown, there- 
fore, that the isothermal characteristics (6), when subject to the conditions (7), 
lead to the required turnover properties (4) and (5). 

It is desirable to enquire if conditions (6) and (7), which have just been shown 
sufficient for the required turnover properties, are also necessary. We shall 
show that (6) and (7) are not necessary. 

To determine the forms of the characteristic (2), note that (3) implies a relation 
between V,, 7,and Ta. There are two cases. Incase A, (3) yields the expression 
(5a) for V,. Since this is valid for all T, one can then combine (1), evaluated at 
turnover, and (5a) to find the required properties (4). In case B, the potential 
cancels out of (3), which then yields a condition whose solution isd, = 15 a 
substituting 7= 7, in (2), one must then find J=J). In this way the correct 
turnover properties are again obtained. 

The result, which is easily verified, is that 


TaT,H(V oT, ts), eee (8) 
where, case A, 
A(V,,2oTs)=1 and (OH /eT) » r,=(lo—LTay > = == = (9) 
at turnover or, case B, 
H(V,T),Ta)=1 and (0H/0T)y, 7,=(aVIp)* implies T=Ty.  .....- (10) 
Examples of (9) are 
A(V,T,Ta) = PF [T—T, h(V,T,)], where h(V,,Ta)=1 ...... (11) 
o +a 
T-Ta 
and T_T. exp [O0V = V,)|, 6-0, eee (12) 


The first remains meaningful as isothermal characteristic (i.e. when T’,=T), the 
second does not. ‘This establishes that case A includes characteristics of both 
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nn 


types, so that not all characteristics given by (9) are admissible. Examples of (10) 
are the characteristics given by (6) and (7). To show that (10) defines a more 
general class than does (6), consider the (isothermal) characteristic 


Lo 
aV1, log via aekeisis (13) 


It is not of the form (6), but it satisfies (10). 
Thus, while the prescription of the correct turnover properties is an important 
restriction on the isothermal characteristics, it cannot be inferred that the voltage 


enters into this characteristic only through a parameter of a definite form [such as 
(T)—T)/aVI)]. 


Wy aT ee 
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Polarization of the Continuous Spectrum in a Gas Discharge 


By B. V. PARANJAPE 


Department of Theoretical Physics, University of Liverpool 
Communicated by H. Frohlich; MS. received 19th December 1955 


INTRODUCTION AND DISCUSSION 


HE purpose of the present paper is to show that the continuous part of 

| the spectrum of a gas discharge should be polarized. This is connected 

with the fact that the velocity distribution of electrons in a gas discharge 

is not spherically symmetrical. Though collisions between electrons tend to 

make the velocity distribution random, the external field, through acceleration 
of electrons, produces a preferred direction of motion. 

When a free electron with a kinetic energy E is captured by an ion the electron 
emits a quantum of frequency v=(E+J)/h where J is the ionization energy 
associated with the energy level into which the electron is captured. The 
polarization of the emitted photon depends on the direction of observation and 
on the initial direction of motion of the free electron. (It is a reasonable 
approximation to assume that the ions are stationary, since the velocities of 
electrons are much higher than those of the ions.) 

To simplify the problem we consider only directions of observation perpen- 
dicular to the spark discharge. Let P be the polarization of light near frequency v 
due to the recombination of electrons of energy E£. It can be written as 
Ae Tal; E) = Ly, E) 

GWE) FI, E) 
where J, and J, are respectively the intensities of light polarized along x and 
y axes. Here in a cartesian frame x and z are respectively parallel to the 
direction of the discharge and the direction of observation. ‘The problem 
therefore reduces essentially to the calculation of 7, and I,. To avoid compli- 
cations we restrict the following calculation to the K-shell capture of the electron ; 
thus the detailed results given are applicable only in hydrogen discharge. 


P(v, E) 
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Let i,(E, v, 6,4) be the probability that an electron of energy E moving in | 
the direction (6,4) recombines with an ion, and emits a quantum vy in the 
direction of observation with its electric vector along the x direction. The | 
angles @ and ¢ are polar angles, with z as the axis and ¢ being measured from | 


the xz plane. ‘Thus 
P T= (9, 9,0 fn Gse)) ee (2) 


Og 
where f(E, 6,4) is the number of electrons having energy E and moving in the 
direction 0, ¢. 

The probability of a recombination is, by the principle of detailed balance, 
proportional to its inverse process, the photoelectric effect. Moreover in 
equation (1) only the relative magnitudes of J, and J, are required. Thus for 
given E and »v (see for example Heitler 1953) 


LAE, v, 0,0) oC @,( 1, v0.) ec sin" 0 €0s7G" acer ()) 
and L(E, v, 0,6) ce(E,v,0,¢)ocsin?Osin®*p — ...... (4) 


where e, and e, are respectively the probabilities that a photon of frequency v 
polarized in the x and y directions releases from an atom an electron of energy E 
in the direction @ and ¢. 

From equations (1), (2), (3) and (4) it then follows 


> (cos? $—sin*d)f(E, 8, $) sin® 4 
OS = Sie ae a 
AQ 


As can be seen from equation (5) the polarization depends on the distribution 
function f(£,@,¢) which has cylindrical symmetry along the x axis. ‘Taking 
another system of polar coordinates with x as polar axis and the angle ¢,, being 
measured from the xz plane, one can expand the function fin spherical harmonics. 
Thus 


ee (5) 


FE, 8) =fo(E)Po+A(E)P, (cos 6) +f,(E)Ps(cos,)+.... .c60-. (6) 


Changing all angles in equation (5) into the above system (indicated by the 
sufhx 1) as 


cos@ =sin cos, 1), \o5! sat o. = 0) AoE (7) 
cos ¢ = 0s 0,/[ 1 —sin? 6cos*¢, 4270) ae eee (8) 
we obtain 
[3 cos? 6, — 1] f(E, 6,) d(cos 6 
ese | 1— LCE, 1) d (cos 64) 


| [1 + cos? 8,]/(B, 4,) d (cos 6) 
or using equation (6) 


(2/5) fo) 
‘2 *)— GByie\s CHE nn a 


CONCLUSIONS 
It is well established that the distribution function has the form of a Maxwell 
distribution, with the electronic temperature of the order 1 ev (see Edels 1950). 


From ideas developed in the theory of dielectric breakdown in solids (Frohlich 
and Paranjape 1956) it can be shown that 


f(E)=Aexp[—4m(v—v)2/RT] sae (11) 


eae 


Sa ay re Reh Soren es tO ea ad 
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with E= mv? where A is a normalization constant, vy the average velocity per 
particle, and 7 is the electronic temperature. Expanding the left-hand side 
of the equation (11) in Legendre polynomials as in equation (6) one obtains 


Tile) Cosiahy ny: Sop ye Pea (12 a) 
FAL) o 5 [sinh b/b—3 cosh b/b?+3 sinhb/b?] —... (125) 
where Gm wCO MRLs) eA ol ae eurstos (13) 


Substituting equations (12) in equation (10) one finds the polarization 


p= 2[sinh b/b — 3 cosh b/b? + 3 sinh 6/6°] 14 
5 sinh b/b + 3[sinh b/b — 3 cosh 6/b? + 3 sinhb/b3] (ee) 
It can be seen from equation (14) that the polarization tends to unity as b becomes 
large, and to zero as b approaches zero. For most discharges the main contri- 
bution to the spectral intensity is made by electrons having energies such that 
5<1. This follows from equation (13) since usually }mv,2<kT and the number 
of electrons with energy much larger than kT is very small. Thus for b<1 
P = 67/10 = 2(4mv2/RT)(4mv,2/RT) 
=£(dmv {kT )hv—D)/RT. sn ae (15) 
The polarization increases linearly with the energy difference /v—J. For most 
electrons }mv?~3kT. Thus very roughly the polarization of the continuous 
spectrum is 3(3mv,?/kT). ‘The table gives numerical estimates of polarization 
for hydrogen discharge in the region of the spectrum that is due to electrons of 
energy $3kT. ‘The first three columns in the table are taken from Healey and 
Reed (1941). Here 2/p is the ratio of the electric intensity in vcm™ and the 
pressure of gas in millimetres. wv is the mean thermal velocity of an electron 
a cm sec +. 


2/p 20 40 50 
vx 10-7 (cm sec7) 10°15 13-1 14-0 
Dal me (Cl SG as) 70 160 Oe, 
'P 0-006 0-02 0:03 


Measurement of polarization could thus be used to estimate the electron 
temperature since it is very simply related to the average drift velocity. Alter- 
natively, from a knowledge of the electronic temperature and the current density 
one can estimate the density of electrons from the polarization. As can be seen 
from the table, the polarization increases with the strength of the field and even 
for slow electrons it is of the order 0-01, which can be measured with reasonable 
accuracy. It seems possible, however, to create conditions which lead to much 
higher polarization. 

In conclusion it seems that a study of these polarization effects should be of 
considerable use in the investigation of gas discharge. 
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LETTERS’ EOr THE BOreorR 
Electronic Motion in Gases and the Method of Free Paths 


$1 
In a paper ‘“‘ Mecanique statistique des plasmas électronique lorentziens et 
ses applications a lionosphere’’ by Jancel and Kahan (1955) the authors 


write (§ 5), referring to the method of free paths, ‘‘ Huxley a montré que cette 
méthode conduit a la formule : 


Wy = (CHM) Al Us) Bie i isinis « (1) 
pour la vitesse de diffusion en présence d’un champ électrique constant (avec 
H,=0)” 

It is then implied that I attach great importance to the numerical coefficient 3 
and that I am unaware that the value of such a coefficient is determined in part 
by the law according to which the agitational speeds v, of the electrons are 
distributed. In illustration, they state that according to their treatment, when 
the law of distribution is that of Maxwell, the coefficient is 8/37 and not 32. 

As the authors seem to have been led astray by formula (1), a brief comment 
on their statements is called for. 


§ 2 

It is evident that they have mistaken formula (1), which is certainly incorrect 
in general, for the following formula for the drift velocity of electrons in gases, 
that I have discussed and generalized (Huxley 1951): 

We heme FS ae oer (2) 
where W (their w,) is the speed of drift, / (their A) is the mean free path 
(averaged both with respect to U and to length), and U is the agitational speed 
of an electron (their v,). 

It will be noted that in formula (1) the drift velocity W (w,) is proportional 
to the reciprocal of the mean speed 6, = U, whereas in formula (2) it is pro- 
portional to the mean of the reciprocals of the speeds U. Unless therefore 
all the speeds U are identical the formulae cannot both be correct; in fact, 
formula (1) has no theoretical justification. 

It is, however, a simple matter to introduce the mean speed U i into formula (2) 
as follows : 


W=2(U.U-)\(Eelm)I/U. ss (3) 
The numerical coefficient in formula (3) is the product of the factor § and 
a dimensionless factor UU-1. The value of the former derives from the 


assumption of chaotic agitational motion in the group of electrons, whereas 
that of the latter depends upon the law assumed for the distribution of the 
speeds U; consequently a modification of either assumption produces in 
general a Sikes in the value of the numerical coefficient in formula (3). If 
Maxwell’s law of distribution be adopted then U.U-1=4/m and 2(U. U-) =8/3m 
which is the value found by Jancel and’ Kahan. ‘This technique of using 
dimensionless factors to take account of the effect of the distribution of the 
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speeds U upon numerical factors in formulae relating to the motions of electrons 
in gases has been extensively used for some time (Huxley 1940, 1951, Huxley 
and Zaazou 1949, Crompton and Sutton 1952, Crompton, Huxley and Sutton 
1953) and it is therefore not clear what is the basis of the comment by Jancel 
and Kahan that “ cet auteur semble attacher une grande importance au facteur 
2 3 bien qu’il ne précise pas la nature de la fonction de distribution qui determine 


Vo 


§ 3 

Jancel and Kahan write: “‘ En raison de sa nature méme la méthode du 
libre parcours moyen presente l’inconvénient de ne s’appliquer qu’a des champs 
faibles, sans qu’il soit possible de préciser d’une maniere rigoreuse la validité 
et l’ordre de grandeur des approximations. De plus, le fait de conduire le 
calcul en supposant d’abord que tous les électrons ont la méme vitesse aprés 
le choc entraine des divergences importants...”. As these statements are 
factually no more satisfactory than those discussed above it is useful to consider 
the physical model upon which formula (2) rests. It is supposed that the paths 
of electrons among the gas molecules (when E=0) are rectilinear segments 
such that the change in direction from each segment to its successor occurs 
in a distance small compared with the mean length of the rectilinear segments. 
The paths are traversed at speeds U which are distributed according to some 
law, but there is no restriction of U to a value, as implied by Jancel and Kahan, 
corresponding to equipartition in extremely weak fields. 

When the scattering is isotropic the drift velocity of the centroid of those 
electrons with agitational speeds U is W,,=3(Ee/m)(l/U). Since the mass of 
an electron is very small compared with that of a molecule the proportion of 
its energy lost by an electron in a single collision is, on the average, small. 
Consequently, a group with speed U retains its identity while its members 
individually make a number of collisions with the molecules. 

The mean drift velocity of the whole assemblage is therefore 


W=Wy,=2(Ee/m\(/U). — ....,., (4) 

Although equation (4) is exact, nothing is known a priori about the depen- 
dence of the mean free path upon the speed of the electron. However, if it is 
assumed to be independent of the speed U then the general formula (4) reduces 
to the restricted formula (3). 

The fact that both formula (3) and the general expression of Jancel and 
Kahan lead to the value 8/37 for the coefficient in formula (3) when Maxwell’s 
law of distribution is postulated is not a coincidence but merely an expression 
of the fact that each deduction in this special instance is employing, in effect, 
the same physical model. 

Since it is explained elsewhere (Appendix to Hall 1955) how this model of 
electronic motion can be made to conform with the macroscopic properties of 
electronic motion in actual gases, it is not necessary to discuss this matter further. 

The poor esteem in which the method of free paths is held derives from its 
inadequacy in the kinetic theory of gases, but when applied to the theory of 
motion of electrons in gases it is in some respects, because of the simplifying 
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assumptions that are legitimate, but little inferior to the Maxwell—Boltzmann 
procedure and usually more convenient. 

It may be remarked that the theory of the motion of electrons in gases in 
the presence of steady electric and magnetic fields was thoroughly investigated 
many years ago by Pidduck (1915, 1936) but his work appears to have been 
overlooked in the majority of recent investigations that are based on the 
Maxwell-Boltzmann procedure. 


Physics Department, . LG: H. Austex: 
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6th July 1955, in final form 20th February 1956. 
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Bending of Single Crystals of Selenium 


The mechanical properties of single crystals of hexagonal selenium are some- 
what unusual (cf. de Boer 1947): the crystals show cleavage only along the 
prism planes, but they are easily distorted permanently by bending, twisting or 
simply crushing. Hexagonal selenium has been shown, by x-ray diffraction 
(Bradley 1924), to be formed of long spiral chains, the chains lying parallel to 
the c axis; and, in order to account for the anomalous frequency dependence of 
the electrical conductivity, it has been suggested (Hyman 1956) that the spiral 
chains fold back along neighbouring positions in the lattice, forming a‘ zigzag’ 
structure. In this structure a special type of movement of dislocations is possible 
which can account qualitatively for the unusual mechanical properties of 
selenium. We consider the case of permanent distortion by bending about an 
axis perpendicular to the c axis. 

Figure 1 shows the motion of an edge dislocation in a direction perpendicular 
to the Burgers vector, that is, in the region under tension the spiral chains slide 
over each other along the c axis, resulting in the motion of the dislocation away 
from the surface under tension. In figure 1 (6) the dislocation has moved through 
the two lattice spacings, and in 1(c) through a further lattice spacing. As the 
dislocation moves in this manner, it forms a series of holes, such as the holes 
formed at points A and B. 

In order to account for deformation by means of dislocations, it is necessary 
to have a source of dislocations. In the present case the dislocations can simply 
be formed at the surface, because the zigzag structure is expected to extend to 
the surface and there is only an adsorbed layer of gas on the surface. ‘The dis- 
locations can then move, in the manner described above, to positions corre- 


sponding to the degree of bending. 
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P 5-Burgers Vector 
c=495A eat 


(c) 
Schematic drawing of movement of edge dislocation in hexagonal selenium. 
Dislocation line perpendicular to ¢c axis and at 60° into paper. 
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REVIEWS OF BOOKS 


Linear Feedback Analysis, by J. G. THomason. Pp. x+ 
Pergamon Press, 1955.) 55s. 


oe 1 
On 


(London : 


In the last 20 years, following the fundamental work of Nyquist and of Bode, 
feedback theory has not only become an indispensable tool of the engineer, 
but by its ramifications is likely to affect such sciences as biology and economics. 
Can this book be recommended to the physicist who would like to know 
“ what it is all about ”, or who would like to understand the feedback instruments 
of which he makes daily use? The answer to the first question is ‘‘ no” 
to the second a qualified ‘‘ yes ”’ 

The author intends his book “ to provide an analytical background for the 
young science graduate working in electronics or servomechanism research ’’. 
It is somewhat surprising that he finds it necessary to teach this analytical 
background starting from a level at which not even complex numbers or the 
solution of linear equations can be assumed as known. Granting that the 
author bases his views on practical experience, this is a crushing reflection indeed 
on the type of science graduate who takes up electronics. It appears doubtful 
whether this type will ever acquire other than an instinctive and purely practical 
knowledge of the subject, in spite of the great trouble which the author takes 
introducing every bit of mathematics in closest connection to its practical 
applications. It must be regretted that, having in mind mainly this kind of 
trainee, the author has just missed making his book a good introduction to 
people who really deserve to be called ‘ science graduates’. A research worker 
with even the rudiments of a scientific Sine can hardly be satisfied with 
a book which gives the formula for the (direct) Laplace transform, but dismisses 
the inverse transform with the remark that “it is not defined so simply, but 
comprehensive lists of transforms are available” (p. 29). 

Another weakness of the book is one common to many experts who write 
on their own field; the nearer they come to their ‘ daily bread’ the less they 


) 


- succeed in making it clear to those to whom it is new. Nyquist diagrams are 


the daily bread of the servo-engineer, and Section 6.7 which deals with these is in 
parts almost unintelligible. For instance the eq. 79 on p. 152, C=cos 4, “ between 
gain or modulus C and phase shift” will completely puzzle the reader, and he 
will not much profit from the reference to Section 3.1, as in that section C 
always stands for a capacitance. Even if the misprint is corrected, and the 
equation written C=L cos ¢, it will still puzzle the reader unless he remembers 
that from line 9 on p. 152 the symbol L has come to mean not L(p), but L(0), 
the zero frequency loop gain. ‘To make matters worse, in the explanatory 
figure 6.36 the L-plane is labelled “ p-plane”’. Such small errors can be of 
course easily overlooked by the expert author, but they can drive the beginner 
to despair. 

The centre-piece of this book is Hendrik Bode’s theorem on the relation 
between gain and phase shift, and here the author has failed to explain why a 
relation of this sort must exist, that is to say why a complex function which 
has no poles and zeros at one side of an axis is fully determined by its real 
(or imaginary) values on that axis. It is unlikely that the reader will find this 
out for himself, oppressed as he will be by the mass of rather complicated and 
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for him novel mathematics, and he will probably accept Bode’s equation as 
a dogmatic rule, which must be believed and memorized. 

These, and other similar shortcomings, which could have been easily avoided, 
are regrettable in a book of high practical merit and usefulness, and it is hoped 
that they will be remedied in the second edition, which it is likely to attain owing 
to the excellence of its practical chapters. 

The contents are: 1, Steady-state circuit analysis; 2, The Laplace 
transformation; 3, Illustration of the transformation technique, 4, Introduction 
to feedback circuits; 5, Amplifying stage design; 6, The stability of feedback 
systems; 7, Gain-phase analysis; 8, Stabilization techniques, 9, Illustrative 
feedback amplifiers; 10, Feedback integrators and differentiators; 11, Stabilized 


power supplies, with useful lists of Laplace transforms and of valve equivalents. 
D. GABOR. 


Progress in Low Temperature Physics, edited by C. J. Gorter. Pp. xii +418. 
(Amsterdam : North-Holland Publishing Co., 1955.) 61s. 

Among the subjects dealt with in the eighteen articles in this volume are 
the two-fluid model for superconductors (Gorter), the application of quantum 
mechanics to liquid helium (Feynman), heat conduction in superconductors 
(Mendelssohn), the electronic specific heat in metals (Daunt), adiabatic 
demagnetization (de Klerk and Steenland), and transport phenomena in gases at 
low temperatures (de Boer). There are also four articles on paramagnetism, 
ferromagnetism and anti-ferromagnetism, and three other articles on liquid 
helium (including liquid He). As must be expected in a combined effort of 
this kind, the standard varies from the excellent downwards. ‘To a few of the 
authors the editor seems to have been rather lenient. 

There is no doubt that this, and the succeeding volume which is expected, 
will prove invaluable to low-temperature physicists. If the second volume is 
of the same standard as the first they will give a definitive and fairly detailed 
picture of the present state of the subject of a kind which does not yet exist. 
The reports of international conferences—which have appeared quite frequently 
in recent years—are incomplete in the same way as are supplementary Meccano 
“A” sets without the sets which they supplement. It is however something 
of a reliet to find that it is apparently not the intention to make these into annual 
progress reports. Experience in low-temperature conferences suggests that 
the subject—and authors—could hardly sustain this at present. GiOujes 


Chemistry of the Solid State, edited by W. E. Garner. Pp. viiit+417. 
(London: Butterworths Scientific Publications, 1955.) 50s. 


The physics and chemistry of the solid state have received considerable 
attention from physical chemists since the pioneer work of Garner, Mott, 
Schottky and others. The physical aspects of this subject have of course been 
treated in a number of books such as Dislocations and Plastic Flow in Crystals, 
by Cottrell, Electronic Processes in Ionic Crystals, by Mott and’ Gurney, and 
Modern Theory of Solids, by Seitz. Professor Garner has recently edited a book 
written by specialists, which for the first time brings together published infor- 
mation on the chemical aspects, in a form convenient to those actively engaged 
in this field. 
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This book falls into two parts. he first, consisting of seven chapters, 
presents the more theoretical developments and deals with the following topics: 
1. ‘The chemistry of crystal dislocations; 2. Lattice defects in ionic crystals; 
3. Action of light on solids; 4. Surfaces of solids; 5. Semi-conductivity and 
magneto-chemistry of the solid state; 6. Theory of crystal nucleation from 
vapour, liquid and solid; 7. Classification and theory of solid reactions. The 
second part is mainly concerned with the experimental results and the application 
of the principles described in the first part. The subjects dealt with are: 
8. Kinetics of endothermic solid reactions; 9. Kinetics of exothermic solid 
reactions; 10. Decomposition of organic solids; 11. Explosion and detonation 
in solids; 12. Solid-solid reactions; 13. Photographic process; 14. Oxidation 
of metals; 15. Electronic factor in chemisorption and catalysis. 

It is impossible in the space available.to comment adequately on each section. 
The book as a whole has been written in a clear and concise manner, and this 
reviewer found particular pleasure in reading chapters 3 and 7 by Jacobs and 
Tompkins. In the sections describing the thermal decomposition of solids 
it is evident that we have no clear understanding of the basic mechanism of the 
decomposition process. ‘The decompositions have been followed in the main 
by plotting pressure-time curves, and an analysis of such curves does help in 
classifying the different kinds of reactions. However, in order to get at the 
detailed mechanism it will probably be necessary to extend the use of such 
techniques as x-ray diffraction, electron diffraction, electron microscopy and 
reflection electron microscopy. Chapter 13 on the photographic process by 
Mitchell is an excellent example of the way in which ideas and theories developed 
in solid state physics are applied to a specific problem. It is inevitable in a 
publication of this kind that there should be some lack of coherence between 
the various chapters. There are also a number of noticeable gaps. One such 
omission is the recent work of Eggert and his colleagues on the decomposition 
and ignition of endothermic compounds by light. Another is the effect of 
ionizing radiation and nuclear particles on the properties of crystalline solids 
and plastics. 

Although it is stated in the preface that this book was written primarily for 
physical chemists, it should in fact have a much wider appeal and may be read 
with profit by all scientists working in related fields. There is no doubt that 
it will be the standard reference work for a number of years and it should suggest 
and stimulate further research. A. D. YOFFE, 


Luminescence and the Scintillation Counter, by S. C. Curran. Pp. x+219, 
(London: Butterworths Scientific Publications, 1953.) 32s. 6d. 


Perhaps in sympathy with the teacher’s aphorism ‘those that can, do’, a 
readier ear is accorded the creator—expositor; for a subject in the hot surge of 
advance, there is no better guide. This little book, in twelve short chapters, 
is the work of one such: for the scintillation counter in its modern form was 
first developed by Dr. Curran but ten years ago. Already it has proved itself, 
thanks to its speed, sensitivity, flexibility, and discriminating power (in con- 
junction with associated circuitry and accessories) as one of the chief tools in 
the quantitative analysis of particles and radiations of all types, particularly 
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those of nuclear origin. ‘The present account, more specialized than the cog- 
nate Counting Tubes and designed for serious workers aiming to develop or use 
the technique, is the first integrated summary of all aspects. 

Following a brief introduction, two chapters indicate the essentials of 
radiation-matter interaction, with special emphasis on secondary emission. 
Mesons and neutrinos are included. A direct lead to multipliers is given in 
consideration of high secondaries yield, lattice potential and energy factors 
favouring the higher alkali halide complexes. Practical detail follows in the 
next two chapters describing general principles of the electron multiplier and 
characteristics of some commercial types, chiefly the ‘ venetian blind’ and 
shaped dynode models, the former, though less subject to magnetic disturb- 
ance, being slower in response and with less powerfully defined field control. 
Features necessary in the photosensitive surfaces are fully explained and practical 
materials given. Figures of merit are based on spectral sensitivity, dark current, 
noise-temperature relation, amplification, intensity range, stages, shielding, 
collection efficiency, and time and amplitude resolution. Difficulties such as 


satellite pulses are not ignored. 

A similar treatment of luminescence follows, two chapters sketching current 
views on fluorescence and phosphorescence, followed by two more on the 
preparation and properties of practical scintillants. Clearly the author has 
critical reservations here on established concepts and general notions, but indi- 
cates the importance of ring and bond resonance, high melting points and absence 
of chromophores in scintillants, of matching spectral sensitivities of scintillant 
and multiplier, and indicates how modern excitation methods have weeded out 
theories of energy transport, if only on the basis of decay times. ‘The practical 
chapters detail chemical range, purification processes, phases (including plastic 
matrices and polymerization zm situ) and give ample coverage to nature and 
properties with a natural bias to the organic crystal and solution scintillants 
whose extreme speed of response serves in analysis and applications. 

The two streams reunite in the final three chapters, the first and last of 
which are especially valuable for critical assessment of suitable applications 
and an excellent summary of circuitry for purposes including time resolution, 
fast scaling, display, discrimination, pulse-sorting, or coincidence work, with 
frequent illustration from the Glasgow and other laboratories. 

Designed for use, first rather than last words, a bench handbook rather than 
a sofa volume, for Ramsays rather than Rayleighs, in style compact, terse, 
staccato, selective, the book is suggestive and compelling with few irrelevancies, 
though an occasional ‘ salute to adventurers’ gleams tribute to solid or deft 
analysis or technical virtuosity. ‘Though coverage is very full and the 340 
references, international in scope, include some books and reviews, in the in- 
evitable revision further developments in medical and low-energy x-ray 
applications might find a place. ‘here are a few omissions, particularly in the 
subject index. It must be a publisher’s irony that a scientific research book’s 
scintillating success helps to decrease its decay time; but already it seems a far 
cry to those Royal Institution lectures where Rutherford, with the aid of Crowe, 
Green and Wynn-Williams, described the then latest ‘ lazy methods ’. 

I. MACARTHUR, 
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Thermodynamics and Statistical Mechanics, by W. P. Avis and M. A. Hern. 
Pp. vili+239. (New York, ‘Toronto, London : McGraw-Hill, 1055 Heat 
This book was written as a text for seniors in physics at the Massachusetts 
Institute of Technology, and the authors express their indebtedness to 
Zemansky’s Heat and Thermodynamics and Slater’s Introduction to Chemical 
Physics in the preparation of it. While it clearly owes something to both these 
sources it has at the same time a pleasing character of its own, and the reviewer 
has read it with enjoyment and, he believes, profit. As a text for honours 
physics students in this country it would seem, however, to suffer from the draw- 
back of not going quite sufficiently far in either subject. 

The thermodynamic half of the book is rather informally presented and, 
perhaps for this reason, not particularly easy reading. Its chief weakness is in its 
treatment of temperature : only the ideal-gas scale is mentioned and the identi- 
fication of this with the Kelvin scale is rather cavalier. On the other hand its 
emphasis on specific heats and their dependence on experimental conditions is 
to be welcomed. Discussion is confined throughout to one-component systems 
and first-order phase changes. 

The introduction to statistical mechanics, which forms the second half of 
the book, is based on the Boltzmann—Planck foundation of cells in phase-space. 
Discussion is almost entirely confined to perfect gases, though the effects of 
gravitational and magnetic external fields are consicered and degenerate 
gases, obeying Einstein—Bose or Fermi—Dirac statistics, are dealt with (rather 
briefly). A brief discussion of thermal noise (Nyquist’s theorem) precedes 
the treatment of radiation laws and is an unusual and attractive feature of the 
presentation. Perhaps its chief merit, however, is that Stirling’s formula is 
never used except for numbers which really are large. In this the treatment is 
very elegant. On the other hand it is a pity that quantum mechanics is made to 
appear so mysterious, and that there is not even an adequate discussion of so 
simple a matter as the specific heats of diatomic gases. This seems a heavy 
price to pay for the decision not to introduce the concept of partition function. 

Each half of the book should be read straight through; it is not a book for 
dipping into. There is an excellent collection of relatively simple examples at 


the end of each chapter (except the last, on degenerate gases). 
G.S.R. 


Nuclear Magnetic Resonance, by E. R. ANDREW. Pp. xi+265. (Cambridge: 
University Press, 1955.) 35s. 

Although it is now a little over ten years since the birth of nuclear magnetic 
resonance, no treatise on the subject has appeared apart from the valuable thesis 
of Bloembergen (1948), which was rapidly sold out and has since been out of 
print. An authoritative treatise is still lacking, but this volume by Professor E. R. 
Andrew, the latest in the series of Cambridge Monographs on. Physics, gives 
as comprehensive a review as its size permits. The basic theory cannot be 
developed in full on such a scale, and the author has rightly relegated some of 
the more tedious mathematics to appendices, or given useful order of magnitude 
arguments, for example in the subject of spin-lattice relaxation times. These 
make for easy reading for the beginner, who can thus concentrate on the physics; 
but it seems a pity that more use is not made of rotating coordinate systems, 
which are very valuable in forming a physical picture of the phenomena, 
particularly when dealing with transient effects, 
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After a brief introduction follow chapters on the basic theory and experi- 
mental methods, the latter including references to methods of optical detection 
and nuclear alignment. The measurement of nuclear moments and applications 
to some experiments in fundamental physics are then discussed, followed by 
three chapters on the information which nuclear magnetic resonance has given 
on effects in bulk material arising from the interaction of the nuclear moments 
with their surroundings. These will be of particular value to the applied 
physicist. The book ends with a short chapter on electric quadrupole effects, 
together with a valuable bibliography and useful tables of substances investi- 
gated, including references. A singular omission is of any table of nuclear 
spins and magnetic moments; the latter is excused on the grounds that moments 
are not of great value unless details of corrections are given. But surely, now 
that the spins of practically all stable isotopes have been determined, and their 
moments are known with fair accuracy, these could have been included in a 
handy table together with the references to the original experiments. 

B. BLEANEY, 


Niels Bohr and the Development of Physics, edited by W. PauLi. Pp. vii+195. 
(London: Pergamon Press, 1955.) 30s. 


This little book has been prepared as a tribute to Professor Bohr on his 
seventieth birthday. ‘The authors of its ten chapters are distinguished physi- 
cists who have collaborated with Professor Bohr in the many branches of physics 
in which he has played such a central role. In a book of this kind, one hopes to 
read of things which will endear the great man to those who have not had the 
privilege and inspiration of working with him in person. Such articles there 
are ; but some there are too which seem hardly appropriate to the occasion. 
Nevertheless, after reading this collection of papers one is left primarily with a 
feeling of wonder that one man should have done so much. 

B. H. FLOWERS. 


EleRtrische Lichtquellen : Gasentladungslampen (Electric Light Sources: Gas- 
discharge Lamps), by A. P. Iwanow. Pp. xii+583. (Berlin: Akademie- 
Verlag, 1955.) "55,10. 


This is a recent German translation of a volume originally published in 
Russian in 1948. It summarizes current theory and practice in the U.S.S.R., 
and part of the contents will assuredly be of considerable interest to those 
physicists and electro-technicians concerned with the production and exploita- 
tion of electric light sources. 

The text consists oi 23 chapters divided into eight sections which are (1) an 
elementary introduction to atomic spectra, (2) the basic collision phenomena in 
discharge tubes, (3) properties of glow discharges, (4) glow and arc discharge 
lamps, (5) metal vapour tubes, including high pressure mercury lamps, (6) dis- 
charge tubes with light yield heightened by fluorescence, (7) the arc lamp, (8) 
miscellaneous sources. 

Since the original volume was intended as a text for technical students in 
the U.S.S.R. there is a particularly marked concentration on the techniques 
in vogue in that country and also on references in Russian. Indeed this 
constitutes a particular value of this German text for those of us who cannot read 
Russian. Of a total bibliography of 268 titles no less than 93 refer to Russian 
publications in U.S.S.R. journals. A peculiar omission is the complete absence 
of an index, although it is true that the contents page has 100 sub-titles. 
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The emphasis is primarily concerned with light sources of technological and 
industrial importance and the many sources of considerable academic and purely 
scientific interest are hardly surveyed at all. For example, the spectroscopist 
and the user of interferometric devices will hardly find anything here about the 
particular electric light sources which would interest him, so that of course the 
formidable literature on such spectroscopic and optical sources is not con- 
sidered. Nevertheless the book contains a great deal of very detailed practical 
information, especially in relation to industrial types of light sources developed 
specifically in the U.S.S.R. This detail is everywhere backed by comprehensive 
theoretical treatment where such treatment is known. . 

Sufficient detail is given of the many novel products of the Moscow Electro- 
Lamp Factory such that a translation into English might well prove beneficial 
to the lamp industries of Great Britain and the U.S.A. 

In introductory sections to some of the chapters the author expounds some 
individual views on the early history of several long established lighting devices, 
offering documentary support for his conclusions. 5 


Fundamentals of Radiobiology, by Z. M. Bacg and P. ALEXANDER. Pp. xii+ 389. 
(London: Butterworths Scientific Publications, 1955.) 40s. 

This volume provides a fascinating and readable account of the more signi- 
ficant aspects of radiobiology at the present time and is written primarily for the 
non-specialist. Although the physicist would find the introductory chapter on 
the effects of ionizing radiations on matter somewhat superficial, the descriptions 
of some of the complex biochemical and physiological aspects of the subject in 
the later chapters may be read by physicists with very great profit. There is an 
excellent index extending over 30 pages and 960 original papers are quoted in the 
bibliographies. A more detailed review of this volume will be found in Part A of 
The Proceedings (p. 500). W. G. MARLEY. 


Humidity, by H. L. PENMAN. Pp. 72. (London: Institute of Physics Mono- 
graphs for Students, 1955.) 5s. 

This series of monographs is intended for general reading in courses for the 
Higher National Certificate in Applied Physics and the first two years of degree 
courses. In this small volume Dr. Penman discusses the physical principles 
underlying the measurement of humidity and briefly describes the construction, 
operation and use of various types of hygrometer. Here is a clear, straight- 
forward treatment of a subject of considerable practical importance. Although 
the author’s derivations of the psychrometer equation and the expression for 
the equilibrium vapour pressure over a curved surface may lack something in 
rigour and elegance, they are probably adequate for his purpose. 

One might, perhaps, remark that the statement, made on page 11, that “lhe 
equilibrium partial pressure of water vapour at a given temperature is the same 
whether there are other gases present or not’, is not quite correct, and suggest 
that the author’s cri de ceur, “To give the temperature and relative humidity 
of the air is good physics; to give only the relative humidity is meaningless 
jargon”, rather overstates a case which might have been presented more 
convincingly. 

But these are minor points. This book wvill undoubtedly prove very useful 
to anyone confronted with the practical problem of measuring humidity and 


can be recommended. B. J. MASON, 
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Avalanche Injection in Semiconductors 


By J. B. GUNN 


Radar Research Establishment, Great Malvern, Worcs. 
MES. received 18th January 1956 


Abstract. It is predicted on theoretical grounds that additional charge carriers 
may be injected into a semiconductor by a thin region of high electric field in which 
avalanche multiplication occurs. The voltage drop across the region may be 
quite low and associated with a negative resistance for certain values of the current. 
The observation of the predicted phenomena in germanium is described; it is 
found that the negative resistance region may cover some hundreds of volts and the 
response time be as short as 3 x 10-®sec. ‘The implications of avalanche injection 
are discussed in connection with solid-state phenomena involving a large current 
density, and it is shown that any sufficiently small contact is capable of rectification 
independently of the presence of potential barriers. 


§ 1. INTRODUCTION 


HE ettects of a large electric field on the holes and electrons of an elementary 

semiconductor have been the subject of recent theoretical calculations 

by Shockley (1951), Wolff (1954) and by Yamashita and Watanabe (1954), 
and of experimental measurements by Ryder (1953), McKay (1954), McKay and 
McAfee (1953), Miller (1955) and by the author (1956). The results obtained 
for germanium may be summarized as follows. At fields less than about 
10®vcm~!, the average drift velocity of the carriers increases approximately 
proportionately to the electric.field, and the carrier ‘temperature’ remains 
in equilibrium with that of the lattice. At larger fields, a departure from this 
linear relation occurs and the drift velocity rises less rapidly than the electric 
field, becoming about equal for holes and electrons and almost independent of 
the value of the field over the range 3 x 103-6 10*vcem™ (Gunn 1956). In 
this condition the carrier temperature becomes much larger than that of the 
lattice. At the upperlimit of the range the electrons are able to acquire enough 
energy to ionize some of the valence bonds of the lattice and to liberate a mobile 
carrier pair. Since, as shown by McKay, both of the new carriers can cause 
further ionization, the process, termed avalanche ionization, is a cumulative one 
and may lead to a very rapid increase in the carrier density. ‘The hole and 
electron currents in an avalanche have each a finite divergence, and this, together 
with the saturated drift velocity, gives rise to a space charge, and hence to a 
distortion of the electric field. 

In the light of these results we may consider the phenomena that may be 
expected to occur in a system such as that shown in figure 1 (a) when the current 
density is raised to large values. Here carrier injection and potential drops 
at the electrodes are both supposed to be prevented by the nature of the electrodes. 
Suppose first that the central region is extrinsic n-type with equilibrium electron 
density 7). Then, as the current is increased from zero, the voltage will at first 


rise proportionately, as at OA in figure 1(0). When current densities of the 
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order of J, =gnpvs (vs=saturated drift velocity) are reached, the voltage will rise 
extremely rapidly, while the carrier density remains equal to mp) and the field 
remains uniform. When fields as high as 6 x 104vcm™ are reached avalanche 
ionization will begin, and the additional carriers so produced will slow down the 
rise of voltage and of mean electric field (point B, figure 1(b)); their space charge 
will, however, lead to a field distortion which results in the field near the positive 
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Figure 1 (a). The simplest form of injecting Figure 2. Variation of E/« with field. 
avalanche, (b) Expected form of current-voltage 
relationship. 


electrode being considerably larger than the mean field, while the field near the 
negative electrode becomes less. Further increases in current will lead eventually 
to a situation in which the field at the negative electrode is reduced to a low value 
(point C), and at currents beyond this the potential drop becomes increasingly 
confined to a thin region of very high electric field near the positive electrode, 
the field in the remainder of the specimen being reduced almost to zero. The 
thin avalanche region is, however, a prolific source of holes, which are injected 
into the low field region, so increasing its conductivity and enabling the large 
current to be conducted in the presence of only a small electric field. The term 
avalanche injection is proposed as a description of this phenomenon. 

It is readily shown that, over at least the first part of the region CD of figure 1 (d), 
the voltage must be decreasing with increasing current. For suppose the current 
to be large compared with J,, so that the multiplication M occurring in the 
avalanche region is large. "Then, if « is the avalanche ionization coefficient of 
McKay (1954), it is known that 1—1/M is of the order of 


ry, 
adx, 
~0 


ee Ae 


Avalanche Injection in Semiconductors 783 


where x is the width of the avalanche region (the exact value depends on the 
boundary conditions in the avalanche region). Similarly, the voltage Va across 
the avalanche region due to the field E within it is 


ain iP Bae. 
~ O 


To the degree of approximation required here the integrals may be replaced 
by the products of x, with the mean values x and &, and 1/M may be neglected 
by comparison with unity. Hence —Va~Exa~E/x. Now, because of the 
space charge of the carriers, E must increase when the current density J increases. 
The results of McKay show that « increases very much more rapidly than E over 
a certain range; hence we may be sure that, in this range, #/z, and hence — Va, 
will decrease as J increases. The possibility of observing a negative resistance of 
this type renders the nature of avalanche injection worthy of the more detailed 
investigation described in this paper. 

It may be remarked that V, will continue to decrease with increasing current 
density only so long as £/« decreases; if E/x goes through a minimum we may 
expect E/x to behave similarly. That E/« for silicon has a minimum value of 
about 6-3 volts is shown by the graph of figure 2, derived from the results of 
McKay. The available results for germanium do not extend to high enough 
fields for such a minimum to be observed, but there is little reason to doubt 
that such a minimum will occur. It therefore seems likely that the minimum 
value of V’, may be a constant for a given semiconductor analogous to the cathode 
fall of potential in a gaseous discharge, a phenomenon with which, indeed, the 
injecting avalanche exhibits many striking analogies, both of a formal and of 
a physical nature. 


§ 2, EXPERIMENTAL 


2.1, Avalanche Injection Diodes with Radial Flow 


The elementary structure shown in figure 1(a) does not form a practical 
basis for the investigation of avalanche injection because in extrinsic material 
the power necessary to sustain the saturated drift velocity 1s very much larger 
than can be dissipated without destructive heating effects. ‘This difficulty may 
in principle be overcome by applying the electric field in brief pulses of low 
repetition frequency, but the pulse length which can be tolerated is so short 
as to make measurements difficult, particularly in a negative resistance region, 
If it is desired to retain the use of extrinsic material, this difficulty can be to some 
extent overcome by reducing the size of the non-injecting electrode so that the 
current flow has approximately radial symmetry in its neighbourhood and the 
region of saturated drift velocity is confined, even before the avalanche begins, 
to a thin hemispherical shell surrounding the contact. ‘This region, in which 
nearly all the power is dissipated, is small enough to keep the power down to 
a reasonable value, and the geometry ensures that the region, being partly 
surrounded by an effective heat sink (the rest of the semiconductor), is as well 
cooled as possible. 

Structures of this type, having the general form shown in figure 3(a), have 
been made by an alloying technique, using a small particle of tin—antimony alloy 
to form the small n* electrode (the ‘dot’). The junction between the nt 
region and the n-type body of the germanium has the necessary property of 
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excluding holes, while its size is readily made small enough to prevent excessive 
heating. A disadvantage of the structure is that contact to the dot can be made 
only with a micromanipulator. 

The current-voltage characteristic measured between dot and base of such 
a structure has typically the form shown in figure 4, In the reverse direction 
(dot negative) the current at first increases rapidly with increasing voltage, 
but when the saturated drift velocity is reached the slope resistance becomes 
much greater, and continues so until very large voltages are reached. ‘The 
absence of normal carrier injection ensures that the forward current at first 
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Figure 3. Practical experimental arrangements for the observation of avalanche injection. 


behaves similarly f, but at about 27 volts (the onset voltage) there occurs a sudden 
decrease in slope resistance. There follows a region of negative resistance, 
indicated by the broken line, in which oscillations prevent accurate measurement, 
and finally a region in which the voltage is almost independent of current and equal 
to about 13 volts (the sustaining voltage). 

The general shape of the forward characteristic is in keeping with the theory 
of avalanche injection outlined in the introduction. If this mechanism is in 
fact the cause, it would be expected that there would be a rapid change in the 
composition of the current carried by the dot as the peak of the curve is passed. 
That this is indeed so is indicated by the results of an ingenious experiment 
performed by Dr. A. F. Gibson and kindly communicated by him. In this 
a pair of 10 microsecond current pulses, separated by 50 microseconds, was ae 
through a dot on 300hmcm germanium. The first, ‘ emitter’, pulse was polarized 
so that the dot was biased positive with respect to the base, and its amplitude was 

T The essential symmetry of the characteristic at low voltages is obscured in the example 


show ae : : : 
wn by the strong accumulation, in the reverse direction, of thermally excited carriers 


(Arthur, Gibson and Gunn 195 le 
: ; : 56). With lower resistivity mate 2 
OR. Sy y material the expected symmetry 
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the independent variable in the experiment. ‘The current in the second, 
‘collector’, pulse was maintained constant at 6ma, and drove the dot negative 
with respect to the base. Because of the accumulation occurring, the voltage 
attained by the dot during this pulse was very sensitive to the presence of injected 
holes (Arthur, Gibson and Gunn 1956). Figure 5 (6) shows the voltage during 
the ‘emitter’ pulse and figure 5 (a) the voltage during the ‘collector’ pulse, both 
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Figure 4. Typical current-voltage characteristic for a diode with radial flow. 
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Figure 5. Demonstration of injection by an avalanche. 


plotted as a function of ‘emitter’ current. The ‘emitter’ voltage curve is equi- 
valent to the forward characteristic of figure 4, and exhibits the same sudden 
changes in slope. The shape of the ‘collector’ voltage curve shows conclusively 
that no injection takes place during the ‘emitter’ pulse until a current 
corresponding to the ‘emitter’ onset voltage is reached, and that for greater 
currents a large amount of injection takes place. This is exactly the result to be 
expected if avalanche injection is the mechanism involved, and is difficult to 


explain on any other hypothesis. 
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It is noticeable that in making oscillographic measurements on avalanche 
injection diodes of the alloy dot type it is frequently possible for the voltage 
attained on increasing the current for the first time to exceed significantly the 
onset voltage measured on subsequent occasions if avalanche injection has 
occurred meanwhile. A further decrease in onset voltage may occur if the current 
excursion Is increased into the constant voltage region. In the limit the negative 
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Figure 6, Example of surface damage. Full curve: characteristic before avalanche. 
Broken curves : characteristic after avalanche. 
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Figure 7. Pulse characteristic of a radial-flow diode. 


resistance region may disappear altogether and the sustaining voltage may reach 
abnormally low values. This effect, which is illustrated in figure 6, can be 
reversed, and the original characteristic approximately restored, by re-etching 
in hydrogen peroxide. It is therefore concluded that the changes responsible 
take place in the surface of the germanium. Since measurements made with 
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short pulses do not show this effect, it is likely that the changes are the result of 
intense local heating. Figure 7 shows the result of pulse measurements (also due 
to Dr. Gibson) on a typical dot. Apart from the inclusion of an abnormally 
high passive series resistance resulting from a slightly unusual geometry, it 
probably represents quite well the isothermal behaviour of this type of diode. 
Because the electric field at the semiconductor surface can, in a radial-flow 
structure, never be much less than that in the interior, while the field required 
to start an avalanche is known to be less (Miller and Ebers 1955), it follows that 
the onset voltage is likely to be determined mainly by surface conditions. 
Measurements of this voltage aré therefore unlikely to be significant, and its 
uncontrolled variation is a grave disadvantage in potential circuit applications. 


2.2. Internal Avalanche Injection Diodes 


In an effort to overcome the disadvantages of the radial-flow structure, and 
to reduce the temperature rise at the onset voltage, the structure shown in 
figure 3(b) was designed. In this, the current is restricted by making the 
germanium highly pure (~2x 10" impurities cm~%), and by preventing the 
entry of both holes and electrons. The n+ positive electrode excludes holes 
as before, while electron injection is prevented by making the negative electrode 
in the form of a p* layer. Additional heat dissipation is provided by the nickel 
sheet attached to the p~ electrode. An essential feature is that, as a result of 
the convex shape of the n* region, the maximum electric field occurs in the 
interior, at the point of closest approach, and not at the surface. It is found 
convenient to construct such an ‘internal’ diode as follows: 

A cleaned piece of sheet nickel is laid on a strip of ‘ Kanthal’ resistance alloy, 
and on it are placed, in turn, a droplet of zinc chloride solution, a fragment of 
indium, and an etched wafer of germanium 0-2mm thick x 1mm square. A 
protective atmosphere is provided by a jet of nitrogen—hydrogen mixture, and 
the temperature is raised somewhat above the melting point of indium by the 
passage of a current through the resistance strip. The germanium is then 
forced against the nickel by the pressure of a wire from above, and the assembly 
is cooled, boiled in distilled water to remove flux, re-etched, and replaced on 
the strip heater. A wire of gold +0-5°, antimony alloy, 0-25 mm in diameter, 
is then placed in contact with the upper surface of the germanium and the tem- 
perature raised to above 330°, the melting point of the gold-germanium eutectic. 
A drop of eutectic containing excess germanium soon forms, and on cooling 
deposits a layer of n* germanium, while p* material is grown from solution 
in the indium. A short length of gold wire is left attached to the n* contact, 
so that the resulting diode has, in addition to the desired internal structure, 
a convenient mechanical form. 

It may be remarked that the expected mode of operation of this diode 1s rather 
different from that of the alloy dot type. When the n* electrode is biased 
positively with respect to the p+ by a small amount, the situation is just analogous 
to a p-i-n diode biased in reverse, and the small current which should flow results 
from the finite leakage velocity of the electrodes (Arthur, Gibson and Gunn 1956) 
and from the thermal excitation of carriers within the intrinsic region. At some 
larger voltage, the field between the electrodes at their point of closest approach 
will become large enough for avalanche injection to take place, and a negative 
resistance region should be observed, followed by a region of constant voltage. 
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It should be noted that with this arrangement two avalanches, one at each electrode, 
are necessary to inject both holes and electrons into the intrinsic region. The 
sustaining voltage for the internal diode is therefore expected to be about twice 
that for the radial type. 
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Figure 8. ‘Typical pulse characteristic of an internal avalanche injection diode. 


That these theoretical expectations are borne out in practice is shown by the 
pulsed current-voltage characteristic of figure 8. The increased onset voltage 
and the decreased current at low voltages, compared with figure 4, are at once 
apparent. Measurements with currents between 50 and 200ma were difficult 
because of the frequent occurrence of relaxation oscillations. The voltage 
remained at about 30v for currents between 200ma and 320ma. This value 
of the sustaining voltage is in satisfactory ratio with that of 13-17 v observed for 
the radial-flow structure. 


2.3. Measurements of Switching Time 


An avalanche injection diode which is connected to a variable voltage source 
of relatively low impedance will remain stable until the onset voltage is attained. 
At this point, however, the voltage will fall suddenly to the sustaining value, the 
current rising meanwhile to a large value determined mainly by the internal 
impedance of the source. It is of interest, in connection with possible circuit 
applications, to know how rapidly these changes take place and how large a 
current will be passed. In order to settle these points a pulse generator, using 
an avalanche injection diode, was constructed as shown in figure 9. In this 
a primary pulse about 0-3 microsecond long derived from a hydrogen thyratron 
is used to charge a short length of 75 Q coaxial cable through a relatively high 
resistance. Little current flows through the avalanche injection diode connected 
effectively in parallel with the cable until the onset voltage is reached; the current 
then rises to a large value limited by the total effective series resistance of 150Q 
until the cable is discharged, when the voltage falls to zero. The voltage across: 
the 75 Q load resistor is observed by connecting across it the Y plates of a high 
speed cathode-ray tube capable of resolving times less than 10-® second. It 
is readily shown that, if the length of the pulse forming cable is increased from 
zero, the amplitude of the pulse first becomes independent of the length of cable 
and its top becomes flat when the delay time from end to end of the cable equals 
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the time of rise of the current. ‘This was found to occur, for a typical internal 
diode, with a length of cable between 0-5 m and 0-75 m; the rise time, calculated 
from the known propagation velocity of 4, is‘thus about 3x 10-°sec, “Ihe 
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Figure 9. Circuit for the measurement of rise time. 


current during the pulse was about 1a. It must be remarked, however, that 
continued operation under these conditions frequently leads to a deterioration 


in the diode’s properties. 


§ 3. Discussion 


The experiments described above provide strong support for the belief 
that avalanche injection has been observed, and that it is a mechanism which 
may be of importance in the explanation of certain electrical phenomena of the 
solid state. The possibility that the observed current-voltage curves might be 
the result of some thermal phenomenon is disproved by the extreme rapidity of 
the effect ; it is difficult, also, to account for the approximately constant sustaining 
voltage on this hypothesis. Among the implications of this result is the important 
deduction that the passage of an appropriately directed current density of 
sufficiently large magnitude through a contact to a semiconductor must result in 
the injection of minority carriers, irrespective of the nature of the contact, provided 
only that the drift velocity saturates at high electric fields. Under these conditions, 
fields high enough to initiate avalanche injection will arise unless minority carriers 
are injected by some other mechanism. 

Indeed, it can be shown as a corollary that any sufficiently small contact 
must act as a rectifier, irrespective of its nature, for it has been shown theoretically 
by the author (1952), and experimentally by Paige (private communication), 
that the resistance of such a contact in the non-injecting direction is always high 
once the saturated drift velocity is attained. "The mechanism of such a rectifier 
may therefore be quite independent of the presence of p—n junctions or barriers 
of the conventional kind. We may suspect that avalanche injection plays some 
part in the mechanism of such phenomena as the emission of recombination 
radiation in silicon carbide (Lehovec et al. 1951), some types of point-contact 
rectification and electroluminescence in phosphor powders. In all of these 
a large current density is associated with carrier injection and with a voltage drop 
which is not too small. 

It is natural to enquire what is the relation between the avalanche injection 
diodes described above and the so-called ‘positive-gap diode’ of Reeves and 
Cooke (1955). Since this diode is manufactured by electrically forming a point 
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contact between a silver—antimony wire and a surface of n-type germanium, it 
appears at first sight that avalanche injection might be the mechanism here also. 
It is difficult, however, to account for the very low ‘sustaining’ voltage observed 
in these diodes, though it may be that surface avalanche effects play some part. 

In connection with the analogy between avalanche injection and a gas discharge 
it may be remarked that, if the voltage across a one-dimensional injecting avalanche 
does in fact pass through a minimum at some particular current density, 
phenomena very like those in the normal cathode glow may be observed. The 
current density, and hence the voltage, should remain constant at the values 
corresponding to the minimum, and the only quantity to vary with changes in 
the current should be the area of electrode covered by the avalanche. This will 
not, of course, remain true for small currents, when the area becomes so small 
that the avalanche is no longer one-dimensional. Under these conditions a 
negative resistance should be observed as usual. 

The avalanche injection diode is potentially useful in a number of circuit 
applications. Apart from its use as a switching element, in which role its speed 
of response is at least an order of magnitude greater than that of any other semi- 
conductor device, it is likely that use could be made of its negative resistance 
characteristic in oscillators and in the dissected amplifier of Shockley and Mason 
(1954). 

In addition, if means can be found to trigger the avalanche by means 
of a third electrode, a number of functions at present performed by thyratrons 
and similar gas discharge tubes might be performed by devices employing 
avalanche injection. Finally, it is possible that the low slope resistance encoun- 
tered at large avalanche currents, together with the reproducible voltage drop 
found in this region, might be of use in voltage stabilizing circuits. 
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Abstract. It is shown that if high surface recombination rates can be corrected 
for or eliminated, then the travelling light spot method is very suitable for 
measurements of lifetimes in silicon since no ambiguities due to trapping effects 
are involved and since the measurement can readily be made on large sections 
of ingots instead of on carefully fashioned rods of rectangular section. Experimental 
results are given and treatments for the reduction of recombination velocities at 
surfaces of both n- and p-type silicon are described. 


§$ 1. INTRODUCTION 


H E determination of 7 the lifetime of minority carriers injected into silicon 

has been shown by Arthur, Bardsley, Gibson and Hogarth (1955) to present 

many difficulties which do not arise when comparable room temperature 
experiments are carried out with germanium crystals. One major difficulty with 
measurements on silicon is that in many crystals trapping effects dominate the 
recombination processes so that the characteristic time determined from this 
process is not the true lifetime. In principle it is possible to eliminate the effects 
of trapping by continuous illumination of the crystal with radiation in the 
absorption band so as to maintain the traps in a filled condition. In practice 
very high light intensities are often required and the resultant signals, in whatever 
experimental method of observing a recombination process is used, may be very 
small indeed. In addition, the high levels of absorbed radiation cause difficulties 
with temperature stabilization, and furthermore the resistance of the specimen 
may be markedly changed by the background illumination. 

Some of the difficulties which occur when lifetime values for n-type silicon 
are measured by various methods have been discussed by Arthur, Bardsley, 
Gibson and Hogarth (1955). 

In the present paper alternative methods for the elimination of trapping and 
high surface recombination rates are discussed. 


§ 2. EXPERIMENTAL METHODS 

Three methods will be discussed, two of them briefly, and the travelling 
light spot experiment in more detail. 

(i) The drift experiment. Provided that the crystal filament is well etched 
and that the dimensions of the small sides are at least two or three diffusion 
lengths, this experiment should yield the true lifetime independent of surface 
effects. Any trapping effects can be observed as an asymmetry of the collector 
wave form and eliminated by continuous illumination. 

(ii) The decay of photoconductivity. ‘The type of experiment in which the 
‘on’ time of the light pulse is sufficiently long for the traps to become completely 
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filled was shown by Arthur e¢ al. (1955) to be unsuitable for the determination 
of carrier lifetime in silicon since the long period trapping effects mask the true 
decay rate. If, however, by means of a spark-gap source, a very short period 
of excitation (of order 10-* sec) is used the initial decay will yield a fairly 
reliable value of 7 (see for example Hornbeck and Haynes 1955). During the 
excitation period there is little time for trapping to take place so that only a very 
small fraction of the total carriers become trapped and although trapping can 
take place during the decay period, the escape of carriers from traps does not 
dominate the decay. It was pointed out by Haynes (private communication) 
that a ready check on the validity of the result is obtained if the crystal is warmed 
by air from a blower. If the initial decay remains constant or gives a larger 
value of 7 this result suggests that the effects of trapping are small. 
‘The method requires the use of well-etched crystals of uniform cross section 
fitted with non-rectifying end connections. If the end connections rectify even 
slightly, anomalous decay curves can be obtained. In some cases the photo- 
current has shown an increase with time after an initial decay. Otherwise the 
method is a simple one to use, but there may be a slight ambiguity in the results. 


(iii) The travelling light spot experiment. A method for which trapping 
processes have no effect on the measured distribution of charge carriers is 
desirable. Such a method is the travelling light spot experiment introduced 
by Goucher (1951) and for which details have been given by Valdes (1952). 
This method has the advantage that it can be used on massive portions of crystals 
of irregular shape with one surface ground flat. Although reliable for the 
determination of 7 in germanium there are several difficulties to be overcome 
when measurements are made on silicon. 

(a) Collector non-linearity. By continuous illumination of the collector it 
can be forced to operate in the range where its conductance is a linear function 
of local minority carrier density. 

(6) Back-scattered light. If thin specimens are used there is a danger that 
incident light of wavelengths at or beyond the absorption edge may be scattered 
from the back surface, return to the front surface of the crystal, and generate 
charge carriers there. This effect would give an anomalously long value of 
diffusion length, but is only important in crystals for which the dimensions of the 
short sides are about 1mm or less, so that the filter recommended by Arthur et al. 
is not normally necessary. 

(c) Surface recombination. With high quality silicon crystals of the type 
now available the large surface recombination velocity s causes a considerable 
modification to the distribution of injected carriers from the incident light spot. 
This effect becomes appreciable in germanium for lifetime values of about 
100 usec and above and the usual linear relation between the logarithm of the 
photovoltage and the linear distance is replaced by a curve in which even the 
tangent at the lower ends yields a value for diffusion length, and hence lifetime, 
which is lower than the true one. For silicon the values of s are much higher 
(typically 1000 to 5000cm sec"') and the deviations from a linear relation are 
apparent for true lifetimes of about 1-2 Sec or greater. 

Van Roosbroeck (1955) has treated the problem theoretically for the case 
of a large plane surface and has shown how corrections may in principle be 
applied. Cronemeyer (1955, private communication) has computed families 
of curves to be expected for log photovoltage against distance for true values of 
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the diffusion length Ly» each family being computed for a given value of s. 
If s and » the drift mobility are known then an experimental curve can be 
‘ompared with an appropriate theoretical curve and Ly » thereby determined. 

In general it is preferable to reduce the value of s to negligible proportions or 
to render the high value of s ineffective so that a linear relationship between 
log photovoltage and the distance is obtained. Means of achieving this condition 
for p-type silicon were suggested by a process developed by the Radio Corporation 
of America (Nelson 1955) for reducing the reverse currents in their fused junction 
antimony-alloy silicon diodes. A 2°% solution of sodium dichromate in water 
was painted on to the crystal surface and allowed to dry. By reducing the surface 
recombination rate the reverse current through the diode was markedly reduced. 
In this laboratory it was noted that sodium dichromate is a strong oxidizing 
agent and it would therefore be expected to capture electrons from the surface 
region of the p-type silicon with which it reacted and make the surface layer 
more heavily p-type (known as p+). From studies such as those of Moore and 
Webster (1955) it is known that a p—p* transition near a crystal surface is expected 
to lead to a reduced value of s for the surface. Thus the rapid diffusion to the 
surface caused by the usual rapid surface recombination would be suppressed 
and the charge carrier distribution would be much less disturbed. 

By analogy with the treatment for p-type silicon, the surface of n-type silicon 
crystals should be treated with a strong reducing agent to produce an n-n+ 
transition near the surface. Successful results have been obtained with 2% 
aqueous solutions of stannous chloride, sodium sulphite, and potassium 
ferrocyanide. 


§ 3. EXPERIMENTAL RESULTS 


Typical results will be presented for the travelling light spot experiment 
showing how the values derived by correcting the results obtained for crystals 
etched with a suitable acid etcht show good agreement with those obtained from ° 
the same crystal surfaces after treatment with oxidizing or reducing agents as 
described above. In some cases the results were checked by the use of the short 
period excitation photoconductivity decay apparatus and by the drift experiment, 
and consistent results obtained. 

Many crystals with values of 7 varying from 5 x 10~‘ to 3 x 107? second have 
been examined. The experiments were carried out using white light chopped 
at 800 c/s and a tuned amplifier. ‘The specimens were thick enough to eliminate 
the effects of back-scattered light, had one surface ground flat and were either 
treated with an acid etch and the results corrected, or treated with the appropriate 
oxidizing agent (p-type) or reducing agent (n-type) and the results analysed in 
the usual manner. A continuous background illumination was used in each case. 
Values for the diffusion constant were taken as Dy=35cm?sec ! for electrons 
and D)=9cm?sec"! for holes. From measurements in this laboratory and 
elsewhere it was found that the value of s for silicon treated with the acid etch 
referred to above was always of order 2500cmsec"!. Since the correction to 
the log photovoltage against distance curves was not very sensitive to small changes 
in s, this mean value was used in the application of the correction curves. ‘The 


+ The most suitable acid etch for silicon seems to be a mixture of 4 parts HNO; with 
1 part HF. 
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consistency of the results with those from other methods used on the same crystal 
justified this procedure. 
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Figure 1. (a) Measurement on p-type silicon crystal etched with acid; (4) measurement 
on p-type silicon crystal treated with sodium dichromate. 
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Figure 2. (a) Measurement on n-type silicon crystal etched with acid; (6) measurement 
on n-type silicon crystal treated with sodium sulphite. 


A typical result for a p-type single crystal after acid etching is shown in 
figure 1(a). Correcting for surface recombination, values of Ly = 0-055 cm and 
tT = 86 x 10-* sec are obtained. Figure 1(5) shows the results obtained on the 
same crystal after treatment of the surface with sodium dichromate. In this | 
case the curves are like those traditionally obtained for germanium under 
conditions where surface recombination can be neglected. The mean value 
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of Ly is 0:056cm and hence 7,=90 x 10-8sec. For this particular crystal the 
lifetime was also determined by the drift mobility type of experiment and a 
value of 80 x 10~® sec was obtained for the crystal in filamentary form with cross 
section about 2-5 mm x 2-5 mm but with no special surface treatment other than 
a normal acid etch. Measurement of the initial photoconductive decay also 
gave a value of 80 x 10~®sec for the lifetime. It is interesting to note that had 
the tail ends of the curves in figure 1(a) been assumed to be linear and surface 
recombination negligible in the traditional manner, a value of only 0-028cm 
would be obtained for Ly corresponding to a value of ty =24 x 10-6 second. 

Comparable results are obtained for n-type material. Figure 2(a) shows 
the distribution curve obtained for a crystal treated wiht an acid etch, and 
figure 2(b) the curve obtained after treatment of the crystal surface with sodium 
sulphite solution. Excellent agreement is obtained between the value of 7 
computed from figure 2 (a) using the correction curves, namely 11 microseconds, 
and the value calculated directly from figure 2(b), 10 microseconds. The value 
obtained from the initial decay of photoconductivity using the spark-gap 
apparatus was also 11 microseconds. 


§ 4. CONCLUSIONS 


Of the methods available for the accurate determination of minority carrier 
lifetime in silicon, the drift experiment and the study of photoconductive 
decay using a spark-discharge source are reliable, practically unambiguous 
with regard to errors arising from trapping effects and, once the measuring 
equipment is assembled, simple to carry out. The methods do however 
necessitate the cutting of rods of uniform cross section, soldering on two base 
leads, and very careful etching of the whole crystal. They are not suitable for 
the examination of large ingots. 

The travelling light spot provides a ready method for the examination of 
regions of large ingots necessitating only grinding flat the area of surface to be 
investigated, fitting one base lead, and etching. Precautions have to be taken 
to correct for or to eliminate the effects of surface recombination and to linearize 
the collector. If these precautions are taken, the method provides a simple and 
accurate measurement of diffusion length and hence lifetime, in which the effects 
of carrier trapping are not observed. 
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Abstract. The Hall effect and resistivity of n-type single crystals of natural | 
galena containing from 6 x 10 to 101° extrinsic electrons per cm® have been | 
measured from room temperature down to liquid helium temperatures. No | 
appreciable change in the number of extrinsic electrons has been observed down | 
to 4K in any crystal. 

While the mobility is proportional to 7-5? down to a temperature of about | 
70°K, the low temperature mobility varies with the number of extrinsic electrons — 
in a manner which cannot be explained by current theories of scattering. 

It is estimated that at room temperature a purely intrinsic crystal of PbS 
would contain 2 x 10! conduction electrons per cm’. 


$1. INTRODUCTION 


XTENSIVE measurements of the electrical properties of lead sulphide 

have been made at temperatures above that of liquid air (see, for example, 

Putley 1952, 1955, Petritz and Scanlon 1955). In the low temperature 
region isolated measurements have been made by Putley at 20°x, and resistivity 
measurements on very impure material have been reported by Dunaev (1947). 
Meanwhile, recent theoretical work (e.g. Howarth and Sondheimer 1953) 
suggests that at low temperatures, polar crystals may differ markedly in their 
behaviour from the better known elemental semiconductors. Following on 
infra-red work carried out in this laboratory (Paul and Jones 1953), a supply of 
natural galena covering a considerable impurity range was available. It seemed, 
therefore, worth while to extend electrical measurements to low temperatures. 


§ 2. EXPERIMENTAL METHODS 
2.1. Low Temperature Apparatus 


A miniature hydrogen-helium liquefier of the type constructed by Chester 
and Jones (1953) was used to produce low temperatures. Samples were enclosed 
in a small copper can which served as the bulb of a gas thermometer. This can 
was surrounded by an outer can in good thermal contact with the helium reservoir. 
The intervening space could be evacuated or filled with a small quantity of helium 
gas, so that the sample could make thermal contact with, or be isolated from, 
the helium bath at will. A thermostat-controlled heating coil, wound on the 
inner can, allowed temperatures between the boiling points of helium, hydrogen 
and oxygen to be obtained. 
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2.2. Selection and Mounting of Samples 


Specimens were obtained by selection from a number of sources of natural 
galena, by measuring the Hall effect and resistivity at room temperature. The 
measurements were all made on single crystals. Samples containing 10!” to 
101° electrons per cm® could readily be found, and after examination of a large 
number of specimens, a few were obtained containing about 10! electrons per cm’, 
the purest having 6 x 10% electrons per cm*. (In the infra-red the latter showed 
the smallest absorption coefhcient we have measured so far but, apart from this, 
no detailed correspondence between ee red and electrical measurements was 
| observed.) 

Rectangular samples were cleaved from larger blocks to give dimensions 
about 1cm x 0-3cmx0-1cem and were checked for homogeneity by Hall and 
resistance measurements using pressure probes. For low temperature measure- 
ments six 41 s.w.g. copper wires were welded on to the sample, using the condenser 
discharge technique described by Mitchell (1954). The current leads were 
welded to the ends, and two leads welded to each side were arranged symmetrically, 
so as to give two resistance and two Hall readings. Good low resistance welds 
» could be obtained by discharging a 75 uF condenser charged to about 30v. On 
» cooling, the contact resistances often tended to increase considerably. This 
could be remedied during a run by discharging a condenser across the offending, 
and any one of the other leads, the condenser being charged to about 10v. This 
process did not give rise to any observable change in the crystal’s characteristics. 


2.3. Electrical Measurements 


The resistivity and Hall effect were measured by the normal d.c. methods, 
using a Tinsley No. 3184 potentiometer. All measurements were taken for both 
directions of the current, while the Hall readings were also taken for both directions 
of the field. A Tickford Type A magnet was used, giving a maximum field of 
5500 oersted, for a pole gap of 5cm. 


§ 3. EXPERIMENTAL RESULTS 
3.1. Hall Effect 


The Hall constant is given by R=10*% x Et/HIfcm*® coulomb !, where EF is 
the measured e.m.f., ¢ the thickness, H the field, / the current, and / is a potential 
distribution correction factor, discussed by Volger (1950) and Frank (1953). 

H was measured with an accuracy to 2%, while # and J were measured to 
closer than 1°, giving a relative error in R of less than 5°. However, values of 
FE obtained from different parts of the crystal sometimes varied appreciably, 
| due presumably to inhomogeneity, thus setting a limit of within 10 to 15%, to the 
absolute accuracy of those measurements. ‘The Halli coefficient is plotted against 
) temperature in figure 1. 


3.2. Resistivity 
The resistivity is given by p=twE/d/, where wis the width and dis the distance 
between the probes. The relative accuracy of the measurements was to about 


2°. Values calculated from the opposite sides of the crystal sometimes differed 


appreciably, so that the absolute accuracy was again probably within 10 to 15%. 
Resistivity is plotted against temperature in figure 2. 
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The mobility is obtained from the resistivity and Hall coefficients by the 
relation «= R/rp, where r is a factor which varies between 1 and 1-9 (see, for 


Figure 3. 


3.3. Mobility 
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example, Johnson and Lark-Horovitz 1950, Jones 1951), depending on the electron 
density and the scattering mechanism. In polar semiconductors, both optical 
| and acoustical scattering may be important, but the evaluation of r for such mixed 
scattering is complex. Considering acoustical scattering only, r varies between 
1-00 and 1:17, going from complete degeneracy to the classical limit. We have 
| estimated that the value of r which would occur, if the scattering were due to 
| optical modes alone, would differ from the acoustical values we have used by 
| 5% at the classical limit, and would become identical at complete degeneracy. 
Uncertainty in the true value of r is likely to introduce, therefore, a very small 
error in the mobility. Mobility is plotted against temperature in figure 3. 


§ 4. Discussion 
4.1. Hall Effect 


It will be seen from figure 1 that sample 5 has a sufficiently small concentration 
) of extrinsic electrons to show intrinsic behaviour at room temperature, the Hall 
‘ coefficient increasing down to about 200°k. Taking the room temperature 
# value of the Hall constant, and the extrinsic electron density, and assuming a 
) mobility ratio of 1-4 (Brebrick and Scanlon 1954), we estimate that material which 
| is intrinsic at room temperature should contain about 2 x 10" electrons per cm’. 
Below about 200°K the Hall coefficient is practically constant with temperature 
) for all samples. Since the dielectric constant of lead sulphide is 15-3, we might 
expect an application of the ‘hydrogen model’ to the calculation of the impurity 
activation energy to yield a value of the same order of magnitude as germanium 
(0-Olev). Below 50°K sample 5 shows a small increase in the Hall constant 
apparently corresponding to a small decrease in the number of conduction 

electrons. Evaluation of the Fermi level indicates that classical approximations 
ican be applied. The calculation of an activation energy from the number of 
Be auction electrons is ambiguous unless the acceptor concentration is known, 
i, but every simple model seems to yield a negative activation energy. We conclude 
» that in lead sulphide containing 6 x 101° electrons per cm? no separation between 
# impurity levels and conduction band can be observed. 


2 


4.2. Mobility 


i In the region between room and liquid air temperatures, all samples have 
4a mobility obeying the relation » = AT *? reported by Petritz and Scanlon (1955) 
vand by Putley (1952). Smith (1954) reports that if the mobility law at inter- 
mediate temperatures is of the above form then, in the values of A, there 1s scatter 
which bears no relation to the number of extrinsic impurities. This is confirmed 
by Putley (1955), who quotes values of the mobility ranging from 140 to 
) 870cm2v-!sec!.+ Petritz and Scanlon claim that there is no noticeable 
i dependence of mobility on impurity concentration, and that the mobility in the 
Jintermediate temperature range is an intrinsic property of lead sulphide. We 
i find that in the temperature range down to 70°K the mobility of the purest sample 
(5) is about half that of samples 1, 2 and 3, while sample 4 occupies an inter- 
» mediate position. A closer inspection of the curves presented by Petritz and 


| + We understand from a private communication that this scatter is greatly reduced 


if natural single crystals are used. 
2G-2 
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Scanlon indicates a similar change in mobility between their most and least pure 
samples. With our range of mobilities at room temperature, the intrinsic) 
resistivity of lead sulphide should lie between 3:8 and 7ohmcem. The room) 
temperature resistivity of our purest sample was 4-3 ohmcm. | 

At lower temperatures, for all samples, the mobility deviates considerably) 
from the 7-2 law, this deviation beginning at about 70°K in every case. By) 
analogy with elemental semiconductors, this might be expected as a result of) 
scattering by ionized impurities. First attempts to apply the Conwell-Weisskopf | 
(1950) relation, and its modification for degenerate sarnples due to Johnson and 
Lark-Horovitz (1947), gave no numerical agreement. As a wider range of | 
impurity concentrations was used, it became apparent that an increase in conduc- | 
tion electrons was accompanied by an increase in the mobility, and a sample) 
containing 10!° electrons per cm? deviated least from the 7~*? law. It is difficult | 
to see how any combination of lattice and impurity scattering, neutral or ionized, | 
could give this effect. | 

To explain a maximum in the Hall effect of germanium, Hung (1950) suggested | 
that impurity atoms could, instead of existing as discrete centres, form a narrow | 
band below the conduction band. ‘The width of this band should increase as } 
the number of impurities increases, and so the mobility in the impurity band | 
might be expected to increase with impurity concentration. <A similar picture | 
might be applied to lead sulphide, if we suppose that at low temperatures the | 
conduction electrons occupy such a band. ‘Then in this temperature region | 
the mobility will be determined mainly by the impurity concentration, while | 
ordinary lattice and Conwell-Weisskopf scattering can be ignored, since they 
will only be important for electrons in the main conduction band. No adequate 
theoretical explanation for the existence of impurity band conduction has been 
given, and so no attempt at estimating the temperature dependence of impurity 
mobility can be made. It may be noted, however, that the purest samples in 
figure 3 show a decrease in mobility at the lowest temperatures. 

The Hung model may also supply an explanation of the failure of the 
‘hydrogen model’ to predict a value of impurity activation energy. At the lowest 
impurity concentration of 6 x 101° electrons per cm? the impurity band may be of 
sufhicient width to overlap the conduction band, and no activation energy will 
be observed. 

Scattering by optical modes of vibration in polar crystals has been discussed 
at length by Howarth and Sondheimer (1953). An attempt has been made by 
Petritz and Scanlon (1955) to combine this optical mode scattering with the 
well-known acoustical scattering for the case of lead sulphide below its Debye 
temperature (about 200°K). ‘Their experimental results, extending down to 
Td Ke Save only a narrow temperature range where agreement was possible. 
Our results indicate that below about 70°k the mobility is controlled by the 
impurity concentration, and so lattice scattering, both acoustical and optical, is 
completely masked. Consequently, lead sulphide appears to be an unsuitable 
substance for the verification of the Howarth-Sondheimer theory as it is developed 
at present. At higher temperatures the 7T~>? law for the mobility is well 
established experimentally, but no satisfactory theory has yet been presented, 


Electrical Measurements on Natural Galena at Low Temperatures S01 


ACKNOWLEDGMENTS 


We are very grateful to Professor R. V. Jones who provided the research 
facilities and obtained the specimens of galena. We would like to thank the 
} Caird ‘Trust and the Department of Scientific and Industrial Research for 
financial assistance. Mr. R. Wildgoose assisted with the construction of the 


) liquefier. 
REFERENCES 


BREBRICK, R. F., and SCANLON, W. W., 1954, Phys. Rev., 96, 598. 
CHESTER, P. F., and Jonss, G. O., 1953, Proc. Phys. Soc. B, 66, 296. 
| CONWELL, E., and WEIssKopPrF, V. F., 1950, Phys. Rev., 77, 388. 
PYUONAEV, J. A’, 1947, CR. Acad. Sa. UsRS.S., 55, 21. 
FRANK, V., 1953, Appl. Sci. Res. B, 3, 129. 
Howarth, D. J., and SoNDHEIMER, E. H., 1953, Proc. Roy. Soc. A, 219, 53. 
BELUNG, C. S., 1950; Phys. Rev., 79, 727. 
Jounson, V. A., and Lark-HorovitTz, K., 1947, Phys. Rev., 71, 374; 1950, Lbid., 79, 176. 
@ Jones, H., 1951, Phys. Rev., 81, 149. 
| MiTcHELi, W. H., 1954, ¥. Sct. Instrum., 31, 147. 
Pau, W., and Jonss, R. V., 1953, Proc. Phys. Soc. B, 66, 194. 
Perrirz, R. L., and ScaNLon, W. W., 1955, Phys. Rev., 97, 1620. 
Put.ey, E. H., 1952, Proc. Phys. Soc. B, 65, 388; 1955, Ibid., 68, 22. 
Smit, R. A., 1954, Physica, 20, 910. 
PVOLGER, J., 1950, Phys. Rev., 79, 1023. 


802 


The Electrical Conductivity of Composite Media 


BY ETE KERNER 


Physics Department, University of Buffalo, New York 
MS. received 30th September 1955 and in revised form 20th February 1956 


Abstract. A general theory is given of the gross electrical conductivity (or thermal 
conductivity, dielectric constant or magnetic permeability) of a composite medium | 
having its isotropic granular components distributed spatially in a disordered 
way. It is shown that the gross conductivity is a weighted superposition of the 
component conductivities with weights containing the volume fractions of the 
components and an intensity factor depending on the average electric field for 
the whole medium and for each component. By introducing a suitably defined 
‘average electrostatic problem’, the case of grains spherical in the mean and 
suspended in a uniform medium is examined in detail, and the gross conductivity 
explicitly found. The limiting case in which the suspending fluid is withdrawn 
and the grains coalesce is shown to give rise to a discontinuity in the gross 
conductivity. Coated grains, e.g. oxide-coated metallic grains, are also treated. 


§ 1. INTRODUCTION 


N this and a succeeding paper (Kerner 1956) a solution is proposed to the very 

old problem of how to deduce some macroscopic physical properties of media 

made up, on a relatively microscopic scale, of several pure materials having 
specified properties and aggregated in various disordered ways. Such media 
include suspensions of powders in some uniform substrate, suitably bonded 
aggregates of powders, and the like. The conductive properties, comprising 
dielectric constant, magnetic permeability, and electrical and thermal 
conductivities, may be treated together because of the identical form of the 
conduction laws controlling them. Here we shall use the language of electrical 
conductivity in discussing these properties; with simple changes in nomenclature 
the results may be applied to the other cases. The elastic properties of composites 
are the subject of the companion paper (Kerner 1956). 

In a general way it will be shown that the gross conductivity of a large mass of 
composite is a weighted linear superposition of the component conductivities. 
The weights are the product of a geometrical factor—the fraction of the total 
volume occupied by a component species—and an ‘intensity’ factor: the ratio 
of (the average value in a component species of the component of the electric 
field in the direction of the externally applied field) to (the average value in the 
whole medium of the same quantity). The geometrical factor is assumed to be 
known. ‘The evaluation of the intensity factor requires a special statistical 
hypothesis, of a type introduced by Bruggeman (1935), which leads in the case of 
grains suspended in some medium, to the picture of an average grain surrounded 
by a shell of the suspending medium. Sufficiently far beyond this shell there 
lies on the average a uniform medium with a conductivity equal to the desired 
gross conductivity; but between this shell and the uniform average medium 


=~ 
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there must be, for elementary reasons of continuity, some intermediate zone 
of variable conductivity. Fortunately, this zone can be by-passed and the 
gross conductivity found by a simple application of electrostatic theory. The 
case of packed grains becomes a special case of suspended grains by allowing the 
suspending fluid to disappear. 

The recognition of this intermediate zone appears to be essential for 
a completely consistent description of the gross conductivity, and is the element 
in the present theory which is absent in previous investigations. 

One of the earliest discussions of the bulk properties of a composite medium 
seems to be due to Rayleigh (1892) who investigated the conductivity of a medium 
containing a second substance as a cubic array of spheres. Bruggeman (1935) 
in a fundamental paper studied the dielectric constant of various kinds of binary 
composites and reviewed the older literature. Our results for packed aggregates 
of grains generalize his. For suspensions of grains in a uniform medium we 
propose an analysis different from Bruggeman’s, one leading in a natural way to 
the Lorentz—Lorenz law, with which Bruggeman’s results are in conflict. In 
addition, Bruggeman’s method applied to a suspension of different species of 
grains fails to give the correct result in the limit that the suspending fluid vanishes 
and the grains become packed. A discussion by Polder and Van Santen (1946) 
of grain suspensions appears to be based on Bruggeman’s statistical hypothesis 
for packed grains. More recently Landauer (1952) has verified, in a comparison 
with experimental data, Bruggeman’s result for binary packed powder aggregates. 


§ 2. (GENERAL CONSIDERATIONS 


The composite medium will be taken to be made up of grains of materials 
labelled 2, 3,... suspended in a fluid labelled 1. The label 0 is used for the 
composite as a whole. Each component will be assumed to be an isotropic, 
homogeneous substance. ‘The composite medium itself will be assumed to be 
homogeneous on a gross scale, 1.e. on a scale of dimensions large compared with 
grain dimensions and grain separations. We make also the basic assumption 
that the grains have no spatial ordering, but are intermixed spatially in a haphazard 
manner. 

Consider an infinite slab of composite medium of width very large compared 
with grain size, and bounded on either face by wide slabs of some uniform medium 
having the conductivity o. ‘The extreme end faces of this sandwich are held 
at some fixed potential difference and a steady current flows through it. ‘This 
situation is what is often realized in the measurement of the conductivity op. 
Choosing a axis perpendicular to the faces of the sandwich, for two equal long 
segments Ly, L of it deep in the interiors of oy and one slab of o and far from all 
interfaces of the sandwich, we must have 


oolo=| E, de / |, Boe, 


or 
= fe Ts 

E,= By, 7 +B, T+...), slate (1 

OL, col 1 ji 2: Udy. ) 


where L,/Ly, L,/L,..., are the fractions of Ly that are intercepted in media 


1, 2,..., and lie in these media. Here use has been made of the mean value 


theorem in the form 
{, Be Ee || Ede | Bada ven Bight Bayly vere an sis (2) 
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| 
The field £, is the constant one in o at points far from the interface of o and ap. 
Now using Gauss’ theorem for a cylinder Z parallel to the z axis and having | 
ends Sp, S deep in o and one slab of o we get 
| jndS=0=| cE, dS—| | j,dSo, 
the contribution to the surface integral from the walls parallel to z being zero | 
on account of the homogeneity of the composite. Hence, breaking the last | 
integral up into integrals over S,, S,,..., the total areas cut out on S, by media 
1, 2,..., we have é; 
oh = 6, E;, 51159 + Oly Se tee ee (3) | 
Now S,/.S) and L,/L,) are equal and, in fact, the same as the fraction of some 
large volume 7) occupied by material 7 for the reason that a large plane surface, 
a long line segment, and a large volume all effectively sample the medium in the 
same way. Calling these common ratios z, it follows from equations (1)—(3) that | 


Cy >) 0,0; EB e| Eons Peer (4) 
We have also Xv, = 1 and by equations (2), 
2b f 1 ee (5) 


so that the coefficients of o; in equation (4) are of the nature of true statistical | 
weights. ‘These are the basic equations for what follows. 

Though the components of a composite medium are isotropic, homogeneous 
substances, the medium clearly will not be isotropic in the large if the grains are, 
for example, ellipsoidal and preferentially oriented in some fixed direction. 
If o9* be the conductivity dyadic of the composite medium, the preceding analysis 
holds intact when oy is replaced by $.0)*.3. Then 3 is to be chosen in three 
successive steps to be along the principal axes of o)* so as to obtain in three 
coupled equations the three principal conductivities of the medium. These axes 
are determined by the statistics and geometries of the grains of various species. 

To compute the field-ratio factors, let us go from grain to grain of a given 
species 7 in order to make an average of the grain sizes and shapes and of the 
fields they contain. Also around each grain let some surface S, of a shape 
roughly similar to that of the grain but of larger dimensions, be constructed. 
If Sis sufficiently small, say S,, then the material between the grain surface and 
S, will be some layer of the suspending fluid 1. If S is sufficiently large, say Sy, 
the material beyond S, will in the mean be a medium having the conductivity 
oy of the composite, and the field beyond S, will average to the value E),8. This 


Suggests, as a general model for finding E,,/E,,, the ‘average electrostatic problem’ 
of a grain o, bounded by a layer o,, then by some variable-conductivity layer, 
having a conductivity ranging from g, to oo, and finally by a uniform medium 
containing at infinity a uniform field. 

Though they are difficult to define exactly, it is clear that some maximal AS 
and minimal S, exist. That S, and S, cannot coincide may be shown trom the 
example of spherical grains—a direct computation of £,,/E), assuming o jumps 
from o, to oy at a single boundary allows co, to be found independently from 
equations (4) and (5); the two values disagree. 

To avoid the apparently complex intermediate zone between S, and Sz 
we need simply eliminate Eo, from equations (4) and (5) 


= > 00,B Ey, / Soe aie rer Gs 


where for convenience the dimensionless ratio E,,/E,, rather than E, is introduced. 
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§ 3. SPHERICAL AVERAGE GRAINS 

The simplest kind of grain consistent with gross isotropy is that which in 
the mean is spherical. This is also perhaps the most important case arising in 
practice. An elementary treatment of the ‘average electrostatic problem’ 
here yields £,,/E,,=30,/(20,+0,). This is independent of the grain size, the 
size of the layer o,, the size and conductivity of the intermediate zone, and the 
conductivity oy of the exterior uniform medium. _ It is a consequence solely of the 
spherical symmetry. We see in fact that in this case we need not have assumed the 
model of the ‘average electrostatic problem’ described above, but could have 
employed a less restrictive assumption. 

The gross conductivity is just 


ma 30, 
cae ee i gett ttn Girl ae m 


where the summations are over all components, including 1. 

For a binary composite, grains of a, suspended in the fluid o,, a rearrangement 
of equation (7) gives 

O>/0, —| : 09/01 —1° 

This is the Lorentz—Lorenz law v,(n?+2)/(n?—1)=constant, when dielectric 
constants and refractive indices are introduced instead of conductivities, and it 
holds without restriction on v., in contrast to the result Rayleigh (1892) found for 
a regular cubic array of spherical grains. 


§ 4. PackED GRAINS 
Let us withdraw the suspending fluid (v, +0), allowing the grains to coalesce 
into a tight compact. According to equation (7) 


a= > a, oi {de Series = (a ono maa (8) 


Po or, va aay 


which states that oy still depends on o,, a material now absent from the composite. 

This seeming paradox has the following answer. Equation (7) may be 
written, with the terms in v, isolated from the rest, as v,(o) — 0) = X_— 92). 
This equation is satisfied identically if we choose c, to be equal to oj, and determine 
6, according to oy=,(a9)/44(a9); and it is satisfied independently of the value 
of v,. In particular it holds for v,=0. Physically what this means is that if 
we take the compacted composite of conductivity o, and prepare a uniform 
fluid of this same conductivity, then we may inject the fluid into the compact, 
causing the grains to become separated but leaving the gross conductivity 
unchanged at the value o, no matter how much fluid is injected. Only the fluid 
of conductivity determined by 

See ee EGG: (aN tion) eee (9) 
has this property. 

The o,’s defined by equations (8) and (9) are not the same, and should not 
be the same, because at v,=0, oy) must in general be discontinuous. Consider, 
for example, perfectly conducting grains suspended in a perfectly insulating 
fluid. For any finite amount of fluid, no matter how small, granted that the grains 
are suspended one must find o,=0, in accordance with equation (8). But for 


806 E. H. Kerner 


a strictly zero amount of fluid the conductivity must jump suddenly to infinity, 
in accordance with equation (9). In other words, equation (8) correctly provides 
3, exclusive only of the physically meaningful finite change in conductivity 
accompanied by an infinitesimal change in v, at 1 =0. This jump in con- 
ductivity of course is not in reality abrupt, but is continuous due to the part 
played by non-ohmic conduction processes, which have been neglected. 

The final result, equation (9), for a compact of grains provides a polynomial 
of degree m in oy for an n-component compact. The right-hand side of the 
equation is a monotonic function of oo, increasing uniformly from the value 
—1 to +3 as oy ranges from zero to infinity. Hence there is, as there must be, 
a unique positive oy satisfying it. The equation includes as a special case 
Bruggeman’s (1935) and Landauer’s (1952) result for a binary composite, which 
has been checked against experiment. 

It 1s interesting to observe that equation (9) follows from each of equations (4) 
and (8) separately if one assumes that the average grain in the compact is bounded 
directly by the uniform average medium ay. In this case | HO oc 3o/(209 + %); 
independently of the grain size. This means that in the compact two “grains 
which happen to be adjacent can be considered a single ‘grain’. The ‘grains’ 
in other words have no well-defined identity in the compact. It is only through 
the procedure of coalescing a suspension of grains that the ‘graininess’ of the 
compact has a meaning. 


§ 5. COATED GRAINS 


In important cases, for example in composites of oxide-coated metallic 
grains, the composite conductivity is strongly influenced by even thin layers 
of foreign material on the grain surfaces. To the extent that such layers may 
be described as having a definite conductivity, we can compute the gross con- 
ductivity by a slight extension of the earlier discussion. We need only keep in 
mind that the summations in equation (6) include the grain cores as well as the 
grain Coatings. 

For average spherical grains o,, with average spherical coatings o,’, immersed 
in the fluid o,, it is straightforward to show that 


E., = Labs, by = eae 
Ly,= 90,0;/D,,, Ly) =30,(0, + 20;')/D,, 
Dy = (9; + 2o,')(o;' + 20) + 2h,(o, —0,')(0,' —a,) 


where h, denotes the ratio of the volume of the core to the total volume of core 
plus coating. Equation (6) gives for the overall conductivity 


o= » (67a, +00 L,)/> (u,L,,+ 9; L,,/) 


with the conventions L,,=1, L,,'=0. Itis easily checked that when the cores or 
coatings are shrunk to zero, or are made identical, or that when the coatings are 
given the conductivity o,, equation (6) is reproduced. 

Forcing the coated grains into coalescence by taking v,=0 gives the same 
paradox, which has the same answer, as earlier. ‘The result, analogous to 
equation (9), is that the compacted conductivity is governed by 


= SS [9u;0;'(0," — 09) + 3z;'(20,' + OG, =o) Do ee (10) 
1=2 
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where Dy, stands for D,, with o, replaced by op. This equation is readily shown 
to determine a unique positive oy. Having coalesced the coated grains we may 
make all the grain coatings identical. The resulting suspension of cores in this 
grain-coating fluid should have its conductivity described by equation (7). 
A somewhat involved algebraic manipulation does indeed show that o, according 
to equation (7) identically satisfies equation (10) when all o,’ in the latter have 
a common value. 

The extension of the foregoing discussion to two-dimensional composites, 
consisting of long parallel cylinders.of the various components, is readily performed 
and need not be detailed here. 
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Abstract. In a continuation of a previous paper, it is shown here how the gross 
bulk and shear moduli of a composite material consisting of a suspension of 
grains or a compact of grains may be deduced. The grains are assumed to be 
perfectly bonded to the suspending medium or to each other, and are taken to 
be spheres in the mean. By using an averaging procedure due to Bruggeman, 
and analysing the effect of a uniform hydrostatic compression and of a uniform 
tension on an average grain, a pair of de-coupled equations for the gross moduli 
is found for suspensions. When the suspending medium vanishes and the 
grains are packed, these equations become coupled and there is exhibited a 
discontinuity in the gross moduli. The bulk coefficients of linear expansion 
of the two kinds of composites are found from an analysis of the dilatation and 
bulk stress for average spherical grains when the composite as a whole is subjected 
to some small temperature change. All results are free of any limitation on the 
number of components. 


$1. INTRODUCTION 


N an accompanying paper (Kerner 1956) is described a method for deducing 

gross conductive properties—like electrical conductivity—of certain kinds 

of composites, namely, of compacts of grains and suspensions of grains. 
The present report aims to cover the elastic and thermo-elastic properties. 

The two elastic constants, shear modulus and bulk modulus, of a macro- 
scopically isotropic and homogeneous composite will be found in terms of the 
moduli and concentrations of its components. ‘These components will be assumed 
to be in the form of grains suspended in and bonded to some uniform suspending 
medium. It is assumed also that the grains are distributed spatially at random, 
and that in the mean they are spherical. The latter does not imply for many 
applications too stringent a restriction on the sizes and shapes of individual grains . 
It appears to be the simplest assumption compatible with gross isotropy. The 
case of tightly packed grains is then treated by allowing the suspending fluid 
to vanish. Finally a computation of the gross thermal expansion coefficient of 
a composite is undertaken along lines similar to those developed for the elastic 
moduli. 

As was mentioned in the analysis of the conductive properties, we may 
construct an average grain surrounded by an average shell of suspending medium ; 
sufficiently far beyond this we have the average medium. But in between there 
is some intermediate zone having properties shading continuously, in some 
unknown way, from those of the suspending medium to those of the average 
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medium. Fortunately, in very much the same way as in the conduction problem 
this intermediate zone need not be analysed. By averaging both the dilatation 
and bulk stress in a uniform hydrostatic compression, the intermediate zone 
may be by-passed, so to speak; and similarly, in a simple tension, by averaging 
both the elongation and the normal stress across a plane orthogonal to the applied 
tension, the properties of the intermediate zone are eliminated. The result is 
a pair of de-coupled equations for the desired gross moduli. In taking the limit 
that the grains become packed these equations become coupled. 

Though there are many data on the elastic properties of various composites, 
it appears that hardly any of themare useful for comparing with theoretical results 
—the data are very scattered, and most often too rough and incomplete. 
A systematic experimental study to test the theoretical conclusions would be 
highly desirable. 

The most important previous paper in this field seems to be that of Bruggeman 
(1937) where references to earlier literature may be found. Bruggeman, among 
other things, analysed binary compacts and suspensions using, as he did also 
for flow properties (Bruggeman 1935), an averaging procedure substantially 
equivalent to the one weemploy. One of our pair of equations describing compacts 
of grains includes and generalizes one of Bruggeman’s. For the rest, although 
our approach to the problem is within the spirit of the averaging procedure 
advanced by Bruggeman, the analysis and results are quite different. In both 
the conduction and elasticity problems, Bruggeman’s results for suspensions 
fail to include as a special case the results for packed grains. In addition, the 
method used by Bruggeman for both elastic and conduction properties of 
suspensions fails—in the analysis of conduction properties—to give the correct 
result, the Lorentz—Lorenz law; it is doubtful, because of this, that the corre- 
sponding analysis of elastic properties is valid other than as an approximation. 

More recently, Mackenzie (1950), using a ‘self-consistent’ method due to 
Frohlich and Sack (1946), has analysed the elastic properties of a material having 
a suspension of air bubbles in it. This method ignores the intermediate zone 
mentioned above, and is valid only in the limit of small total pore volume in 
spite of the fact that it gives the correct result in the limit that the whole volume 
is pore volume. 


§ 2. SUSPENDED GRAINS 


We label quantities referring to any grain species 7 with the subscript 7, 
reserving the subscript 0 for the composite as a whole; the index 1 refers to 
the suspending fluid. 

Let a large mass of the composite be subjected to a simple hydrostatic com- 
pression. The mass behaves elastically in the large like some uniform material 
having a shear modulus py and bulk modulus k, which we wish to find. ‘Though 
the state of stress and strain at any point within the composite be exceedingly 
difficult to find, we assume that as we go from grain to grain of any species 7 
there is some average state of stress and strain in and near the average 7-grain 
that has a simple character: one calculable by examining the average spherical 
i-grain, characterized by p,, k, bounded by a layer j1, ky, then the intermediate 
zone, and finally the average medium jy, ky. We construct, in short, an ‘average 
elastic problem’ similar to the average problem described in the conductivity 


paper. 
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In any case we must have that the total change in volume in the composite 
must be the sum of the volume changes in its different parts. Denoting the 
dilatation by / this means 


| har= | A Sala il cies (1) 
Or 
b= Silja eel ye Dee (2) 
where v,=7,/7)=fraction of total volume occupied by material of species 7, and 
Pee 
d s 5 
Let us denote by @ the bulk stress, giving the mean pressure at a point. For 
any plane surface drawn in the composite we must have that the mean normal 
force across it is the sum of the mean normal forces across its parts which lie 


in the different grains and the suspending fluid. That is, analogously to 
equation (1) we must have 


| %¢5.= > {0d Sep, eet ain aes (3) 


or, like equation (2), 


ee (2.= 5; S5—1:/2))0 seiner (4) 
Now, in the average elastic problem, for a simple compression the radial 
displacements are of the form 


u,=Ay (int); u,=Ayr+ By (in 1); u,=Ayr+Byr (in 0). 
The dilatation is 3A,= i: in each medium, and the bulk stress is 3k,A,;= 0, in each. 
When these are introduced into equations (2) and (4) we may eliminate A, between 
them and express ky in terms of A,, or better, A,/A,. The latter ratio is fixed 
by the continuity conditions on displacements and tractions at the interface of 


the average 7-grain sphere and the layer of suspending fluid 1, and has the value 
(3k, + 41,)/(3k, +444). The calculation of ky then gives 


kw; Y; 
b> Sapa |) Dae (5) 


To find the gross shear modulus ju) we analyse the average effect of a uniform 
tension applied to the composite. The average elastic problem then consists of 
a spherical inclusion p,, k,, with its l-layer and intermediate zone, embedded 
IN (49, Ry in which there is a uniform tension, say in the z direction, at infinity. 
A problem of this sort, one having the inclusion embedded directly in a second 
medium, has been discussed by Goodier 1933). 

The use of a dilatation equation, like equation (1), or a bulk stress equation, 
like equation (3), will provide no new information here. For, by the super- 
position principle any uniform state of stress may be derived from a system of 
uniform tensions applied in suitable directions ; In particular a uniform (negative) 
hydrostatic compression can be obtained by superposing uniform tensions in 
three mutually orthogonal directions, and a calculation of dilatations for 
equation (1) from any one of these tensions is the same as a calculation for all 
three simultaneously, as may be verified directly. We could have, indeed, 
dispensed with a separate derivation of equation (5) via the uniform hydrostatic 
compression, and relied only on a dilatation calculation from the uniform tension. 
The superposition principle tells us, in short, that the result in equation (5) is 
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independent of what uniform stress we apply to the composite ; invoking the 
hydrostatic compression was a matter of convenience, not necessity. 

Consider a long line segment Ly parallel to the z axis in the composite under 
tension. ‘The elongation /., measures the change in length per unit length in 
the = direction, and bears a relationship to the state of tension similar to that 
which the dilatation bears to the state of hydrostatic compression. Analogously 
to equation (1) we may write 


| l.20 d&y i NS { Liat dz, 


and by the mean value theorem again, 


Soa i i eee ree. (6) 
(u, is L,/Ly as well as S,/So and 7;/79, L;/Lo denoting the fraction of Ly lying 
within material 7). 
If T,, denotes the normal stress across an x, y plane in the composite, we may, 
in a parallel with equation (3), equate the normal force across this plane to the sum 
of the forces across its parts lying in the different components: 


| Teo dSy= ZX | Teed, 
and thence 
T 0 a > Tals eee a ee reaerale (7) 
If we extend Goodier’s analysis now to the average elastic problem, the 
displacements are, in spherical coordinates (o denoting Poisson’s ratio and T, 
the uniform tension) 
init u,=Fr+Dr+2¢,E7? + (3D, + 60,E,r?) cos 26, 
uUg= —(3D,r + (7 —40,)E,r°) sin 20. 
A 3B 5—40,C, 9B, : 
mal! 2 a = a = (; pte =) cos 20+ Fr+ Dy +20,E,r° 
+ (3D,r + 60,F,r°) cos 20, 


2, 
Uy= — (= + “) sin 20 — {3.Dyr + (7 — 40,)E,r°} sin 26. 


r 
. Ay 3b, 5—40,C, 9B, Ts “[l=an 
m0 u,= 72 ae (2 a) A cos 20 + fe Gs #00828) . 
/ (ie 
Uy = (= es “2!) sin 20 — a rsin 20. 


The direct calculation of /,, and of T,,=Al+ 2uL, (A being the Lamé coefficient 
2o1/(1 —2c)) gives, when substituted into equations (6) and (7), 


28 
F,+4D)= > (F +4D,+ = Bat}e, 


(3g + 2p9) Fg + 89D = > Ie + 2y,)F; + 8p; (D, a3 : Bas) |e 


where a, is the radius of the average 7-grain. However, 3¥ is the dilatation and 
3F(3A+ 2) is the bulk stress, and so, according to our discussion above of the 
superposition principle, we have already, in equations (1) and (3), effectively 
placed Fy == F,v, and (3A) + 2) Fo = U(3A; + 2) F;. Hence 


7, 
Di @ a : Ba? le, pyDo = > (PD, a ig Ba?)e, 
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or, dividing these by D,+2£,a? (which is independent of a,) and eliminating 
between them the ratio (D,+4F\a;*)/Do, we get 


Sp Re U; ree D,++2E,a? 
ae a 0 | © Dy, tha? 
The usual boundary conditions at r=a, give, after a long calculation, 
pe . ___1ea(t =e) 
"(7 = 504) + (8— 100;) 44; ’ 
whence 
Hy; a 
a, (7 —50,)u, + (8 — 100,)p, Sia —0a}) 
ee ey ~_ Fog (iit (8) 
Pat ain 


2 (7 — 504)py + (8 — 100), i 15(1 —9,) 
The »’ stands for a summation excluding the index 1. 


§ 3. PacKED GRAINS 

We examine now the limiting case of the final formulae (5) and (8) for ky 
and p, in the limit that the suspending fluid vanishes and the grains become 
packed. Placing v;=0 in these formulae gives again the same ‘ paradox’ noted 
in the conductivity problem, that the gross moduli depend still on the properties 
of the vanished fluid 1. However, exactly the same answer to the difficulty 
prevails in the present case. This is that, upon isolating the terms in v, in 
equations (5) and (8), these equations are identically satisfied for all v, (including 
v, = 9), provided that k,, 4, are chosen to be ko, fy and that the latter simultanconemt 
satisfy 


Dee! ee aes (10) 


—509)Mo + (8 — 1009)p; 
In effect, in going to v,=0 the fluid 1 is to be replaced by fluid 0. 

The packed-grain moduli are given now by the coupled equations (9) and (10). 
The discontinuity in these moduli with those given by equations (5) and (8) for 
any arbitrarily small v, corresponds to a real physical discontinuity which must 
in fact be accounted for by a theory of composite media. Consider, for example, 
a composite of liquid drops suspended in some very rigid material. So long 
as there is a finite amount of the latter the gross shear modulus remains high, 
but as soon as it disappears the modulus drops to zero; this is correctly described 
by the above equations. 

It is of interest to note that had we considered the packed grains bounded 
directly by the average medium kg, 4» we would find equation (9) coming 
independently from (2) and from (4) and equation (10) independently from (6) 
and from (7). 


§ 4. "THERMO-ELASTIC PROPERTIES 
In the suspended-grain composite let a small temperature drop T place the 
system ina stressed state as compared with its original state, taken to be unstressed. 
The composite over-all behaves like some uniform medium having an expansion 
coefhicient yg and suffering a dilatation y)7. Constructing as before the average 


3} 
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thermo-elastic problem, we have the displacements, 


{nat =4),,/7r+Ay, 
inl u,=4y,Tr+A,r+ Br, 
in 0 =+,,l7r+ Br? 


| The first terms are the ete the remaining terms the mechanical parts of 


3 


ail 


it 


di 


4 


2} 


AALS 


1a) 


f 


+ 
N 


the displacements. 


The continuity conditions at the average i-sphere surface give 


k ! 
4=|Mo-vot +a. (1422) | / (149), 
ipa My 


' while the dilatation and bulk stress equations (1) and (3) are 


Yol = Uy,T + 3A,)o;; 0= 2k, A,2;. 
From the latter equation we get, using 4,‘ above, 


= \Tv il 3R,/p 
cD poe Tat 1/1 
sr 3 a Toh | Dae 


This introduced into the former equation yields a term involving the combination 


' of elastic moduli defining ky according to equation (5). The result is, after a 


reduction, 


ue a By ky —k; oy 
Yo= > Vi +4 Ro > tn ake (vi - Vs) Uie 


Now turning to the limit v,=0, we find that y, still depends apparently on 
the properties of the annihilated suspending fluid 1. However, as was noted 
before, we must take »,=p, in this limit; and then the coefficient of y, is zero 
by virtue of equation (9), giving for the expansion coefficient of the packed 
aggregate 


.# , Ho k,— ko Fo Vir i 
Mes 22 UE Dei aE NE ae +3)5° Fug[k, +3 
It is seen that only in re case that all components have the same bulk modulus 
does the simple ‘rule of mixtures’ yy =Xy,v,, hold. 
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Abstract. 'The propagation of a sound wave through a liquid can be described 
in terms of the absorption per wavelength p and the velocity c. It is generally 
accepted that an important part of the absorption is due to the relaxation of 
internal degrees of freedom, and the aim of this paper is to derive relationships 
between the acoustic quantities » and c and the thermodynamic parameters 
which describe specific molecular processes. 

The analysis is based on an expansion of the adiabatic compressibility. It is 
valid for the general case of structural relaxation involving changes both in 
internal energy and in volume as a molecule passes from one stable equilibrium 
state to another. Attention is given to the combined effects of more than one 
relaxing process, where each process has a different relaxation time. The | 
equations are derived in a form suitable for the analysis of experimental results. 


§ 1. INTRODUCTION 


T is generally accepted that an important part of the ultrasonic absorption 
in liquids is due to the relaxation of internal degrees of freedom. A finite — 
time is required for energy to be transferred from translational kinetic energy 

to each of the various forms in which it can be stored internally by the molecules. 
When the period of a sound wave is much less than this relaxation time for a 
particular internal state, the latter will not contribute to the propagation of the 
sound wave. The energy stored internally is described as thermal when it is 
absorbed at constant volume, and as structural when any volume change is 
involved. In general, the transfer of energy to internal degrees of freedom will 
not take place at constant volume so that it is necessary to consider structural 
effects. 

Kneser (1938) and Herzfeld (1941) have transferred their theories for relaxation 
phenomena in gases to pressure-independent problems in liquids. Also Hall 
(1948) has put forward a theory to account for the ultrasonic absorption in water, 
which he attributes to an isothermal relaxation between an ordered (ice-like) 
and a random structure of the water molecules. The theories of Kneser and 
Herzfeld are appropriate to the treatment of relaxation processes which depend 
only on temperature, while that of Hall is concerned with pressure-dependent 
processes which take place isothermally. More recently, Meixner (1952) and 
Davies (1954) have treated the general structural case for a single relaxation 
mechanism. 

The aim of the present paper is to derive expressions for the ultrasonic 
absorption in the presence of several independent relaxing processes. 
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§ 2. 'THEORY 
2.1. The Propagation of Sound at High Frequencies 


A consideration of the equations of motion for a one-dimensional sound 
) wave propagated in a homogeneous isotropic medium having an adiabatic 
| compressibility 6, and a density p, shows that the velocity of propagation will 
» bec, where 
Ci Tbe > gal) hse nae We Pree (1) 
If the medium absorbs energy from the sound wave, the amplitude of, say, the 
» pressure fluctuations will be attenuated with distance according to: 
Instantaneous pressure= P+pexp {—av+jw(t—x/c)\, ...... (2) 
~ where w is the distance measured in the direction of propagation, ft is the time, 
-,w/27 is the frequency of the sound wave, P is the mean pressure, p is the 
+ amplitude of the pressure fluctuations at x=0, « is the attenuation constant, or 
» absorption coefficient, and c is the phase velocity. The absorption coefficient 
» and phase velocity may be combined in the usual manner in a single complex 
© velocity C, such that 
Wes (igh =jaclo). =)» Gans (3) 
» Equation (1) will be valid for this complex velocity so long as the compressibility 
‘is allowed to have an imaginary part to represent the effect of the second 
1 (dilatational) viscosity. Introducing C for c in (1) we find 
C= (1c) —jufn)= Bap, eee (4) 
7 where the absorption per wavelength »=27ac/w is assumed, in the following, 
‘ to be much less than unity: this is a convenient assumption which is usually 
~ valid. §,, is the effective complex adiabatic compressibility measured at the 
> frequency w/2z. 
Equation (4) does not take into account the effects of shear viscosity and 
» heat conduction. The absorption coefficients for these two processes are usually 
+ sufficiently small to be combined with the « of equation (3) by simple addition. 
The object of the following theory is to relate the ultrasonic parameters 
and c¢ to the thermodynamic parameters which describe specific molecular 
1 processes. 


2.2. The Basic Thermodynamics 


The behaviour of a liquid may be likened partly to that of a solid, in which 
‘ long-range order has disappeared, and partly to that of a gas, in which inter- 
4 molecular forces have become predominant. Both of these approaches to the 
| liquid state have been made with limited success. In the following it will be 
» assumed that a simple gas-like thermodynamic treatment can be applied to 
- ordinary non-viscous liquids, and the theory will be derived for the particular 
» case of a small perturbation by a compressional monotonic sound wave. 

The passage of a sound wave will cause small local fluctuations about 
. equilibrium in pressure P, volume V, temperature 7’, and entropy S, at the 
sound frequency w/27. It is postulated that these fluctuations will be governed 
_ by an ‘equation of state’ 

Xa (YZ), ae rte (5) 

where X, Y, Z are any three of the variables P, V, T, S, and F,() is a function 


depending on w. If Y and Z be made to vary sinusoidally with time at the 
2 HZ 
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frequency w/2z, then for small departures from equilibrium it is assumed that X |, 
will respond linearly and sinusoidally, so that 


dX =(0X/8V), ,dY +(@Xie2)pg2, ee (6) 


The partial derivatives in equation (6) have meaning only at a single frequency | 
w/27. ‘Thus it is possible to form the usual relations between the common | 
thermodynamic parameters at this frequency. ‘The more important of the | 
latter are f8,,=--V(dV/0P), ,, the adiabatic compressibility encountered | 
in equation (4); f,,=—V-\(0V/dP);,, the isothermal compressibility; |} 
6,=V-(eV/dT)p.,, the thermal expansion coefficient; P,*=T(0P/0T), ., : 
the internal pressure; Cp, = 7(0S/0T)p ,,, the specific heat at constant pressure; | 
Cy,=T(dS/0T),,, the specific heat at constant volume; and y,,=Cp,/Cya,'fj 
the ratio of the specific heats: each of these parameters is a function of the | 
frequency. 

A second postulate is made to the effect that the variation with frequency of | 
the equation of state (5) is due only to the existence of internal degrees of | 
freedom, and that a general equation of state, 


A= FY, Zs Va Voy Vanes Vas aol, ee (7) 
can be formed with new variables yj, yo, Ys, .--Ymy+--- Each of the y-variables } 
represents an internal degree of freedom. For small displacements from | 
equilibrium it follows from (7) that 

dX=(dX/0Y), dV +(eX/0Z)y ,dZ- > (eXi0y.\y 7 eye eee (8) 
where the subscript y means that all the y’s are held constant during differentiation, | 
and the subscript m means that all the y’s except y,, are held constant. Com- |) 
bination of equations (6) and (8) leads to the formula 


(0X/0Z)y. o— (dX/dZ) Vy ain 2 (AX /0y,,) VEZ, m(OVm/OZ) y, ES) Se 8a eke (9) 


‘Vhis is the basis of the following theoretical treatment and it is used for expanding | 
each of the thermodynamic parameters 8, B,, 0, P*, Cp, and Cy as a sum of | 
terms. ‘The first term (0X/dZ), , is independent of frequency by the second | 
postulate, since it is unaffected by any of the internal degrees of freedom. The | 
other terms are ‘relaxing terms’, being the respective contributions of each of 
the internal states to the parameter (oX/dZ)y .,. At sufficiently high sound 
frequencies none of the relaxing terms will be operative because the period of 
the sound wave will become much shorter than the relaxation time for the transfer | 
of energy to each of the internal states. The parameter will then take the value | 
(¢X/0Z)y,, which will be called the ‘residual’ or ‘infinite frequency’ value. 


2.3. Expansion of the Compressibility 


Inspection of equation (4) shows that the frequency dependence of the phase | 
velocity c, and the absorption per wavelength jy, is determined entirely by that 


of the adiabatic compressibility 8,. The latter may be expanded by formula (9) 
to give 


Bu= —VNAV[OP)s, y= — VV OP) s y— > VV [2ym)s, p, mB ml OP)s, 


i 


= By > Ba (10) 


m 


1; 
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The residual compressibility B,, is independent of frequency, so that attention 


_ is directed to the relaxing terms 


ed 


~ ci 


a 


oS 7 eee 


ee. 


o_o 


}! 
i 
| 


fos 


es eS 


| V(0V [OY m)g iPS m(Oy [OP), (ses 0 ea ricane eos (1 1) 


m 


» Inorder to find useful expressions for the relaxing compressibility, it is necessary to 
_ introduce additional parameters. The mth partial volume change is defined as 


AV, =(€V/2y,,)p, 7, m+ The mth partial enthalpy change is AH, = T(0S/0y n)p. 7, ms 


» and the mth partial change of internal energy is AE, = T(QS/0Vm)y 7m Following 


from these definitions, 


A HAR eg * "am Biss (12) 
The specific heats are now expanded by formula (9): 
Cpa = T(AS/2@T) p g= T(AS/0T)p y+ > T(AS/2ym)p, 7, m(OVml OT) p. 
= Cp, + > Cs ieee Yo arse alien (13) 
Cyn=T(AS/0T) 7, «= T(AS/OT)y, y+ >, TOS/Oym)y, 7, m(OVml OT Yv, wo 
= ele SP OA ee ee (14) 


m 


It follows that the mth relaxing components of the specific heat, Ci anal Cry 
may be written 


Ca a AF, (OV m/0 T)p, 7) and Ca = AE.,.(OVm/ 0 T) tite MORON CLC (15) 


The thermal expansion @ and the internal pressure P* may be expanded in 
a similar manner. Then, using standard thermodynamic relations, unwanted 
terms are eliminated (see Appendix) and, finally, the required equations are 
obtained: 


Bas = One AE,, Van AR, BN oN : 
ee Ca, lbome= 1) + IC, 2 Crm a ig) | 


— (16) 

AE,, AE,, AE,,\2 
¢ ae AT a) a (Cr =z, Ad, Con) = (Cow mz ey) | Com (an) ae Crm | 
cia (17) 


On the left-hand side of equation (16) is the factor 8,,/8,,. 8, is the compressibility 
at a frequency w, so high that there can be no absorption due to the relaxation 
of internal degrees of freedom. If c, is the velocity at w, then equation (4) 
demands 

pBy = (1/e,)?C1 —70) = (1/¢,)°. 
Therefore, 

BolBy=(cyleP—jult), nee (18) 

and (c,/c)? is the real part of 8,,/8,, while —j./7 is the imaginary part of B,,/By 
divided by the real part. 


2.4. The Frequency Dependence of the Relaxing Specific Heat 


It has been explained in § 2.2 that each y,,, in equation (7) represents an internal 
degree of freedom within the liquid. It is now assumed that the y,, variables 
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are governed by rate equations like 


pees =—(Yn—vn J) (19) 
where y,,’% at any instant is that value of y,, which would be attained if the 
system were then allowed to proceed to equilibrium at constant pressure and | 
temperature; 7,,/7 is the corresponding relaxation time. Equation (19) has | 
been fully discussed by Davies and Lamb (1956). | 
For sinusoidal perturbation at the frequency w/27, equation (19) becomes | 
sy, Pt | 
m= TS foe PP 
3 ih i 
Each y,, is now a parameter indicating the progress of a reaction occurring within ] 
the liquid. This reaction may be the elevation of a molecule to a vibrational | 
energy state; in this case the reactants are unexcited molecules and the products | 
of the reaction are excited molecules. On the other hand, the reaction may 
represent a change in the orientation of the molecules from a random to an | 
ordered arrangement. A ‘chemical’ reaction, in which the molecules exchange | 
their constituent atoms, is a further possibility. 
Comparing equation (20) with (15), it may be seen that the relaxing components 
of the specific heat take the form 


Cine 
1 + JWT i, : 


Dm — 


where 


Cc 


“1m 
is the zero-frequency, or static, value of C,,,,.The superscripts PT have been 
omitted from 7,, in equation (21) for convenience, and their presence will be 
implied in the remainder of the paper. 

The third stage in the derivation of the ultrasonic absorption is now complete. | 
Equation (4) related parameters « and c, measurable by ultrasonic techniques, 
with a complex thermodynamic compressibility 8. The latter was then 
converted into an expression (16) involving specific heats and heats of reaction 
only. ‘The complex nature of the compressibility is realized in the frequency 
relations (21) for the components of the specific heat. 


AH (GyF oT); > Sa (22) 


m 


2.5. The Absorption per Wavelength and the Velocity Dispersion 


Substitution of the expression for C,,,, from equation (21) in equation (16) 
yields 


Ciz b KCl en aw 
Coy + See DE ees Eh aC 
: WT m CS 1S n Ci, 
ao gear | 
Bie a ee a eer Bary 
x oP 2 rege et a ery a 


AE 2 AE AE, |? 
K,,= pesreadl 3 1. = oe sy | Oe eee 
[watt] /or-1) and Kun Cost | aH an | - 
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Equation (23) is of the form 
8/8, = -jO PR+QS .(OR-PS 
ale Ros Re S? |! \PR+0S 


in which P, QO, R and S are real quantities. Collating equations (18) and (25) 
we see that 


aOR PS EROS 
LT = PR+OS and (c,/¢)? = Rese Sz) oO So tepaieventes's (26) 


These four sets of equations (23) to (26) provide the necessary link between 
the parameters x and c, which are derived from ultrasonic measurements, and 


_ the parameters AH,,, AE,,, Ci,, and 7,,, which describe a molecular process. 


my 


The absorption » must be sufficiently small to permit the use of standard 
thermodynamic formulae and to satisfy the approximation made between 


' equations (3) and (4), namely 


Orel - “be kee (27) 


2.6. An Isolated Relaxation Mechanism 


Increasing the frequency of a sound wave propagated in a liquid leads to 
the desistance of successive internal degrees of freedom, and a consequent 
decrease in the effective specific heat; at sufficiently high frequencies only the 
residual specific heat Cp,, Cy, remains. 

The static specific heat Cys, Cyp is a sum of components due to vibration, 
rotation and other internal causes, both thermal and structural, plus the residual, 
or infinite frequency, specific heat. In general, therefore, there will be several 
terms in the summations in equation (23). However, if measurements of the 
ultrasonic absorption are made over a small frequency range, it is reasonable 
to suppose that only one of the relaxing components of the specific heat, 
Cpm=Cp,, has a relaxation time 7, such that w7,21. ‘The components of 
specific heat now fall into three categories: 


Con Co,  dotowbich wr, =a, <1 
Ca C pe eetot aynichs wre wry 1S a aca 5tee (20) 
and the remaining Cp,, for which OT, > | 
The use of a prime in the following denotes th at quantities are restated to Cp,’ 
and 7,, (<7,). 
By defining the parameters 


Vie 1 a Ss We 2 es Kee Cdn. 


—_ 


Cn= =Cp, a mS Ciné Cpy° = Co + Cin 
Cp. = Cyt 2 (1 15 i us > Kg Cin) Cm ) Cox? ae Cox + KCia 


1 > Tin Cu : JO=J + her 


m 


J,= >. (EK rE 2e Kang Cue) PC en LB fra Ga Orn 


m 
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that 


Hes 
ulf =aclf = THe sii) ehestaire (30) 


and 
On = CoC Coen 
L(falf) i 


Here cy is the limiting velocity as w tends to zero (lower frequency relaxing 
processes being temporarily removed), and 


~CpyCp 0]? hi di ) : ( J ,° Je 
By pe leas De | Ra BN Bp? saihy. a 
fo | CoiCox / Rta R ee Cp, Cx ‘: Coe Cp, 


Equation (30) may be written 


(igi 


2 
2Hal f/fa) 
=acf=——~ i t+Bh sn wees (33) 
HE Tagg 
where »,=3Af, is the maximum value of the first (relaxing) term on the 
right-hand side of (33). A useful expression for p, is 


Qu. Af, KCp,°— Cp;° i KJ, J | 

i = us => t Ce Y a SES SS eS Se Cy 

a o (Cpr°Cpx°CpiCp,)"? uf Cor’ Cpp = Cpr°Cpi 
site (34) 

In the case of a gas AE, =AH,,, for all values of m, and then 

2p (Cpr? — Cv1°) Ba (Cpr + Cv") 3 

f= HO  _, - = ted, ao ene 5 
ay (Cpy°Cvy°Cpy Cy)!” Me 7  Cp,°Cy,° Cia OP) 


The first terms on the right-hand sides of equations (34) and (35) become identical 
when C;, is the specific heat of a thermal process. This is proved by introducing 
the conditions (28) into equations (30) and (32). The second terms on the 
right-hand sides of equations (34) and (35) are correction terms arising from 
the effect of higher frequency dispersions. 

Equation (35) may be deduced from equation (4) by replacing the adiabatic 
compressibility 8, by Bp,/y,. The isothermal compressibility 8,,, is then 


assumed to be frequency-independent, and the ratio of the specific heats is 
written 


Cay a > Cra ( 1 +JWTm) 
Yo = CoalGwe = ‘ © © Wreneteuene (36) 
Cy, ae > Ce, / +JWT») 


Separating real and imaginary parts of the resulting equation, and introducing 
the conditions (28), we find a relation identical to (35). This procedure is similar 
to the classical treatments of Einstein (1920), Kneser (1931), Herzfeld (1941) 
and others. The restriction on the isothermal compressibility eliminates all 
structural processes. In the present analysis this restriction has been removed 
by considering the adiabatic compressibility as a whole, and general formulae 
have been deduced which include both thermal and structural processes. 


and introducing the conditions (28) into equations (23) to (26), it may be shown | 
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APPENDIX 
I. The Derivation of Equations (16) and (17) 
The derivation of equation (16) starts from the formula 
G,=VNeViel)p a= —V UdS/OP)n, ween (A 1) 


which provides alternative expressions for the thermal expansion coefficient 8,,. 
Expand each of the derivatives (0V/¢T)p ,, and (dS/dP),,, according to 
formula (9), and equate corresponding. terms of the two forms of the expansion 


6. = 6, =F > 6, ) 


it is found that 


T(eP/o T)s, ao gli a 1) = 0, TIBAYS ra: 1) rs Coes ee ie ere keyse (A 3) 
The two derivatives in the expression (11) for B,, may now be deduced: 
— V EV 0 m)s, p,m = — V"(8V [8 m)p, 7, m+ V AV 8S Jp, (95/0Ym)p, 7, m 
6, AH. AV, Cos 
= (1-H), we ee ee 4, 
Cy, (1 AD, vi) : Cae 
(OV m/OP) 5 igs (OV m/OP)p, ub (OV m/0 T)p, AG T/OP)s. a) 
Gre Cy, AV, +> oR (ag - -a) | 


 ACes V0, AH, AH, Ad, 
eae (A5) 
The product of (A4) and (A5) leads to 
AE \@ [ AE,, /AH. Con (ay a) | 
Sif me |) in fee eee 
Bm/By (1 AH,, Coo he +25 AH, 
shane (A6) 


Eliminating 6, by means of (A3) and carrying out the summation 


B./By = i we [opeiete 


we obtain equation (16). 


The derivation of equation (17) follows two paths. Starting from an expansion 
of the isothermal compressibility, By,,= —V-0V/0P),,,,, and recognizing the 
relation B,,=y,8.. it may be shown, by comparison with equation (16), that 


AE 


AE,, AE, m 
> (Com AH,, Com) 2( Cra- 5 AH, 7 Conyl=(Cpo— Cue) (Com (a) ~ Con) 
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On the other hand, C),, — Cy,, may be expanded with 6,, and P,,* in the formula 
Cho — Cr, =9,V P.,*,s the result being 


AE. AES 
Tee ‘(c Wai AH, Cre) (Go a Con] 


Jabs Ai 2 ‘ 
= (Or C23) pre Ne Wee (aH) om os) 2590090 (A 8) 


We 


Since both of the equations (A 7) and (A 8) must be true for all frequencies w/2a 
equation (17) would appear to be the necessary condition of compatibility. 


II. Equation (16) with One Relaxing Process Only 
When only one process needs to be considered, equation (16) reduces to 
Be Com ( AV ie i 
Se caries PON be coon: (A9) 
8, (Vy as Cre %y ATT, 


Referring to zero frequency (w=0), and denoting the total relaxing components 
of the various parameters by 


AB=Bo—B,, ACp = Cpo— Coy, 
Ad= 4) —8,, ACY = Cy — Cry, 
we can rewrite (A 9) 
AG OPAC. INTO 2 
| Yaya ee ee A 
B, ~ Gym? a7 ~) ae 
It may be shown that this is identical to 
AB Con Cryo (F zt) Nae ( zy} 
= ; a (Loa | ieee All 
By Gag, NO, (a0) la amas oa 


a relation which has been derived by Davies (1954) in a different manner. 
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Abstract. A satisfactory picture of the three-dimensional intensity distribution 
near focus in the aberration-free diffraction image of a monochromatic point 
object was first given by Zernike and Nijboer in 1949. No corresponding 
general picture of the phase relations between different parts of the image seems 
to have been worked out, although Gouy’s discovery in 1890 of the so-called phase 
anomaly at focus aroused an interest in this topic which, as a succession of 
publications shows, has not decreased in the intervening 66 years. 

In the present paper a sharpened version of Lommel’s classical analysis is 
applied to obtain a general picture of the phase distribution near focus and to 
examine in detail, in the special case of an F/3-5 pencil, its peculiarities near the 
geometrical focal point, the Airy dark rings and the axial nodes (points of zero 
intensity) of the diffraction image. The ‘phase anomaly’ near focus and the 
singular behaviour of the phase along the axis of the pencil become more readily 
intelligible when they are considered against the background of this general 
picture. 


§ 1. INTRODUCTION 


CENTRAL problem in the theory of image formation in optical instruments 
AX is the determination of the three-dimensional light distribution which 

represents the aberration-free image of a point source by an axially 
symmetric optical system. Analytical formulae for the intensity distribution 
in such an image were first given by von Lommel (1885) and almost simultaneously 
by Struve (1886). The first satisfactory diagram of the intensity distribution 
was published by Zernike and Nijboer (1949) more than sixty years later,t 
and similar diagrams for images affected by selected amounts of spherical 
aberration have been worked out by them (1949) and by A. Maréchal and his 
co-workers (1948). 

Less progress seems to have been made in the complementary part of the 
problem, namely the study of the phase distribution in the three-dimensional 
diffraction image, even though modern developments in microwave optics have 
greatly enhanced its practical interest. Theoretical interest was never lacking ; 
as early as 1890 Gouy discovered the so-called phase anomaly near focus, and the 
subject has since been treated by many authors}, notably by Joubin (1892), 
Fabry (1893), Julius (1895), Zeeman (1897, 1900, 1901), Sagnac (1903, 1904 a, b), 
Debye (1909), Reiche (1909 a, b), Ignatowsky (1919), Fokker (1923, 1924), 
Picht (1930), Rubinowicz (1938), Breuninger (1938, 1939), Bouwkamp (1940) 
and oraldo di Francia (1942). 

+ An inaccurate diagram, widely reproduced in optical textbooks, was given by Berek 
(1926). The isophotes in figure 2 were constructed from tables given by von Lommel 
(1885). , 

{ For a review of the early papers, see Reiche (1909 a). 
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All these investigations were concerned with the aberration-free image and 
their joint outcome was, broadly speaking, to confirm Gouy’s results, to determine 
the detailed behaviour of the phase distribution along particular rays through 
the geometrical focus, and to establish that the properties of the phase distribution 
along the axial ray are qualitatively different from those elsewhere. The last 
result seems to have been first established by Picht (1930) However, a satisfactory 
overall picture of the three-dimensional phase distribution, as distinct from the 
phase distribution along isolated rays, did not emerge. 

Such a picture seems nowadays hardly less essential to a proper understanding 
of the diffraction image than that obtained by Zernike and Nijboer for the three- 
dimensional intensity distribution. In the present paper we go some way 
towards obtaining one by an application of Lommel’s classical formulae which, 
for pencils of not too large numerical aperture, allow the calculation of the phases 
at points not too far from the geometrical focus. From the computed values of the 
phases at a sufficiently dense set of sample points, the phase distribution near the 
geometrical focus has been obtained by graphical methods. 

It turns out that in the geometrical pencil of rays near focus the co-phasal 
surfaces are very nearly plane; the corresponding phenomenon for sound waves 
can be seen in schlieren photographs given by Pohl (1948). The singular behaviour 
of the phase along the axis becomes readily intelligible when its connection with 
the existence of points of zero intensity is made visible to the eye (see figures 5 
and 6). ‘The singular behaviour of the phase at those points of the geometrical 
focal plane which corresponds to the Airy dark rings becomes intelligible in the 
same way (figures 3 and 4). 


§ 2, PHASE NEAR Focus 


The notation and approximations are similar to those of our paper (1952) 
on telescopic star images. In figure 1, ABA’B’ represents a circular aperture 


Region II 


Figure 1. 


through which issues a train of converging spherical waves of wavelength 2. 

The diameter AA’ of this aperture is of length 2a; C is the pole of the wave 

surface S which momentarily fills it. O is the centre of curvature of S, CO=f 

its radius of curvature. It is assumed throughout that a’ <f?; for example, 

a*/f?= 1/49 in an F/3-5 pencil. P (x, y, 8) is an arbitrary point in the space near O. 
We define the variables u, v by the equations 


u=ka?z/f?, O= har) fee) eee ae (2.1) 
where k=27/A and r stands for V(x*+y?). In physical terms, u/47 is the 
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number of fringes of defocusing and v/7 the number of fringes of lateral displace- 
ment of P relative toO. We note that |v/w| <1 according as P lies in the geo- 
metrical cone of rays or in the geometrical shadow. 

The complex displacement} at P(x, y, 2) in the space near O which results 
from waves of unit ae in S is given uf the approximate formula 


D{P)= = ‘ a2 exp[ik( f— R’) If exp (4iup?)J,(vp)p dp, ...... (2.2) 


where R’ denotes the distance CP and J, is the Bessel function of order zero. 

The equation (2.2) is valid, broadly speaking, at points P for which the number 
of fringes of defocusing and of lateral displacement are both O(1), that is to say 
do not exceed about 5 or 10. To define its domain of validity more precisely, 
we should need to specify the amount of inaccuracy which is regarded as tolerable 
and to examine the approximation errors in the same way as was done, for an 
F/15 pencil, in our paper on the intensity distribution already referred to. 

The integral on the right of (2.2) can be evaluated in terms of the functions 


U Ju, 2) = S (= 1)" ( = wee eC) ) etemeae (273) 


m=O 


introduced by von Lommel for the purpose; in fact{ 


fi Jo(wp) exp (42up?)p do = —1u-1 exp ($2u)(U,+7U,) . ...... (24) 
and (2.2) forces gives 
D{P)= — exp @[k(f—R’)+w + $u]}/(UP2+ U7), «2.55. (2:5) 
where 
cose= ae aH sinw= ery Sere (2.6) 


and \/ denotes the positive square root here and elsewhere. 
In equation (2.5) 
R'=CP=y[atty*+(e +f) 


oe i a 


gi cet lcs nerf 8(2+f)? 


wrn--(E)-0(§) 
z -(2) u zy 2) OG ay <.aee (2.8) 
In the region of space where Sear Die eae 2.9) 


the error term on the right of (2.8) is negligible in comparison with unity 
in a practical case; for example, if A=2x10-°inch the value of Af/47a* is 


Fence, by (2.1); 


+ Following Rayleigh, we give this name to the time-independent part D,(P) of the 
wave displacement D (P) exp (tkct). 


t See Watson 1922, p. 541. 
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approximately F2/157000, where F is the focal ratio and f is the distance CO 
measured in inches. ‘Thus we may safely use the approximation 


greta se! (2 ru ili (2.10) 


a 


It follows from (2.5) that, in the region where (2.9) holds, the amplitude 
M(u, v) and the phase ¢(u, v) of the complex displacement D,(P) are given by the 
equations ae 

M(u, v)= Tel “i(UPH8 Ue ee See (2.11) 
d(u,v)=w+4tu— (f/a)u(mod27)  —...... (2.02) 
respectively. f 

From (2.12) and (2.6) it appears that 4(u, v), unlike M(u, v), cannot be expressed 
in terms of the parameters u, v alone but has a structure which changes as the 
focal ratio varies. ‘The multivalued function (u,v) has a branch point at each 
zero of the intensity M?(u,v) and is continuous elsewhere. At the focal point 
u=v=0 (which is not a branch point) one of its values is 7/2. 
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Figure 2. Key diagram showing the relation of figures 3, 4 and 6 to the intensity 
distribution in the diffraction image. The dotted lines represent the boundary 
of the geometrical cone of rays and the principal ray lies along the horizontal axis 
(u-axis). The contour lines are isophotes (lines of equal intensity) and the minima 
on the v-axis generate the Airy dark rings when the figure is rotated about the 
u-axis. ‘The region covered by figure 5 is too large to be included in the diagram. 
The boundary of the quadrant labelled ‘ Fig. 4’ appears elliptical because of the 
scale-distortion. 


The co-phasai surfaces ¢(u, v)=constant are surfaces of revolution about the 
axis v=(. By (2.12), (2.6), (2.3) they possess the further symmetry expressed 
by the equation 

d(—u,v)+¢(u,v)=a(mod2m).  ...... (2-13) 

The form of the equiphase surfaces can be computed from (2.12) and (2.6). 
We first consider the region, very close to the geometrical focal plane, represented 
in figure 2 by the rectangle labelled ‘Fig. 3’. This region is a thin, disc-shaped 
volume extending a little beyond the second Airy dark ring R,. Close to the 


+ The notation (mod 27) means that the two sides of the equation differ either by zero 
or by a multiple of 27. ¢ itself is indeterminate to the extent of an additive multiple of 27. 
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Figure 3. Co-phasal surfaces in the neighbourhood of the geometrical focal planeofan 
F/3-5 pencil. O is the geometrical focus, ZZ’ the axis of the pencil, OR, and OR, 
the radii of the first and second Airy dark rings. 
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geometrical focus O, the equiphase surfaces are found to be substantially plane 
except (see figure 3) at points whose distances from the optic axis are nearly 
equal to the radii OR,, OR,,... of the successive Airy dark rings. However, 
in the annular regions where they are nearly plane the equiphase surfaces are 
spaced closer together, by a factor 1—a?/4/?, than would be those in a parallel 
beam of light of the same frequency; moreover (see figure 2) the intensity is far 
from uniform over each equiphase surface, being greatest on the optic axis. 

The co-phasal surfaces which near O represent a phase-range — 7/2 to + 37/2 
are almost exactly plane until they begin to draw level with the first Airy dark ring 
R,; at this distance from the optic axis ZZ’ (see figure 3) they make a sudden 
swerve inward to unite at the points of zero intensity which constitute the first 
Airy dark ring. The co-phasal surfaces on either side of this set all make a similar 
inward swerve opposite R, which brings them closer to the focal plane by a 
distance (a little less than $A) which corresponds to a phase change of 7. At 
a distance from the axis equal to the radius of the second Airy dark ring R,, the 
co-phasal surfaces corresponding to the phase-ranges —3z/2 to —7/2 and 37/2 
to 57/2 of total length 27 suddenly swerve inward to meet in Rs, while the remainder 
again swerve towards the focal plane through a distance corresponding to a phase 
change 7. ‘This swerving of the equiphase surfaces where they face the Airy 
dark rings becomes gradually less and less sudden as their distance from the 
focal plane increases. 

From (2.12), in which w is a function of uw, v alone, we see that as the focal 
ratio varies the form of the equiphase surfaces undergoes a transformation which 
is more complicated than a simple scale distortion. To display the phase distribu- 
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Figure 4. Difference 6—¢ between actual phase ¢ and phase ¢ = du — (f?/a®)u of the 
fiducial plane wave. The numerical scales refer to an F/3-5 pencil; in this case 
unit distance on the graph represents an actual distance \/27, the radius OR, of ae 
first Airy dark ring is 3-83f/a units =0-61Af/a, and the distance OZ, to the first axial 
node Z, (not shown) is 47f*/a?=606 units, nearly 
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tion in the neighbourhood of the origin we therefore introduce a fiducial plane 
wave,t of wavelength A(1—a?/4f), whose phase $= 37+ 4u—(f/a)*u agrees 
(see (2.12) and (3.8) below) with that of the actual wave along the part of the 
u-axis near the origin. Figure 4 shows the difference ¢—g=wtihu- la over 
the interior of a region which, for an F/3-5 pencil, is a sphere of radius 16A centred 
on the geometrical focus. As will be seen from figure 2, this sphere is about 3-5 
times as wide, and one-sixth as long, as the central bright nucleus of the diffraction 
image. A change in the value of the focal ratio f/2a leaves the curves in figure 4 
unaltered, but changes the numerical scales along the two axes in accordance 
with equations (2.1). 


$3. THE PHasE ANOMALY 


In the approximation of geometrical optics, the aberration-free image of a 
point object is formed by a pencil of concurrent rays issuing from the exit pupil 
of an optical system. ‘The orthogonal surfaces of this pencil, usually called the 
geometrical wave fronts, are spherical with the focal point O as common centre 
of curvature (see figure 1). In the region I, light is converging towards the focus O ; 
in the region II the rays have passed through O and are diverging again. In this 
simplified picture, the geometrical wave fronts are regarded as surfaces of constant 
phase, and the phase difference between any two wave fronts is taken as 27/A 
times the optical distance between them, measured along the geometrical rays. 

If the wave amplitude is taken as 1 over the suface of the geometrical wave 
front filling the exit pupil, the disturbance at the point P(x, y, z) in the image 
space is represented in the simplified geometrical picture by the complex displace- 
ment function 


eikR 
Die) ast hes in region I | 
creas ! PS. seuauion (el) 
= f—,— in region II , 
; 
=( elsewhere in the image space _| 


where f= OC and k=2z7/A as before, while 
/ orale cect ode A 2 
Se SP ee J 2 1 a2 
R= (x? +y 8 lama {¢ u2 + 
is the distance of P from the focus O. In regions I and II, the phase attributed 
to the displacement at P is thus represented by the quantity 
AiG) == RR SONY, | ss snieeratt (Ge2) 


where sgnu is defined as +1 according as u=0. In the remainder of the image 


space, there is complete darkness according to the present approximation, and 
the phase $*(u, v) is not defined. 


The difference 
SU =O) =O" (Ue) = hain (3:3) 
between the phases predicted by (2.5) and (3.1) respectively is called the phase 
anomaly. It is defined only in the regions I and II, where by (3.2) 
OU N= NUR SOM) wh wratenene (3:4) 
+ This expedient was suggested by a referee. 
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and by (2.13) and (3.4) 
d(—u,v)+d(u,v)=a7(mod27), eaves (325) 
When P tends to O, the geometrical phase 4*(0, 0) tends to zero, while the 
‘ principal value’ of (0,0) is $7 by (2.2); (3.4) then gives the well-known result 
(OPO) Sta) PP ee ee ere (3.6) 
In the parts of the regions I and II which lie within 6A of the geometrical focus, 
each surface of phase ¢ is substantially coincident with the ‘best’ plane approxi- 
mation to the corresponding geometrical wave cap of phase 6—47, namely the 
plane which deviates from the geometrical wave cap by equal and opposite amounts 
at centre and edge. This has the consequence, already noted above, that — 
consecutive surfaces of the same phase (mod 27) in this region are spaced a distance _ 
(1 —a2/4f?)A apart, in agreement with (2.12) and (3.9), instead of a distance A 
apart. 
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Figure 5. Phase anomaly 6 along geometrical rays through the focal point of an F/3-5 pencil. | 
@ is the angle between the ray and the axis of the pencil. 


Further from the origin, the phase anomaly exhibits a different type of 
behaviour, shown for the special case of an F/3-5 pencil in figures 5 and 6. When 


v=0 (that is to say, on the axis of the pencil) the Lommel functions U,, U, in 
(2.6) take the special values | 


U,(u, 0) =sin $u=2 sin tu cos tu 
U,(u, 0) = 1— cos 4u=2 sin? Lu f ae Gi? 
and we obtain from (2.6) 
w= 37—fu(mod27) if 2sr<}u<(2s+1)r 
=3n—hu (mod 27) uh (25+ 1)z <tu <2sr 
where s=0, +1, +2,.... Hence by (2.12), (3.1),(3.3) 
d(u,0)= 37+ fu(mod27) if 8s7<|u| <8(s+4)z 
=—2m+qu(mod2z) if 8(s+3)7<|u] <8(s+1)z. 
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There is a phase jump of z at each of the axial ‘nodes’ (points of zero intensity) 
u=4s7; s=+1, +2,.... Between two consecutive nodes the phase anomaly 
8(u, 0) varies linearly, as shown in the bottom curve of figure 5, until || becomes 
so large that the approximation (2.2) begins to break down. 

The computation of the phase distribution on the edge v=|u| of the 
geometrical shadow is simplified by observing that the Lommel functions U,, U, 
take for v=uw the simple formst 

U,(u, u)=tsinu 

Uu;u)=t))\(u)=cosul, = — ssanss (3.10) 
The resulting phase anomaly is shown, for the case of an F/3-5 pencil, in the top 
curve of figure 5. 

Figure 5 illustrates the difference between the behaviour of the phase anomaly 
along the axial ray and along the non-axial rays of the pencil. Along each 
non-axial ray, the phase anomaly approaches 7 as the distance from the focus 
increases (Debye 1909). The different behaviour, described by (3.9), of the 
phase anomaly along the axial ray is by no means surprising, since this ray passes 
through the axial nodes. In figure 6 is shown the behaviour of the co-phasal 
surfaces near the first axial node. 


92r \93n| oer | 
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Figure 6. Co-phasal surfaces in the neighbourhocd of the first axial node (point of zero 
intensity) Z, in an F/3-5 pencil. 
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Paramagnetic Resonance of Manganese in Single Crystals 
of Alkali Halides 


By P, A. FORRESTER anp E. E. SCHNEIDER 


Department of Physics, King’s College in the University of Durham, Newcastle-upon-Tyne 
MSS. received 23rd February 1956 


§ 1. INTRODUCTION 


E should like to report on the present state of researches on para- 
\ X magnetic resonance in single crystals of alkali halides containing 
manganese. ‘The experiments have been carried out at 290°K and 
at 80°K with a sensitive superheterodyne spectrometer (Schneider and England 
1951) working at 9500 Mc/s. The account of the original work on the subject 
by Schneider and Caffyn (1955) appears to have escaped the attention of Oshima 
and others (1955) who have reported observations on the resonance in NaCl-Mn 
with an apparatus of low resolution which did not allow the detection of any 
fine structure in the resonance spectrum. Our work on crystals of NaCl and 
KCl grown from the melt and crystals of KCl, KBr and KI grown from solution 
have been supplemented by the results of Low on crystals of NaCl and KBr 
grown from solution which are reported in the following Note (Low 1956). 


§ 2. EXPERIMENTAL RESULTS 
(a) NaCl-Mn. 

Crystals of NaCl grown from the melt containing 10-4 to 10-* parts of Mn 
normally exhibit a single resonance peak of a width of about 400 gauss at half 
maximum and a g-factor close to 2-015. At concentrations of Mn larger than 10 
we have observed widths ranging from 180 to 420 gauss. 

The most significant observations concern the resonance pattern in NaCl-Mn 
after heat treatment of the crystals: a large number of lines, about 15 gauss wide, 
most of which depend on the orientation of the crystals in the magnetic field, 
appear superimposed on the broad peak. The line spectrum can be detected 
after heating to temperatures around 50°c, but in order to obtain a sufficient 
intensity (integrated intensity about equal to that of the broad line) a heating 
to 300-500°c and subsequent cooling to room temperature is required. ‘The 
intensity of the line spectrum decays at room temperature within a period of 
several days leaving only the single broad peak. 

Six strong lines can be identified in the spectrum which do not change with 
the orientation of the specimen in the field. They are interpreted on the basis 
of a spin-Hamiltonian g8$.B+AS.I as the hyperfine components corre- 
sponding to the nuclear spin of Mn, J=5/2. ‘The usual analysis of the line 
positions taking account of second-order terms in A?/gf leads toa hyperfine 
structure splitting constant A =88-7+0-5 gauss (as reported earlier, Schneider 
1955) and an (isotropic) g-factor g=2-0011 + 0-0005. If the crystals are quenched 
from very high temperatures not far below the melting point, these six orientation 
independent hyperfine structure lines are predominant and have an integrated 
intensity which is at least 5°/, of that of the broad peak. 
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(6) KCI-Mn grown from the melt. 

In crystals of KCI-Mn grown from the melt a single resonance peak is observed 
which is appreciably narrower than the single broad peak in NaCl-Mn. The 
line shape is typical of an exchange narrowed resonance and the width depends 
upon the thermal annealing history. The actual value varies between about 
60 and 45 gauss at the half-height; after heating at about 600°c for several hours 


the line is always reduced to the minimum width of 45 +3 gauss at a g-value of | 


2-002 + 0-001. These lines are permanent and show no sign of broadening with 
time, even after several months at room temperature. The form and position 
of the lines are independent of the concentration of Mn over the range 10 to 
10-®. The spectrum at 80°k is identical with that at 290°K. . 

In some crystals of KCl-Mn which had not been annealed sufficiently a 
broad line, about 200 gauss wide, has been observed. In such crystals very small 
red-coloured specks can be seen under a high power microscope. After annealing, 
the specks disappear and the broad resonance line is replaced by the characteristic 
narrow line. If the crystals are grown too rapidly the Mn?* ions probably enter 
in microscopic inclusions and diffuse into the lattice only during a subsequent 
annealing. “ 

Apart from these external effects thermal treatment of KCI—Mn crystals 
grown from the melt has no influence on the nature of the resonance spectrum. 
Even crystals quenched after prolonged heating near the melting point exhibit 
only the single resonance peak and no trace of a line spectrum. 


(c) KCL-Mn (KBr, KI) grown from solution. 

The spectrum of crystals of KCI-Mn grown from aqueous solution is entirely 
different from that of crystals grown from the melt. It consists of six hyperfine 
lines at g=2-0047+0-0005, with a hyperfine structure splitting constant 
A=95-0+0-5 gauss, which is somewhat larger than the value for NaCl—-Mn. 
However, in contrast to the corresponding case of NaCl-Mn (Low 1956), there 
is no evidence of a single broad resonance. The crystals so far obtained, 
containing about 10-4 parts Mn, are small and the lines are about 50 gauss wide. 
With the resultant lack of resolution no further lines which might correspond to 
the orientation dependent lines of quenched NaCl-Mn have been observed. 
If crystals of KCI-Mn grown from solution are annealed for several hours at 
500°C the hyperfine lines disappear and are replaced by the narrow line 
characteristic of crystals grown from the melt. This conversion is irreversible: 


it is impossible to re-establish the conditions responsible for the hyperfine | 


structure. 
The spectra of Mn ions in KBr and in KI grown from solution are similar to 
that in KC] in agreement with the results of Low (1956). 
We have made the remarkable observations that in all three potassium halides 


the hyperfine structure lines disappear upon cooling the crystals to 80°K and 
reappears on warming to room temperature. 


§ 3. DiscussIon 


The three types of paramegnetic resonance spectra of Mn appearing alone 
or in combination, namely the single peak resonance, the simple orientation 
independent hyperfine structure spectrum, and_ the complex orientation 
dependent line spectrum, can be associated with three different types of habitat 
of the foreign divalent ion in the monovalent host lattice. 
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‘Two alternative models have been discussed by Schneider and Caffyn to 
account for the broad resonance peak in NaCl-Mn. In one of them the Mn?+ 
ions are assumed to be in random positions at or near internal boundaries, made 
up of dislocations or other imperfections, so that the consequent non-cubic 
fields, of random orientation and strength, lead by fine structure interaction to 
a broadening of the resonance and hence to a smoothing out of the hyperfine 
structure. On the other hand, Mn?+ ions could aggregate at or near internal 
boundaries and the hyperfine structure be suppressed by exchange effects. In 
view of the narrower resonances which have now been observed in NaCl, and 
in particular of the results on KCl, we would consider now that aggregation 
and exchange effects must be responsible, at least partially, for the main resonance 
both in crystals grown from the melt and from solution. The experiments on 
KCI-Mn show that during the process of growth from the melt and during 
annealing at high temperature of crystals grown from solution, the Mn2* ions 
diffuse within the crystals until they are trapped at internal boundaries, where 
they cluster into aggregates: the shape of the resonance line, showing absorption 
far out into the wings, is evidence for a strong exchange interaction which 
suppresses all structure and narrows the line to a value well below that expected 
from the spin-spin interaction. 

The simple orientation independent hyperfine structure of six lines must be 
ascribed to isolated Mn ions in cation sites of the lattice where the crystalline field 
is essentially cubic. At first sight it appears surprising that the pure hyperfine 
structure spectrum is exhibited strongly in the potassium halides, since on the 
basis of the criterion for the incorporation of foreign ions into ionic lattices 
deduced by Haven (1950) one could not expect the small Mn?* ion, r=0-804, 
to replace the larger K*, r= 1-334, in perfect regions of the lattice. The misfit 
certainly explains why at high temperatures Mn ions have a greater tendency 
to aggregate irreversibly at internal boundaries in KCl than in NaCl which is 
known to take up Mn in solid solution. However, one must not overlook that 
the disparity between the sizes of foreign and host ion causes the mobility of 
Mn ions at or near room temperature to be very much lower in the potassium 
halides than in the sodium halides, a fact which has also been deduced by Seitz 
(1954) from optical investigations. Thus, in the process of growth of the 
potassium halides from solution, Mn ions may be deposited in the distorted 
regions within a few lattice distances from internal boundaries without being 
able to diffuse to the boundaries and to form aggregates. In such positions the 
Mn ions would be subjected to sufficiently strong random axial fields, super- 
imposed on the average cubic field produced by the surrounding lattice ions, 
to account for the large width and gaussian shape of the observed six hyperfine 
structure lines. In this case the resonance spectrum must be associated with the 
main series of transition, ms= +1/2<—»—1/2 which is affected only in second 
order by axial fields. The other four series of transitions, ms= + 5/2<->+ B25 
+3/2<++1/2 would be broadened so much by first-order fine structure 
interaction with the axial fields to be unobservable. 

One could go even further and explain the disappearance of the resonance 
at low temperatures as a broadening by very strong random fields effects. One 
would then have to invoke a kind of motional narrowing by lattice vibrations by 
which the effect of the random fields is reduced at normal temperatures. 
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The hyperfine structure spectrum of Mn in crystals of NaCl grown from 
solution which is described in the following Note (Low 1956) represents the 
other extreme. The small intensity of the lines compared with that of the broad 
peak shows that the majority of the Mn ions diffuse to internal boundaries and 
their small width demonstrates that the remainder, about 0-02°% of the total 
number of Mn ions, are in a closely perfect crystalline environment. 

The heat-treated NaCl-Mn crystals grown from the melt provide an inter- 
mediate case. The larger residual width of the orientation independent hyperfine 
structure lines suggests that the Mn ions are still close enough to the internal 
boundaries, from which they have been dissociated thermally, for a broadening 
effect by random axial fields to occur. Their integrated intensity after normal 
heat treatment shows that the number of isolated Mn ions is about 1°, of the total 
concentration in agreement with the corresponding number of unattached 
additional positive ion vacancies deduced from ionic conductivity measurements 
(Schneider and Caffyn 1955, Parker 1954). In crystals quenched from very 
high temperatures the fraction of isolated Mn ions is about five times larger. 

It is interesting to consider the values of the hyperfine structure splitting 
constant A in the light of our interpretation of the spectrum. According to 
van Wieringen (1955) the configurational interaction responsible for the hyperfine 
structure of Mn+ decreases with increasing covalent bonding of the ion. The 
A values for all alkali halides lie between that for ZnS-Mn, A=68-1 gauss 
(Schneider and England 1951) and that for ZnF,-Mn, A= 104 gauss (‘Tinkham 
1955), where a secondary hyperfine structure due to covalent interaction with the 
F-nuclei occurs. This points to a substantial covalent contribution to the bonding 
of the Mn?* ion in the alkali halide host lattice whose variation from crystal to 
crystal fits very satisfactorily into the general picture presented here: the A value 
is largest, the covalent contribution smallest, in the potassium halides where 
the Mn ion enters only with difficulty into the lattice, while A is smaller, the 
covalent contribution larger, in NaCl where the Mn ion participates more 
intimately in the normal bonding with adjacent lattice ions. In this way, even 
the small difference between our values and Low’s for the hyperfine structure 
splitting of Mn in NaCl becomes significant since it reflects the more nearly 
perfect substitutional incorporation of Mn ions into the lattice of crystals grown 
from solution. 

Work is still in progress on the analysis of the third type of spectrum, the 
orientation dependent line spectrum of NaCl-Mn which we believe to be the 
most direct evidence obtained so far for the existence of complexes of divalent 
impurity ions, in the present case Mn?* ions, and adjacent positive ion vacancies. 
In such complexes, an axial field produces a fine structure which is large compared 
with the hyperfine structure, in fact so large (D~500 gauss) that because of 
second order effects even the lines due to the transitions mg= —}<—>mg= +4 
depend on orientation. 
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Paramagnetic Resonance Spectrum of Manganese in Single Crystals 
of Alkali Halides Grown from Solutions+ 


By W.- LOWt 


The Enrico Fermi Institute for Nuclear Studies, University of Chicago, Ill. 


Communicated by E. E. Schneider; MS. received 23rd February 1956 


at 3cm and 1cm in single crystals of NaCl and KBr grown from aqueous 
solutions and containing 0-001—0-02°,, Mn by weight. 

The spectrum in NaCl can be divided into two parts: (a) a strong line of width 
at half intensity of about 220+20 gauss, approximately Lorentzian shape and 
g=2-010+0-005, in agreement with the results of Oshima ef al. (1955); 
(6) superimposed on this line is a hyperfine structure of six lines due to the known 
spin of 5/20f®°>Mn. ‘The width of the hyperfine lines at half intensity is 7-8 gauss. 
The spectrum of the hyperfine lines is described by the formula 

hv=ghH+Am+3 = WEG N) ican 


V 


al HE paramagnetic resonance spectrum of manganese has been observed 


with g=2-0022 + 0-0008, A =86-6+ 0-2 gauss. No fine structure was observed. 

The spectrum in KBr (as well as KCl) consists of six hyperfine lines. ‘The 
hyperfine splitting constant is d =94-95 + 0-3 gauss, and at g=2-0043 + 0-0005. 
The width of the lines at half intensity is about 40-45 gauss. The results on 
KBr are very similar to those on KCl grown from solutions as reported by Forrester 
and Schneider (1956), and also observed by the author. 

The spectra in NaCl and KBr grown from solutions differ, therefore, in four 
aspects: (i) in NaCl there is an additional intense and wide line; (ii) in NaCl the 
hyperfine lines are considerably narrower; (iii) the g factor in KCl and KBr 
is significantly larger than in NaCl, and larger than g,, that of the free electron, 
(iv) the hyperfine splittings of NaCl and KBr differ by about 8°%. 

The significance of the intense and broad line in NaCl has been discussed by 
Schneider and Caffyn (1955). They find that the wide and strong line is 
dependent on the concentration of divalent impurities, the large the concentration 
the narrower the line. In crystals grown from solutions the line width is approxi- 
mately independent of the concentration. ‘This seems to point, therefore, to 
significant differences in the incorporation of divalent impurities, depending on 
the method by which the crystals are grown. 


+ Supported by the United States Atomic Energy Commission. 
t On leave of absence from the Hebrew University, Jerusalem. 
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The hyperfine structure constant of 86-6 and the g factor of 2-0022 in NaCl 
are very close to those found in single crystals of MgO : Mn (concentration 
0-001%, line width 3-4 gauss, A = 86-8, g=2-0014 + 0-0005) (Low 1956). The 
g factors in KBr and KCl are very much larger than in nearly all Mn salts 
investigated. The deviations of the g factor from the precise value in MgO can 
be attributed to both the crystalline field and the spin-orbit interaction. In all 
other manganese salts of various crystalline symmetries these two effects have 
made g less than g,. While it may be difficult to decide which of these two factors 
is the main cause for the increase in the g factor, it seems likely that in the case of 
KBr and KCl a change in the spin-orbit coupling may be the main contributor. 
This may possibly be due to association of the Mn ion with adjacent electrons. 

The wide line in NaCl was about a hundred times more intense than the 
hyperfine components which made the observations of the latter rather difficult. 
A technique developed by Hutchison and Noble (Noble 1955) was used in detecting 
the hyperfine lines. The magnetic field is modulated over a small range and the 
line is detected at the second harmonic of the modulation frequency. This 
discriminates against any slow changes in the slope of the wide line but detects 
the relatively narrow peaks of the hyperfine structure. The second derivative 
of the absorption line is recorded. 
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Equation of State of Solids 


By R. S. SHARMA 


Physics Department, Royal Holloway College, London 


Communicated by S. Tolansky; MS. received 22nd December 1955), 
and in final form 12th March 1956 


N a recent communication (Dayal and Sharma 1955) it has been shown 
] that 't would be advantageous to base the equation of state of solids on 
the experimental data of thermal expansion and specific heat, thus avoiding 
the necessity of assumptions regarding any theory of lattice vibrations or the 
potential expressions. The total pressure of a solid can be considered to be 
made up of two parts p, and p,, of which p; can be interpreted as a pressure 


+ Permanent address, Department of Physics, Banaras Hindu University, India. 
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due to the non-vibrating lattice at T=0°K, while p, results from the thermal 
vibrations. For all volumes the sum of these two is equal to the outside pressure, 
which is almost equal to zero in the scale of pressures considered. Thus for all 
volumes measured at atmospheric pressure, the two are equal and opposite to 
each other. ‘The static pressures yE/V of eight solids determined from their 
thermal pressures have been compared with the derivatives of the potential 
energy as derived from the interatomic potential used by Fiirth (1945) and 
close agreement between them revealed. Similar calculations are now reported 
for the solids, lithium and sodium, which belong to the body-centred cubic class. 

Lithium: ‘The accurate measurements of the specific heats of Li in range 
(15-300°k) are due to Simon and Swain (1935). Although the coefficients of 
thermal expansion were measured by Simon and Bergmann (1930), these have 
been taken from Lord (1941) who interpolated the Simon and Bergmann data 
for that purpose. £ (thermal energy) is calculated from its vibration frequencies 
as given by Dayal (1944). In order to obtain the average value of the Griineisen 
constant y, ky the compressibility at absolute zero is calculated from the elastic 
constants obtained theoretically by Fiichs (1936). (m+n+3)/6 is taken equal 
to 1-83, as given by Griineisen (1926), for calculating the values of y for the 
various volumes. 

Sodium: The data of Simon and Zeidler (1926) on the specific heat, and 
of Quimby and Seigel (1938) on the thermal expansion have been used for the 
present calculations. For the value of the specific heat Cy at the lowest 
temperature (80°K) the Debye characteristic temperature is calculated and this 
in turn is used to obtain the thermal energy at that temperature. The values of 
thermal energies at higher temperature are obtained from the Landolt—Bornstein 
Tables; k, at absolute zero is given by B nder (1939); (m+n+3)/6 is assumed 
equal to 1-92 as quoted by Griineisen (1926). 

From the table, it appears that the agreement is excellent in the case of lithium, 
but for sodium the two sets of values do not compare well at low temperatures. 


nes T V E m: = 

sake tas (xk) (em) (cal. (g atom)~?) (108 dyn cm~2) 

Lithium Firth  yE/V 
(Q=36-0 keal (g atom)-1, 160 ~—- 12884 343 0-885 re 10 
7»=12-728 cm*, m=1-2, 200 12-940 525 0-957 16 15 
n=6) 240 13-003 725 0-988 22 23 
300. 13-097 1034 1-11 30 33 

Sodium 

(Q=26-2 kcal (g atom)—1, 95 22-743 344 1-25 8 5 
9=22-61 cm*, m=2°5 10 22770 422 1-279 10 6 
n=6) 130-2842 538 1-524 13 8 
Zale 237181 958 1-366 19 20 
300. 23-70 1547 1-341 36 39 


(sublimation energy. 


This discrepancy can be attributed to the uncertainty in the measurements of 
the thermal expansions at the temperatures near the absolute zero. A slight error 
in the value of thermal expansions causes a slight variation in the volume but 
involves a considerable change in the pressures. 

My sincere thanks are due to Dr. B., Dayal of Banaras Hindu University 
(India) for helpful discussions. 
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On the Crystal Structure of the Rare Gases 


By R. U. AYRES anp R. H. TREDGOLD#+ 
University of Maryland 


MS. received 9th March 1956 and in revised form 22nd March 1956 


§ 1. INTRODUCTION 


T is well known that, with the exception of helium, the rare gases crystallize 
I in the face-centred cubic structure. It is however difficult to understand 

why this structure, as opposed to the close-packed hexagonal structure, 
should be preferred. Investigations of various possible two-body force laws 
have been carried out (for a summary see Dawson and Jansen 1955) and it has 
been shown that for any reasonable form of these laws there is only a negligible 
difference in energy between the two structures. Axilrod (1951 a, b) investigated 
the effect of the three-body forces arising from the interaction of the dipole 
moments of sets of three atoms. These forces appear when the calculation of 
Van der Waals forces is carried through to third order perturbation. He found 
that, whereas these forces favour the face-centred cubic structure, their effect 
is too small (of the order 10-4 the cohesive energy) to be important. Barron 
and Domb (1955) examined the influence of the zero point energy of the lattice 
vibrations on the relative stabilities of the two structures but found that the energy 
difference so obtained was negligible. 

The other possible effects which are likely to influence the lattice energy 
and which have so far not been examined are: (1) the interaction of the repulsive 
first order overlap energy with the triple dipole forces, (2) higher order multipole 
three-body forces, (3) four-body and higher order many-body forces, (4) the 
dependence of the repulsive forces on crystal symmetry. The effect of (3) and (4) 
cannot be ruled out entirely but qualitative considerations indicate that it is 
unlikely that they will play a decisive role. 

We have, therefore, made a quantitative investigation of effects (1) and (2). 
It is not intended to give a detailed description of the study of the effect of overlap 
on three-body forces as it was found that, though the resulting energy term 
favoured the cubic structure, it was of the same order of magnitude as the effect 
studied by Axilrod (1951 a, b) and therefore not likely to be important. 


t Now at the Department of Physics, University of Sheffield. 
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$2. HIGHER ORDER THREE Bopy Forces 

The higher order triple multipole forces are in general unimportant owing 
to their extremely short range. However, the dipole-dipole-quadrupole forces 
are not negligible and, owing to their marked angular dependence, the resulting 
energy terms arising from them in the two close-packed structures differ 
appreciably as will be seen below. 

We consider three atoms located at lattice sites 1, 2 and 3 and write the 
interaction Hamiltonian in the form 


Hf’ = Haa(12)+ y(23)+ Me(31) ce ae (1) 
indicating dipoles at 1 and 2 and a quadrupole at 3. 


E ART escR 
Aqa(12)= Fp) tte SE A 
: ‘ 12 


and 
Se? f [riPre + 2(ry  ro)(y — Fa) — Fe?ry] - Rie 
PN a Na ad ee 
Had(2)= a4 Rs 
—5(r,-R,o)(rs-R,.)(, —Ps)- Rye 
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The third-order perturbation energy is 
Pld gil 
E3= >" woe lee 3 
= 2) BE) Ey Bi) o 
the other terms which usually appear in third-order perturbation being zero in 
this case. 
Making the approximation 


E; i Ey = PE icnivation COLO. © (4) 
and using the fact that 
2, Hog Hix Ho’ = Ce Daa sees (5) 
< 
we find from equation (3) 
Cn 
ee i eee (6) 


Inserting (1) in (6) we can show that the only non-zero contribution arises from 
the cross term (Hqa(12)H4,(23)Hq,(31) > for all permutations 1, 2, 3. 
Denoting the distances between the atoms by Rjy, Ry3, Ry, and the interior 
angles of the triangle on which they are situated by 4,, 4, 6; we have 
2 ny 2 
y= 2 RGRARA (1022 — 2)(cos 85 + 3 cos 8, cos 43) 
— 25?(cos 83 + 3 cos 6, cos 82) cos? 5 
— 50(B? — 2«”)(cos 63 + 3 cos 8, cos 45) sin 6, sin 4, cos 8; cos 8, 
+ 10(f? + 3a?)(sin? @, + sin? 6.) sin 6, sin 4, 
+ 20?(cos? 6, + cos? 62) cos 8, cos 8,— 60a" sin A, sin 9} sane (7) 
where = Ne emt) ae 
aD 19 asl ae 
The appropriate lattice sums were carried out for the face-centred cubic and 
close-packed hexagonal lattices on a high speed computing machine. The 
convergence is rapid so that a radius of'two nearest neighbour distances from 
the central atom is a sufficient limit for the sums. « and f? can be calculated to 


(Haa(12)Ha,(23) Hag(31) 
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sufficient accuracy by using the outer shell wave functions. For argon one thus 
finds 
a4 S0las. B*= 02-001 ao" 0 eee (8) 
where dy is the Bohr radius. Using the accepted values for argon r)=7:27a, 
and £= 15-68 ev one obtains for the dipole—dipole-quadrupole energy 
Eon Lie == V 000135 eviatoms = a) eer eee (9) 
which is about 0°3%, of the cohesive energy and favours the hexagonal lattice. 


§ 3. DIscussION 


The above results indicate that either there is some other effect involved 
which has so far not been appreciated, or, possibly, that the hexagonal structure 
does represent the lowest energy state in solid rare gases but that at higher 
temperatures the face-centred cubic structure is stable and ‘ frozen in’ on cooling. 
There is also a possibility that higher order triple multipole forces may be more 
important than qualitative considerations lead one to believe. 
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§ 1. 

N an electric conductor with finite cross section it must be possible to impose 
I a surface condition on the current density j. Ohm’s law does not permit 

this and cannot, therefore, be quite correct. It will be shown below that it 
has to be supplemented by terms describing a viscous flow. 

Collisions between free electrons conserve momentum and do not, therefore, 
contribute to the ohmic resistivity. They do, however, make a contribution to 
the viscosity in a similar way to collisions between molecules in the internal 
friction of gases. The macroscopic equation for j, which will be derived below 
should be able to account for surface effects of various kinds (effective conductivity 
of thin layers, anomalous skin effect, etc.) and also put interelectronic collisions 
into evidence whenever j depends on spatial coordinates. In metals, in view 


of the strong screening, such collisions are probably unimportant. 


In semi- 
conductors, however, a density 


range exists where these collisions may be of 
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considerable importance, as has been shown recently (Frohlich and Paranjape 
#50; $1.2). 


§2 
Sie 

Consider the stationary case only, and assume a specimen bounded by the 
plane z=0, with an external field F,, in the x direction. The electronic 


distribution function f may depend on the space coordinate z as well as on the 
velocity coordinates v and is assumed to be normalized, such that 


p(2)= | fav oie oer (1) 


is the number density of free electrons assumed independent of « and y; f satisfies 
the transport equation 


ey ipeesely Ter ©) Sf 1h (@ 
coll 


m Ov, m Oo, "de 


ot 


where the right-hand side represents the rate of change of f due to collisions of 
all kinds. They will be treated in a phenomenological way by assuming the 
existence of relaxation times. 

The components of the current density are 

i{2)=elo,jav : j.=e| DIN) ag 05 ee eee (3) 

j, must be zero, but a field F, in the z direction, in general, must be contemplated 
in order to compensate a diffusion current if the density p is z-dependent. 

The distribution function f can be developed in a series of spherical harmonics 
(in velocity space) whose coefficients may be z-dependent. Apart from a zero 
order term, this series must have a single first order term, proportional to v, 
(so that j,=j,=0). The possibility of spatial diffusion in the z direction then 
requires two second-order terms with v,v, and v,”—v?/3 symmetry respectively. 
The series is assumed to converge quickly so that third or higher order harmonics 
can be neglected. ‘This assumption represents the main limitation of the present 
method. 

Interelectronic collisions do not alter the total momentum density Jv, fd°v. 
Hence the average 7, of a relaxation time 7;¢ responsible for ordinary conduction 


can be defined by 
el. * d?v = — Jal?) eee (4) 
‘\ ot Jeon Te 


where 7, arises from collision with lattice displacements and defects. While 
thus the v, term of f is not affected by interelectronic collision, this does not 
hold for other terms, such as the v,v, term. Thus if ve) is a relaxation time 
describing interelectronic collisions and if 


Deiter Wire atten (5) 
then an appropriate average 7 of 7 can be defined by 
- of * F ~ ] - . 
| O40, Qe y= — =| UeOs(aN, || | eee (6) 


Now multiply (2) by v, and v,v, respectively and integrate over d*v. ‘Then 


2 
Ey 


EAST Speers (7) 


Tie 
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and 
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Here v,v,? can be split into a term with v,-symmetry and a negligible third-order 
term so that 


e | vv, faV = a0") (2) ee (9) 
Where x is a numerical factor (whose exact value depends on the velocity 
dependence of 7), and v? is defined by 


Zn 3)=\| cofvi = 1 rere (10) 

With (7)-(9) thus 
oe" Tep Pro (EaNO CFe Oye. ~ 7 
rae - Fi-—av Te ee aF a a5 (TIal 2) =9 seiko elietls ( ) 


where j,, F,, 7- and 7 may all depend on p and hence on z. F, can be expressed 
in terms of p, for multiplication of (2) by v, and integration leads to 
eF (2) v dp. 
me p@)= S Ae oe. el (elimits 


The z-dependence of p has to be obtained in an independent way from conditions 
imposed on the substance (e.g. photoconductivity). 


SKE 
In a phenomenological description one will want to introduce a conductivity o 
and a viscosity 7 by 
o=er.p/m; n=dmvpr, a (13) 
Generalization of (11) and (12) to arbitrary geometrical conditions and elimination 
of the internal field F, then leads to 


/ 
j—oF+ aoe curlf(? curl) = : curl : [j x grad loge} =O Soe (14) 


In conditions in which p is a constant independent of the spatial coordinates, 
o and 7 are also constants and (14) reduces to 


j—oF+A*curlcurlj =0. 


\ 


Here 

Mall, lo=re(2)2 and I=r(v2 (16) 
are appropriately averaged mean free paths. Itshould be noticed that equation (15) 
differs from Ohm’s law by the term characteristic for viscous flow even in the 
absence of interelectronic collisions, i.e. when /= a This permits a simple 
derivation of the influence of surface on the effective conductivity of thin layers 
which depends, of course, on the surface condition imposed on j._ If, for instance, 


it is assumed that electrons are scattered diffusely by the surface, then the surface 
condition is 


(aa (17) 


where the coordinates s define the surface and d/On represents differentiation 
perpendicular to it in the outward direction. For a wire of radius d, 0<r<d, 
(15) and (17) are solved by 


7 =i oy — _—So(er/A) 
oF (1 ama) a 
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where the J’s are Bessel functions. For the effective conductivity « one then 
obtains 

me 2id J,(id/A) 

~ oFd?, @. Si@diN etd) eo or 
In the limits d<A and d> this expression becomes }d/A and 1—A/d respectively 
and thus agrees (apart from numerical factors) with values obtained by Dingle 
(1950). For a slab of thickness d, on the other hand, o/c agrees only for d>) 
with the result by Fuchs (1938). For d<A it differs by a factor log(A/d). In 
this case the distribution function f is so strongly asymmetrical (more than in 
the case of the wire) that it is no longer permissible to neglect third order and 
higher harmonics, as is done in the present paper. 

One of the main applications of (14) should lead to measurement of the 
interelectronic collision probability in semiconductors. For it should be possible 
to devise a series of measurements such that p, o and 7 are found experimentally. 
Hence one obtains (7/7) — 1, which is a measure for the relative importance of 
interelectronic collisions. Viscous effects would be particularly strong in 
photoconduction, where p should depend on the spatial coordinates in a similar 
way to the intensity of the ionizing radiation. 


qQ!iqQl 


-d 
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in germanium has been reported as being different from 7”? as predicted 
by the deformation-potential theory (Bardeen and Shockley 1950) and 
other theoretical derivations. The exponent of T was determined in the drift 
mobility experiments of Prince (1953) to be about — 1-6 while the more accurate 
conductivity measurements of Morin (1954) showed the exponent to be — 1-66. 
An exponent of —2-0 has been reported (Many 1954) from drift mobility 
measurements, which differs markedly from the value determined by Prince 
and Morin. The theoretical consideration of the ‘many-valley’ model. by 
Herring (1955) shows that the negative exponent can be increased to a value 
greater than the 1-5 of the simple theory. % 
The results of a determination of the temperature dependence of the mobility 
of electrons in p-type germanium by measurements on an n—p-n transistor are 
given here. Precisely the same method was used as has been previously described 
PROC. ‘PHYS. SOC, LXIX. 8—3 2K 


[Tm temperature dependence of the lattice-scattering mobility of electrons 
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for the determination of the temperature dependence of the mobility of holes 
in n-type germanium by measurements on p-n-—p transistors (Evans 1956). 
This method is dependent on the use of the equation for the current amplification 
factor given by the Shockley theory of junction transistors on the assumption of 
unit injection efficiency. An n—p-n alloy-type transistor for which the above 
theory was determined to be applicable over the temperature range 200 to 314°k 


200°K 220 240 260 280 300° 
i T ee T T 


Z “PL 
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ee 1 = —t 
2:30 2:32 234 2:36 238 2:40 2°42 244 2:46 248 250 
LOG igT 


Variation of electron mobility with temperature; M,0c1/CT. 


was used. ‘The results obtained are shown in the figure, in which the electron 
mobility jn is proportional to 1/CT where C is a variable arm of the bridge used 
to determine the current amplification factor and T the absolute temperature. 
The slope of the plot of log(1/CT) against log T gives the exponent of 7, 
w (say), in the relation wy 0 T~*. The experimental points fit a straight line with 
a slope between — 1-65 and —1-67; the best fit is obtained with a line of slope 
—1-66. For the temperature range quoted above the mobility is considered to 
be entirely governed by lattice scattering. The results therefore illustrate that 
the temperature dependence of the lattice-scattering mobility of electrons in 
germanium is as 7-1-6 in agreement with the results of Morin. 
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LETTERS TO "LHEADIPOR 
The Variation of Sound Velocity with Stress in Sand 


During the course of investigations into the propagation of sound in granular 
materials, it has been found that the velocity and attenuation of sound in dry sand 
is markedly dependent upon the load applied to the sand. 

In a particular experiment the sand was contained in a 6-inch diameter 
cylindrical can, lined with }-inch sponge rubber constituting a pressure-release 
boundary and isolating the sand acoustically from the wall of the can. A load 
was applied by weighting a loosely fitting piston containing the barium titanate 
detector and head amplifier. The can stood on a 3-inch diameter metal disc 
on the face of the transmitting magnetostriction transducer: in this way the load 
was being applied in the direction of propagation. 

The sound velocity was obtained by pulsing the transmitter output and 
measuring, by means of an oscilloscope, the pulse transit time for various thick- 
nesses of sand. A family of linear graphs was obtained of sand thickness against 
transit time for various applied loads: from this was obtained the relationship 
between velocity and load. One example of the result of such a series of 
measurements is shown in the figure. 
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The measurements were taken at 20kc/s, timing being made to the front of 
the pulse. Some distortion of the pulse shape was obtained due to the frequency 
characteristics of the transducers and to the amplifier bandwidths. A further 
factor introducing distortion is the propagation of complex modes due to beam 
spread and reflections occurring at the pressure-release wall and to inhomo- 
geneity in the sand. These effects should not greatly affect the velocity 
measurements since the front of the pulse was timed and the experimental 
conditions were chosen to minimize the effects and approximate the ideal case of 
propagation of plane dilatational waves. No appreciable dispersion was noted 
with these group velocity measurements in the range 10 to 50 kc/s. . 

The general shape of the curves of sound velocity versus applied load is 
similar to that obtained theoretically by Gassmann (1951) for the velocity in 
a close packing of granite spheres at various depths, but there does not appear 


to be agreement in detail. Gassmann’s theory assumes the closest packing of 
2K-2 
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the spheres, porosity 0-26, whereas the sand used in the present measurements 
has a porosity 0:39. Again Gassmann’s result is independent of the sphere 
radius, whereas investigations carried out here suggest that, even with sands 
of the same porosity and loading, the velocity is dependent upon the granule size. 

It has been observed that the velocity increases, while the attenuation decreases, 
when loading is applied in the direction of propagation. However, when the 
load is applied at right angles to the direction of propagation the converse is true. 


Detailed investigation of this velocity-stress effect and of the effect of stress on 


attenuation are in progress. 


University College of Leicester. E. MATSUKAWA,. | 


27th February 1956. A. N. HUNTER. 


GassMANN, F., 1951, Geophysics, 16, 673. 


The Electric Strength and Surface Condition of the Alkali Halides 


When measurements are made of the intrinsic electric strength of solid 
dielectrics, the results obtained from individual specimens usually exhibit a con- 
siderable dispersion, greatly exceeding the known random errors of the measure- 
ments. ‘This is because great difficulty is experienced in eliminating the influence 
of the many spurious effects which can alter the breakdown voltage of a specimen, 
giving different, usually low, values of electric strength. Consequently it is 
necessary to select some particular value of the spread as the significant value, 
bearing in mind the influence of known or suspected random effects. 

As the intrinsic electric strength of most solid dielectrics is of the order of 
10® to 10’v cm“, it is possible that one cause of low values can be that the 
breakdown of the specimen starts in some region of abnormally high electric stress 
surrounding small irregularities, such as scratches. For this reason it is usual to 
use specimens with highly polished surfaces, but the experiments of Austen 
and Whitehead (1940), with potassium bromide, seem to indicate that this is not 
necessarily the best procedure. 

Austen and Whitehead used specimens the surfaces of which were first ground 
with carborundum powder in oil, and then polished with rouge on a chamois 
leather. ‘These specimens gave inconsistent and rather low values of electric 
strength. When the final polishing was omitted, so that the specimens had a 


fine matt appearance, the values of electric strength obtained were more | 


consistent and about 50°, higher than for the polished specimens. 

This result was attributed to the presence in the surfaces of the polished 
specimens of a few minute scratches, the number and position of which were 
different between specimens ; whereas in the case of the ground surfaces, abnor- 
mally high concentrations of electric stress were unlikely because of the screening 
effect on each other of the close network of scratches. 


Some doubt has been thrown on the validity of this explanation by the work | 


of Calderwood, Cooper and Wallace (1953), since no precautions were taken by 
Austen and Whitehead to ensure that the specimens used contained a minimum 
amount of strain, and were as nearly alike in this respect as possible. In addition, 
Austen and Whitehead tested only about five or six specimens of each type, not 
eliminating therefore the possibility of statistical fluctuations in the results. 
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Calderwood, Cooper and Wallace found it necessary to anneal the specimens 
at a temperature near to the melting point, to remove strains introduced in the 
course of preparation; because they found that the presence of strain in the 
specimens appreciably increased the spread and average value of the electric 
strength. 

The annealing process renders a previously polished surface translucent. 
Figure 1 (Plate) is a photomicrograph of a polished surface, and figure 2 (Plate) is 
a photomicrograph, on the same scale, of a similar surface after annealing, both 
taken by reflected light. Clearly, a great difference exists in the microscopic 
condition of the two surfaces, and on the basis of Austen and Whitehead’s 
argument, it would be expected that specimens with surfaces similar to that in 
figure 2 would have higher and more consistent values of electric strength than 
polished surfaces. 

‘Twenty-four sodium chloride specimens were prepared, of the usual plane- 
recessed form, given a high degree of polish on both sides, and then annealed. 
After annealing, the surfaces were not touched except for measuring, and the 
application of graphite electrodes. The surfaces were thus similar to that in 
figure 2. The electric strengths of this group of specimens extended from 
0-74 x 10° to 1-36x 10% vcm~], and gave an average value of 1-04 x 10® vem". 

Previously obtained values for fifty-one specimens polished before and after 
annealing, that is with surfaces similar to that in figure 1, extended from 0-8 x 10° 
to 1-28 x 10®° vem", and gave an average value of 1-03 x 10® vem". 

Clearly, there is no significant difference between the two types of specimen, 
although the microscopic condition of the surfaces is vastly different. In parti- 
cular the minimum value is unchanged, thus lending weight to the argument of 
Calderwood, Cooper and Wallace that provided all other spurious effects are 
absent a value near to the minimum is the most significant. 
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Structural Transition and Antiferromagnetism in the Alloy AuMn 


Raub et al. (1953) have reported that AuMn possesses a CsCl-type lattice 
above 615°c and an ordered body-centred tetragonal lattice below this temperature. 
Later, Giansoldati and Linde (1955) observed anomalies in the electrical resis- 
tivity-temperature and magnetic susceptibility-temperature curves for an alloy 
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of this composition at 227°c (but none at or near 615°c), the latter taking the form 
known for antiferromagnetic materials. ‘The structure of the quenched alloy 
was found to be body-centred tetragonal, in agreement with Raub. — 

This note describes the preliminary results of an investigation made initially 
to establish whether the crystallographic change and the possible antiferro- 
magnetism are associated phenomena, as is the case for several other antiferro- 
magnetic materials. . 

An alloy of composition 49-75 atomic®,, Mn, prepared in vacuo in an alumina 
crucible from standardized gold (Johnson Matthey, J. M. 70) and vacuum distilled 
high purity manganese (Hilger H. S. Brand), was examined in powder form ina 
high temperature X-ray camera, fitted with hemispherical heaters and ring thermo- 
couples of the type described by Basinski and Christian (1954). At high tempera- 
tures the photographs showed diffraction lines of a CsCl-type structure and these 
lines persisted over the temperature range 660°c to 130°c. At 124+2°c, slight 
blurring of the diffraction lines occurred, whilst at 119+2°c the photograph 
showed the structure to be ordered body-centred tetragonal. The cubic— 
tetragonal transformation in this alloy thus occurs near 125°c. At 131+ 2°c, the 
cubic unit cell has a=3-215,kx units and at 113 + 2°c the tetragonal unit cell has 
a=3-264,)kx units and c/a=0-968. The cubic structure could not be retained 
by the most rapid quench. 
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Magnetic susceptibility per gramme of AuMn as a function of temperature 


H=5000 Oe. 


Susceptibility measurements were made using a Sucksmith ring balance. 
‘The specimen was prepared by crushing a small portion of the ingot in an agate 
mortar in order to avoid pick-up of ferromagnetic impurities, followed by 
annealing zm vacuo for 15 hours at 450°c. A powdered specimen was used for 
the main work to enable direct comparison to be made with the x-ray results. 
Measurements were made from room temperature up to 232°c, the temperature 
being measured by means of a fine thermocouple whose junction lay approxi- 
mately 1 mm below the high-purify aluminium specimen holder. In view of the 
lack of a calibrating substance of comparable susceptibility, the absolute values 
of xin a field of 5000 Oe are estimated to be correct only to 1-2%, but the 
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variation of y with 7 is known more accurately. The curve obtained for 
5000 Oe is shown in the figure. Similar behaviour was observed at 4000 and 
4500 Oe. 

Above 70°c, the (y, 7) curve is typical of an antiferromagnetic substance, with 
a Néel point T, of 383°K, but above 127°c y follows the Curie-Weiss law 
x= C/(T—8@), with @=359°K (which is opposite in sign to that of most normal 
antiferromagnetics) and C=7-5,x 10-3. The latter gives a Bohr magneton value 
of 3-89 per unit cell, suggesting a 3d? state of the Mn atoms if the magnetic 
moment is associated entirely with them. A martensitic transformation probably 
occurs as the magnetic interaction must first change sign to account for 
the peak in the (y, 7) curve, as well as the observed crystallographic distortion. 
The temperatures at which these two effects occurred appeared not to coincide 
exactly, although it should be noted that in neither measurement was the thermo- 
couple in actual contact with the specimen. 

Below 70°c yx begins to increase again with decreasing temperature. This 
effect was observed with both a powdered and a polycrystalline lump specimen. 
Further work is now in progress to study this and the low-temperature region in 
more detail, but an x-ray photograph taken at liquid-air temperature indicates 
that no further crystallographic changes occur in the alloy down to this 
temperature. 

We are unable to offer an explanation of the differences between these results 
and those of the previous workers, unless the behaviour is extremely sensitive to 
small amounts of impurity and departure from the ideal AuMn composition. In 
the present work both the x-ray and the magnetic results were obtained with 
specimens prepared in an identical manner from the same ingot. 
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Anomalous Lorenz Numbers in Mixed Semiconductors 


Goldsmid (1956) has reported anomalously large measured values, for bismuth 
telluride, of the Lorenz number A, which is defined by 
ee IGN ag Nag ec (1) 
where K and o are thermal and electrical conductivities respectively and K, is the 
the contribution to K from conduction by lattice modes. He suggests that the 


anomaly is to be ascribed to transport of energy by ambipolar thermo-diffusion 
(Price 1954, 1955). The general formula for the Lorenz number of a mixed 
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(two-band) cubic semiconductor with Boltzmann statistics, taking the ambipolar 
effect into account, is t 


R\e A 2 
= (=) 1p» Ee +3444 +7. | + poy tiposi\s, 2 eee (2) 


where A, andA , are the Lorenz numbers of the separate (conduction and valence) 
bands, p is the resistivity, and the other symbolsare as defined previously( Price 
1955). ‘The formulae quoted by Goldsmid (e.g. Eqn (3) of his paper) evidently 
assume spherical energy surfaces (scalar effective mass) and scattering of carriers 
by Debye acoustic lattice modes only (for convenience we may speak of these 
assumptions as defining ‘the classical model’). In this case A; =A, =2(k/e)? 
and y;=y,=1/2. Then the bracket (e,/RT+3) in his formulae should be 
(«,/RT +4), and the factor 2/3 appearing in his Eqn (3) should be 1/2. With 
these corrections, one may revise the calculation Goldsmid makes for his 
Specimen 2 at 300°kK, assuming as he does that A=5-8RT and that electron 
and hole concentrations were equal, but taking the mobility ratio as 2, the value 
he quotes. ‘T’hen for the classical model the ratio of the predicted value of A to 
its ‘normal’ value of 2(k/e)? is 


Liz 7 4 
+31 @+7p ra e844) Salle ev, 
This result compares with Goldsmid’s experimental value of 13 and his calcu- 
lated value of 14. Allowing for the uncertainties in the data, and the assumptions 
made (Boltzmann statistics and the classical model),t the agreement of the 
present estimate with experiment is at least as good as might be expected, if 
not coincidentally close. It should be added that the theory of electronic 
thermal conductivity leading to (2) omits a further possibly important contri- 
bution : that from the energy transported by the stream of excitons which would 
be expected to flow from the hot end to the cold end of the crystal. This latter 
contribution should be independent of (moderate) doping, like the lattice term 
K,, and would be expected to vary with temperature roughly as exp(—A/kR7). 
Unlike the contribution represented by (2), it should not contribute to the Righi-— 
Leduc effect, or to the Nernst effect (Price 1955), and should not exhibit ‘ magneto- 
resistance’ (decrease in a strong magnetic field). It should be possible to deter- 
mine the contribution to K represented by (2) by plotting a ‘doping curve’ of K 
versus resistivity or Hall mobility, at constant temperature, for a series of crystal 
specimens. For the doping range where A and the y’s and A’s (and in the second 
case the band Hall mobilities) do not differ from their values for a pure perfect 
crystal, equation (2) predicts definite forms for the doping curves. By fitting 
the points to these, one may expect to determine A,, A, and the square bracket of 


t This formula is more complete than given previously, in that the parameters ~ and B 
are here given in terms of yi and ye, because I have since shown that (as a consequence of 
Onsager’s reciprocal relations) the thermal energy transported with a drifting electron or 
hole is (y,+3/2)RT or (y.+-3/2)RT respectively. 

{ The ‘ experimental’ value of A deduced by Goldsmid, by comparing K at 150° 
with K at 300°, itself depends on the assumption that A,;=2(R/e)? at 150°, and might be 
wrong by of order 10% on that account. The assumption of spherical energy surfaces 
may be considered dubious for the Bi,T es crystal, which is not cubic. It is not stated by 
Goldsmid whether the experimental value of A (i.e. €g) which he quotes is thought to 
correspond to the absorption edge for direct transitions, in which case it would exceed the 
true forbidden energy gap except in special conditions, or to that for indirect transitions. 
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equation (2). (The latter magnitude may be determined independently from a 
doping curve for the Nernst coefficient (Price 1956), and also from one for the 
thermoelectric power.) This procedure if successful would allow the part of 
the experimental thermal conductivity given by (2) to be subtracted, so that the 
temperature dependence of the remainder could be examined for indications of 
an exciton contribution. For a non-cubic crystal, such as bismuth telluride, 
the scalar formula (2) applies only for conduction in special directions. In a 
general direction A is a tensor, and is defined by the obvious generalization of 
(1) as proportional to the contracted product of the tensors p and K—K,. The 
formula (2) is correctly generalized when A/RT+3 is multiplied by the unit 
tensor; when p, the o’s, y’s and A’s are tensors; and when products of tensors 
are contracted. 

As Goldsmid notes, Frohlich and Kittel (1954) independently suggested the 
ambipolar contribution to the electronic thermal conductivity as the explanation 
of the anomalously large values of the Lorenz number for indium antimonide 
found by Busch and Schneider (1954). The experimental values are, however, 
much too large to be explained in this way (Busch and Schneider 1954, Price 
1955). An estimate of the exciton—drift contribution, using values of the 
coefficient of diffusion given by the theory of Ansel’m and Firsov (1955) for the 
scattering of excitons by phonons, indicates that—at least if one counts only the 
ground-state excitons—this contribution to K is probably of the same order of 
magnitude as the ambipolar one, and thus too small (the data are too uncertain 
for one to be more precise). On further consideratiom it is evident that this 
exciton explanation in any case would have had no foundation. ‘The Bohr radius 
of the hydrogenic ground state of the exciton in indium antimonide is about 
700a. The product of the volume of an exciton and the estimated exciton con- 
centration (at 300°k, say) is then a large number. Hence the basis of the 
estimation of the concentration, the neglect of the energy of interaction between 
excitons, is unwarranted. ‘The explanation might have been an attractive one 
because it has been found (Busch 1955, private communication) that the 
“magneto-resistance’ effect for the thermal conductivity is zero, or at least small 
compared with that for the electrical conductivity. A different possibility is 
suggested by this difficulty in the exciton explanation: if incipient excitons inter- 
act drastically, then the true state of the electron-hole assembly may presumably 
be likened to that of a quantum liquid. Although doubtless the self-consistent- 
field principle applies to a first approximation, the exciton level being quenched, 
the assembly should support a high density of plasma modes (Pines 1955) in 
which the oscillations of electron density and hole density are in phase. ‘The 
anomalous heat flow may then be transported by travelling plasma mode quanta. 
This suggestion is of course no more than speculation, until and unless it is 
supported by adequate experimental evidence or by sufficient knowledge of the 
mean free paths of plasmons in these conditions. It may, however, suggest 
fresh approaches to the experimental study of indium antimonide. 

Watson Laboratory, Pe}? PRICE 

Columbia University, 

New York City. 
9th April 1956. 
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The Airy Pattern in Systems of High Angular Aperture 


Workers in light optics and microwave optics have been suspecting for some 
time that when the angular aperture of the image forming pencil in an aberration 
free optical system is sufficiently increased, the diffraction image undergoes a 
more substantial modification than that of a simple diminution predicted by the 
classical formula of Airy. This possibility is of considerable practical interest 
in connection with resolving power in wide aperture systems and has involved 
much speculationf. 

The difficulties which present themselves in the theoretical-analysis of this 
problem are that the usual scalar treatment is not applicable when the angular 
aperture exceeds a moderate value, and that a rigorous boundary value treat- 
ment based on Maxwell’s theory requires the specification of exact boundary 
conditions in the plane of the aperture—conditions which are practically un- 
obtainable. Airy’s solution was extended by Hopkins (1943) to systems with 
semi-apertures up to 40°—50°, where it became apparent that the effects of 
polarization give rise to some modification in the pattern, the investigation of 
which would require more refined techniques. 

We have recently succeeded in finding a solution to this problem, valid for 
systems of any angular aperture, in which (as is always the case in light optics) 
the distance between the diffracting aperture and the geometrical focus is large 
compared with the wavelength; the image field may then be considered not as 
one that is specified by its boundary values, but rather as one which must have 
prescribed asymptotic behaviour with increasing distance from the geometrical 
focus. Such a solution can be obtained with the help of Luneberg’s diffraction 
integrals (1944), which are essentially a vectorial generalization of a well-known 
representation, due to Debye (1909), of a diffracted pencil of converging rays. 
The full mathematical analysis and the results obtained will be published at a 
later date; here only the main conclusions will be presented. 

We have considered an aplanatic optical system with object at infinity and 
studied the case of linearly polarized, as well as the case of unpolarized, light 
incident upon the entrance pupil. When the light is linearly polarized, the 
lines of constant time averaged electric energy density in the image plane are 
found to depart, with increasing semi-aperture x, more and more from circular 
form, being approximately elliptical in the central part of the image and having more 
complex structure elsewhere (see figure, which illustrates the case «= 60°). The 


t See for example the discussion by Toraldo di Francia, Osterberg, Zernike and 
Maréchal, reported in the Proceedings of Symposium on Optical Image Evaluation (1954). 
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major axes of the ellipses are in the direction of the electric vector of the incident 
wave; thus, with linearly polarized light and using detectors of electric energy (€.8. 
a photographic plate) our solution predicts an increase in resolving power in wide 
aperture aplanatic optical systems for measurements in directions at right angles to 
the electric vector of the incident wave. This result is in agreement with the 
conclusions of Hopkins (1943, 1945), and appears to be supported by early 
experiments recorded by Carpenter (1901). Further, our analysis shows that 
the lines of constant magnetic energy density are identical with those of the 
electric energy density but are rotated through 90° about the optical axis. The 
lines of constant energy flux are found to be circles whose radii are practically 
identical (for any ~) with those of the Airy intensity pattern. 


10-5 


= = — 
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Contour lines of time averaged electric energy density W,, in the focal plane of an aplanatic 
system of angular semi-aperture «=60°, the incident light being polarized with its 
electric vector in the direction 6=0. The values are normalized to 100 at the 
geometrical focus. The dotted lines represent the dark rings as given by Airy’s 
formula. Axial minima are denoted by dots and axial maxima by crosses. 


When the incident light is unpolarized, the electric and magnetic energy 
densities are found to be equal. Naturally the contours are now circles, but their 
radii are found to be somewhat larger (of the order of 8°, when «=60°) than the 
corresponding vadit as calculated from the Airy formula; also the energy 
density functions no longer have strict zero values, and have no pronounced 
subsidiary maxima or minima. 

When the angular aperture is very small (%—0) the images in polarized and 
unpolarized light are identical and the time averaged energy densities and 
flux are equal to each other (see table), and are found to be given by the intensity 
formula of Airy. . . 

Finally, it must be mentioned that the basic integrals of our theory are identical 
with those given by Ignatowsky (1919) in the analysis of the same problem many 
years ago. Our conclusions, however,’ go considerably further than those 
derived in his valuable, but little known, paper. 


856 Letters to the Editor 


Data showing the Structure of the Electromagnetic Diffraction Image in the Focal 
Plane of an Aplanatic System 
Value Quantity v=(27/A)r sin a 
C0 C= I C=O e=7S oO" 


WAG O) SWAG, 70) OSs! 0:98 eG» Wess 1:48 


80 Wr, 0)=Wlr, 7) 0-93-:0-93—«089- «0860-84 
Sir) = S¥(r) 0:93 0:93 0:93 0-93 0-93 
W.*() =Wm*) 0:93 0:95 1:00 1:03 1:05 
W lr, 0) =Wmlr, #7) 1:60 1:70 2-00 2-22 2-37 
50 Wr, 0)=W.(r, 47) 1°60 1:60 1°54 1:50 1-45 
Sir) = S*(r) 160 160 1:60 1:60 1-57 
W.*(r) =Wm*r) 160 1:64 1:75 1:80 1-84 


War, 0) =Wad; oa) ~~ 3:83 4S 4:75 £eoTs 4-70 
1st Min. Wane O) We Gs) oc SS Son 7 350 3-40 Boe. 
S(r) = S*(7) 3°83 3°80 3°80 S71 3°70 
WO VW) 3283 3)5) 


WO) SWAG, sa) “702 7:03 8-10 8:10 8-00 
2nd Min. W,(r,0)=W,(r, 47) 7:02 6:95 6°85 6:70 6°55 
S(r) 97) 7:02 7:02 7:02 ZOD 6-95 
Wea) ae) 7-02 — — — a 
(r, 8)=polar coordinates in the image plane with origin at the geometrical focus; A= 
wavelength; o=angular semi-aperture on the image side; v=(27/A)r sina; 
W.(r, 8), Wm(r, 6), S(r)=time averaged electric energy density, magnetic energy 
density, and flux density respectively (each normalized to 100 at the geometrical focus), 
withincident light that is linearly polarized with its electric vectorin the direction 0=0. 
Corresponding quantities for unpolarized incident field are denoted by an asterisk. 


The very extensive calculations involved in the analysis of this problem were 
carried out with the help of the Manchester University Electronic Computer. 
Weare indebted to Mr. R. A. Brooker for his advice on the computational aspects. 
One of us (B.R.) wishes to acknowledge the award of a grant from the National 
Research Development Corporation ; the other (E.W.) is indebted to Manchester 
University for the award of an Imperial Chemical Industries Research Fellow- 
ship, during the tenure of which this work was carried out. 


Computing Machine Laboratory, B. RIcHARDs. 
University of Manchester. 
The Physical Laboratories, E. WoLr. 


University of Manchester. 
12th June 1956. 
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The Relation between Wear and Distance Run, for Steel and 
Coated Steel Surfaces 


It is well known that when two surfaces of a bearing are run together, at not 
unduly heavy normal pressure, they become progressively smoother and better 
matched in shape, i.e. they become run-in. Measurements of the wear during 
this process are known to be of the type shown in figure 1, having an initial stage 
of rapid wear, giving place to a later lower rate. It appears, however, that no 
adequate quantitative relationship between the amount of wear W and the 
distance run D has previously been recognized and that experiments repeated 
under similar conditions show a large variation in the amount of wear observed. 


Mass Loss (mg) 
Mass Loss (mg) 


re L n 
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Distance Run (km) 


01 
Distance Run (km) 


Figure 1 Figure 2. 


The writer’s recent experiments on the wear of mild steel against mild steel 
under an inert lubricant (medicinal paraffin) have now shown (i) that over a 
relatively large range which covers practically the whole of the running-in, i.e. 
for D=1cm to about 5 x 102cm, the relation 


Wiest log RD 8 ee ee (1) 


where c and & are constants, is followed with high accuracy, as is seen in figure 2, 
and (11) that although in repeated experiments k varies, nevertheless c is remarkably 
constant, as figure 2 also shows. For comparison, and to illustrate the variation 
from experiment to experiment in the actual wear, figure 1 represents the same 
data as in figure 2, plotted on the more usual linear scale, and the arrow in figure 1 
indicates the distance D up to which equation (1) is followed (cf. figure 2). 

In these experiments three discs, 0-635 cm in diameter at the face, were run 
against a ring of internal and external diameters 6:19 and 8-10cm respectively. 
Surfacing by abrasives was avoided, the discs being finely lathe-turned using a 
standard cut of 0-01 mm pitch, and the ring was machined so that the surfacing 
marks (coarser than on the discs) were substantially radial. ‘The discs were 
mounted on a steel plate in such a way that their turning marks were perpendi- 
cular to the median circumference of the ring, i.e. perpendicular to the direction 
of relative motion. The relative speed of motion of ring and discs was 
28-4 cmsec"!, and the nominal load 100kgcm~*. The wear mass-loss of the 
three discs was determined by weighing on a semi-microbalance. ~ 

The wear of mild steel discs coated with various iron compounds was studied 
under the same conditions as above. Layers of FeS and Fe;O, a few microns 
thick were found to obey the logarithmic law of equation (1), each film having a 
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characteristic c value, which for Fe,O, was greater than for mild steel, and for 
FeS was still larger. 

Layers of a-Fe,O, (a few microns thick) on mild steel did not obey the 
logarithmic relation, clearly because of appreciable pick-up of metal from the 
opposing steel ring, as was indicated by the initial small increase in weight of the 
discs. 

Mild steel rubbing on mild steel, but lubricated with liquid paraffin con- 
taining 0-5", diethyl trisulphide instead of the pure liquid paraffin used normally, 
also obeyed the logarithmic law, and had a value of c intermediate between that 
for FeS and that for untreated mild steel. 

‘The wearing surfaces were examined in the microscope, and the wear debris 
was examined by electron diffraction and electron microscopy. ‘Together with 
the mass-loss measurements these observations led to the conclusion that the 
main factor responsible for the wear properties was probably the formation of a 
composite surface layer which had undergone extensive plastic flow, and which 
consisted of a mixture of the metal and non-metallic surface film. 

The oxide and sulphide films do not reduce wear under the above conditions, 
and these experimental results, and others recently obtained in this laboratory 
(Midgley, in course of publication) point to the conclusion that the shape of the 
metal surface, that is, whether it is smooth or microscopically channelled, etc., is 
more important than the presence of a surface film. 


A full account and more complete discussion of the above investigations will 
be published in due course. The research formed part of the programme of the 
Department of Scientific and Industrial Research Mechanical Engineering 
Research Board, and this communication is made by permission of the Director 
of Mechanical Engineering Research, Department of Scientific and Industrial 
Research. ‘The author would also like to thank Dr. H. Wilman for many helpful 
discussions. 


Applied Physical Chemistry Laboratory, WM Ro Pieeorr a: 
Department of Chemical Engineering, 
Imperial College, London. 
23rd April 1956. 


t Now at Research Laboratories of The General Electric Co. Ltd., Wembley, Middx. 


Paramagnetic Resonance of Uranium Ions 


Paramagnetic resonance has been observed at 20°K in single crystals of CaF, 
and SrF, containing small quantities of uranium and neodymium as impurities. 
The CaF, crystals were grown by the Stockbarger method in a vacuum furnace 
from powdered, colourless, natural fluorite previously mixed with about WaMu 
by weight of uranium or neodymium fluoride; a similar method was used for the 
SrF, crystals but the percentage was about 1%. In each case the resonance 
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spectrum shows three types of magnetic ion each with axial symmetry about one 
of the cube axes. The values of g, and g, are: 


Uranium Neodymium 
Si gt Si fi 
CaF, 3-501 1-866 4-412 1-301 
ork, 3-433 1-971 4-289 1-505 
(errors: +0-008 in gy; +0-002 in g,). 


These results show that in each case the magnetic ion has an odd number of 
electrons, and hence must be in an odd valency state. The only plausible 
assumption is therefore of U** and Nd?* ions; in the latter case this is confirmed 
by measurements of the hyperfine constants of !8Nd, !°Nd, which bear the same 
ratio to the g-values as observed previously for Nd*+ ions. Some lines, probably 
due to hyperfine structure of the rare isotope 2°°U, were observed, but these could 
not be identified for certain because of other impurity lines. 

CaF,, SrF, crystals belong to the space group O}; the structure may be 
regarded as a simple cubic lattice of fluorine ions, with divalent cations at the alter- 
nate body centres. We have considered the following models of the structure 
when a trivalent cation is introduced: (a) M3* replaces M?+, and an excess F- 
ion occupies the interstitial position at the centre of the adjacent cube of fluorine 
ions: (b) M?~ replaces M?*, and an O*- ion replaces an F~ion; (c) M*+ replaces 
.M?*, and an M~ ion replaces a second M?+; (d) two M3*+ ions replace three 
M?~ ions. Ifthe charge compensating ions are on adjacent sites, models (4) and (c) 
would lead to spectra with four types of ions each with symmetry about a trigonal 
axis. Model (d) would probably not give axial symmetry, and strong interaction 
between the two M%* ions would be expected if they are close together. Model 
(a) would lead to the observed type of spectrum, and it is the only one favoured 
by the x-ray and density measurements of Zintl and Udgard (1939) on similar 
crystals with large quantities of trivalent ions. 

The interstitial fluorine ion in model (a) reduces the symmetry at the cation 
site from cubic to tetragonal, the tetragonal axis being one of the three cubic axes. 
If the configuration of a U%* ion is 5f%, then its ground state (by Hund’s rules) 
should be Ig), the same as Nd?+(4f%). In a field of four-fold symmetry, the 
ground state J =9/2 would be split into a number of doublets, whose states are 
characterized by admixtures of different values of J, either of the form 

cos @|+5/2) +sin@ | ¥ 3/2) 
or 
a |+9/2)+B)41/2)+y|F7/2)], +h +y*=1). 

The high values of g, for Nd cannot be fitted by the first of these admixtures, but 
all the results can be fitted by the second because of the additional parameter. 
The values of y required are very small, and if we put y=0, we have the relation 
&y t+ 8¢,/5=9A = 6:54, where A=8/11 is the ordinary Landé g-factor for a free 
4J,,ion. [he experimental values of gi + 8g,/5 all lie between 6-49 and 6-70, so 
that it appears likely that the ground state is a Kramers doublet of the second 
type in all cases. Work on other lanthanide ions is in progress, from which more 
detailed information on the crystal field should be obtained. 

An interesting feature of the U?+ spectrum is the presence of a complex 
hyperfine structure due to the fluorine nuclei. In certain directions where 
this hyperfine structure is well resolved an even number of components is observed, 
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and this can only arise from interaction with an odd number of fluorine nuclei. 
There must be a contribution from the interstitial F~ ion comparable with that 
from the eight F~ ions on normal lattice sites round the uranium ion. No fluorine 
hyperfine structure is observed on the neodymium resonance, confirming that 
the 4f electrons take no part in the chemical binding of the ion, while the 5f 
electrons, with their more extended wave functions, have a small overlap on to 


the fluorines. 


We are indebted to Professor R. V. Jones for making the crystal-growing 
facilities available to us. 


+Clarendon Laboratory, B. BLEANEY.T 
University of Oxford. P. M. LLEWELLYN.T 
{Department of Natural Philosophy, D. A. JONES.{ 


Aberdeen University. 
Ist May 1956. 


ZINTL, E., and Upcarp, A., 1939, Z. anorg. Chem., 240, 150. 


Some Electrical Characteristics of Single Crystal Iron Monotelluride 


In 1924 Bruki prepared what was probably tetragonal iron monotelluride by 
reducing ferrous salts with hydrogen ditelluride, but no electrical measurements 
of this phase have so far been reported. Large single crystals have been pre- 
pared for magnetic measurements, and the temperature variation of the electrical 
properties will be described. 

The iron and tellurium (containing less than 0-0005°%, impurities as shown by 
spectrographic analysis) were mixed in the required proportions and sealed off 
in a silica tube at a pressure of 10-*cmHg. ‘The temperature was raised io 
920°c and held for 36 hours. Cooling in a temperature gradient then took place 
over a period of 17 hours. ‘The composition of the ingot produced in this way 
corresponded to FeTe,.933, and x-ray and optical examination showed that the 
lower centimetre of the ingot consisted of a single crystal of the 8 phase, and above 
it a mixture of 6 with the orthorhombic ditelluride (e). Grown in this way the 
8 section should be typical of the tellurium rich end of the phase. 

A specimen of dimensions 6:38 mm x 1-9mm x 0-38 mm was cleaved in the 
(001) plane from the single crystal 0-4 cm from the bottom of the ingot. Contact 
to the crystal was made by means of a weld of fine copper wire. Current leads at 
each end and two leads at each side were arranged to allow two resistivity 
and two Hall effect measurements by a standard potentiometer method. The 
resistance measurements were made in the [100] direction. 

It proved impossible with the apparatus available to obtain a reliable Hall 
effect measurement but the number of conduction electrons was of the order of 
10°°cm™? or greater. No change could be detected at low temperature; how- 
ever the resistance showed an unusual variation with temperature, increasing 
by a factor of 50 between room temperature and 40°x, and thereafter changing 
little down to liquid helium temperatures. It will be seen from the figure that 
the curves obtained on cooling and heating are not identical and in particular the 
room-temperature resistance has increased by some 20°% as a result of the cycle. 
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Similar changes were observed on subsequent runs, and these minor variations 
may be attributed to thermal stresses in the specimen. 

The curve of points in the figure suggests semiconductor behaviour. An 
increase in resistivity may be due either to a decrease in the number of conduction 
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electrons or to a decrease in the mobility. Preliminary measurements on other 
samples show that the substance is not an intrinsic semiconductor. If it were an 
extrinsic semiconductor with a decreasing electron concentration, then the Hall 
effect should have been easily measurable at low temperatures. Hence it seems 
likely that the resistivity behaviour is governed by mobility changes. A some- 
what similar resistance change in selenium has been reported by Plessner (1951), 
although in selenium the number of conduction electrons is very much lower 
(10™). Plessner found that a fairly good straight line plot of p against 1/T was 
obtained for the restricted temperature range investigated, the number of con- 
duction electrons remaining constant: the presence of intergranular barriers 
was suggested as an explanation. For iron telluride the plot of log p against 1/T 
(see figure) was not linear and so an explanation by means of a mixture of potential 
barriers of differing heights must be somewhat arbitrary. When p was plotted 
against Ton a logarithmic scale for this iron telluride, a fairly good straight line 
was obtained between room temperature and 40°k with a slope of about 1-8, but 
this cannot be taken to imply scattering by ionized impurities since the substance, 
if it is a semiconductor, is certainly very degenerate. 

In view of the uncertainty as to the conduction mechanism it was thought 
desirable to examine the crystal for the presence of interstitial atoms; lattice para- 
meters and densities were therefore found for different levels in the ingot with Fe 
radiation and a 19cm diameter powder camera. Successive extrapolations of 
the parameters against }(cos?6/sin 6+ cos?4/@) with adjustments of the ratio a/c 
were made, and the results are shown in the table. 


Material aA) c(A) 
Bottom of single crystal 3-8215+0-0005 6-2695 + 0:0005 
Top of single crystal 3-8215+0-0005 6:2704+ 0:0005 
From mixed layer 3-829 +0-002 6-285 +0-002 
Fe richt 3°823 + 0-001 6-276, + 0-001 
Te richt 3-819, + 0-001 6-280, + 0-001 


+ Gronvold et al. (1954). 
PROC. PHYS. SOC. LXIX, 8—B 
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It will be seen that no change can be detected between the top and bottom of 
the single crystal, but there is a difference for material from the mixed S—e layer. 
The only data with which a comparison can be made are those of Gronvold et al. 
(1954), on specimens quenched from 300°c. The values quoted are shown in 
the table for both the iron and tellurium rich side of the 8 phase. It will be seen 
that there are significant differences between Gronvold’s material and that being 
described. In particular the c values span the range found by Gronvold. ‘The 
density of the single crystal was measured by a pyknometer method, and a 
value of 6:98+0-06gcm~* was obtained. The composition of the single 
crystal will be near to the formula FeTe,., suggested by Gronvold et al. (1954) 
and certainly less than FeTey.., quoted by Chiba (1955). If a value of FeT 9.95 
is used a cell content of Fe,.5,€,.9, is obtained, while if FeTe,.., is assumed 
the cell content is Fe, s.9,. These values may be compared with the 
cell content of Fe...) Te,.4, found by Gronvold et al. for the iron rich material. 
The present measurements thus confirm the presence of a high concentration of 
interstitial iron atoms while suggesting that the transition across the phase field 
to higher tellurium content involves the incorporation of a small number of 
interstitial tellurium atoms. 

It is proposed to investigate the role of the interstitial atoms on the electron 
scattering by preparing a series of specimens with different compositions. 


Department of Natural Philosophy, D. M. FINLayson. 
Marischal College, D. GreIc. 
Aberdeen. J. P. LLEWELLYN. 
13th June 1956. T. SMITH. 
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The Hall Effect in Semiconductors 


Approximate formulae have been derived for the Hall constant of non- 
degenerate semiconductors for small magnetic fields when the scattering of the 
charge carriers, assumed to be of one sign, arises from ionized impurity centres 
(Shockley 1956) and from a combination of impurity centres and lattice vibra- 
tions (Johnson and Lark—Horovitz 1951, Jones 1951). The object of this letter 
is to examine the approximations used. 

‘The expression for the Hall constant can be written as follows: 


3\/m lb 7" exp (— n)dy 


Ife - 
* 4nee | a 732 exp (—n)dn | Sows Utter ice ey 


where A is the concentration of charge carriers, 7 the relaxation time and 7 is the 
reduced chemical potential. 
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Impurity scattering. 


For the case of impurity scattering the relaxation time can be written as 
follows (Mansfield 1956) : 


y (2in* )e*(nkRT 3? 


it me'f(x) ’ 
ae 
f(x) = log (1 ae x) — ey ) 
2m*«(RT)*y 
x= = ayn, 


h?re?n 

and «= dielectric constant. 
Values of the Hall constant have been calculated assuming that f(«), which 
is a slowly varying function of y, can be replaced by a constant using the value of 7 
which makes the integrand of the denominator in equation (1) a maximum (7 = 3). 
equation since the value of 7 which makes this integrand a maximum is 4'5 and 
the values of f(x) which should be used for this approximate derivation of R are 
different for the two integrals and do not cancel out. If the appropriate values 
of f(~) are used in the integrals in equation (1), then the Hall constant is dependent 
on a where x=ayn. Figure 1 shows the values of r=Rnee as a function 
of a obtained by this approximate method. It is obvious that when a is 
small the approximate evaluation of the integrals is not correct. ‘Thus for 
a>) f(x)+3(an)? and r=1-178. It has been necessary therefore to evaluate 
the integrals numerically, and figure 1 also shows the correct variation of 7 with a. 


72 
10 ; 
I Approximate 
_| Numerical integration 
of eqn. (1) 
0-6 
0-01 01 | 10 100 1000 


Figure 1. J, approximate ; II, numerical integration of equation 1. 


One should remember that the theory of impurity scattering is based on the 
Born approximation and when a becomes small the validity of this approximation 


is doubtful. 


Combination of impurity and lattice scattering. 
When both lattice and impurity scattering occurs then the relaxation time for 
lattice scattering can be written as 7, = C,7 |” where C,, is a constant independent 
of 7 and Cyn? 
T= a 
Mod 
Ot, 3hene* 
C— ¥ A 9...4x/2L. 1 \2 
log(1+exp7*) 32em*(RT)* 


a): 
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For interpreting experimental results in this case, little is gained by treating 
f(x) as a constant because of the the difficulty of calculating the appropriate values 
of « to be used in the integrals which determine the Hall constant. 

A comparison, however, was made between the results obtained by Johnson 
and Lark-Horovitz (1951) and those obtained when appropriate values of « are 
calculated as follows. 


Thus ene % 
_ v/a Jy Gree 
4dnec | “rept aarp a) lo) womens a6 ( ) 
with | 0 (yr ie) 
ae OL ie 2e Kan) 


' aT *f(anz) 
and where 7, and 7) are the values of 7 which make the integrands of equation (2) 
a maximum and are determined by the equations 
Ma — Tho + %ee—3ae—=0, 0 9 pier (3) 
Hi ea + Cay tO ee Ge ie (4) 
It is possible to introduce the parameter o;,/o, where o;, and o, are the lattice 
and impurity conductivity because the integral in the denominator is the same as 
that which determines the conductivity. However, it must be remembered that o, 
is not simply the conductivity which would occur if impurity scattering only 
occurred but must be determined by the method outlined by Mansfield (1956). 
Assuming a value of a=10, various values of o,/o, were chosen and a, was 
then calculated by successive approximations of the solutions of equations (3) 
and (4). ‘The Hall constant was then evaluated from equation (2) and figure 2 
illustrates the variation of r= Rnee with o,/(c, +0,). Figure 2 also gives the 
values of r calculated by Johnson and Lark-Horovitz (1951). 


@ Johnson & Lark-Horovitz 
4 Calculated by author 


Figure 2. 


The analysis given in this letter should also be applied to the other electrical 
properties of semiconductors. In the case of magneto-resistance, the modi- 
fication introduced should be relatively important. 


Bedford College, R. MANSFIELD. 
London. 


Ist June 1956. 


q! 
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The Absorption Spectrum of Solid Arsenic Trisulphide 


Optical absorption in thin films of arsenic trisulphide has been measured as 
part of a study of the properties of some sulphides of arsenic, antimony and 
bismuth. 

Pure arsenic trisulphide was prepared by treating a solution of arsenious 
oxide in dilute hydrochloric acid with, hydrogen sulphide. Films up to 600A 
thick were prepared by vacuum evaporation from a tungsten strip on to fused 
quartz discs. The absorption of a film was determined in a Beckman Model 
DU spectrophotometer by measuring the optical density of the specimen and 
quartz disc mount relative to that of a similar quartz disc alone. The figure 
shows the optical density as a function of wavelength from 0-2 to 1 for four 
films of different thicknesses. The thickness of the thickest film was determined 


3 


$ 
aad a 1202 thick 


© 190A thick 
a 350 A thick 
e 580 A thick 


Optical Density 


Absorption Coefficient (cm~') 


n> 4 
02 0-25 0-3 05 1-0 
Wavelength (microns) 


The absorption spectra of arsenic trisulphide films of four different thicknesses. 


approximately by weighing and hence absolute values of the absorption 
coefficient were calculated; these values were used to calculate the thickness ot 
the other films. In the figure, values of absorption coefficient are shown along- 
side those of optical density. The spectra are reproducible except that in the 
absorption spectrum of the thickest film there is a marked dip at about 0-5 y.. 
Similar dips at the edge of the lattice absorption have been reported for other 
substances (Gibson 1950) and result from slight variations in the method of 
preparation of the layers. 

The existence of significant true absorption beyond 0-5 is questionable. 
The transmission of plates of vitreous arsenic trisulphide, from 0-02 to 0-30 cm 
thick, has been measured from 0-5 to 15 (Frerichs 1953); the difference in 
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transmission of two plates of different thickness gives an absorption coefficient 
of about lcm! at lz. Thus in the evaporated films the apparently large value, 
about 104cm~!, of the absorption coefficient beyond 0-5 p arises from reflection 
and scattering losses. ‘The small absorption of the thinnest film at 1 shows 
that reflection losses are negligible in this region and that the apparent absorption 
in the thicker films is due almost entirely to scattering. 

The main features of the spectrum are the sharp rise at 0-5 4, the continuous 
increase to 0:2. and the magnitude of the absorption coefficient at this wave- 
length. ‘The absorption coefficient at 0-2 p is so large that the absorption must be 
attributed to the bulk lattice and not to impurities. ‘The threshold of the lattice 
absorption is 0-5 ~ and the photoconductivity threshold lies between 0-430 and 
0-557 « (Rekalova 1951). hus photoconductivity is associated with lattice 
absorption, 


The author is indebted to Dr. J. A. Kitchener of Imperial College, London, 
for many helpful suggestions. 


Department of Chemistry, W.. P: DOYLE: 
University College, 
Dublin. 
29th May 1956. 
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CORRIGENDA 


Dielectric Breakdown in Solids, by H. FrOuxicu and B. V. PARANJAPE (Proc. 
Phys Soe. B, 195626921). 


(1) In equations (3.4 a, 6) and (3.5 a), replace 7 by 27. Six lines after equation (Groves 
replace qo7/2m by qo2/8m. 

(2) Dr. R. Stratton has pointed out to us that in the development of the square brackets 
in the integral (2.25), leading to equations (3.4 a, 6), the zero order term does not vanish 
completely (as assumed) because of the difference in the integration limits of [], and [ ]_. 
This leads to a factor (1—4mkT/p?) on the right-hand side of equations (3.4 a, b) case 
2p<4 and hence, six lines below equation (3.5 b), to the replacement of 25k, by l-8kie 
and of 0-9kT, by1-6kT,. In equations (3.6 a) and (3.6 5), the factors 0-4 and 0:2 become 


0-30 and 0-17 respectively and the right-hand sides of (4.3) must be multiplied by 3/4 and 
17/20 respectively. 
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REVIEWS OF BOOKS 


Chemistry of the Defect Solid State, by A. L. G. Rees. Pp. vui+ 136. (London: 
Methuen; New York: John Wiley, 1954.) 8s. 6d. . 


This little book is not alone among little books in awaking a dubious attitude 
in the mind of the reviewer: the author has not yet shown that he can write a 
good big book about this subject, let alone a little one. A little book is ideally 
justified when the subject is so neatly circumscribed that it can be fully stated in 
a small compass, or when the author has a particular genius for laying bare the 
essential skeleton of a subject, or when he has another kind of particular genius 
for the encyclopaedic compression of much information into a small space. In 
the present case none of these conditions is satisfied, and a feeling of congestion 
results. 

The author takes the opportunity of innovating in the language of the subject. 
The reviewer was surprisingly soon reconciled to the use of the word ‘ defect ’ as 
an adjective as well as anoun: whether this is a reconciliation to be welcomed he 
is not sure. ‘The author’s descriptive notation is essentially that of chemical 
formulae and equations, with the added symbols [ and A to represent the 
‘nonentities ’, a (vacant) proper site and interstitial site of the structure. 

As for the two other chief symbols in the notation, one defined as meaning 
‘distributed over’ is mostly used to mean ‘combined with’, when it could 
advantageously be omitted. ‘The other, meaning ‘ coexistent with ’, could surely 
have been an ordinary +. A defect which this notation shares with others is the 
use of the afhx + in the same position for totally different (and in one sense, 
opposite) meanings, as in Na“, the sodium ion, and [)* the cation vacancy 
(which has an effective negative charge). ‘The simplest remedy is to make the 
+ a suffix in the latter case. Like most others in the subject, the author talks of 
“lattice sites’ in the loose sense common among physicists and so annoying to 
the crystallographers. A reform in this matter is by no means easy, and 
physicists must quickly determine whether they will submit themselves to 
severe discipline, or declare firmly that the word * lattice ’ now has two different 
scientific meanings. ‘The worst thing is to accept the situation unconsciously. 

There is an odd claim on p. 49, that “ it is possible to pass from one structure 
to another from which it is crystallographically distinct (even of different sym- 
metry) without change of phase”. The argument leading to this conclusion 
has been published since the book, and does not satisfy the reviewer. Irrespec- 
tive of its validity, it is surely wrong to attempt to be more than up to date in a 
book of this character. 

Apart from the disregard of dislocations, the approach is thoroughly modern, 
and anyone researching or teaching in the field of chemical processes in the 
solid state, capable of exercising selection, is likely to find material of value to him 
in this book. Students will do better to get their information from here than 
not at all, but should be advised against using it as their sole source of 
information on the subject. Some of the diagrams are good. F.C.F. 
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Figure 1. A polished surface. Figure 2. A surface after annealing, 
previously polished. 


869 


The Absorption of Ultrasonic Waves in a Number of Pure Liquids 
over the Frequency Range 100 to 200 Mc/s 


By E. L. HEASELL} anp J. LAMB 


Electrical Engineering Department, Imperial College, London S.W.7 
AES. received 12th March 1956, and in final form 18th April 1956 


Abstract. ‘The absorption of a sound wave in a liquid is conveniently represented 
by the quantity «/f? where « is the absorption coefficient relating to the excess 
pressure and f is the frequency. Values of «/f? are given in the paper for 
ninety-four liquids at a temperature of 25°c. The measurements were made 
by the pulse method at frequencies between 100 and 200 Mc/s and are estimated 
to be accurate to within +2%. The essential features of the apparatus are 
described. 

The results are reviewed in the light of existing knowledge concerning the 
mechanisms responsible for attenuation of a sound wave in a liquid. 


$1. INTRODUCTION 


sTUDY has been made in this laboratory of the mechanisms responsible 

for the absorption of ultrasonic waves in pure liquids. In this work, 

particular attention has been given to the investigation of anomalous 
absorption due to relaxation effects. At the same time considerable information 
has been accumulated concerning the absorption in liquids, which in many 
cases do not exhibit relaxation over the frequency range at present available. 

Since, in the absence of relaxation, the absorption coefficient « relating to 
the excess pressure, is proportional to the square of the frequency f, it transpires 
that relatively small quantities of liquid—of the order of 10cm3—are required 
for absorption measurements in a suitably designed apparatus at frequencies 
above 100 Mc/s. ‘This facilitates the study of a large number of liquids which 
would be prohibitive at lower frequencies where considerably larger quantities 
of liquid are generally required. 

Measurements have been made by the pulse method over the frequency 
range 100 Mc/s to 200Mc/s and at temperatures close to 25°c. The results 
are conveniently represented in terms of the quantity «/f? and values are given 
in this paper for ninety-four pure liquids. Since little reliable information is 
available concerning the absorption values in different liquids it is hoped that the 
present results, which are estimated to be accurate to within +2% in «/f?, will 
be of value to other workers in the field of ultrasonics. 

The significance of the results is discussed in §4 where the «/f? values in 
different liquids are compared in the light of existing knowledge concerning the 
mechanisms responsible for the absorption of sound waves in liquids. 

+ Now at the Research Laboratories, British Thomson-Houston Co, Ltd., Rugby. 
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§ 2. EXPERIMENT 
2.1. Experimental Method 


The absorption measurements have been made by the pulse method at 
selected frequencies between 100 and 200 Mc/s. In principle recordings are 
taken of the change in amplitude of a short pulse of sound waves as the path-length 
in the liquid is varied. A block diagram of the experimental system is given in 
figure 1. 


Guy) 


Oscilloscope 


Fused- Quartz 
Delay- Lines 


Figure 1. Schematic diagram of apparatus. 


A high-power modulator produces pulses of up to Skv in amplitude and 
of Sysec duration at a repetition frequency of 500 per second. These pulses 
are used to modulate the anode of a self-excited oscillator which, in turn, produces 
bursts of oscillations of the required ultrasonic frequency. At the lowest 
ultrasonic frequency (100 Mc/s) each pulse contains 500 oscillations. The pulses 
of radio frequency are applied to an X-cut quartz crystal operating in the region 
of an odd harmonic of its fundamental mode of thickness vibration (20 Mc/s). 

The transducer is acoustically coupled by means of a thin film of oil to one 
end of a fused-quartz delay line, both ends of which are accurately parallel and 
optically polished. Thus the acoustic pulse travels through the lower delay-line 
of figure 2, through the liquid under test and then into a second fused-quartz 
delay line, to the upper end of which is attached the receiving quartz crystal. 
The latter re-transforms the acoustic pulse into an electrical one which is then 
amplified, demodulated and finally displayed as a video pulse on the screen of 
the recording cathode-ray tube. 

The vessel which contains the liquid under test is attached to the lower 
fused-quartz rod by means of a ground joint. The vessel has a double wall 
through which is circulated the temperature controlling liquid. 

The change in amplitude of the first pulse received through the ultrasonic 
system is measured by employing a pulsed comparison oscillator operating at 
the same frequency as the main transmitter. This subsidiary oscillator produces 
short pulses of oscillations after a controllable time delay and the output is fed 
via a suitable matching network, to a piston attenuator operating in the ES 
(circular) mode. The output from the attenuatoris loosely coupled to the receiver 


by means of either a small loop or a probe placed near to the first tuned circuit 
of the receiver. 
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At the commencement of a measuring run the first received pulse from the 
ultrasonic system and the pulse from the comparison oscillator are arranged 
to be of equal amplitude and side by side on the screen of the oscilloscope. The 
liquid path is then reduced in known steps as registered on a calibrated dial 
gauge: at each setting of the path length the gain of the receiver is reduced by an 
appropriate amount and the attenuator is adjusted to equalize the pulse heights. 

Attenuator readings, expressed in ds, are plotted against the path length 
in the liquid, the slope of the ‘resulting straight line giving the absorption 
coefhicient « of the liquid. 


Figure 2. Photograph of the measuring apparatus (for description see text). 


The frequency of the comparison oscillator is made equal to that of the main 
oscillator by causing the comparison pulse to overlap the first received pulse 
on the screen of the oscilloscope, and then adjusting the comparison oscillator 
for zero beat. Since there is no phase coherence between the two oscillators 
the zero beat condition is indicated by the appearance of a flat-topped region of 
varying height between the two pulses being received. 

The frequency of oscillation is measured by means of a heterodyne wavemeter 
(Essen 1945) which is periodically checked against the Droitwich transmitter 
as astandard. Generally the frequency of the comparison oscillator is measured 
directly since, having a longer pulse length than the main oscillator, this produces 


a narrower frequency spectrum. 
M-2 
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The temperature of the liquid is measured by means of a thermocouple 
mounted adjacent to the end of the movable fused-quartz rod: this ensures 
that the recorded temperature is that of the liquid in close proximity to the sound 
beam. 


2.2. Experimental Precautions and Accuracy 


All measurements were performed in pairs to ensure that the apparatus was 
yielding reproducible results and checks were made from day to day to protect 
against accidental contamination of the liquid under test. "The containing vessel 
and the ends of the fused-quartz rods were cleaned after each liquid had been 
tested, and washed with a small amount of the next liquid to be measured prior 
to filling the vessel. Measurements were made on the liquids as supplied by the 
makers: these were of the highest purity available and where possible samples 
from different batches and from different suppliers were examined. Only in 
one case, that of ethyl alcohol, were the results found to vary appreciably from 
sample to sample, and this was attributed to the presence of water as an impurity. 

In the results to be quoted in § 3 the major source of error was due to to thermal 
gradients in the liquid under test. The design of a containing vessel of small 
size, in order to permit the use of relatively small volumes of measuring liquid, 
precluded any stirring of the liquid. The temperature cycle of the thermostat 
was less than 0-05°c but it was found that the presence of very small thermal 
gradients in the liquid produced fluctuations in the height of the received pulse. 
This effect was particularly noticeable with liquids of comparatively high vapour 
pressure or with highly viscous liquids. ‘Thermal stability was of greater 
importance in cases where a relatively long path length in the liquid (lcm 
or more) was required. ‘Thus the error from this cause was greater for liquids 
of low absorption towards the lower end of the frequency range. 

Observation of the beating between the comparison oscillator and the main 
oscillator showed that their frequencies did not vary significantly over periods 
of half an hour, which was more than the time required for two measuring runs. 
Further the relative pulse amplitudes as checked by a peak voltmeter did not 
alter by more than $°%, over the same time interval. 

The Ey, circular piston attenuator employed in this work was of accurate 
bore and was checked against other attenuators operating in the H,, (circular) 
and Ho, (rectangular) modes. In all cases the measured attenuation constants 
confirmed the calculated values to better than }°. 

Less signal strength was available at the receiving quartz crystal at the higher 
frequencies so that in these cases the noise level of the receiver was a further 
source of error. However, in the present method of operation the receiver was 
only used at full gain when the first reading was taken corresponding to maximum 
path length in the liquid. The error due to noise was therefore much less than 
in other possible methods of arrangement—for example, with the attenuator 
placed in series with the acoustic path, in the absence of a comparison oscillator. 
_ ‘The reproducibility of successive measurements of a/f? taken at the same 
frequency on the same sample of liquid was generally of the order of + 4%, 
but slight changes were observed between different frequencies. In the case 
of liquids which exhibit a consistent and reproducible decrease of «/f? with 


10.5 
increasing frequency, this is attributed to the presence of a relaxing process. 
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Experimental Results 


Liquid T, afi? hela s Panne ey exe Te Be Wal hs? 
ae fi vA 2 Se aifs 3 ds alfs 
1. Methyl alcohol (1) 24:1 104-1 30-1 — — — 24:9 192:4 30-6 
2. n-amyl alcohol (H) 24-8 104:9 97-0 24:9 148-0 97-2 24:8 192-0 96:5 
3. iso-amyl alcohol (L) 2-207 Ae: 24:5 148-1 133 24:8 192-0 131 
4. n-butyl alcohol* (H) 24:8 105:0 81-1 25:0 148-0 79-1 25-1 192:0 81-4 
5.  zso-butyl alcohol* (H) 25:0 107-4 153 25:0 148-1 146 25:1 192:1 140 
6. Ethylene glycol mono-butyl ether (H) 24-6 104-1 80:7 — — — al = = 
» eee Allyl alcohol (H) 24:8 104:1 44-1 — — 24:8 192:0 45-4 
8. {3-5-5 trimethyl hexanol-1 (L) 25:2 107-4 294 25:7 148-1 269 25:5 192-2 263 
9. 2-chloroethanol (B) 24-4 104-1 58:8 —_ == = at = = 
0. Benzyl alcohol (H) 24:6 104-0 79-2 — i — 24:8 192°5 79:3 
A. Furfuryl alcohol (H) 24-4 104-0 90-5 — -— = 25:0 192:0 91-8 


Carboxylic Acids 


12. Acetic acid* (H) _ 24-7 104-0 153 SS 24-8 192-0 139 
13. Dichloroacetic acid (H) 25:0) 104°8 214 —- — — 24:8 192-0 201 
14, Propionic acid (H) 24-4 104-1 131 = = ae as = gee 
15. zso-valeric acid (H) 25-0 104-8 180 — as = AY) AUG AOI 
Esters 
l6. Methyl acetate (H) 24-4 104:2 36-4 “= = — — — — 
17. Methyl formate (H) 24-1 104-0 49-3 —- = = LP es ee. 
[8. Ethyl formate (H) 24:1 104-0 49-9 a == eae Pages aa 
19. n-propyl acetate (B) 24:4 104:1 42-9 — — — 25:0 192:1 40-4 
20. iso-propyl acetate (B) 24:6 104-1 62-0 — — = 25:0 192-1 64-0 
21. zso-butyl acetate (H) 25:0 104-8 60°8 = — — Mey) WEP) Ser 
22. Ethyl butyrate (B) 24-4 104-0 38-6 — — = = ai re 
23. Methyl butyrate (B) 24:5 104-1 35-3 = oa == a as _— 
24. Dimethyl phthalate (B) 25:0 107-4 188 24-9 148-1 185 24:8 192:5 188 
25. Dibutyl phthalate (H) 25-0 107-0 250 25:0 148-1 244 24-8 192-7 237 
26. Methyi salicylate (H) 24:5 104-0 57°5 — == = = = an 
27. Methyl chloroacetate (B) 24-4 104:0 42:7 — aes =" << os = 
Amides 
128. Formamide (B) 24:4 104:0 39-2 — — = — == — 
29. n-methyl formamide (B) 24:6 104-1 32-6 = — = = = == 
Amines 
30. Diethylamine (H) 24:4 104-1 35:5 —_ — — Dry NOZOW B83} 
)31. Cyclohexylamine (H) 24:6 104:0 67:8 — — — 24:7 192-7 64-0 
#32. Dicyclohexylamine (H) 24:4 104:0 157 — — — 24:6 192°7 146 
)33. Ethanolamine (H) 24:8 104-0 166 —- — — 24:8 192:7 159 
34. o-anisidine (H) 24:8 104:3 58:8 —- — — — — = 
»35. o-chloroaniline (H, I) 24:4 104:0 56:2 — a — 24°8 192-1 53:7 
Aldehydes 
| 36. Anisaldehyde (B) 24:6 104-1 63-6 — — — = = = 
| 37. Cinnamaldehyde (H) 24:8 104:2 96-0 — = = = a= == 
138. Crotonaldehyde (H) 24:6 104:2 82-7 a — — = — == 
139. o-chlorobenzaldehyde (B) 24:4 104-0 106 — — — — — = 
Acetones 
40. Acetone (H) 24:4 104:3 25-7 — — — = aaa = 
41. Mesityl oxide (H) 24-4 104-1 35-7 — — — = = = 


+ In order to confirm the downward trend of «/f* with increasing frequency an additional measurement 
| was made on 3-5-5 trimethyl hexanol-1 at 15-2 Mc/s and 25°c: the «/f? value was 322 x Om =asecucnie:: 
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Liquid Ie a Oalfan T. Sta Galfo” Ts fs 43 / J 
Ethers 
42. Diethyl ether* (H) 24-4 104-1 44-5 — = = = — ai 
43. iso-propyl ether (H) 24-4 104-1 52-5 = == = = —— TI 
44. Acetal (H) cee He a a AS = SS — a | 
45. Methylal (H ; ; : aa fa == = aay I 
46. Anisole (i) 24-8 104-0 43-8 - —- — 24-6 192:1 43 
47. o0-bromo-anisole (B) 24:4 104-0 71:3 — — — 24-6 192-1 6 
48. p-bromo-anisole (B) 24-3 104:0 63-6 — — — 24-6 192:1 611 
49. o-nitroanisole (B, I) 24:6 104:0 69-8 —_— — — 24-8 192-1 6% 
50. Dioxan* (B) 24-6 104-1 117 — — — 24°8 192°7 11 
Benzene Derivatives and Related Compounds 
51. Benzene* (M, H) 24-4 104-0. 849 24-9 148-1 800 25:0 192-5 7754 
52s Chicane: (H) 24:4 104-0 147 — —_ — 24-6 192-3 146} 
53. Bromobenzene (H) 24:8 104-0 144 — = = == = a 
54. o-dichlorobenzene (H) 24-4 104-1 132 25:1 148-1 129 25-0 192-3 138 
55. iso-propy! benzene (H) 25-1 106-8 65:3 — — — 24-6 192-2 63} 
56. tert-butyl benzene (B) 24-6 104-0 70-5 —_ — — 24-8 192:3 658 
57. Ethyl benzene (H) 24:4 104-1 56-0 —_ -- — 24-8 192-3 54 
58. Benzyl chloride (H) 24-6 104:1 78-8 — — — 25-35 19258 74 
59. Benzotrichloride (H) 24:4 104-0 110 — — — 24-8 192-3 105 
60. Nitrobenzene* (H) 24-4 104-0 74-2 ZO 4 Solan 22) 24-8 192-3 7a 
61. B-picoline (H) 24-4 104-1 66-1 —_— — — 24-8 192-6 64 
62. ‘Toluene (H) 25:2 106:8 85-6 —_ — — 24°6 192-7 85 
63. o-chloro-toluene (B) 24-4 104-0 72-1 — _ — 24-8 192-6 68 
64. o-xylene (H) 24-4 104-1 63-0 — — — 24-6 192-6 63 
65. o-chloro phenol (H) 24-4 104:0 97-6 — — — 25:0 192:2 93 
66. Indene (H) 24-6 104-2 133 — — == 24:7 192-4 132 
67. p-cymene (H) 24-4 104-1 52 — 
Cyclohexane and Derivatives 
68. Cyclohexane (H) 25:0 107:5 192 25:0 148:0 190 24-8 192-3 182 
69. Methylcyclohexane (H) 25:0 107-0 98-3 24:8 148:0 93-8 24-8 192-3 92: 
70. {1-1 dimethylcyclohexane (A) 24-1 104-1 127 — aa — — — — 
71. ttrans-1-2-dimethylcyclohexane (A) 23-9 104-1 78-2 = = — _— — — 
72. tcis-1-3-dimethylcyclohexane (A) 24-6 104-0 102 — — — — = 
73. ttrans-1-3-dimethylcyclohexane (A) 24:6 104-1 84-6 = — — — — — 
74. tcis-1-4-dimethylcyclohexane (A) 23-9 104:0 87-6 — — — — a5, = 
75. ttrans-1-4-dimethylcyclohexane (A) 22:9 104-1 112 — = — sat ae -*s 
76. Cyclohexanone (H) 24-6 104:0 72-8 — — — 24:8 192:0 70 
77. 2-methyleyclohexanone (H) 24:6 104-1 106 — — — 25:0 192-1 100 
78. Cyclohexene (H) 25:0 107-0 103 25:0 148-1 102 25:5 191-8 101 
79. Deca-hydronaphthalene (B) 24-6 104-0 124 — — — 24°8 1926 ig 
Simple Halogen Derivatives 
80. Bromoform (H) 25-1 106-9 262 25:3 148-1 256 25:2 192-2 248 | 
81. Chloroform (H) 24:4 103°5 363 = 3. = 25-2 192-2 365 | 
82. Carbontetrachloride* (H) 25:1 106:°9 546 24:6 148-1 556 25-1 192°8 545i 
83. Methylene chloride (H) 25-4 107-4 779 25:0 148-1 670 24-8 192-8 550 | 
84. Ethyl bromide (H) 25:0 106:9 78:7 24°8 148-1 78-4 24-6 192-7 75- 
85. Ethylene bromide (H) 25:1 106-9 303 25:3 148-1 295 25:0 192-4 297 
86. Methyl iodide (M) 24:4 104-0 309 25:2 148-1 307 24:8 192-8 306 | 
87. 1, 1, 1-trichloroethane (1) 25:1 106-8 436 25:0 148-1 424 24-8 192-6 431 | 
Miscellaneous 
88. n-hexane (H) ; 25:0 107-5 60:4 25-0 148:0 58:5 24:9 191-5 56. 
89. Epichlorohydrin (H) 24-4 104-0 68-1 — — = =e 5 = 
90. Acetyl chloride* (B) 24-6 104-0 82-8 — — = = = = 
91. Acetic anhydride* (H) 24-6 104-0 57-7 — — = —_ = = 
92. Water (distilled) a= — at _ as — : .2 | 
93. Methyl disulphide (B) 249 104-0 587 — 1 , 243 1928 ome 
94, Carbon disulphide* (H) 24-8 104-0 2068 25-6 148-1 1210 25:5 189-2 776 


a/f? in units of Val sec? cm~1, f (Mc/s), and T (Co), 
H, Hopkin and Williams Ltd.; B, British Drug Houses Ltd.; I, Imperial Chemical Industries Ltd.) 
M, May and Baker Ltd.; A, American Petroleum Institute; L, L. Light and Co. Ltd. : * ‘ Analar’ grade. 
Owing to the limited amounts of liquid available the estimated accuracy of «/f? is here + ie 


Ultrasonic Absorption in Pure Liquids 875 


Examination of the possible sources of error in conjunction with the consistency 
of «/f? determination at different frequencies for liquids which do not exhibit 
relaxation leads to an estimate that the values of «/f? are accurate to within +2°/. 
As stated in the table, this accuracy was not achieved in the case of some dimethyl- 
cyclohexanes since insufficient quantities of these were available for measurement 
(=<5cm®). 

§ 3. RESULTS 

The experimental results are given in the table: in cases where measurements 
at more than one frequency are quoted, those at the highest frequency are more 
reliable since greater care was given to them. 

The liquids are broadly grouped into classes of like compounds and each 
result is the average of at least two measurements, and generally of several. 


§ 4. Discussion 

With the exception of water and ethyl alcohol (Pinkerton 1949) very little 
accurate information is available concerning the ultrasonic absorption in pure 
liquids. Only in the case of a few liquids measured by Rapuano (1947) have 
measurements been made at frequencies above 100 Mc/s. Increasing attention 
is now being given in several laboratories to the study of ultrasonic absorption. 
It is hoped that the data given in this paper will, to some extent, fulfil the need for 
standards of absorption in a number of liquids which are of reliable accuracy. 

As a preliminary to comparing the absorption results in different liquids 
consideration will first be given to processes which are now known to govern 
the ultrasonic absorption in liquids. The measured absorption generally 
exceeds the classical contribution given by 

a 87% 

f? a 3pc3 
where 7 is the shear viscosity and p the density. The excess absorption is 
attributed to relaxation effects involving the perturbation by the sound wave of 
a molecular equilibrium. If 7 is the relaxation time associated with the establish- 
ment of equilibrium following a sudden distrubance to the system, then in the 
case of perturbation by a sound wave the absorption per wavelength « (=ac/f) 
attains a maximum in the neighbourhood of the characteristic frequency 
fe(=1/277). The value of «/f* decreases with increasing frequency from its 
low-frequency value (f<fc) to a limiting high-frequency value (f> fc). 

The equilibrium which is perturbed may be of an intra- or an inter-molecular 
nature. An example of relaxation arising from an intra-molecular equilibrium 
is afforded by carbon disulphide (No. 90) where it has been shown (Andreae, 
Heasell and Lamb 1956) that the anomalous absorption is due to a relaxation of 
the total vibrational specific heat. Alternatively a molecule may be able to assume 
two or more configurations which differ in energy, as a result of rotation about 
certain bonds. 

A monomolecular reaction of this type has been shown to be responsible 
for the anomalous absorption observed in a number of cyclohexane derivatives 
(Karpovich 1954, Lamb and Sherwood 1955) and in a range of unsaturated 
aldehydes (de Groot and Lamb 1955, 1956).. The latter authors have also argued 
(1955) that the relaxation effects observed in esters can be attributed to the existence 
of two planar configurations stabilized by resonance. 
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Excess absorption arising from an equilibrium of an inter-molecular nature 
has been proposed for water by Hall (1948) but in this case the characteristic 
frequency is clearly much higher than the experimental range now available. 
In this instance it was proposed that the equilibrium is established between an 
open structure of the molecules and a more tightly packed or solid-like structure. 
It is generally supposed that a similar mechanism is responsible for the excess 
absorption in alcohols. In this connection it is noteworthy that the «/f? value for 
water (No. 88) measured at 192-8 Mc/s and 24-3°c is in exact agreement with 
the value obtained by Pinkerton (1949) over the frequency range 7:5 to 
67-5 Mc/s. 

Considering the results of §3 in the light of the above it can be seen that for 
most of the alcohols «/f? is independent of frequency and generally increases 
with increasing chain length. The exceptions are iso-butyl alcohol (No. 5) 
and 3-5—5 trimethyl hexanol-i (No. 8). Here there is definite evidence of 
relaxation which may be of an inter-molecular structural type and thus merits 
further investigation. On the other hand the consistent decrease of a/f? with 
increasing frequency may be due to the presence of small amounts of water as an 
impurity. The results of Storey (1952) indicate that the characteristic frequency 
of certain ethyl alcohol—water mixtures is in the region of 100 Mc/s. In this 
preliminary investigation of a large number of liquids no attempt was made to 
purify these compounds further. 

‘The carboxylic acids are known to exhibit relaxation: thus for acetic acid 
(No. 12) fe=0-725 Mc/s at 25°c (Lamb and Pinkerton 1949) whilst for propionic 
acid (No. 14) fo=2-02 Mc/s at 21°c (Lamb and Huddart 1950). In both cases 
the present measurements lie on the ‘ high-frequency tail’ of the relaxation and 
invalidate the previous suggestion of a second relaxation in acetic acid at frequencies 
not much above 100 Mc/s. This was put forward by Lamb and Pinkerton to 
explain their results at the highest frequency of measurement then available 
(67-5 Mc/s). Clearly the previous results at that frequency were in error. 

Relaxation in esters has been observed by a number of experimenters, notably 
Biquard (1936), Libermann (1949), Huddart (1950), Pinkerton (1951) and 
Karpovich (1954). A probable explanation for these effects has been put forward 
by de Groot and Lamb (1955). At frequencies of 100Mc/s and above the 
a/f° value in the short chain esters has almost reached its limiting high-frequency 
value but in some of the longer chain compounds, for example in iso-butyl acetate 
(No. 21), «/f? is still decreasing slightly with increasing frequency. 

The unsaturated aldehydes form a group in which relaxation occurs (de Groot 
and Lamb 1955, 1956) due to the existence of two alternative planar configurations 
stabilized by resonance. 

With regard to the other liquids of the table considerable interest centres 
round the results for benzene. There is clear evidence of a relaxation in this 
liquid but the characteristic frequency is above the present available range of 
measurement. Presumably the effect is associated with the internal vibrational 
specific heat of the benzene molecule but a theoretical analysis cannot be made 
until results at higher frequencies are available. Possibly the decrease in «/f? 
with increasing frequency found in a number of benzene derivatives may be 
associated with the same phenomenon although in some cases, for example 
o-chlorobenzaldehyde (No. 39) there exists the possibility of alternative 
configurations of the groups attached to the benzene ring, 
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Finally, the relaxation in methylene chloride (No. 83) is also, presumably, 
associated with the vibrational specific heat. Relaxation in this compound 
was first observed in this laboratory by Andreae (1955) and the present results 
are an extension of his work. ‘Too much reliance must not be placed in the 
numerical values for this liquid since it forms a constant boiling mixture with 
water and additional purificationis required. This is at present receiving attention 
from Dr. Andreae. 
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An X-ray Study of the Structure of a Sodium Chloride Crystal Grown 
by the Kyropoulos Method 


By D. A, JONES anp T. SMITH 
Department of Natural Philosophy, Marischal College, Aberdeen 


Communicated by R. V. Jones; MS. received 18th July 1955, 
and in revised form 22nd March 1956 


Abstract. An x-ray examination has been made of the crystallite structure of 
a sodium chloride crystal grown with a varying growth velocity by the Kyropoulos 
method. The crystallites are axial in form and their major misorientation 
corresponds to a rotation about the boule axis and varies little with growth rates 
between 0-04 and 0-6cmhr-, though the cross-sectional area decreases. The 
structures found at the high growth rates cannot be completely explained by the 
mechanism proposed by Teghtsoonian and Chalmers, as evidence of polygonized 
regions was obtained. 


§ 1. INTRODUCTION 


INGLE crystals of salt grown by the Kyropoulos method contain many 
S small regions of slightly different orientations. The presence of these 
crystallites may be inferred from the appearance of a cleavage surface which 
consists of the cleavage planes of the separate crystallites. The study of the angles 
between the planes does not, however, form a very convenient method of investi- 
gating the structure of the underlying crystal as the cleavage surface is complicated 
by tear markings which are characteristic of the mode of propagation of the rupture 
stress rather than the crystal structure (Zapfte and Worden 1949). There is also 
the possibility that cleavage takes place through regions where the crystallites 
have well aligned cleavage planes, so that studies from the cleavage surfaces may 
under-estimate the average misorientation between crystallites. 
For these reasons it was decided to examine the material along the axis of the 
boule by the x-ray method first used by Guinier and Tennevin (1949). In this 
way the spread of diffracting material from fairly large specimens taken from 


different points along the boule axis was quickly examined with considerable 
sensitivity and resolution. 


§ 2. PREPARATION OF SPECIMENS 


The specimen boule examined had its growth direction along a cubic axis, 
and was typical of crystals grown by the Kyropoulos method. Its maximum 
diameter and height were 19cm and 17cm respectively. 

The technique for growing these crystals was first of all to adjust the 
temperature of the furnace so that the crystal which formed on the seed grew 
at a steady rate. In the initial stages the rate of growth in the vertical direction 
was about 2cm per hour. The furnace was held at this temperature while the 
rate of growth decreased to less than 0-04 em hr when the depth of crystal was 
4-5 cm below the bottom of the seed. The temperature of the furnace was then 
decreased so that the crystal began to grow again with a velocity of about 


The Crystallite Structure of a Sodium Chloride Boule 879 


0-6cmhr!. This cycle was repeated until as much as possible of the melt had 
solidified on the crystal. 

When growth was completed the crystal was removed to an annealing furnace 
and cooled over a period of three days. 

The top 11cm of the boule was of good optical quality, and it was material 
from along the axis of this part which was examined. The exterior of the lower 
part of the crystal showed arborescent growth and the interior was slightly milky, 
both effects of the increasing impurity contant (see figure 1, Plate). 

The specimens to be examined were required in the form of plates 1-3 mm 
thick and with an area of about 1cm square, and considerable care was devoted 
to preparing suitable specimens without introducing further strains. An axial 
column was extracted from the boule by cleavage and then reduced to the final 
specimen plates by splitting off very thin sheets. Under these conditions it is 
probable (Pratt 1953) that most of the strain introduced will be in the sheets that 
are discarded. Any strain that is produced will be concentrated near the surface 
of the specimen as it is there that the tension and compression resulting from 
cleavage is most intense. 

In fact, for the plates used, the type of strain which can be investigated by the 
Guinier—Tennevin method shows no considerable increase near the surfaces of 
the specimen sheets. This was shown when similar results were obtained on 
X-ray examination before and after the specimen thickness had been reduced 
to half its original value by etching in water. 


§ 3. EXPERIMENTAL METHOD 


If white x-rays diverge from a point source to fall, at a distance D, on a specimen 
plate set up vertically with the normal to its surface making an angle « with the 
incident beam, then the radiation diffracted from a vertical set of crystal planes, 
the normals to which make an angle ¢ with the surface of the specimen, will be 
brought to a vertical line focus at a distance D’ which is easily calculated. For the 
important case where « and ¢ are small, that is when the diffracted beam suffers 
little deviation, then D’ = D and the length of the trace produced is about twice 
the height of the specimen. 

If the specimen consists of regions with two different orientations then two 
vertical traces will be produced, the separation between them being a measure 
of the rotation about a vertical axis. ‘The vertical movement of the traces is 
insensitive to rotation about the horizontal axis. 

In most of these experiments a horizontal strip of specimen 3-0mm_ deep 
and 1cm long was exposed, though for some of the exposures a square was 
irradiated. The resulting diffraction pattern from the {100} planes consisted of 
a number of short vertical traces. However, the rotation of the reflecting planes 
about a horizontal axis was sufficient to make it impossible to photometer all the 
traces along a line perpendicular to their length. ‘The length of the traces was 
therefore increased by replacing the spot source of x-rays by a vertical line source, 
the foreshortened width of which was 0:35mm. For a perfect specimen the 
width of the trace produced would also be 0-35 mm (neglecting the very slight 
increase due to the thickness of the specimen plate). With a value of D’ of 70cm 
it was found possible to resolve traces separated by 0-3 mm which correspond to 
a spread in the normals of the reflecting planes of 0-75’. 
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Exposures of 2 hr at 20 ma and 40 kv were required. ‘The traces were photo- 


metered on a Hilger recording microphotometer, and conversion of the results |_ 
into intensity curves was facilitated by recording calibration strips on the films | 


by exposing them behind a rotating sector. 


The integrated intensity from each crystallite was proportional to the area | 
under the corresponding line on the final intensity curve, and will be proportional | 


to the volume of the crystallite if, as is the case for most NaCl crystals, the primary | 
extinction is unimportant. 


§ 4. RESULTS 


Before describing the detailed relationships between the crystallites the 
character of their orientation range measured in different directions will be given 
in terms of the half spread, that is the wedge angle within which is included the 
normal to half the total volume of the specimen. This is used for a rough descrip- 
tion as it gives an appropriate measure of the crystal perfection for many 
macroscopic purposes. 

The half widths have been obtained for the cube axes in the different cube 
planes for specimens taken from the boule axis at different distances below the 
seed. If the cube axis parallel to the growth axis is [001] (figure 1), the first set 
of specimens were cleaved in the (001) plane and from them the average half spread 
of [100] in (010) was found to be 3:0’. From a similar set of plates the half spread 
of [010] in (100) was 2:7’. Although there is some fluctuation in the half spreads 
from different specimens (2-4’ to 4-0’ for [100] in (010)), there is no systematic 
variation to be observed with growth velocity. 

The number of crystallites in the irradiated volume will be approximately 
equal to the number of traces on the photographs. Crystallites counted in this 
way will be those greater in volume than 0-04 mm’, which is the estimated volume 
of the smallest crystallite counted and will be taken as the lower limit of observation ; 
smaller crystallites presumably account for the unresolved background which 
is never observed to be more than 5°, of the total reflected intensity, and in most 
cases is less than half this. It must also be noted that regions will be counted as 
separate crystallites only if separated by about 0-5’ which will show as a combined 
trace of observably increased width. Such broadened lines were seldom observed, 
the width of the traces being usually equal to that expected from the dimensions 
of the line source. The estimate of the number of crystallites defined in this way 
has been obtained by correcting for the possibility that two crystallites are counted 
together due to a chance coincidence between their reflecting planes. ‘This 
probability can be obtained from the area taken up by the traces within the area 
through which the traces are distributed. For the photographs showing the 
spread of [100] in (010) and [010] in (100) this was estimated to be 1 in 12, so the 
number of crystallites was obtained by multiplying the number of traces by 
IVA 

It was found that the number of crystallites estimated in this way showed no 
change as the plate thickness was increased from 1 mm to 3:0 mm, which was the 
limit set by the broadening of the traces. It was concluded, therefore, that the 
crystallites ran through the plates, their lengths along the boule axis being not 
less than 3-‘Omm. ‘The average cross-sectional area of these regions in the (001) 
plane shows considerable variation. Over the section of the boule axis where the 
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rate of growth was decreasing the cross-sectional area of the crystallites increases 
steadily. The sharp fall in cross-sectional area between 4 and 5cm (figure 2) 


corresponds to the increase in vertical growth rate in this region from 0-04 cm hr-! 
to 0-6cmhr-t. 
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Figure 2. Cross-sectional area of crystallites at different points along the boule axis; 
observations from photographs showing variation of [100] in (010) and [010] in 
(100). 


It is not possible to obtain information on the shape of the crystallites in the 
(001) plane if they are arranged irregularly, but certain other arrangements would 
be detected. Such an arrangement would consist of crystallites having a fusiform 
cross section disposed in a regular way; for instance, if all the long axes were 
parallel to one another, or all radially directed. ‘This type of arrangement is 
excluded by the observation that the same cross section was obtained when the 
irradiated strip 3mm x 1cm was oriented in different ways in the (001) plane. 
A regular array of crystallites with cross-sectional axial ratio of 3: 1 or over would 
have resulted in significantly different cross-sectional areas being obtained from 
the different photographs. 
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Figure 3. Number of crystallites obtained by different methods: from photographs 
showing variations in different planes. 
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Information on the variation of [100] in (001) was obtained from a separate 
set of specimens cleaved parallel to (100). When similar volumes were examined 
the half-spread had an average value of 15-4’, the maximum being 19-5’ in the 
high growth rate regions. However, the most noticeable feature of the photo- 
graphs was the large number of traces which were obtained, so that the number 
of crystallites estimated from them was more than twice the previous estimate for 
all growth rates (figure 3). It was also found that the traces showed considerable 
regularity in spacing, especially at the higher growth rates. The intervals 
between trace centres can be obtained to within 0-05’, and when the frequency 
with which different intervals occur is plotted, distributions similar to those shown 
in figure 4 are obtained for the high growth rates. It will be seen that there is 


Number of intervals 


0 \-0 20 30 4-0 
Angular intervals (minutes) 


Figure 4. Frequency of different angular intervals between crystallites corresponding to 
adjacent traces on high growth rate photographs. 


a sharp maximum for an interval corresponding to a separation between the 
corresponding planes of 1:75’. The decrease in the number of intervals below 
this is not due to any lack of resolution, for if such intervals were not resolved, 
the width of the lines would have been noticeably increased. The distribution 
in figure 4 can therefore be taken as giving the frequency with which different 
angles occur between crystallites of above 0-04mm? when they are arranged in 
angular order. ‘The regularity was still more marked when the intervals were 
examined in sequence, as a number of runs, each of about ten lines, was then 
observed, the intervals between neighbouring lines being constant within the 
experimental limits of 0-05’. The intensity of the lines in such a run is usually 
either constant or shows a progressive change from end to end. For the highest 
growth rates the values for the interline spacing for the runs on different 
photographs are fairly constant. ‘Thus for a specimen taken from 1-1cm 
below the seed the interval was 2:00’; at 5-5cm and 6-6cm, where the rate 
of growth was again high, the interval was 1:95’ and 1-85’. For lower growth 
rates the number of lines in the runs decreases. The maximum value found 
with a low growth rate was 2-98’. The peaks of the frequency interval 
curves from different levels also show a displacement of the peak to higher values 
for lower growth rates. 
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The shape of the angular frequency curve and the occurrence of the runs 
suggested that the angles between neighbouring crystallites might not be random 
for higher growth rates. It was found that not only the runs, but also the longer 
sequences within which the runs were often found, could be removed from one 
end as the length of the irradiated strip was reduced (figure 5, Plate). 

Thus a feature of the higher growth rate material is the occurrence of regions 
in which groups of neighbouring crystallites have boundaries, the tilt in each of 
these being in the same direction. ,The runs are simply neighbouring crystallites 
for which the variation in boundary angle is very small indeed. The whole 
sequence of related crystallites may have a combined volume of 60mm? and 
extend through many of the axial crystallites giving rise to the traces corresponding 
to the variation of [100] in (010) and [010] in (100), each of these crystallites 
consisting of regions differing in orientation by a rotation about the boule axis. 


§ 5. Discussion 


These results indicate that the variation of axial crystallite size and orientation 
on growth rates below 0-6cmhr~ is similar to that observed by Teghtsoonian 
and Chalmers (1952) in tin single crystals grown by the Bridgman method with the 
much higher growth rates of 4:0-28mm min“. The crystallite size is much less, 
but in both cases axial crystallites are produced whose major disorientation 
consists of a rotation about the crystal axis, and in both cases the crystallite size 
varies inversely with the growth rate. The angular misorientations are also 
very much smaller than for tin (several minutes instead of several degrees), 
but in both materials the misorientation increases with growth rate. This 
similarity suggests that the mechanism of vacancy condensation and subsequent 
dislocation formation suggested by ‘Teghtsoonian and Chalmers for tin may 
also be applicable to salt crystals grown under the above conditions. 

For growth rates in the neighbourhood of 0-6cmhr~! a further structure is 
imposed on the axial crystallites which is not observed in tin even at much greater 
growth rates, and which cannot be readily explained by the Teghtsoonian and 
Chalmers mechanism. Structures of this kind are found, however, in many 
crystals which have been plastically bent and subsequently annealed. ‘The length 
of the crystallite chains and the angles between their ends show that curvatures 
with radii between 18 and 25 cm would have been required, and rock salt crystals 
with these curvatures would be expected to show polygonization when annealed 
at a high temperature (Amelinckx 1954). Thus for salt crystals grown at all 
but the lowest velocities the crystallite structure must be explained in terms of 
polygonization to supplement the mechanism suggested by Teghtsoonian and 
Chalmers. Itseems probable that the polygonization takes place near the growing 
surface of the crystal as a result of the local thermal strains associated with the 
high growth rates. 

It is proposed to continue investigations of the relationship between crystallite 
structure and thermal stresses by examining alkali halide crystals grown by the 
Stockbarger method in which the thermal conditions during growth can be 
more readily controlled, and the thermal stresses more accurately estimated. 
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Abstract. An account is given of the use of Fourier analysis to transform creep 
measurements to dynamic quantities with specific reference to some measurements 
made on polythene. ‘The method is based on a technique described by Roesler, 
but additional theory is given which eliminates the necessity of determining the 
retardation spectrum explicitly. Using the derived dynamic quantities as a 
standard it is shown that more approximate methods provide sufficiently accurate 
transformations for many practical purposes if the retardation spectrum of the 
material is very flat. 


§$ 1. INTRODUCTION 


N both fundamental research and technological problems concerned with 

visco-elastic materials it is desirable to know the elastic moduli and internal 

friction explicitly over wide frequency or time ranges. This may be achieved 
by making dynamic measurements (i.e. measurements involving sinusoidal 
stresses and strains) in which results are obtained at discrete frequencies. Many 
experiments are, however, required to cover an appreciable frequency range and 
at frequencies below one cycle per minute the experiments are difficult to perform 
and take much time. On the other hand, at long times, creep measurements 
(i.e. the study of the strain, caused by a constant stress, as a function of time) 
are relatively much easier and quicker to do. For instance, by applying the 
stress for one day the creep behaviour at all times from about 1/10 second to one 
day can be measured. 

Creep experiments do not provide a direct measurement of the elastic moduli 
and internal friction of a material although in theory they contain the same 
information as dynamic measurements in a different form. ‘The transformation 
of creep curves to dynamic quantities is difficult since it depends in principle on 
the determination of the retardation spectrum. (‘The retardation spectrum is 
a distribution of compliance over a time scale: see §3 and the references therein 
for detailed definition.) Several approximate methods have been put forward 
for doing this. The first of these was proposed by Alfrey (1948) and this involved 
dividing the creep curve by its differential with respect to In (time). Later, 
Schwarzl and Staverman (1952) suggested that more accurate results could be 
obtained by using higher derivatives in addition to the first, An account of, 
and comparison between, these and other approximate methods is given by 
Leaderman (1954). Recently, Roesler and Pearson (1954), Roesler (1955) and 
Roesler and Twyman (1955) have described systematic procedures for determining 
relaxation and retardation spectra from all types of measurements on visco-elastic 
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substances. ‘These computational methods can also be used to transform 
results from one type of experiment into those obtainable from others, and it is 
for this application that they are likely to be of the greatest practical importance. 
By analysing experimental creep curves into Fourier series the transformations 
to dynamic quantities are readily performed and the accuracy is limited only 
by that of the experimental results. In this report an account is given of the 
application of Roesler’s method to creep measurements made on polythene and 
the results are compared with those given by applying Alfrey’s method to the 
same creep curve and with some direct dynamic measurements on polythene. 

The comparisons show that dynamic properties are readily derived from 
creep curves and that, as expected, in the case of polythene which has a very 
flat retardation spectrum the approximate methods give results which differ very 
little from true values. 


§ 2. EXPERIMENTAL METHOD 


Before the transformation from creep to dynamic results can be made it is 
necessary to know the creep behaviour over a very wide time scale. In fact 
theoretically the creep curve should be known over a domain wide enough for 
it to become time independent at both extremes. In practice accurate measure- 
ments over six decades of time are sufficient to produce accurate dynamic quantities 
over five decades. ‘The extrapolations used to make the curve tend to constant 
values at each end of the observed domain are likely to produce errors for about 
half a decade inside the observed range, so these results are discarded after the 
transformations have been made. (With many high polymers the large time 
range may be covered by using the Ferry (1950) reduction technique whereby 
results at different temperatures over limited time ranges are combined to give 
a single creep curve but over an extended time scale. However, this reduction 
was not used since it was found that six decades of time could be readily covered 
by direct measurements at one temperature.) 

One of the most direct ways of applying a constant torsional stress to a 
mechanical system is by the use of weights and pulleys, but the shortest time 
after which measurements may be made is limited by the inertia of the weights 
and the difficulty of applying the stress suddenly. To cover a large number of 
decades it was necessary to extend the readings fora very longtime. For example, 
if the first reading was made 10 seconds after the stress was applied, to cover six 
decades of time the last reading would have to be taken 120 days later. By 
using an electrical method of applying the stress so that readings were started 
after 0-04 second six decades were covered 12 hours later. 

In the apparatus, which is shown diagrammatically in figure 1, the sample 
rod of polythene was fixed rigidly at its lower end and carried a coil of tinned 
copper wire (40 turns of No. 30s.w.g.) at its upper end. A large permanent 
magnet was mounted so that its field was parallel to the plane of the coil. Thus 
a d.c. current passed through the coil caused a torsional stress to be applied to the 
polythene sample, the initial application being very rapid since it was only limited 
by the build up of the magnetic field after switching on the current. To calibrate 
the transducer the strain produced in a standard torsion wire by a known current 
was determined and it was found that within the five degrees of arc through which 
the coil rotated during the creep experiments, the torque was independent of 


Dynamic Moduli from Creep Measurements 887 


Very 
_ thin fol 


Poty thene 


Figure 1. Creep apparatus. 


the angle of twist. The lead-in wires to the coil were made of very flexible copper 
foil since it is essential to ensure that extraneous torques are reduced to a minimum. 
To avoid errors due to static friction no bearings were used, the sample being 
sufficiently robust to support both its own weight and that of the coil. A mirror 
of focal length one metre was attached to the upper end of the sample to measure 
the strain. In the interval between 0-04 second and 100 seconds a recording 
camera measured the rotation of the sample and from 10 seconds onwards visual 
readings were made on a graduated scale. For convenience the readings from 
both the record and the scale were made at intervals which were, roughly, equally 
spaced when plotted on a logarithmic scale. Immediately after the stress was 
applied transient oscillations were set up which decayed rapidly due to the high 
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Figure 2. Creep curve (polythene 25-6°c), 
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internal friction of polythene. ‘The creep curve can be extended into part of the 
transient region by finding the mean displacement of the oscillatory deformation. 

Throughout the experiments the temperature of the sample was held constant 
to within +0-02°c by immersing it in a thermostatically controlled water bath. 
A typical creep curve is shown in figure 2 where the ratio of strain to stress, denoted 
by €, is plotted against logy)? (seconds). The overall error to which repeated 
creep measurements on the same sample were subjected was about 5%; by using 
a larger recording camera this error can be reduced considerably. 


§ 3. TRANSFORMATION OF THE CREEP CURVE 


In order to use the numerical functions of Roesler’s paper, the time scale 
has to be in Napierian logarithms. ‘The creep curve is shown replotted in this 
way in figure 3 with 100 seconds as the unit of time. This unit is chosen sO that 
the experimental points are displaced symmetrically about the origin on the time 
axis. This scale is extended to range from — 12-8 to + 12:8 so that when sub- 
divided into steps of 0-4 in Int, 64 ordinates result. Since the experimental 
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Figure 3. Analysed curve, 


points extend over a finite time range it is necessary to extrapolate the creep curve 
so that it is time independent at the extreme ends of the domain. ‘The derived 
quantities are only meaningful within the time range of the experimental results, 
and the uncertainty of the extrapolations affect about one half of a decade within 
each end of this domain. Hence the dynamical quantities ultimately found are 
reliable for about one decade less than the range of the observations. 

To ensure that the Fourier series converge as rapidly as possible it is necessary 
to subtract both a linear term and a constant term from the creep curve; only the 
remainder of the function is expressed by a Fourier series. ‘lo save time the 
subtraction was done graphically by joining the extreme ends of the creep curve 
with a straight line and reading the ordinates of the remainder between this line 
and the creep curve. Before being analysed the ordinates were divided into 
symmetric and anti-symmetric components, by first adding those of equal number, 
i.e. +N and —N, for the cosine series and then subtracting them for the sine 
series. Both components were analysed to give the coefficients of the cosine 
and sine series by using the method of Danielson and Lanczos (1942). ‘The 
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coefficients of both components decreased rapidly with ascending order and those 
higher than the ninth clearly represented random errors and were neglected 
(see table 2). From these cosine and sine coefficients of the creep curve the 
corresponding coefficients of the complex dynamic compliance were computed. 

In Roesler’s paper (1955) the methods for determining the retardation 
spectrum or dynamic compliances from the creep function are given in principle, 
but only in the first-mentioned problem are the necessary formulae and numerical 
functions given explicitly. For this reason the formulae and other data for the 
direct transition from the creep function to the dynamic compliances will be given 
below. IfJ is the complex compliance, then J =J’+iJ” and 


=a Os eh ca a alee isin RY Omp fy) hee ees (1) 
Joes  cuskece. > Ry, simky 2 Maras (2) 
where P,.’, R;,’, P,.” and R;,” are the cosine and sine components of J’ and J” 
respectively. 
It can be shown that 


Be Aa Bee ee (3) 
Ry =(Ag*Be— Bur eploy wees (4) 
Ay Pe Oe ne eee (9) 
Ry =(Ag* oy + By* Bale ne (6) 
where 
aR 2 A Rr? =u 
Oy.= Taf te) = sinh (sz) | anata (7) 
tk 2 kr?\]-4 
Wo erp La (ae) P . 


A,,* and B,* are the Fourier coefficients of the creep curve, «, and f, are the 
Fourier coefficients of the kernel, L = 12-8, i.e. the half width of the domain “of 
Int, and k is the order of the coefficients. 

Since the functions «;,, 8; %;,, and ¢,, are independent of experimental results 
it is convenient to tabulate them below for use with any creep curve. Their 
values for k ranging from 0 to 16 are given in table 1. 


Table 1 

Rk 10°ox;, 10°B;, by Pr 

0 78:14 0 os — 

1 73°75 == Otis: 5-056 13-76 
2 Ossett ela colyl 10-870 16°78 
3 AVe7 7) =—il Sosy 18-340 Debs 
4 39°67 = 2e4n0ks) 28°530 Sead 
5 3032 = 1clls 43-030 44°88 
6 EST = 4095 63-970 65°23 
7 Wie2 6 == (WPnOE 94-560 Qa 
8 ayo) 1-300 139-600 140-20 
y 8-68 DOS 205-600 206-00 
10 5:69 SAY 302-000 302-90 
11 oe43 Salo 445 -000 445-90 
12 1:80 2°760 650-000 650-00 
13 0:69 2:240 950-000 950-00 
14 0-00 1-640 ‘ 1400-000 1400-00 
ils ==(0°$5 1:100 2100-000 2100-00 


16 = Oars 0-650 3100-000 3100-00 
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With these values and those of A,,* and B,,* found by the analysis the values 
of P,’, R,', P,” and R,,” are computed and are given together with the 
corresponding values of A;,* and B,* in table 2. 


Table 2 
Coefficients of creep 
curve ‘ remainder ’ Coefficients of J’ Coefficients of J” 
Ordinates Cosine Sine 

k Ae a Pe Ie De Ry 
1 0:9528 —3-6405 — 1472-0 3562-2 1308-9 540-89 
2 0:5501 —0-2060 — 636:16 74:973 48:567 412-10 
3 0-1157 0-0683 — 107-58 —117-935 — 96-688 88-197 
4 —0-0390 0:0903 83:397  — 96-874 — 88-386 76-090 
5 —(0-0524 0:0068 74-232 9-784 9-381 PANG 
6 —(0-2390 0:0006 35-029 5-479 5-373 34-352 
7 —0-:0172 0-0068 27:767 12-691 12-576 27-517 
8 0-0026 0:0113 — 6589 — 19-348 —19-265 6:561 
9 0:0051 0-0040 — 11:124 — 4-532 — 4-523 11-102 


As only the ‘remainder’ of the creep is expressed by the Fourier series, 
expressions (1) and (2) give only the periodic parts of J’ and J”. ‘The complete 
functions consist of the cosine and sine terms obtained by synthesizing P,,’ and 
R,, again using the Danielson and Lanczos method, plus the linear term removed 
and a constant term. 


The linear term forJ’ is 
| (ty 12:8 
P= ee {E430 = E_39} 


where 7y is the value of In¢ at the ordinate N, €,35 and €_g5 are the creep ordinates 
at the long and short time ends of the domain respectively. 

The constant was chosen so that when all the J’ terms were added at the 
extreme long time end of the domain they equalled the corresponding creep 
ordinate. 

In the same manner, a constant term P” = }7(€439—€_39)/25-6 was added to 
the cyclic components of J”. 

From the values of J’(w) and J”(w) one can derive all the other dynamic 
quantities; thus G’=J'/(J"+J"), G’=J"/(J’+J"), tand=J"/J’, where G’, 
G" are the real and imaginary parts of the dynamic shear modulus and 64 is the 
phase angle between the stress and strain. 

In the Alfrey approximation, the retardation spectrum is given by the 
derivative, with respect to In(time), of the creep curve. On the other hand, 
the same type of approximation makes the retardation spectrum the derivative 
of the real component of the dynamic compliance. Thus, applying the Alfrey 
approximation twice, one has the result that the creep curve is identical with J’. 
Again with the same type of approximation, the imaginary component of the 
dynamic compliance and the retardation spectrum are related by a constant factor. 
‘Thus in practice approximate values of J’ and J” are obtained very simply from 
a creep function; J‘(Inw) is taken to be identical with é(Inz), and J’(In@) is 
identified with 37 d[g(In7z)]/d(Int). If the retardation spectrum varies rapidly 
with changes of In¢ the approximations are poor but if, as with polythene, the 


spectrum is flat over many decades the approximation can be expected to 
work well. 
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§ 4. Discussion or. RESULTS 


In figure 4 the values of G’ determined from the creep curve are shown as 
a function of log,)(time). The same figure also shows both the approximate 
values of G’ as determined by Alfrey’s method and some values determined 
directly from dynamic measurements made on the same specimen. Figure 5 
shows a similar set of curves for tan$. Inspection of both figures shows that 
even with polythene, which has a very broad retardation spectrum, there is a 
significant difference between the approximate results and those derived by 
Fourier analysis. The general effect of the approximation is to move the dynamic 
quantities along the time axis. Since tand equals the ratio of J” to.J’ the errors 
in this curve are less than in the case of the moduli. 
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Figure 5. ‘Tangent of loss angle — logy» (time, secs.). 


Further, since the (tan, time) curve of polythene is very flat the effect of the 
shift along the time axis is very small; in the presence of a sharp peak the effects 
would be much more pronounced. Nevertheless, the simple approximation 
does give values of tan 6 which differ from the true values by amounts of the same 
magnitude as the experimental errors of the equivalent dynamic measurements. 
The points due to direct dynamic measurements and the curve for tanéd derived 
from creep results deviate by up to 15%. ‘The larger part of this deviation is 
due to the inherent inaccuracies of the oscillatory experiments. 
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§ 5. CONCLUSIONS 


This work shows that, by using a Fourier analysis technique, creep curves 
can be used to provide accurate values of the dynamic visco-elastic properties 
of polymers under conditions where direct dynamic measurements are 
impracticable. The accuracy of the derived dynamic quantities is limited only 
by the experimental errors to which the creep measurements are subject. For 
substances with flat spectra the work furthermore suggests that even when using 
approximate methods of transformation the accuracy of the tané values is 
equivalent to that obtainable from direct dynamic experiments. In the present 
example the shear modulus and internal friction found by Alfrey’s method differ 
from the true value but since polythene has a very flat retardation spectrum 
the errors are small and might be unimportant in many practical applications. 
On the other hand, since the true values can be determined from the Fourier 
analysis method and since the use of creep curves increases the experimental 
accuracy obtainable, the higher resolving power of the method described offers 
considerable possibilities in the interpretation of internal friction measurements. 


ACKNOWLEDGMENTS 


I am indebted to Dr. H. Kolsky for many useful discussions and for his 
interest in this work, and to Dr. F. C. Roesler for very considerable help given 
with the Fourier analysis. I am also grateful to Miss P. G. Bailey and 
Mrs. M. G, Lindgren for their assistance with the computational and experimental 
parts of the work. 


REFERENCES 


Avrrey, 'T’., 1948, Mechanical Properties of High Polymers (New York : Interscience). 

DaNIELson, G. C., and Lanczos, C., 1942, ¥. Franklin Inst., 233, 365. 

Ferry, J. D., 1950, 7. Amer. Chem. Soc., 72, 374. 

LeEADERMAN, H., 1954, Proc. 2nd Int. Congr. on Rheology, p. 203 (London : Butterworths 
Scientific Publications). 

RoEsLeR, F. C., 1955, Proc. Phys. Soc. B, 68, 89. 

Rogster, F. C., and Pearson, J. R. A., 1954, Proc. Phys. Soc. B, 67, 338. 

RoesLer, F. C., and Twyman, W. A., 1955, Proc. Phys. Soc. B, 68, 97 

ScHWaRZL, F., and STAVERMAN, A. J., 1952, Physica, 18, 791. 


Undamped Free Pulsations of an Ideal Bubble 


By R. B. ROBINSON} anp R. H. BUCHANAN? 


Tt Department of Electrical Engineering, University of Sydney 
t Department of Chemical Engineering, New South Wales University of Technology 


MS. received 20th December 1955, and in revised form 6th March 1956 


Abstract. For large bubbles (for example of diameter much greater than 
3x 10cm for air bubbles in water at atmospheric pressure) the effects of 
surface tension on the motion may be ignored. It is then possible to put the 
equation of motion on a dimensionless basis. Solutions of this generalized 
equation have been obtained. 

Quantitative results are presented graphically and show, for example, the 
increase in period which occurs with increase in pulsation amplitude. The 
effects of variation of the compression exponent are also brought out. These 
dimensionless results are quite general in regard to external pressure, liquid 
density and bubble size. For comparison, a sample solution is given for a small 
bubble with allowance for surface tension. 

Discussion covers both the correlation of the results with available experimental 
evidence, and also various implications of the results, for example, in regard to 


forced pulsation. 


§ 1. INTRODUCTION 


bubbles which was made using the Commonwealth Scientific and 
Industrial Research Organisation (C.S.I.R.O.) differential analyser at 
Sydney University. A later paper is planned describing the damped, forced 
pulsation of ideal bubbles. The study was begun to clarify the poorly understood 
forced oscillation of bubbles under both cavitating and non-cavitating conditions 
which were observed in low-frequency vertically vibrating open-ended liquid 


Tess paper describes a study of the undamped free pulsation of ideal 


columns. 
Various investigators have considered the small-amplitude, undamped, free 


pulsation of ideal bubbles. For example, Minnaert (1933) measured the frequency 
of sound produced by bubbles of varying sizes in rising through quiescent liquids. 
He found that this frequency corresponded closely with the theoretical adiabatic 


pulsating frequency for very small amplitudes: 


1 OVER 
3 in ae wr ars 1 
re at P ia ( ) 


where w is the frequency in radsec!, Ry the equilibrium bubble radius in cm, 
y the ratio of specific heats of gas at constant temperature and constant vole, 
P, the external pressure in dyncm~ and p the liquid density in ecm © 
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This basic equation was modified as follows by Smith (1935) to consider the | i 
effect of surface tension Sdyncm?: 
1 aa “te ° 


Om Bt ; SRE i. (2) 


As pointed out by J. M. Richardson (see Briggs, Johnson and Mason 1947), | 
this equation is incorrect and should be written as follows (see later theoretical |) 
treatment) : 


w 


tases ae 
Ry p ; 


All the above equations assume sinusoidal pulsation, which, due to spherical | 
divergence and convergence, is only approached with very small amplitudes. || 
Little work has been done, however, on large-amplitude pulsation due to the | 
inherent mathematical difficulties. 

The object of this paper is to elucidate theoretically this effect of large- | 
amplitude pulsations on such things as the natural frequency and the percentage _ 
of the cycle expanded. Surface tension and heat transfer to the surrounding 
liquid are also considered. The work of Noltingk and Neppiras (1950, 1951) 
suggested the approach to the problem. 


§ 2. EQUATION OF MOTION 


The equation is written for a bubble of radius R cm in an_ infinite, 
incompressible, inviscid liquid. The following effects are considered. 

(1) Surface tension of the liquid Sdyncm causes an inward pressure 
2S/R dyn cm. 

(11) The gas content of the bubble causes an outward pressure P, which is 
given by the equation PR®” = P,R,°*” where Py and R, are the equilibrium values 
and n is the compression exponent. This exponent depends on the nature of 
the gas and of the heat transfer, which is assumed to be reversible in this undamped 
case. 

(ii) ‘The external pressure at infinity P, acts inwards and is here assumed 
constant. The pressure in the liquid at radius R is denoted by Pp. 

(iv) The moving liquid mass is easily shown to possess the total kinetic 
energy EF ergs at any time: 

E'= 27pR*(dR/dt)?. AR Bic (4) 

The equation of motion is then obtained from the energy relation 

(Py ~ P, (47k? dR) =adE 


e 2S\ (R,\3” 2S. dR\2 d?R 
24(Pa+ ENR) —P,- zt ~3(F) + 2pR 7, - soon) 


This equation neglects the kinetic energy of the gas, and vaporization, while 
the effect of the static pressure head can be approximated by an adjustment 
OL. 

lt is interesting to consider the linearized equation for small pulsations. 
With R= Ry+« and ¢/R)<], it is possible to simplify the equation of motion 


and is 


enone ee Ee 
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to the following linear form by dropping second order terms 


de ; BS \ OLS ial 
Ta +6 {3m (Pat Re) ~ eta) == ()) guatan CO) 


The solution of this equation is sinusoidal with a frequency agreeing with 
Richardson’s equation, (3), rather than Smith’s, (2). By linearizing the 
radius—volume relationship for small variations, it follows that both the radius 
and volume vary sinusoidally in the limiting case. 

Referring again to the full equation (6), the effect of surface tension prevents 
this equation being written in a more general form. However, this effect is pro- 
gressively less important with increase in bubble radius R and can be ignored 
when R>2S/P,. When this obtains it is possible to generalize the equation 
of motion by using the dimensionless. variables B=R/R, and +=t/T, where 
T, is the limiting period for small pulsations, 27R,(p/3nP,)!2 seconds. The 
equation of motion then becomes 

87° 


= 
Ry) 


ns) 


os dp\? a°B 
{p> -1}=3(F) + 2B tle (8) 


In the case of air bubbles in water at atmospheric pressure, this holds when 
R> 1-5 x 10-+cm as is generally the case with visible bubbles. 


§ 3. SOLUTIONS 


It will be noticed in equation (8) above that the only variables are 8, n and r, 
since P,, p and R, disappear in deriving the dimensionless form. Consequently, 
to cover all feasible cases this equation was solved only for a range of values of 
treated as a parameter and for various initial conditions of 8 and d8/dz with each 
value of n. 

To facilitate the computing, integral values of 3m were taken, namely 3, 4 
and 5. ‘These values cover the range generally encountered, as is discussed 
later. 

The initial value 8, of 8 was always taken at one and a range of values of 
initial slope (d8/dr), was used. ‘This gave full generality. 

Solutions were obtained using the C.5.1.R.O. mechanical differential analyser. 
The general procedure for these free pulsations was to set initial conditions and 
then make the machine plot f against r. 

In high amplitude pulsations, the large ranges of the variables encountered 
caused difficulties in retaining accuracy on the differential analyser. It was 
often necessary to change scaling factors during a run for this reason. For the 
same reasons, and as normal procedure, the solutions were checked as closely 
as possible by independent means. For example, at points of contraflexure of 
the (8,7) curve d?8/d7? is zero, making it possible to check the computer closely 
for compliance with the equation. Another important check was given by the 
calculated maximum and minimum values of f for a given initial d8/dr. ‘The 
relationship, in general terms, between the initial conditions By and (df/dr), 
and the extremes of f, f,,, was derived from energy considerations and is 


2 Bm 
Ly al | (1 — B-3")B? dB. eee(S) 
872 \ dr 0 ! Bo 

The integral is easily evaluated for any value of n, giving an equation in B,, 
solved by trial and error. 
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For comparison with the above solutions, the full equation of ipuoH (6) | 
including surface tension, was solved for a sample case as follows : Lee 6 x 10° se 
S=75dynem, p=lgem, P,=10%dyncm™ and n=1 using various initia 
conditions of dR/dt. It will be clear from equation (6) that this set of solutions 
does not have the same generality as the previous ones. 


§ 4. DiIscUSSION 


The results are presented in various ways in figures | to 6. Figure 1 shows 
maximum and minimum values of 8, Bmax and Bmin, plotted against (dB/d7)o 
when z is 1, 4/3 and 5/3. These were calculated as described in the previous 
section and are in good agreement with the machine values. It is clear that the 
higher the value of 7, the less is the pulsation ratio Z (= Bmax/Pmin) for a given 
value of (dB/dr)). In other words, the pulsation ratio of any bubble for a given 
amount of pulsation energy decreases as n rises. 
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Figure 1. Variation of Bmax and Bin with (dB/dr)) for n=1, 4/3, 5/3. 


The values of Bmax and Bin for the same three values of n are plotted against 
each other in figure 2. These curves show that the smaller the value of , the 
less is Bmin for a given Bmax. Also the effect of surface tension is shown to be 
similar to increasing 7. 

A typical set of machine curves of £ plotted against 7 is given in figure 3 
for an n of 4/3. It is noted that with rising amplitude there is a steady increase 
in period, in the deviation from simple harmonic motion and in the percentage 
of the cycle in the expanded phase. Further, it may be seen that with rising 
amplitude the contraflexure point of maximum radial velocity occurs ever nearer 
the minimum. 

Figure 4 shows sets of typical derived radius—time curves for a particular 

bubble using values of » of 1, 4/3 and 5/3, with R,=0-5 cm, P,=108dynem, 
p=l1gcm™ and (dR/dt))=300 and 2500cmsec?. The necessary data for 
constructing these curves were obtained from the previous equations and the 
various figures. This plot shows the decrease in Rmax and increase in entia 
at constant pulsating energy with rising n which was mentioned earlier in 
connection with figure 1. In addition, it may be seen that » has most effect on 
the period when the pulsation amplitudes are small. 


The effect of the pulsation am 
in which rp, the period in terms 
that small pulsation ratios have little effect on the period an 
the value of n, the greater is the effect at the higher ratios. 
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plitude on the period is illustrated by figure 5 


of 7, is plotted against Z. It may be noticed 
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Figure 3. 


Variation of / with 7 for various 
values of (df/dr)) when n=4/3. Cisa 
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Variation of Bmax with Byi, for various values of n. 
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Figure 4. Variation of R with t for 
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tension on the period of the 6:0x10-4cm bubble is once again seen to be 
similar to that produced by increasing 7. 


Figure 5. Variation of Tp with Z for various values of 7. 


The deviation from simple harmonic motion with rising pulsation amplitude 
is shown in figure 6, where the percentage of the cycle in the expanded condition 
is plotted against the pulsation ratio for various values of m. ‘These curves make 
it clear that even small pulsations are accompanied by considerable divergence 
from sinusoidal motion and that this effect is more marked the higher the value 
of n or the greater the contribution from surface tension. 

The compression exponents, 1, 4/3 and 5/3, used in this study, cover the 
possible range for all bubbles, allowing both for the properties of the gas in the 
bubble and for reversible heat transfer between the bubble and the surrounding 
liquid. If no heat transfer takes place, mis equal to y, which varies from about 5/3 
for monatomic gases down almost to unity for some of the polyatomic gases. 
With ideal reversible heat transfer, the compression is isothermal and 7 is equal 
to unity. 

With real bubbles, heat transfer will occur and will be partially irreversible, 
thereby damping the motion. This heat transfer causes the pressure-volume 
relationship to differ from the ideal cases above. It usually remains close to the 
ideal form where PV" is constant but with m intermediate between y and 1. 
The experimental evidence in the case of small pulsations is that n departs only 
slightly from y and the compression is almost adiabatic (Minnaert 1933). For 
somewhat larger pulsations, the experiments of Meyer and Tamm (1939) again 
show n to approximate y. However, the accuracy of this work was necessarily 
lower and a small deviation would not be apparent. For very large pulsations, 
while no experimental evidence is available, it is to be expected that departs 
further from y, and that damping of the motion is greater, owing to the emergence 
of energy losses which increase more with either temperature or velocity than 
would be the case in a linear system. Examples of such losses are those due to 
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turbulence, heat radiation and sound radiation. The losses due to these effects 
may become large under cavitating conditions. 


100 


percent of cycle expanded 
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Figure 6. Variation of percentage of cycle expanded with pulsation ratio Z for various 
values of n. 


The value of 7 is thus close to y and is relatively independent of pulsation 
ratio. It appears that the value of 1 is also relatively independent of bubble size. 
This is so because of the theoretical constancy of the temperature-proportional 
heat transfer per unit mass of gas per cycle for similar motions of different sized 
bubbles. 

Further experimental evidence of a different kind is obtained from the 
radius—time curves of underwater explosion bubbles given by Cole (1948, p. 271). 
The small damping decrement exhibited here shows that irreversible heat 
transfer must be small and to this extent confirms the conclusions of the previous 
paragraphs. Also these curves are noted to resemble closely those of figures 3 
and 4 in that they exhibit the same high radial velocities near the minima and 
high proportion of the cycle in the expanded conditions. ‘This similarity indicates 
that the assumptions used in this study are reasonable. It has also been made 
clear that the transitions at the minima are not cusp-like as shown by Cole (1948) 
but rather that they have an appreciable radius of curvature which steadily 
decreases with rising Z. 

Since the ratio of the pressure P within the bubble to the equilibrium 
pressure P, is equal to (1/f)%”, it follows that extremely high pressures are 
attained near the minima with large pulsation ratios. ‘These pressures would 
of course be modified considerably in reality by mass-transfer across the 
liquid-gas interface. With large pulsation amplitudes, considerable transfer 
of dissolved gas as well as liquid vaporization and condensation occur in each 
cycle. The experimental observation that there is always a net transfer into a 
bubble undergoing forced pulsation indicates that the long time in the expanded 
phase with large surface area and small driving forces is more effective than the 
short time in the contracted phase with small surface area and large driving 
forces. 
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As would be expected, the increase in period with rising pulsation ratios is 
an important factor in the forced pulsation of bubbles. Because of this factor, 
a broad range of sizes of bubble possesses large pulsation ratios in any forced 
motion due to a sinusoidal driving pressure. Bubbles with small-amplitude 
natural frequencies near that of the excitation attain an amplitude magnification 
which is limited by the departure of their natural frequencies from that of the 
excitation, as their pulsation ratios become larger. Damping also is a limiting 
factor in the usual way. Larger bubbles, with small-amplitude natural frequencies 
below that of the excitation, depart further from resonance as their pulsation 
ratios increase. On the other hand, smaller bubbles, with small-amplitude 
natural frequencies above that of the excitation, come closer to resonance as 
their motion builds up to higher amplitudes. Thus any increase in the amplitude 
of the exciting pressure causes smaller bubbles to attain sufficient reduction in 
natural frequency to be excited near resonance and produce large amplitude 
magnifications. 
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Abstract. Observations of radio echoes from the moon at transit have been 
made from September 1953 to August 1955, using a pulsed transmitter operating 
at 120 Mc/s. The aerial, which is a high-gain array with a physical area of 
40 square wavelengths, transmits and receives waves which are horizontally 
polarized. 

The first part of the paper discusses the theory of echoes from the moon, 
and includes estimates of the echo intensity and of the power spectrum of the 
echoes for several assumptions about the scattering function of the lunar surface. 
It is also shown that the ionosphere should rotate the plane of polarization of 
the radio waves, thus producing long-period fading of the echoes, and that the 
angle of rotation is a measure of the total electron content of the ionosphere. 

The second part of the paper presents the results of the observations. The 
observed echo intensity, in conjunction with the observed power spectra of the 
echoes, is consistent with the assumption that the moon reflects radio waves in 
such a way that its projected disc appears uniformly ‘bright’, as is the case for 
light waves. The power reflection coefhcient must be somewhat less than 0-1. 

The observed echoes are subject to rapid fading. ‘This is found to be due 
to the moon’s libration. ‘The libration varies with the position of the moon in 
its orbit, causing a corresponding change in the rate of fading. Experimental 
proof is obtained that the slow fading of moon echoes previously reported by 
other workers is due to the rotation of the plane of polarization of the waves 
by the ionosphere. By observing the slow fading on two frequencies with a 
separation of 1:5 Mc/s, it is possible to measure the total angle by which the 
plane of polarization is rotated and hence the total electron content of the 
ionosphere. Some preliminary results appear to indicate that the parabolic 
half-thickness of the F2 region may be a more reliable measure of the extent 
of the ionosphere than has sometimes been supposed. 


§ 1. INTRODUCTION 


ADIO echoes from the moon have been obtained by several workers. Bay 

(1946) working on a frequency of 120 Mc/s first claimed to have detected 

echoes, but he used a chemical integrator to confirm their presence, and 

was unable to make any measurements of the intensity, or other characteristics 

of the echoes. ‘The first results using more conventional equipment were 

obtained in America by De Witt and Stodola (1949), who observed at 111-5 Mc/s 
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at moonrise and moonset. They reported a maximum signal strength 7 dB less | 
than expected although, as will be seen, the maximum observed signal strength |, 
does not give a reliable indication of the mean echo intensity. Unexpected 
fluctuations in signal strength were observed to have a period of several minutes 
and were attributed to anomalous ionospheric refraction. 

A similar unexplained fading was observed by Kerr, Shain and Higgins |/ 
(1949) who used frequencies close to 20 Mc/s and again observed at moonrise | 
and moonset. They were able to show that a rapid component of the fading, || 
having a period of a few seconds, could be explained by assuming that the moon |) 
reflects as though it were an assembly of random scattering points in relative 
motion caused by the moon’s libration. Like De Witt and Stodola, they 
attributed the slow component of the fading to ionospheric refraction. ‘The 
greatest mean echo intensities observed were about 10 dB lower than expected. |]} 

Sulzer, Montgomery and Gerks (1952) observed at a frequency of 418 Mc/s, | 
and measured maximum signal strengths about 7 dB less than expected on the 
basis of a Lommel-—Seeliger scattering law (see §2.1). 

The present paper describes work carried out at a frequency of 120 Mc/s 
with the moon in transit. The mean echo intensity is compared with theoretical 
estimates, and the nature of the rapid fading of the echoes is investigated in 
relation to various laws of scattering from the moon’s surface. ‘The paper also 
describes the investigation of the slow fading of the moon echoes with respect 
to the rotation of the plane of polarization of the radio waves during their passage 
through the ionosphere. The effect is used to estimate the total electron content 
of unit cross section between the observer and the moon. 


§ 2. "THEORETICAL CONSIDERATIONS 
2.1. The Intensity of the Echoes 


The echo power P, received from a spherical target of radius a is given by 

the well-known radar equation : 
Parc 
Coettiin 2 lonRie? 

where P, is the peak transmitted power, G the power gain of transmitting aerial 
over am isotropic radiator, A the effective collecting area of the receiving aerial, 
R the range of the target, g the directivity for the target (see below) and p the 
power reflection coefhcient for the material of which the target is composed. 
‘The weakest echo which can be detected is limited by the presence of noise 
radiated from outside sources and arising in the receiver itself. When the 
external noise is weak compared with the receiver noise it is convenient to 
measure the echo intensity in terms of the receiver noise power Py, and we 
have: 


ioe dee a? 
Py mRT ob 7 Ton RIS? 
where, is the receiver noise factor, Rk Boltzmann’s constant (=1:38 x 10-3 w deg"), 
T,=290°K and 6 is the energy bandwidth of the receiver, defined as 


ml vos 


0 


where V(f) is the overall voltage gain at frequency f. In this form of the equation, 
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it is assumed that all the transmitter power is radiated at frequencies within the 
receiver bandwidth. 

It can be seen that the signal-to-noise ratio P./Py can be increased by 
narrowing the receiver bandwidth, although in practice there is no further 
improvement if the bandwidth is narrower than the reciprocal of the transmitter 
pulse-length.+ The accuracy of measurement of the range R of the target is 
given approximately by 6R=c/2b where c is the velocity of light. Since the 
distance of the moon is measurable optically to one part in 10°, the loss of accuracy 
in the measurement of range caused by using a narrow bandwidth is of no 
consequence. 

If the moon were a smooth sphere very large compared with the wavelength, 
its equivalent echoing area, defined as the geometric cross section of an isotropic 
scatterer giving the same echo intensity as the actual target, would be equal 
to pza® (Norton and Omberg 1947). Spheres which are not smooth will have 
a different equivalent echoing area which can be written gp7a?, where g is the 
directivity of the target. 

‘Two special cases have been studied in some detail. Ifthe surface irregularities 
are about one wavelength in size, Lambert’s law will apply, and the directivity ¢ 
can be shown to equal 8/3 (Grieg, Metzger and Waer 1948). In this case, the 
moon will not reflect radio waves uniformly from each element of its projected 
disc, but will show limb ‘darkening’ according to a cosine law. 

When the average irregularities are large compared with the wavelength and 
are within a few orders of magnitude of the radius of the target, as in the case 
of a mountainous surface, each hill near the limb will contribute favourably in 
the line-of-sight, and at the same time the far side of the hill and any flat region 
beyond, which would re-radiate mainly away from the line-of-sight, will be 
screened from view. In an ideal case of this kind, the echo power from every 
element of the projected disc is the same, so that the disc appears uniformly 
‘bright’ (Lommel-—Seeliger scattering). ‘The moon approximates to this form 
of scattering for light and Kerr and Shain (1951) have deduced an optical 
directivity of 5-7 from figures for the variation with phase of the optical brightness 
of the moon (Russell, Dugan and Stewart 1945, p. 173). In the absence of 
other evidence, we shall assume that the value of 5-7 gives the directivity of the 
moon for radio waves of wavelength 2:5 m. 

In order to estimate the power reflectivity p of the moon, it is necessary to 
know the chemical constitution of its surface layers to a depth of the order of 
a wavelength. Most evidence (Russell, Dugan and Stewart 1945, p. 173, 
Piddington and Minnett 1949) suggests that the moon’s surface consists of dry 
rock with a covering of dust as least a few millimetres thick. Measurements 
of the power reflectivity of dry terrestrial rocks, sand and dust lead to values 
of p of the order of 0-1 at frequencies greater than 10 Mc/s, and it seems likely 


+ In the moon echo work the optimum pulse length is also governed by other conditions 
If the moon reflects as a rough surface then the returned signal will be proportional to the 
amount of surface area illuminated. ‘The radar depth of the moon is 11-6 msec, and any 
pulse shorter than this will be returned as one at least 11-6 msec long. ‘Thus the trans- 
mitted pulse must be at least equal to this value if the whole of the lunar surface is to be 
effective in scattering. On the other hand if the meon behaves as a smooth sphere then the 
maximum returned signal wili be achieved as soon as the first few Fresnel zones of the 


lunar surface are illuminated. 
0-2 
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that for the extremely dry conditions which must prevail on the moon a value 
of p=0-1 will set an upper limit. It should be remembered that the composition 
of the moon’s surface prebably varies from place to place. 

Adopting the values g=5-7, p=0-1, a=1-74 x 108 cm, the moon’s expected 
equivalent echoing area is gpva =5-41 x 101° cm2. The observations (§ 4.1) show 
that the true value may be less by a factor of not more than three times. 


2.2. The Doppler Shift and the Fast Fading of Echoes 


Because the moon’s orbit is an ellipse, with a mean eccentricity of 0-055, the 
moon has, in general, a component of velocity towards the centre of the earth. 
In addition, an observer on the surface of the earth will have a velocity component 
in the line-of-sight, due to the rotation of the earth. ‘The magnitude of this 
velocity will vary with the latitude of the observer and with the hour-angle of 
the moon. The resultant of these two velocities produces a Doppler shift in 
the frequency of echoes from the moon, and the frequency to which the radio 
receiver is tuned must be adjusted accordingly. At a frequency of 120 Mc/s, 
the Doppler shifts are of the order of +50 c/s for observations when the 
hour-angle of the moon is less than 30 minutes of time. 

There is another important consequence of the motions of the moon. If the 
moon is regarded as an assembly of scattering elements distributed randomly 
over its surface, the intensity of the echo at any instant is determined by the 
resultant of the signals scattered from each element. ‘The intensity will be 
constant only if the phases of the individual signals do not vary relative to each 
other; that is, if the moon always presents the same face to the observer. In 
fact, as is well known, the moon librates, or rocks about an axis which itself 
changes with time. The libration produces changes in the phases of the signals 
from the different scatterers, so that the echo fades at a rate proportional to the 
rate of rocking. ‘The probability that the signal will have a given amplitude 
is given by the Rayleigh law, and is independent of the total number of scatterers, 
provided that this is large (Lawson and Uhlenbeck 1950, p. 47). 

The libration has four main components. These are described in the 
Appendix, where it is shown that, for the present purpose, only three are 
important. These are the librations in latitude /g, in longitude /;, and the 
diurnal libration /p. Both /g and /;, are tabulated in the Nautical Almanac in 
the form of the total angle of libration for each day of the year. ‘The diurnal 
libration may be calculated with sufficient accuracy from the formula in the 
Appendix. The total libration /; is obtained by addition of /;, /g and /y as 
described in the Appendix. The calculation of the power spectrum of the 
echoes for a given value of /p is outlined in the next section. 


2.3. The Power Spectrum of Moon Echoes 


In figure 1(a) the moon is represented by a sphere of radius a which appears 
to be rotating with an angular velocity /, about an axis OO’ perpendicular to 
the line-of-sight. Coordinates are measured from the point where the line-of- 
sight meets the sphere. A point on the sphere with latitude 6 and hour-angle 4, 
will have a component of velocity towards the observer given by 


v =aly cos Bcosasin ¢. 
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This shows that the sphere can be replaced by its projected disc (figure 1 (b)) 
and the position of the point measured in cartesian coordinates xy, where 
x=asindcosB, and y=asin8. The line-of-sight velocity is now given by 

0= xl, cos & = xlp 
since for the moon « is always less than 15’. Thus the moon can be divided 
into strips of constant », each of which returns signals differing from the frequency 


xL=a sing cos 
v-asing 
~ 


Observer Observer 


(2) (4) 


Figure 1. (a) The sphere representing the moon on which a point P has hour angle 
é and latitude P. (b) The equivalent disc, where the point P may be represented 
by its Cartesian coordinates. 


of the transmitted wave by an amount f= 2x/,A, where A is the radio wavelength. 

If f, is the Doppler shift produced by either limb of the moon, then since 

in the present equipment A= 2-5 metres 
fo= le x 1-4 x 108 (c/s). 

When the total libration /, is at its maximum, the resulting Doppler 
broadening of the echo power spectrum 1s only of the order of +2c/s. Although 
this is not detectable directly as a broadening of the echo power spectrum, it 
results in a fluctuation of the echo amplitude from pulse to pulse. ‘Thus by 
comparing the relative amplitudes of successive pulses, the radio frequency 
power spectrum and thence the lunar scattering law may be deduced. 

If the moon is regarded as an assembly of randomly placed scatterers, the 
power returned from any strip of constant x is equal to s(x, y) dx dy, where s(x, y) 
is the appropriate scattering function relating the back-scattered signal to the 
angle of incidence. ‘The power spectrum of the returned echo is thus given by 


P(pf)df= | sfAl2by9) 37 af dy 


where P(f)df measures the power returned in the interval df at a frequency 
differing from the frequency of the transmitter by f. The upper and lower 
limits of y are, of course, related to f by the equation y? +(fA/2l,)? = a?. 
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The integral can be evaluated for a given scattering law s(x, y). The simplest 
forms of scattering law are those which, like Lambert’s law, show symmetry 
about the centre of the moon’s projected disc. 

P(f)df gives the radio frequency power spectrum of the returned echo, and 
this is not generally the same as the video frequency power spectrum, because 
cross-modulation terms are introduced at the detector. Lawson and Uhlenbeck 
(1950, p. 59) show how to calculate the video frequency spectrum from the 
radio frequency spectrum for both linear and square-law detectors (see also 
Booker, Ratcliffe and Shinn 1950). 

It is most convenient to measure the video spectrum of the echo in terms 
of the auto-correlation function y(7), defined by 

= [eat +7) a —[2{t) lav" 
[37(t) lav es [3(t) av? 
where 2(¢) is the echo amplitude at time ¢, and [...]ay denote averages over times 
large compared with 7. For a linear detector, the auto-correlation function for 
echo amplitude is approximately equal to the square of the Fourier cosine transform 
of the radio frequency power spectrum. 

Figure 2 shows calculated radio frequency power spectra for (a) a moon 

showing a uniformly ‘bright’ disc, (6) a moon obeying Lambert’s law, and 
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Figure 2. The radio frequency power spectrum for (a) Lommel-Seeliger scattering, 
(6) Lambert scattering, (c) a limb-brightened disc, as described in the text, where 


f is the Doppler shift produced by a given point on the disc and fy that produced 
at the limb. 
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(c) a moon whose projected disc appears as a uniformly bright annulus, with 
outer radius equal to that of the projected disc and area one-third that of the 
disc. Figure 3 shows the video auto-correlation functions corresponding to 


----- Limb brightening 
‘ : Lommel-Seeliger scattering 
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Figure 3. The pulse-to-pulse auto-correlation coefficient. 


these spectra. The qualitative effects of the power spectrum of limb darkening 
and limb brightening can be seen from these diagrams and it is clear that a study 
of the rapid fading of moon echoes can help in evaluating the law of scattering 


for radio radiation. 


2.4. The Effect of the lonosphere on Moon Echoes 


The ionosphere has three principal effects upon radio waves passing through 
it: (a) absorption, (b) refraction of the beam with subsequent attenuation due to 
divergence and (c) changes of the state of polarization (magneto-ionic effect). 
At a frequency of 120 Mc/s, and for beam elevations between 40° and 65°, the 
two-way absorption through the ionosphere will always be less than 0-2 ds, 
while the refraction of the beam is always less than 0-1° (Mitra 1952) so that 
effects (a) and (6) may be neglected. On the other hand, as shown below, the 
magneto-ionic effect, for the frequency and beam directions used in the present 
experiments, results in a rotation of the plane of polarization of linearly polarized 
waves. 

It can be shown that for ionospheric critical frequencies less than about 
15 Mc/s, for wave frequencies of 120 Mc/s, and for ray directions within about 
60° of the terrestrial magnetic vector, the quasi-longitudinal approximation to 
the Appleton—Hartree magneto-ionic formula can be used to calculate refractive 
indices to within 1°4 (Rawer 1953, p. 30). The principal modes of propagation 
are both circularly polarized, and the dielectric constants for them at any point 
are given by 

ko=1—p-2/p(p+py,) ordinary ray =n ae ee (1a) 


and 
ke=1—p¢?/p(p—p,) extraordinary ray —... ss. (1) 
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where p is the angular frequency of the wave, pe the angular ordinary ray eee ' 
frequency =(47ce?Ne?/m)!?, p,, the longitudinal gyro-frequency = eB cos d/m, |} 
N the number of electrons per cm, B the terrestrial magnetic induction (gauss) 
and @ the angle between the ray and the magnetic lines of force. The electric 
fields of the principal modes can be represented at any point along the ray 
direction r by 


E(r, t) = Eo exp [tp(nor/e— t)] 

E.(r, t)= Ee exp [1p(mer/c —t)] 
where mo and me are the ordinary and extraordinary refractive indices, and are 
respectively equal to ko? and kel/?. The phase difference dQ between the two 
components after traversing an element dr of the ionosphere, assuming their 
initial phase difference to be zero, is given by dQ=p(mo—ne)/edr which from 
equations I(a) and 1(4) can be written dQ—[p,pc?/p?c]dr radians. For the 
double path to and from the moon, the total phase difference is therefore 


2 ec 


R 
Q= NBcosédr radians 


7 mf? | ; 
where f is the frequency of the wave in c/s and R the distance of the moon. 
Since the electron density N is usually given as a function of height k above the 
surface of the earth, it is convenient to express Q in the form 


ie NB cos 0 dh radians (2 a) 
= miyz | ; cos@seey ah radians’  ) 2a 

where xy is the angle made by the ray to the zenith at height #. Putting in 
numerical values for constants (including f= 120 Mc/s), this reduces to 


ee 


“R 
O07 1a | NB cos@seey dh radians.) “seat (2b) 
/ (— 

For Q=2nm (n=0, 1, 2, 3...) the two circularly polarized waves are equivalent 
to a linearly polarized wave of the same plane of polarization as that emitted, 
while for Q=(2n+1)z, the resultant wave will have its plane of polarization 
perpendicular to that of the emitted wave. In general, the amplitude of the 
echo can be expressed by E= Ey cos(Q/2) where E, is the maximum amplitude 
of the electric vector. If approximate values are inserted for the quantities in 
the integrand (B=0-5 gauss, @=0°, y=45°, N=2 x 10° electrons cm-?, depth of 
ionosphere = 150 km), it can be seen that the total phase shift will be of the order 
of 20 radians, so that the overall changes of electron density of 10°/ will produce 
large changes in the mean amplitude of the echo. Experimental evidence for 
this effect is given in § 4.3. 

In order to make full use of the formula (25), numerical values of the quantity 
B sec x cos 6 were computed for several altitudes of the moon at transit. The 
curvature of the earth was taken into account, and a simple dipole magnetic field 
was assumed with the following parameters: 


latitude of the boreal pole=79°N. 
longitude of the boreal pole=70° W. 
latitude of Jodrell Bank =53°N, 
longitude of Jodrell Bank ZAR 

total magnetic induction at 

Jodrell Bank at ground level =0-475 gauss. 
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he results of the calculation are plotted in figure 4 against height. From these 
curves it 1s easy to compute © for a given model of the ionosphere. The geo- 
graphic latitude of any point along the path of a ray at a height of 500 km 
decreases by 4° for a lunar altitude of 45° at transit, and bye2:25 for an altitude 
of 65°, so that it is sufficiently accurate to use a model representing the 1onosphere 
above the place of observation. 


B sec X cos@ (gauss) 


i 10 10? 104 10° 108 


10° 
Height (km) 
Figure 4. The variation of the function B sec xX cos @ with height. 


§ 3. APPARATUS AND CALIBRATION 
The parameters of the equipment at present in use at Jodrell Bank are: 
frequency = 120 Mc/s, transmitter power=10kw peak (3 kw before January 
1955), transmitter pulse length=30 msec pulse repetition frequency = 0-6 p/s, 
receiver noise factor=5 dB (8 dB before January 1955), energy bandwidth of 
receiver = 26 c/s and physical area of aerial = 250 m?. 


3.1. The Aerial 


The aerial, which is used both for transmission and reception, is an echelon 
of ten elements arranged one behind the other along a North-South baseline. 
Each element consists of a reflecting screen tilted back at 45°, and illuminated 
by a double row of full-wave dipoles, giving a horizontally polarized electric 
vector. The length of each element transverse to the baseline is 4 wavelengths, 
while the width is 1 wavelength. ‘The beam width between half-power points 
is 12° in azimuth and 5° in elevation. ‘The beam is directed due South, and 
can be set to any elevation between 30° and 65°. ‘The period of observation 
is limited by the aerial to 30 minutes before and after transit, for about a fortnight 
per month. The change of elevation of the beam is accomplished electrically 
by phase shifters, which are adjustable delays in the transmission lines feeding 
each element of the aerial. The theoretical form of the aerial directional diagram 
was confirmed by observations of the radio noise from the sun. These observations 
showed that the calculated and observed variations with azimuth of aerial gain 


agreed to within 3%. 
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The efficiency » of the aerial and its associated feeders can be expressed as 
the ratio of the observed to the theoretical power gain assuming no losses due to 
misphasing, etc. The efficiency was derived from measurements of the solar 
radio noise as the sun passed through the beam on 3rd—7th August 1955, using 
a noise diode as a comparison source. Reliable absolute measurements of the 
solar flux at 120 Mc/s are not available, but an estimate of 1-6 x 10-7? wm ?(c/s) + 
was obtained by interpolation from measurements at other frequencies given in 
the J.A.U. Quarterly Bulletin of Solar Activity. Although the most recent 
values published were for June 1954, a useful check was provided by the values 
of flux on 81 Mc/s and 175 Mc/s obtained at the Cavendish Laboratory from 
3rd—7th August 1955 (Elsmore, privately communicated). From these measure- 
ments, the aerial efficiency was estimated to be 67 + 4% for one-way transmission. 
That is, the effective aerial collecting area is about 170+7m/?, and the power 
gain is reduced correspondingly. 


3.2. The Transmitter 


The transmitter frequency is derived from a 100 kc/s master crystal by 
several stages of frequency multiplication. ‘The final amplifier contains a pair 
of QY4—250 tetrodes in push-pull, run at 9 kv anode voltage. The power for 
these valves, which draw a current of 3.4 during pulses, is supplied by a 50 uF 
condenser, the size of which sets a limit to the maximum length of the transmitter 
pulse. The mean current required to charge the condensers is 50ma;_ this is 
the greatest current the power pack can supply, so that it is not permissible to 
raise the pulse repetition rate above 0-6 p/s. 

The peak transmitter power is measured by using the transmitter output 
to heat a matched strip lamp. The mains power needed to heat the lamp to the 
same brightness is then determined by using a photometer. For these measure- 


ments the pulse repetition frequency is raised to 150 p/s and the pulse duration 
shortened to 100 usec. 


3.3. The Receiver 


A cascode radio-frequency head is used, followed by amplification at five 
different intermediate frequencies, the last of which is 1 ke/s. The tuning of 
the receiver must be maintained at the correct frequency to within about 5 c/s 
over a period of several minutes. ‘This is accomplished by deriving the frequencies 
of the first three local oscillators from the 100 ke/s crystal used in the transmitter. 
The fifth local oscillator frequency may be varied by +100 c/s to compensate 
for the Doppler shift in the frequency of the moon echoes (§ 2.2). ‘The final 
intermediate-frequency amplifier has an energy bandwidth of 26c/s. The 
detector is linear for signals of amplitude up to 100 times noise. 


3.4, Recording Technique 


A 12-inch long-afterglow range—amplitude display is used for visual monitoring 
while the part of the time-base which contains the echo is selected by a strobe, 
and photographed on continuously moving film. In addition, a loudspeaker 


fed from the undetected output of the last intermediate-frequency amplifier is 
used for aural monitoring. 
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3.5. Signal Losses due to Frequency Modulation 


In constructing the equipment there was great difficulty in eliminating 
unwanted frequency modulation which appeared in the signals from the local 
oscillators and particularly in the signals from the transmitter. The frequency 
modulation, which appears to originate in small phase changes in the low frequency 
stages of the frequency multipliers, widens the frequency spectrum of the echo 
with consequent loss of echo power in the narrow-band receiver. Using the 
following method, it was estimated that at present the residual frequency 
modulation leads to a loss in echo power of 4 ds. 

By changing the tuning of the final local oscillator while echoes are being 
received, a curve is obtained showing mean echo power against frequency 
(figure 5(6)). This curve represents the convolution of the receiver power- 
frequency response (figure 5(a)) with the true echo power spectrum. It can 
be shown that the convolution of two gaussian functions (exp [—(x/o,)?] and 
exp [—(x y)"]) is given by another gaussian (exp [ — {x/(o,?+0,?)"?}7]). Thus 
gaussians were fitted to curves 5(a) and 5(b) as shown, and from these the 
gaussian representing the true echo power spectrum was derived. ‘The total 
energy bandwidth of this was found to be 64 c/s, and since the energy bandwidth 
of the receiver is 26 c/s, the loss of power due to frequency modulation is 
estimated as 3-9+0-5 ds. It should be noted that this loss includes that inherent 
in the use of a transmitter pulse of finite length, in addition to that due to the 
unwanted frequency modulation. The extra frequency modulation introduced 
by the libration of the moon is negligible from this point of view. 


(b) 
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Figure 5. (a) The receiver power response, shown together with the fitted gaussian 
curve (broken). (b) The variation of echo power observed when the receiver is 
detuned together with the fitted gaussian curve (broken). 


§ 4. RESULTS OF OBSERVATIONS 


Observations of moon echoes have been made at frequent intervals from 
September 1953 to August 1955. During this period many improvements have 
been made to the equipment, so that it has not been possible to make observations 
regularly each month. 


4.1. The Echo Intensity 


Reliable measurements of echo intensity are made difficult by the fast fading 
caused by libration, and by the slow fading due to the magneto-ionic effect. 
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These are illustrated in figure 6. Each echo is obtained by photographing shat 
part of the A-scan display where it appears. Thus the photographs 6 (4 ace b) 
are samples of successive echoes. ‘The time interval between each echo is 1-8 sec 


() 


Figure 6. Lunar echoes. 


and the white dots on the photographs are half-minute time-marks. In figure 6 (a) 
the echoes are strong and their rapid amplitude changes are due to libration (§ 2.3). 
‘The echoes in 6(4) were obtained only 14 minutes before those in 6(a). The 
aerial gain was substantially constant over this period. The rapid fading is still 
present, but the mean amplitude of the echoes is considerably less due to the 
slow fading produced by the magneto-ionic effect (§ 2.4). 

The effects of fast fading can be reduced by averaging intensities over a 
number of successive echo pulses. Since the intensities follow a Rayleigh law, 
the standard deviation of a single measurement is equal to the mean intensity Jo, 
so that when the average intensity of N pulses is measured, the standard deviation 
of the mean is given by J)/\/N. Averages over times greater than about two 
minutes are unreliable, however, because of the slow fading, so that with a pulse 
repetition frequency of about 0-6 p/s, the mean echo intensity cannot be measured 
better than about 15°. The slow fading introduces a further difficulty that, 
in order to measure the maximum possible intensity, it is necessary to observe 
at a time when the echo is horizontally polarized. 
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In order to test the relation between the observed and predicted echo 
intensities, special observations were made on 10th and 16th August 1955, 
these dates being chosen so that the elevation of the moon (54°) would be the 
same as that of the sun for the dates on which the solar noise was used to calibrate 
the aerial. All other parameters of the equipment were carefully checked on 
these days, the losses due to the aerial and to frequency modulation being taken 
into account (cf. §§3.2, 3.5). The following results were obtained: 
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Figure 7. (a) The signal-to-noise ratio for the lunar run on 10th August 1 
(6) The signal-to-noise ratio for the lunar run on 16th August 1 


9 
9 
Figures 7(a) and (6) show for each run the variation with time of the mean 
echo intensity averaged over one minute. It can be seen that on 16th August 
there was no clearly defined maximum in the signal intensity, so that the observed 
echo intensity for this date is probably a lower limit. 

On the assumption that the directivity of the moon is 5-7 and that the power 
reflection coefficient of its surface is 0-1, the observed echo intensity is lower 
than that predicted by 5+3 ds. It should be noted that the discrepancy is 
considerably less than that found by other workers (cf. § 1). 


4.2. Rapid Fading of Moon Echoes 
If the moon can be regarded as an assembly of random scatterers, the number 
of echoes of amplitude greater than z is given by the Rayleigh law (§ 2.2): 
N(s) = Ny exp [—(2/20)"I 
where 2, is the r.m.s. amplitude and N, the total number of echoes observed. 
Figure 8 shows a plot of log N(z) against (2/29)? for two five-minute periods. It 
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can be seen that the fit to the Rayleigh law is excellent. ‘The small departures 
from the Rayleigh law for large amplitudes are partly due to the effects of the 
long-period fading producing changes in the value of 2). It should be noted 
that it is not possible from these measurements to deduce the total number of 
scatterers, because a close approximation to the Rayleigh law is given by any 
number of scatterers greater than about 10 (Lawson and Uhlenbeck 1950, p. 47). 


Number of Echoes of Amplitude exceeding 


Figure $8. Comparison of the amplitude of lunar echoes with the Rayleigh distribution. 


As shown in § 2.3, the rate of fading can be measured by the auto-correlation 
function for echo amplitude, and should depend on the rate of libration, as well 
as on the scattering function for the lunar surface. Figure 9 shows a plot of the 
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Figure 9. The autocorrelation function for two samples of 300 echoes. The broken curve 
is that expected for a ‘ uniformly bright’ lunar disc. 


observed auto-correlation function, corrected for the effects of receiver noise 
(Lawson and Uhlenbeck 1950, p. 134) for the two five-minute periods represented 
in figure 8. This diagram also shows the expected auto-correlation function 
for a uniformly ‘bright’ moon, when the appropriate rate of libration for the 
date is used. It can be seen that the observed auto-correlation function falls 
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quickly to zero in a time comparable with the pulse interval, and thereafter 
shows only random oscillations about zero. These are almost certainly due to 
errors of measurement and to the finite size of the sample. Figure 10 shows mean 
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Figure 10. The autocorrelation coefficient for adjacent echoes plotted against the moon’s 
libration. The full line is the curve expected for a ‘ uniformly bright’ lunar 
disc. 


values for the correlation between amplitudes of successive pulses, corrected 
for receiver noise, obtained for different rates of libration (that is, on different 
days). Each point represents a measurement over 10 minutes, about 300 successive 
pulses. The full curve shows the correlation that would be expected for a 
uniformly ‘bright’ moon. From this, and from figure 10, it is clear that the 
observed pulse-to-pulse correlation is only about half that expected for a 
uniformly bright moon, and an even smaller fraction of that expected for a moon 
obeying Lambert’s law. If some limb brightening were present, the higher 
frequencies in the power spectrum of the echo would be enhanced, so reducing 
the pulse-to-pulse correlation, but at the same time, a series of prominent secondary 
maxima would appear in the auto-correlation function (cf. figure 3). No such 
maxima are indicated by the observations, so that it is not possible to explain 
the smallness of the observed pulse-to-pulse correlation by a measure of limb 
‘brightening’. In view of this, it becomes necessary to suppose that some 
mechanism is destroying the correlation in the signals between the transmitter 
and the receiver. Such a mechanism may be provided by irregularities in the 
icnosphere—rapid changes in the total electron content along the line-of-sight 
will produce corresponding oscillations in the plane of polarization of the echo, 
and with them, changes in the echo intensity. To produce the observed loss in 
correlation, the phase angle 2 (§2.4) would have to oscillate by about 20° with 
a period of the order of a few seconds. Such changes would be given by iono- 
spheric irregularities which changed the total electron content in a column of 
1 cm? cross section along the line-of-sight by about 5 x 10!° electrons. Such an 
irregularity would be given, for example, by the ionized trail of a meteor brighter 
than about 3rd magnitude, which would persist for a few seconds. Another 
possible cause of loss of correlation between pulses is phase instability in the 
transmitter (§ 3.5). 

To summarize this section, it may be said that, while the observed auto- 
correlation function for echo amplitude shows no detectable secondary maxima 
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indicative of limb-brightening, yet the correlation is less than would be expected 
for a uniformly bright moon by 40% and for a limb-darkened moon (Lambert’s 
law) by 55°. Since the observations show a systematic change of fading rate 
with the rate of libration, any additional fading mechanism such as that postulated 
above must give only a small effect compared with that due to the libration itself. 
Thus although the observations do not point conclusively to any one scattering 
law at the moon’s surface, they give best agreement with the uniformly bright 
(Lommel-Seeliger) model. 


4.3. Slow Fading of Moon Echoes—the Magneto-tonic Effect 


The slow fading illustrated in figures 6 (a) and (6) is, in general, less pronounced 
at night when the ionosphere is less intensely ionized; Murray and Hargreaves 
(1954) have already given examples of this. ‘The slow fading is attributed to the 
rotation of the plane of polarization of the radio waves with changing total electron 
content in the ionosphere ($2.4). In order to show the correctness of this 
explanation, an experiment was carried out during March 1954 using for reception 
a paraboloid aerial 10 metres in diameter, with both horizontally and vertically 
polarized dipoles at its focus. These were connected to separate preamplifiers, 
and the main receiver was switched from one to the other every minute. ‘The 
signals were weak, and hard to measure accurately, because the power gain of the 
paraboloid is some 8 dB less than that of the echelon array, while at the same time 
the overall gain of the equipment was some 10 dB less than at present. It was 
found that while the transmitted signal was horizontally polarized, the received 
echoes were often more intense on the vertically polarized dipole. Figure 11 shows 
a plot of the variation of signal strength observed in the two planes of polarization, 
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Figure 11. (a) Tne total received power using mutually perpendicular aerials in March 
1954; the slight rise is probably due to drifts in the equipment. (h) The signal-to- 
noise ritio on each aerial during the run shown above. 


suitably corrected for the polar diagrams of the aerials, together with the sum of 
the intensities observed on the two aerials. If slow fading is due to the rotation 
of the plane of polarization of the wave, the sum of the intensities in any two 
perpendicular planes of polarization should be constant. It can be seen that this 
quantity 1s roughly constant, the apparent increase being attributed to drifts in 
receiver gain. It is interesting to note that, in figure 7(a), the signal intensity 
does not fall to zero at the minimum, an indication that the radio waves are 


j 
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undergoing some 10°, depolarization, probably by secondary scattering at the 
surface of the moon. 

From a single measurement of the angle to the horizontal made by the plane 
of polarization of the echo, it is not possible to determine the total phase difference 
© between the two circularly polarized components of the wave, because the plane 
of polarization will be unaltered by the addition to of 27n (n=0,1,2,3...). 
‘Thus measurements at a single frequency will not yield unambiguous values for 
the total electron content of the ionosphere. The ambiguity can be resolved 
with the help of the relation Qocl1/f? (§2.4), where f is the radio frequency, and 
by measuring the angle of the plane of polarization at two or more different radio 
frequencies. 

The equipment was therefore modified to transmit and receive frequencies 
of 119-28, 120-00 and 120-72 Mc/s. The ‘frequency can be changed by the turn 
of aswitch. Larger frequency changes, though desirable, are not easy to obtain, 
partly because of the bandwidth limitation of the aerial, and partly because of 
limitations imposed by the design of the transmitter. Only preliminary observa- 
tions, using the horizontally polarized aerial array, have so far been made. 
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Figure 12. (a) The signal-to-noise ratio for the lunar run on 19th June 1955, showing 
a fall from a maximum into a minimum on both frequencies, and the displacement 
of the minima. (4) The signal-to-noise ratio for the lunar run on 23rd June 1955. 
Here the run does not contain sufficient information to enable the analysis described 


in the text to be applied. 


Figure 12 shows sample runs during which the frequency was switched between 
119-28 and 120-72Mc/s every five minutes. The phase angle will be changed 
by about 2-5°%, by this shift in frequency. 
Records such as those in figure 12 are analysed on the assumption that, during 
any one run, the rate of change of total ionospheric electron content is constant. 
Then if the time taken for the echo intensity to fall from a maximum to a minimum 
on the higher frequency is 7, and the time difference between the occurrence of 
minima on high and low frequencies is ¢, reckoned positive when the minimum 
on the lower frequency follows that on the higher frequency, and if Q;, Q, 


denote the values of the phase angle on the lower and higher frequencies 
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respectively, then at the instant when the signal intensity is a minimum on the 1) 
lower frequency, we have: 
Qy, =(2n+4 1) (n= Op 2ece)y 
Og = [2(n—q) + 1a t at/T. 


The two frequencies are f,\/(1—54), f, with 6 positive, and the upper and lower || 
signs signify that {2 is respectively increasing or decreasing with time, and q is 
any integer or zero. 

But 

PQ =f71 — 8) 
(2n + 1)r(1 —8) =[2(n—q) + 1]7 + at/T 
whence 
OQ =(2¢ + t/T)/5 radians. 

Thus on 19th June1955,¢=8 min, T= 25 min, and soat 1140u.7. we find On = 4027/3 
radians (q=0, with total electron content decreasing) or Qy, = 2007/3 radians (q= 1, 
with the total electron content increasing). Larger values of Qu corresponding to 
higher values of gare also possible. Ionosphere soundings at Slough (Smith-Rose, 
privately communicated) showed that at the time of the moon observations, the 
F2 region critical frequency was 6 Mc/s (figure 13(a)). Taking this value, the 
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Figure 13. (a) The variation of fyF2 on 19th June 1955. The period of the lunar run 
is indicated. (6) The variation cf (foF2)*vy, on 19th June 1955. 
period of the lunar run the electron content (foF2)?y., fell by 10%. 


During the 
maximum value of the total electron content along the line-of-sight cannot have 
exceeded 2-5 x 1014 electrons cm-2, even if the maximum electron density in the 
F2 region is assumed to extend over as much as S00km in height. This value 
of total electron content would give a phase angle Q), of about 100 radians. Thus, 
of the various possibilities, the observed value of On 
the most reasonable to adopt. This value implies, however, that during the 
observation (1050-1150 u.r.) the total electron content of the ionosphere decreased 
by some 15°,—a result in rough agreement with the Slough data for the product 
({foF2)?vm where ym is the half-thickness of the F2 region, assuming this to be 


=407/3 radians seems 


Radio Echoes from the Moon 919 


a measure of the extent of the ionosphere (figure 13(6)), since for a parabolic 
layer the electron content up to the maximum f)F2 is 8-3 x 10-°( fo F2)?ym. 
It is not proposed here to discuss further the interpretation of this result, 


_ or its relation to the question of the distribution with height of the ionization 


‘ 


in the F region (Ratcliffe 1951, Chatterjee 1954). More detailed results and 
deductions from them, together with a description of the switched-frequency 
equipment, will be presented after an extended series of observations. 
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APPENDIX 


The libration of the moon has four principal components: 

1. The libration in latitude lg. 

The moon’s equator is inclined to the plane of its orbit by about 6-5°, and since 
the direction of the moon’s axis is fixed (neglecting perturbations) an observer 
on the Earth sees sometimes more of the moon’s northern hemisphere, and 
sometimes more of the southern hemisphere. ‘This libration in latitude, as it 
is called, has a period of one sidereal month, and a maximum value of about 
3 x 10~* radian sec"!, which occurs as the moon crosses the nodes of its orbit. 


2. The libration in longitude l;,.. 

The angular velocity of the moon’s rotation about its axis is equal to its mean 
geocentric angular velocity in its orbit, but because the orbit is an ellipse, there 
will be a difference between the rotational angular velocity and the instantaneous 
geocentric orbital angular velocity. ‘This leads to a libration in longitude, which 
is direct in sense at apogee, and retrograde at perigee, with a maximum value of 


about 4 x 107‘ radian sect. 


3. The diurnal libration ly. 
As the earth rotates, an observer on its surface sees a parallactic shift between 


the centre of the moon’s projected disc and the true centre of the moon. ‘This 
so-called diurnal libration is always in a direct sense when the moon is in transit, 
with a maximum value for declination 0° of about 12 cos’ x 10~ radian sec", 
where ¥’ is the geographic latitude of the observer. 


4. Physical libration. 
This is a rocking produced by the variable gravitational couples exerted by 


the earth and sun on the moon’s equatorial bulge. Its maximum value of about 
3 x 10-9 radian sec“! is so small in comparison with the other librations that it 


may be neglected. oo 
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The resultant value of the libration is obtained by vector addition of the }} 
i, and I (neglecting the physical libration). If a system of lj 
rallel to the moon’s radius vector, |} 
1 to the moon’s |} 


components /,, 
cartesian coordinates be set up with w axis pa 
libration in longitude J; may be represented by a vector norma 
orbit (x axis), libration in latitude /, by a vector parallel to the y axis, and diurnal |) 
libration J, by a third vector parallel to the axis of the earth. During a sidereal ||} 
month, vector J, precesses around the z axis making with it a constant angle 6, |} 
equal to the greatest declination reached by the moon during that month. ‘The |/ 
projection of J, into the xy plane makes with the y axis an angle © approximately ||| 
equal at any instant to the difference between the longitude of the moon and the || 
mean longitude of the ascending node. ‘The component of the resultant libration |} 
along the w axis is not of course a true libration and introduces no phase changes | 
into the paths of rays to different points on the moon’s surface. Thus the effective ||} 


total libration /, at transit is given by : 
1,2 = (Iz, + Ip cos 8p)? + (lg + Ip Sin Sq Cos @)?. 


The quantities /,, /;, 59, © can be readily found from the Nautical Almanac. 
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Abstract. ‘The theory of the surface friction of solids which is developed is 
based on the assumptions that the adhesion theory of friction is valid and 
that the asperities, at which contact occurs, deform according to the law 
stress 2<(strain)”. A roughness model is postulated in which the asperities (either 
spherical or cylindrical) (a) are uniformly distributed over the surface, (6) have 
the same radius of curvature and (c) all protrude from the surface by the same 
amount. ‘The analysis leads to the equation F= CL’ relating the frictional force 
F to the normal load Z, an equation which has been found empirically by several 
investigators. The parameter C is shown to be dependent on the physical 
properties of the sliding materials, on the degree of surface roughness and on the 
apparent area of contact, and hence, on the geometrical arrangement of the 
sliding surfaces, while the parameter 8 is dependent on the physical properties 
of the sliding materials only. Amontons’ laws of friction (the particular case 
of the above equation when f is unity) are shown to be interdependent, and when 
these are obeyed the frictional force is shown to be independent of the degree of 
surface roughness provided this is not excessive. The influence of surface 
roughness on the frictional force, found experimentally, is shown to be in 
accordance with deductions based on the adhesion theory of friction and opposed 
to deductions based on the Coulomb theory of friction. 


§ 1. INTRODUCTION 


HE typical frictional behaviour of non-metals is found to differ from that 

of metals in three important respects. Thus, numerous investigations 

(see below) have revealed that, in general, the coefficient of friction » of 
a non-metal is dependent on load, increasing as the load is decreased. ‘The 
coefficient of friction of metals, on the other hand, tends in general to be indepen- 
dent of the normal load (Amontons’ first law) over a wide range of loads (Whitehead 
1950). Secondly, the friction of non-metals is dependent on surface roughness 
(e.g. Roth, Driscoll and Holt 1942, King 1950, Lincoln 1952, Denny 1953), 
the frictional force decreasing with increase in roughness, while the friction of 
metals appears to be independent of the degree of surface roughness, provided 
this is not excessive (Strang and Lewis 1949, Bowden and Tabor 1950). Finally, 
the friction of non-metals is found to be dependent on the apparent area of contact, 
the frictional force increasing as the apparent area of contact increases 
(e.g. Howell 1951, Lincoln 1952, Pascoe and Tabor 1955) while the friction of 
metals is in general independent of the apparent area of contact (Amontons’ 


second law). 
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Previous attempts to obtain a theoretical explanation of frictional phenomena |} 
have been aimed at explaining specifically the behaviour either of metals (Holm 
1938, Merchant 1940, McFarlane and Tabor 1950) or of non-metals (see below). 
It will be shown that an explanation of the typical frictional behaviour of metals 
can be derived as a limiting case of a more general theory of the friction of solids, 
and that while the more general behaviour is exhibited by many non-metals over 
a wide load range, it is exhibited by all but the softest metals at very low loads only. 
Consequently, we begin by stating the assumptions made in previous theories || 
of the friction of non-metals. For convenience, these theories are grouped | 
as follows: (1) wherein the material is assumed to be Hookean and contact is_ |} 
assumed to occur at numerous points within the apparent area of contact (Lincoln 
1952, 1953, Archard 1953, Lodge and Howell 1954); (2) wherein the material 
is assumed to have a well-defined yield stress and the specimens are assumed 
smooth, the area of contact consisting of a central zone produced by plastic 
deformation and an outer zone produced by elastic deformation (Gralén, Oloffsen 
and Lindberg 1953); (3) wherein the deformation law of the material is obtained 
empirically from static loading experiments and the specimens are assumed 
smooth (Pascoe and Tabor 1955). 

In the present work the assumptions made are more general than those of 
(1) or (3) above, the results of these latter analyses appearing as special cases of the 
relationships derived in the next section. In subsequent sections deductions 
from the present theory will be compared with experimental observation, when 
the extent of agreement may be assessed. 


§ 2. "THEORETICAL CONSIDERATIONS 


‘Tabor (1948) has shown that the data obtained from hardness measurements 
of a metal indented by a hard sphere can be correlated with the data obtained by 
stressing the metal in uniaxial tension or in frictionless compression if 4(Meyer 
hardness), i.e. the load divided by the projected area of the indentation, is plotted 
as the stress and }(d/D) is plotted as the strain, where d is the diameter of the 
indentation and D is the diameter of the indenter. Similar correlation is obtained 
if the geometrical arrangement is reversed, i.e. if a metal hemisphere is loaded 
against a hard plane surface. In what follows, it will be assumed (assumption (i)) 
that for non-metals, the stress can be represented as @ x the Meyer hardness and 
the strain by 4(d/D), where 6 and ¢ are numerical constants. 

Any continuous curve can be fitted by a power-law relationship over a limited 
range and, in particular, the stress—strain curve of a non-metal can be fitted by the 
equationt 

C= be... i, Warbce el See (1) 
where o is the uniaxial stress and « is the natural strain, with 6 and x constant over 
a limited strain range and varying, if necessary, from one strain range to the next. 
As will be shown below, the friction and indentation data indicate that over 
a very wide range of strain the deformation of some non-metals can be represented 
by equation (1) with single values of b and x. Many materials (e.g. metals and 
crystalline non-metals) tend to be elastic at low strains and plastic at high strains 
and equation (1) is particularly well suited to represent this gradation, for, from 
equation (1), when x=1 the stress is proportional to the strain, the condition of 
elasticity, while, when x=0, the stress is constant, the condition of plasticity. 


+ This equation has been shown to represent the stress-strain curve of some metals 
over a wide range of strain (Nadai 1931). 
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Applying equation (1) to the case of contact between a hemisphere and a plane 
(after Tabor 1948) 
L Le: p* (d\* 
a 4° OND 


Ve. fee K (ge? (D2) See ees (2) 
where K,=47bd"/0. The area of contact 
eee Le) Ka AD ogee eles. (3) 


where x=2/(2+x). Equations (2) and (3) have been derived for the particular 
case of contact between a plane surface and a specimen of spherical shape. They 
are, however, of more general application, and apply to any system in which the 
area of contact is circular. Hence they apply, with a different value of K,, to 
the contact of two cylinders of equal diameter D whose axes are at right angles to 
each other, and also to the contact between two hemispheres of equal diameter. 
In the case of two cylinders of equal diameter, inclined to each other at an angle 
less than 90°, the apparent area of contact is elliptical. The major and minor 
axes of the ellipse, d, and d,, however, are both related to the load by an equation 
of the form of equation (2), the values of K, being different for each axis. Hence 
the area of contact, which is proportional to the product of d, and dy, is given by 
equation (3) with a value of K, different from that applicable to the deformation 
of a sphere. 

It will now be assumed that the area of contact at an asperity and the apparent 
area of contact between the friction members both vary with the load according 
to deformation laws of the same form, provided the asperity contact is geometrically 
similar to the bulk contact (assumption (ii)). It follows from this assumption 
that equations (2) and (3) apply to the contact between a curved asperity and 
a hard plane surface or between two curved asperities where L now represents 
the load at an asperity (L,), D the diameter of the asperity (A), d the diameter of 
the area of contact (d,) and A the area of contact at an asperity (4,). In the 
following sections x, and «, will be used to represent the values of the parameters 
x and « at bulk contacts and x, ~» at asperity contacts. 


=e 


| 

Ae A NE NAO 

The following further assumptions are made: (iii) the frictional force is 
proportional to the true area of contact: the constant of proportionality can be 
regarded as a shear strength S,; (iv) the shear strength S, at the points of contact 
is constant, independent of the normal pressure or the strain when slip occurs ; 
(v) the normal and tangential forces are independent of each other. . [Assumptions 
(iv) and (v), while arbitrary, are commonly made and lead to relationships which 
offer a satisfactory qualitative explanation of the frictional behaviour of most 
materials.] (vi) As an idealized concept of roughness, all the asperities will be 
assumed to have the same radius of curvature A/2, to protrude from the surface 
by the same amount A, as in the figure, and to be uniformly distributed over 
the surface; it follows as a corollary to this assumption that for plane surfaces 
all asperities make the same contribution to the total normal reaction and to the 
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total frictional force. (vii) When the apparent area of contact is of circular 
contour, the normal pressure will be assumed to vary in accordance with a modified 
form of the Hertz (1881) equation, viz. 

Pee EP=ry ~ Se  eeaeee (4) 
where p, is the normal pressure at a point distance r from the centre of the area 
of contact of diameter d, and E is a constant. For a Hookean material 7= 4. 


2.1. Contact between Plane Surfaces 


Consider contact between a hard smooth plane surface and a plane non-metal 
surface, the latter being covered with asperities in accordance with assumption 
(vi). It will be assumed that the asperities are segments of spheres. 

Let there be m asperities in contact when the surfaces are loaded normally 
with a load L. 

Then the load per asperity is L,=L/n. Applying assumption (ii), the area 
of contact at each asperity is given by equation (3), ie. A;=4n(LA™/nK,)™. 
The total true area=nA,=n'*j7(LA™/K,)“. Making assumptions (iii)-(vi) 
P= SynA,= Son }n( LA”/K,)*. Let there be m, asperities per unit of the 
apparent area of contact A, then n= Aa, ie. 

Pi Sota(ng Ay) LA 24] Ka ee ee (5) 

It is now proposed to take into account the influence of roughness (see assumption 
(vi)). From the figure it can be seen that h(A—h)=48%. Since the asperities 
are assumed to be uniformly distributed over the surface, my varies inversely as 52, 
1.€. 2)= K,/[A(A—h)]. Substituting in equation (5) 

B= Soa Ke s/[h(A — h)]}( LA" / Ky) 

=K,(A yw)“ 1 

where K,=j7S)(K,'/K,”) and w=1/[p(1—p)]. w is the roughness factor 
and the roughness p=h/A. It should be noted that on the model postulated, 
the maximum value of p is 4. 

Thus, the frictional force is seen to be dependent on the roughness provided 
% +1. For w constant equation (6) becomes 


F= TA es 
where K=Kw'™, 


2.2. Contacts producing a Plane, Circular Apparent Area of Contact 


It has been mentioned above that a circular apparent area of contact is produced 
with contacts between (i) a hemispherical specimen and a plane surface, 
(ii) two-hemispherical specimens of equal diameter and (ili) two cylinders of 
equal diameter whose axes are mutually perpendicular. 

Consider an annular element of the area of contact enclosed by circles of 
radii r and r+dr. If dr is considered to be sufficiently small for the variation 
of the mean normal pressure over the element of area to be ignored, then the 
frictional force due to this element is given by equation (6), i.e. 

dF = K,A,* ya L = Kyu 4 , p ,%. 
From assumption (vii) 


pPy=E(t@— Py. 
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Hence 
dF = Kw! (44? — 72)"2 ar dr. 
Integrating over the area of contact between the limits 0 and d/2 
P= trKyo ME (a7 +1) gd), (8) 
From equation (4) 
L= |” E(td? 12) 2nr dr = (nE (r+ 1)\3d)*. (9) 
But from equation (3) L= K,(d*1*2/D*1).Equating these expressions for L: 
(i) *,=2r, Le. a, =1/(1+7), 
(1) B= {K,/D™}{(7 + 1)/7}220+) = K,/D™, 
Substituting for d from equation (9) into equation (8) 


BES ey —X2 > Yor(1—oe) f —011 06 
= {a,7 Kat x2 (04 + Oy — 04%) }{ D™/K, mt ew Lamy ode — (YP 


eres = eos Pe en el K = (0,7) Kao OK ye and 
B=a + %— 04%. 
The following particular cases are of interest: 
(1) a, =a,=a, i.e. %,=x,=x. Equation (10) is obtained with 
Se ae =) OK eee (11) 
B=o(2—«) sarsdess He) 
(11) a, =1,1.e. x,=0. Equation (10) is obtained with 
C=K,=K,=S,0/b=So/Po (Po 1s the Meyer hardness) 


and 6=1, 1.e. Amontons’ law is obeyed when «= 1. 


2.3. Contact between Crossed Cylinders 


Measurement of the friction of textile fibres are the most common examples 
of the crossed cylinder arrangement. From the mode of production of man-made 
textile fibres (i.e. by extrusion) it might be expected that for these materials the 
asperities will be extended along the length of the fibre. A model can be 
constructed for this class of materials by considering the asperities to be cylindrical 
protuberances of finite length, the axes of these cylinders being parallel to the 
fibre axis. A model of this form was first suggested by Lincoln (1953). 

Making assumption (vi) in this case, the number of contacts is, again, 
proportional to the apparent area of contact. For two fibres of equal diameter 
D and inclined to each other at right angles then, as shown in § 2.2(i), equation 
(10) is obtained with 


Ce oi, (11a) B22 — 6) wavats( la) 


provided «,=a,=a. If the axes of the fibres are inclined at an angie less than 90° 
the true and apparent areas of contact will be elliptical, but as shown above, 
the apparent area of contact will be proportional to L* and, provided the major 
axis of the ellipse of contact at an asperity is less than the length of the contact A, 
the area of contact at an asperity will be proportional to L*. 2 is the length of 
overlap of two asperities of finite length in contact. 
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When the major axis of the elliptical contact at an asperity becomes equal to A, 
further increase in the load can produce an increase in the minor axis only, so 
that in this case assumption (ii) isinapplicable. In this event, as an approximation 
the area of contact at an asperity can be taken as rectangular, the lengths of the 
sides of this rectangle being A and d,. If there are 2n asperities in contact, then 
at any contact L/nAd, = b(p"/8)(d2/A)* = K,/(do/A)* where d, is the minor axis of 
the ellipse and K,’=4K,/7, Le. A, =Ady= A" {LA®/(nKy’)}’ where y= 1/(1+<) 
and x,=x*,=x. Hence the total area of contact nA, = (nd) LA®/Ky')’, Le. 
F=S,(nd)(LA*/K,)’. Tfin=nA, then FocA,!"L’. For two fibres inclined 
at an angle % where $n >>0, AyoL’, hence the friction-load behaviour is 
again expressed by equation (10) with 

CK ee: (115) and B=a(l—y)+y. «----- (12 5) 
For two parallel fibres, ys=0, assumption (il) is valid, i.e. A,ocL’ and in this case 
the friction-load behaviour is expressed by equation (10) with 

Genki ADE ieee (dbz) and Bp=V2—y).  —. see (12¢) 

In the above derivation, the variation of the normal pressure over the area of 
contact has been ignored. If this variation is taken into account the same 
equations are obtained but the values of the constants K; in equations (116) 
and (11c) are altered. 


2.4. Contacts between Smooth Specimens producing Circular Apparent Areas of 
Contact 


For the particular case of smooth curved specimens the true area of contact 
is equal to the apparent area of contact and is given by equation (3). If the 
analysis is repeated it is found that the friction-load behaviour is again expressed 
by equation (10) with equations (11), (11) and (11c) modified to 


CoD ALI aa (Ulett at) CEO DIE bro ateaay (ike} 
and equations (12), (12 a) and (12c) to 
B= Oy msec ate (1212 ¢) B=ay40 yaoi (12:¢2) 


Equations (11’, 11a’), (12’, 12a’) are identical with those obtained by Pascoe 
and Tabor (1955), the assumptions on which their analysis was based having 
been listed in § 1. 


§ 3. DiscussIon 
3.1. The Variation of the Apparent Area of Contact with Normal Load 


In §2 it was shown that the apparent area of contact A, was related to the load 
by a power law when a sphere was loaded either against another sphere of the same 
material or against a hard plane surface, and when cylinders were loaded either 
to produce a circular or an elliptical area of contact. Partial verification of 
equation (3) is furnished by the results of Lincoln (1952) and of Howell and 
Mazur (1953). 

Lincoln measured the area of contact between a nylon hemisphere and a 
glass plate in the load range 0-125g. The apparent area of contact varied with 
the load according to the equation A, = KL°'®, 

Howell and Mazur measured the area of contact between a glass plate loaded 
against cylindrical textile fibres which had been wrapped around a hard cylinder 
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of larger radius. This produced elliptical contact areas which varied with the 
load according to the equation d,=KL*. For the materials cellulose acetate, 
viscose rayon, drawn and undrawn nylon «, was found to lie between ()-72 and 
0-75. 

This verification of equation (3) has been described as partial to the extent 
that the experimental data quoted above were obtained with fixed values of the 
specimen diameter D. The most complete investigation, to date, has been 
undertaken by Pascoe and Tabor (1955) who indented a flat specimen of nylon 
with spherical-ended indenters of four different diameters. Their results were 
in close agreement with Meyer’s hardness laws, of which equation (3) is a state- 
ment. It should be noted that all previous experimental verification of these 
laws has been obtained with metals (see Tabor 1951). 

Thus the experimental data quoted above are evidence in support of the 
validity of applying assumption (i) and equation (1) to non-metals. 


3.2. The Real and Apparent Areas of Contact 


It follows from assumption (111) that the true area of contact, A,, is given by 
F/So, hence when «,=a,=1, i.e. when the specimen becomes plastic in bulk, 
we find from equations (10), (11) and (12) Ay,»=K,L/S,=L/pjs=Axy since 
Po= LAs. 

Thus, when the apparent area of contact is circular and «,=«,=1 the true 
and apparent areas of contact are equal, dependent only on the load and the 
Meyer hardness, and therefore are independent of the size of the contacting 
bodies. This result was found experimentally by Bowden and Tabor (1939) 
who measured the clectrical resistance between perpendicularly crossed metal 
cylinders in contact and between a sphere in contact with a flat metal surface. 
From their data they were able to calculate the true areas of contact. Similarly 
with flat surfaces in contact, provided the load is sufhcient for the condition 
% = 1 to be valid, the total true area of contact is equal to L/p,y and is independent 
of the number of asperities in contact, the size of the asperities and the apparent 
area of contact. Experimentally it was found that the electrical resistance, and 
hence the true area of contact between metal flats in contact, was independent 


of the apparent area of contact. 


3.3. The Dependence of the Coefficient of Friction of Non-metals on the Load 


The considerations given in §2 are seen to lead to the relation F= CL? which 
has been found empirically by Bowden and Young (1951) for clean diamond 
sliding on diamond, by Lincoln (1952) for nylon sliding on nylon, by Guthrie 
and Oliver (1952) for viscose rayon sliding on viscose rayon, by Howell and 
Mazur (1953) for cellulose acetate, viscose rayon and nylon fibres, each fibre 
sliding on another of the same material, by Chapman, Pascoe and Tabor (1955) 
for urea-formaldehyde resin, by Pascoe and ‘Tabor (1955) for nylon sliding on 
nylon, by Lord (1955) for cotton fibres on cotton and is implied by the results of 
Lyne (1955) obtained with cellulose acetate yarn sliding round a chromium 
plated cylinder. . 

The extent of agreement between theory and experiment may be assessed 
by using values of «,, where these are known from static loading experiments, 


928 C. Rubenstein 


to calculate the corresponding values of 8 (using equations (12) or (12.a)) shown 
in column (4) of the table and assuming a, =%,=«. These values may then be 
compared with the experimentally observed values of 8 shown in column (3). 
In column (5) the values of f are calculated using equation (12’, 12 a’) and the 
agreement with the experimental values in the last two examples is quite good. 
It would seem that in these latter cases the assumption that the specimens are 
rough is not applicable. 


(1) (2) (3) (4) (5) (6) 
Cellulose acetate Ons 0-96 0-94 a 
Viscose rayon OR73 0-91 0-93 a 
Drawn nylon 0-72 0-80 0-92 0-72 a 
Undrawn nylon 0-73 0-90 0-93 a 
Urea-formaldehyde 0-74 0-90 0-93 b 
Nylon 0-67 0-67 0-67 c 
Nylon 0:74 0-74 0-74 d 


(1) Material; (2) «,; (3) B; (4) B=a(2—a); (5) B=a; (6) source. 


a, Howell and Mazur 1953; b, Chapman, Pascoe and Tabor 1955; c, Lincoln 1952; 
d, Pascoe and Tabor 1955. 


The calculated and experimental values of 8 are seen to agree to within about 
3° in all but the case of drawn nylon, which value is as poorly fitted by equation 
(12a) as by equation (12a’). This difference between the values of 8 for drawn 
and undrawn nylon is all the more surprising when it is remembered that Pascoe 
and Tabor (1955) used both drawn and undrawn nylon in their experiments and 
obtained similar values of 8 with both fibres. 

The frictional determinations made by Lincoln (1952) and by Pascoe and 
Tabor (1955) were both made with two different geometrical arrangements, viz. 
perpendicularly crossed nylon cylinders and a nylon hemisphere sliding on a 
flat nylon surface. In both investigations a single friction law was obtained, 
Fo L"%' in the former and Foc L°” in the latter. Thus, these results confirm, 
experimentally, the identity of equations (12’) and (12 4’). 

Lord (1955) has measured the fibre—fibre friction of cotton using fringes of 
fibres sliding against each other and using a fringe sliding between two pads of 
parallel fibres. There is greater opportunity for lateral movement of the fibres 
in the former method than there is in the latter, hence the angle of inclination of 
the fibres during sliding may be expected to have been smaller in the fringe—pad 
system. Although the theory has been derived for cylindrical fibres, and cotton 
fibres, in general, are irregular in cross section, being convoluted along their 
length, it is, nevertheless, interesting to see the extent to which the theory agrees 
with experiment in this case. For the fringe-fringe system it might be expected 
that B will be given by equation (125), while for the fringe—pads system, 6 should 
approximate to the value given by equation (12c). Experimentally, it was found 
that the first system gave a value 8 = 0-886 while the second system gave 8 =0-819. 
If these values are substituted in equations (12 6) and (12 c) respectively the value 
of « obtained in each case is 0-73. Considering the difference between the 
idealized model used in the derivation of equations (12 5) and (12 c) and an actual 
cotton fibre, the agreement between the derived values of « is rather surprising. 


Ss ae 
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3.4. Amontons’ Laws of Friction 


For the special case in which the stress at the asperities becomes constant 
(i.e. independent of strain) when slip occurs, the value of the index x, is zero. 
Then «,[ =2/(2 + x,)] = 1, so that in this case (i) both equation (7) and equation (10) 
become F'= K,L, i.e. Amontons’ first law of friction is obeyed (Ky = js) and (ii) in 
equation (6) the index 1 —«,=0, i.e. the frictional force becomes independent of 
the apparent area of contact (Amontons’ second law) and independent of the 
roughness, 

Similarly, as shown in § 2.2 (ii), C( = K) becomes independent of the roughness 
and of the specimen diameter (and hence of the apparent area of contact, 
equation (3)). 

Thus, for both flat and curved specimens, both Amontons’ laws of friction 
are obeyed when «,=1 and, in addition, the frictional force then becomes 
independent of the roughness provided this is not excessive. 

It should be noted that for this to occur, it is necessary only that «,=1, 
irrespective of the value of x, 1.e. although the applied normal load may be insufficient 
to produce the condition «,=1 Amontons’ laws will still be obeyed provided the 
load is sufficient for the condition «,=1 to be obeyed. ‘This is illustrated by 
the results obtained by Whitehead (1950) who found that the coefficient of friction 
of aluminium sliding on aluminium and of silver sliding on silver remained 
constant when the normal load was varied from the order of 0-02 ¢ to the order of 
2000g. With the experimental arrangement adopted, viz. a hemispherical 
slider (radius 0-04cm) in contact with a flat surface, the transition from «, =0-67 
to x, = 1 occurs over the load range from about 0-17 g to about 25 g for aluminium 
and from about 2-9g to about 450g for silver}, i.e. within the range of normal 
loads over which the coefficient of friction was found to be independent of the 
normal load. 

Lincoln (1952) has calculated that the loads necessary for the onset of plasticity 
with nylon are greater than those with steel, at equivalent radii, by a factor of 104 
and, presumably, the loads necessary for full plasticity will be increased by a 
factor of similar magnitude. ‘This would account for the observation that with 
nylon in particular, and non-metals in general, the loads necessary for Amontons’ 
laws to be obeyed are higher than those necessary with metals. ‘Thus, the 
difference in the typical behaviour of metals and non-metals is determined by 
the fact that in one case the stress at the asperities is independent of the strain, 
while in the other case the stress is strain-dependent when slip of the surfaces 
occurs. 

If, as may occur with non-metals when the normal load is sufficiently great, 
the stress as the asperities becomes independent of strain, then Amontons’ laws 
of friction are obeyed irrespective of the value of «,. ‘Thus (Spurr, private 
communication) the coefficient of friction was shown to be independent of the 
normal load when a clean steel ball was slid against a clean glass plate in the load 
range 40-2000g. By repeating the experiments using smoked glass, the track 
widths at different loads were obtained and these were shown to be proportional 
to the cube root of the normal load, i.e. the deformation, in bulk, was elastic. 
These results show that Amontons’ laws were obeyed at normal loads which were 

+ These values are calculated for static loading conditions. Because of the possible 


interaction of the normal and tangential stresses during friction measurements it is possible 
for the transition from «,=0-67 to «,=1 to occur at normal loads lower than these. 
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insufficient to produce the condition «,=1, the condition of bulk plasticity. 
King and Tabor (1954) found that the coefficient of friction was independent of 
the normal load when steel was slid on rock salt with normal loads ranging from 
25 to 1500g, which indicates that the condition a,=1 obtained during these 
experiments. This was confirmed by their measurements of the track width 
at the various loads used when it was found that the square of the track width was 
proportional to the normal load, i.e. that «, was equal to unity. Since the con- 
dition for «,=1 requires a load greater than that necessary for the condition 
a= 1, it follows that over the range of loads used the condition «= 1 was valid. 
Shooter and Tabor (1952) found a similar proportionality between the square 
of the track width and the normal load when a hard steel hemisphere was slid 
over the surface of several high polymer materials at normal loads sufficiently 
high for the coefficient of friction to become independent of the normal load. 

From the above discussion it might be expected that at sufficiently low normal 
loads, when deformation at the asperities is not completely plastic, metals should 
exhibit frictional characteristics normally associated with non-metals. This 
has been observed by Martin and Mittelmann (1946) with tungsten wire sliding 
round a steel cylinder, when it was found that Amontons’ law was not obeyed. 

It is now apparent that the description of frictional behaviour as ‘metallic ” 
and ‘non-metallic’ is somewhat misleading; the frictional behaviour of a 
particular solid will be determined primarily by the shape of the stress-strain 
curve of the material in compression under the particular experimental conditions 
and by the load range within which the friction observations are made. 


3.5. The Dependence of the Frictional Force on Specimen Roughness 


In §3.4 it has been shown that when «,=1 the frictional force becomes 
independent of the surface roughness. In general v= 1 when one metal surface 
is slid over another, so that, provided the roughness is not excessive, the friction 
between metals might be expected to be independent of roughness. This has 
been noted experimentally by Strang and Lewis (1949) and by Bowden and 
Tabor (1950). 

From equation (6) it can be seen that provided «,41, the frictional force 
depends on the roughness factor w. On the models postulated, the maximum 
value of h is A/2, hence the roughness p <1 and therefore w = 1/p(1—p) decreases 
as the roughness increases, i.e. the frictional force decreases as the roughness of 
the surface increases, for a fixed normal load and a fixed apparent area of contact. 

Experimental evidence of the effect of roughness has been found by King 
(1950) who showed that the friction between a wool fibre and cylinders of various 
materials decreased on scratching the surface of the cylinder. Lincoln (1952) 
found similar evidence when nylon was rubbed against a stainless-steel cylinder, 
the coefficient of friction decreasing as the roughness of the cylinder increased. 

Similarly, Roth, Driscoll and Holt (1942) with dry rubber, and Denny (1953) 
with lubricated rubber, have shown that when flat rough rubber specimens are 
slid on smooth tracks, the friction is lower at low loads than when smooth rubber 
specimens are used. (At high normal loads, Denny has shown that this difference 
in frictional force disappears, which is consistent with the view that the whole 
of the apparent area is in contact with the track.) 

The theory given above has revealed that while the parameter C, and hence 
the frictional force, is dependent on the roughness, the index f is independent of 


A General Theory of the Surface Friction of Solids 931 


the roughness. Because of the ‘scale-like’ surface structure of animal fibres, 
the roughness along a fibre in the direction root-to-tip of scale is different from that 
in the direction tip-to-root, and hence, while C should exhibit a directional 
dependence, 8 might be expected to be independent of direction. This has been 
investigated by Lincoln (1954) with wool fibre, when it was found that although 
the frictional force was dependent on direction, the value of 8 was independent of 
direction. 

Thus the adhesion theory, in conjunction with considerations of the influence 
of multiple contacts on the deformation of asperities, offers an explanation of the 
dependence of the frictional force on surface roughness, at least for surfaces which 
approximate to the models postulated in §2. The Coulomb theory of friction 
attributes the frictional force to the work necessary to raise one surface over the 
roughnesses of the other (e.g. Bikerman 1944, 1948), the coefficient of friction 
being equal to the slope of an asperity in the direction of sliding. Hence a 
corollary to the Coulomb theory is that the frictional force increases as the rough- 
ness of the surfaces increases, whereas, as shown above, according to the adhesion 
theory, the frictional force is independent of surface roughness when Amontons’ 
laws are obeyed, and decreases with increase in roughness when Amontons’ 
laws are not obeyed. ‘Thus the experimental evidence of the influence of surface 
roughness on friction is seen to be in accordance with predictions based on the 
adhesion theory of friction and contrary to the predictions of the Coulomb theory. 
Only when the surfaces are excessively rough and the physical properties of the 
rough surface are such that the sliding member does not ‘plough’ through the 
asperities will there be a Coulomb component to the measured frictional force 
(see, for example, the equation derived by Merchant 1940). ‘The adhesion and 
Coulomb components of the friction are illustrated by some results of Baird and 
Mieszkis (1955) who investigated the friction of nylon yarns running against 
alumina surfaces having five different degrees of roughness. With lubricated 
nylon yarns the coefficient of friction decreased initially with increase in roughness 
and then increased with further increase in roughness. 


3.6. The Dependence of the Frictional Force on the Apparent Area of Contact 


When the roughness of the surface is uniform equation (7) gives 
F=KA,'~“L™. If A, is independent of the normal load (this is approximately 
true for flat specimens) then p= F/L= KA,}™/L) "= K/p,™ where p, is the 
apparent normal pressure. 

For a linearly elastic material (e.g. rubber at light loads) #, = 2/3, 1.e.4= Kp, 
This equation was found empirically by Schallamach (1952) for flat rubber 
specimens sliding on plate glass at normal loads ranging from 1kg to 30kg. 

Howell (1951) varied the angle of inclination of two crossed nylon fibres and 
found that the frictional force increased as the angle of inclination decreased, 
i.e. as the apparent area of contact increased. 

Gralén (1952) quotes results obtained with Terylene fibres which suggested 
an increase in the coefficient of friction with increase in fibre diameter. In view 
of the small variation in fibre diameter (13-5-18-3 ), Gralén felt that this effect 
required further experimental verification. . This has been furnished by the 
experiments of Pascoe and Tabor (1955). ‘They measured the friction of crossed 
nylon fibres of three different diameters and the friction between a nylon 


—1/3 


932 C. Rubenstein 


hemisphere and a flat nylon surface. ‘The specimen diameter was varied over 
a range of 320: 1 and in this range the dependence of frictional force on specimen 
diameter was in accordance with equations (11’) and (11a’). 

Thus, the experimental evidence quoted indicates that for non-metals, the 
frictional force increases as the apparent area of contact increases. 


§ 4, CONCLUSIONS 


The theory given above has shown that the surface friction of solids can be 
explained in terms of the adhesion theory of friction, the differences in behaviour 
noted at low and at high loads being attributable to differences in the mode of 
deformation of solids at low and at high loads. This is in accordance with the 
findings of Shooter and ‘Tabor (1952) who concluded that the most likely explana- 
tion of the observed increase in the coefficient of friction at light loads resided 
‘in the nature of the deformation process’. 

An important fact which has emerged during this analysis is that, provided 
the roughness of the surtaces is not excessive, the frictional force is dependent on 
the roughness only when conditions are such that Amontons’ laws are not obeyed, 
the frictional force being independent of the roughness when Amontons’ laws 
are obeyed. When the surfaces are excessively rough, or when one surface 
‘ploughs’ through the other (Bowden, Moore and ‘Tabor 1943, Shooter and 
Tabor 1952) there will be components of the frictional force additional to that due 
to the adhesion at the points of contact. 

Finally, it should be noted that the present treatment has been simplified by 
making assumption (v), viz. that the normal and tangential stresses are independent 
of each other. The implication of this assumption is that the area ot contact 
produced by the normal load remains unaltered as the tangential force is applied, 
and deductions from theories incorporating this assumption are in satisfactory 
qualitative agreement with experiment when applied to most materials, the 
quantitative agreement being poorer. When attempts are made to explain the 
frictional behaviour of very soft (low melting point) metals at room temperature 
it is found (McFarlane and Tabor 1950) that this assumption must be abandoned 
and allowance must be made for the interaction of the applied stresses. Hence 
it may be concluded that to explain the frictional behaviour, at elevated 
temperatures, of materials which show marked softening at these temperatures 
(e.g. thermoplastic polymers, metals) the interaction of the normal and tangential 
stresses will have to be taken into account by means of the appropriate yield 
criterion for failure under the application of combined stresses. 
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Abstract. New absorption peaks have been observed in the long wavelength tail 


of the fundamental absorption band of pure alkali halides, when a small amount 1) 


of another alkali halide is added as an impurity. Results are given which suggest 
that the electronic levels involved in the optical process are associated with the 
activator ion and that the mechanism may be described by a configurational 
coordinate model. 


§ 1. INTRODUCTION 


"[ & understanding of absorption and emission in complex phosphors may 
be found by studies of simple phosphors. Such a phosphor would contain 
localized impurity centres. Thallium-activated halides have already been 
investigated. Alkali halides, containing a small proportion of halide impurity in 
substitutional positions, have been found to have new absorption and emission 
bands below the fundamental limit of the pure crystal. ‘These are among the 
closest approaches to an ideal phosphor. 


§ 2. EXPERIMENTAL METHOD 


Crystals were grown, by the Kyropoulos technique, from melts of salts MX 
containing 1 mole per cent of a salt MY, where M=Na*, Kt, Rbt and X, 
Y=F-,Cl, Br-, I-. Some of the samples were grown directly on to a 2. cm length 
of 4mm diameter nickel rod, screwed into the end of the cooling mechanism. 
The tip of the rod was conical with a groove just above the cone. Boules were 
multicrystalline, but usable pieces of crystal were easily obtained. 

Absorption measurements were made with a Spekker photometer, using a 
Hilger quartz ultra-violet monochromator, an IP28 photomultiplier as detector, 
and, because of its nearly constant intensity across the spectrum, an HF6 hydro- 
gen discharge lamp as a source. ‘The ground base of the prism, in the above 
monochromator, produces stray light by scattering of light internally reflected 
within the prism. ‘The form of the scattered spectrum is the same as that of the 
incident spectrum but is 10~* times as intense. Mercury arc sources have, over 
the range 2100-60004, an intensity range of about 10% and thus below 27004 
produce errors of the order of 100°. Entrance and exit slits were set at 0-25 mm 
but the reported half-widths have been corrected (Brodersen 1954). 

A phase sensitive coherent null detector, similar in principle to that of Liston 
and White (1950), was used. ‘lhe two beams of the Spekker photometer were 
chopped at 40c/s. he square wave output of the photomultiplier, amplified by 


+ Now at the Cavendish Laboratory, Cambridge. 
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_ 5 x 104, was fed into a ring modulator, phased by an electronic switch (Waveforms 

1949). ‘The switch was triggered by symmetrically spaced pulses produced in a 
| magnetic pickup coil when two steel nails attached to the aluminium chopper 
disc passed over it. The output from the ring modulator was integrated in an 
RC circuit to give a band width of 0-03 c/s. The measurements of optical density 
| were reproducible to better than 0-002 over the range of densities of 0-2 to 2:0 at 
wavelengths down to 21504. Relative intensities were measured with the same 
| detector, by generating at the photomultiplier anode a known square wave, 180° 
| out of phase with the chopped light beam. 

The background absorption, due to the solvent, was eliminated by subtracting 
the absorption of the pure salt, MX, from that of the activated salt, MX+ Y. 
This is complicated by two independent effects. The absorption curves of 
| different samples of a given salt show different levels of a wavelength independent 
absorption, and secondly variations in the shape of the absorption rising at short 
wavelengths. Absorption outside the region of the impurity peaks—above 5-5 ev 
| and below 3 ev—has been shown to be entirely due to the solvent. 


§ 3. RESULTS 


The impurity peaks are well fitted by gaussian curves but are slightly asym- 
metric in the tails. Complete spectra were analysed graphically into gaussian 
components by mounting a lantern slide of a set of gaussian curves in a projector 
+ so that the slide could be rotated about the two axes perpendicular to that of the 
} projector. ‘The absorption energies E and the half-widths are given in electron 
|} volts in table 1, together with the values of the peak absorption coefficients and for 
comparison the absorption energy of MY as a vapour (Barrow and Caunt 1953, 


Absorption Coefficient 


Energy (ev) 


| Absorption Spectrum of KCl 3 Br, 


Miiller 1927). The exact impurity content in the crystals has not been determined 
| but it is probably near 1: 10%. An asymmetry was apparent only in the 4 to 4:5 ev 
tails of the strong peaks of NaCl: F, Br, 1; NaBr: Cl; KGl2 Br RboCi Bie lor 
| _ these peaks a good fit is obtained with an expression of the form 


P=(exp — bx?) /(1—ax)"2,° «= E-EByax 
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(Williams 1951), where a=2°5, 45, 2-0, 2:5, 4:5, 3-Oev-, for the above crystals) 
respectively. This accounts for all but a very small amount of absorptions 
occurring to 0-1 ev below the tail of the above curve. In the figure the experi-)/ 
mentally determined absorption coefficient (=In transmission/cm), 1s shown: i 
plotted against energy for a typical curve, that of Br- in KCl. The gaussian 
curves best fitting the data are also shown. | 

The variation of the half-width W of the 45ev peak of KCl: Br was deter— 
mined from T= 100°K to 700°x. Below 200°K a departure from Mott’s expression. 
W-=cT'2 was found. The experimental data were fitted by the expression | 
W=C(@coth6/T)!2 (Williams and Hebb 1951) by least squares, yielding} 
§=(90 + 20 s.d.)°K, corresponding to a zero point energy kO=0-008 ev. Thejf 
energy of the absorption peak was almost independent of temperature. 


Table 1. Absorption Characteristics of Halide Activated Halides at 300°K 


Crystal (1) (2) (3) (4) 
NaCl: F 4-90 0:56 2°76 D0 
INalbye g Cll 4°8 0-6 2-07 Sel 
NaCl : Br 4-90 0:38 2°92 4°85 

4-49 0-32 2°30 4-45 
ICT Br 4-83 0-22 O78) 4-85 
4°53 0-21 1:47 4-49 
RbCl : Br 4-83 0:36 Hest! 4-82 
4-53 0-37 DO 4-43 
NaCl : I 4°85 O355 1-98 4°80 
3-60 0-25 0-18 3-80 
a5 ets 0-16 — 
is T8he 8 A Ae: OF: 0-09 == 
BES) O25) 0-09 3-8 
3225 0-3 0-09 — 


(1) Peak absorption energy (ev); (2) half-width (ev); (3) peak absorption coefficient 
(cm~!); (4) peak absorption energy of vapour of halide used as the impurity (ev). | 

The peaks cluster about four positions of mean energy 4°84, 4°52, 3:55, 3°35 electron | 
volts. 


Quantitative measurements of emission were possible with three samples only, 
of which KBr: Cl, KI: Cl were fused masses. During irradiation by ultra-violet 
light most samples, however, gave fluorescence visible to the eye, as did the above 
three samples to 45 kv x-rays (table 2). Excitation from a mercury arc, using a 
water filled ‘ black-light’ bulb as a spherical lens, produced excitation in the range 
between 3000-4000 A, and a monochromator with wide slits produced excitation 
in the range 2000-3000 A. Rise and decay times were less than 50 milliseconds. 
A NaCl:10°% Nal saturated solution has a blue fluorescence, but changes to 
yellow when evaporated and strongly heated. Thus the luminescent behaviour 
of these phosphors is similar to that of KCI: Tl, in solution or deposited as micro- 
crystals (Pringsheim 1942). 

Experiments with a field of 2000 volt cm™! applied to samples 1cm x lcm x 
(0-1 cm, excited by the full spectrum of a medium pressure mercury arc, indicated 
that possible photo-currents were less than 10~* amp, 


Halide Activated Halide Phosphors 937 


idl Table 2. Emission Characteristics of Halide Activated Halides at 300°k under 
3000-40004 excitation 


Sample Position (ev) Width (ev) Strength 
RbCl : Br 2°38 0-46 Strong 
KBr Cl 2°45 0-39 Strong 
IIE Cll 2-30 0:38 Strong 
INaCI> BaNaGi Br 
IC SB re kBr 225 — Very weak 
NaCl : I 2-0 — Weak 


Under 2000-3000 A excitation all samples gave weak emission near 2:5 ev. 


§ 4. Discussion oF RESULTS 


All crystalline materials are capable of electronic conduction if free electrons 
can be produced in them. That the above crystals do not conduct implies that 
the electronic levels are not in or close to a conduction band. Localized energy 
levels are further implied by the independence of peak transition energy on both 
temperature and the solvent. Of the two basic models used to describe crystal 
phosphors, the band and the configurational coordinate model, the former is thus 
not applicable to the impurity levels so far discovered. 

For a trapped electron the energy of transition between two states usually 
depends strongly on a small number of nearest neighbour coordinates. Williams 
(1951, 1953) has successfully applied this coordinate model to KCl]: Tl obtaining 
the expressions for P, W given above. He also finds that the energy levels are 
quadratic in the nearest neighbour distance, the curvature of excited states being 
smaller near their minima than that of the ground state. This implies firstly 
greater emission than absorption half-width, found here for RbCl: Br, and 
secondly line shape with more pronounced asymmetry on the small energy side, 
as found above. ‘The results thus, being in all respects similar to those for 
KCl: Tl, can be explained by a coordinate model. 

Unfortunately there are no reliable values for the energy levels of halide ions 
other than in the form of vapours MY, the absorption spectra of which bear a 
remarkable resemblance to that of the halide as a crystal impurity MX +MY. 
Assuming that the levels of the halide ion in the crystal will be perturbed by the 
surrounding crystal lattice in a manner similar to that for KCI: Tl a rough estimate 
can be made of the perturbation of the ionic levels. Allowing for the angular 
dependence of the excited wave functions, Williams (1951, 1953) finds that the 
principal perturbations to the 'Tl* levels for a !S)—*P, transition are the repulsion, 
van der Waals, and crystal field perturbations, the values being — 0-44, —0-31, 
—(-91ev for absorption and — 1-10, —0-50, —0-9lev for emission. Provided 
the major change in these perturbations in replacing ‘Tl+ by Y~ is to change the 
sign of the field perturbation, the corrections are +0-2ev for absorption and 
— 0-7 ev for emission, that is, the change in the ionic levels is small for absorption 
and large for emission, and we would expect similar results for the absorption for 
the impurity either in the crystal or as a vapour. Similar results are found for 
solutions of MY in water. It is well known that the ground state of a halogen 
atom is a doublet the separations being 0:03, 0-11, 0-44, 0-94 ev for F, Cl, Br, I. 
In halides containing Br, I impurities there is a multiple structure, the separations 
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being 0-3—0-4, 1-3—1-4ev. Thus the energy levels are those of the activator | 
ions. | 


§ 5. CONCLUSION 


On absorption of a photon ne crystal becomes excited but after a very short |) 
time the excitation becomes localized at an impurity centre, an impurity electron || 
being raised to a discrete excited perturbed level of the impurity ion. Following a | 
rearrangement of the lattice to a position of minimum energy the impurity electron | 
falls to the ground state by emission of a photon. ‘These transitions may be | 
described by a coordinate model with a classical distribution of atomic configura- |j 
tions, characteristic of the ground state except below 200° when the zero point | 
energy must be considered. The results show that the halide activated halide | 
phosphors have properties similar to thallium activated alkali halides and that || 
the coordinate model applies to a greater range of phosphors than has hitherto |} 
been supposed. 

| 
| 


ACKNOWLEDGMENTS 


The writer wishes to thank Mr. D. Shipley for suggesting the use of the 
magnetic pickup, Dr. N. K. Pope for his help and encouragement and the Shirt- 
cliffe Fellowship Committee for the award of their Fellowship in 1955. 


REFERENCES 
Barrow, R. F., and Caunt, A. D., 1953, Proc. Roy. Soc. A, 219, 120. 
BRODERSEN, S., 1954, #. Opt. Soc. Amer., 44, 22. 
Liston, M. D., and Wuirte, J. U., 1950, #. Opt. Soc. Amer., 40, 36 
Miuwer, L. A., 1927, Ann. Phys., Lpz., 82, 39. 
| 


PRINGSHEIM, P., 1942, Rev. Mod. Phys., 14, 132. 

Waveforms, 1949, Radiation Lab. Series, Vol. 19 (New York : McGraw Hill), pp. 210, 604. 
WiuiaMs, F. E., 1951, ¥. Chem. Phys., 19, 464; 1953, 7. Phys. Chem., 57, 780. 

Wiurams, F. E., and Hess, M. H., 1951, Phys. Rev., 84, 1181. 


939 


On the Theory of Plasma Waves 


By F. BERZ+ 


Department of Electrical Engineering, Imperial College, London 


Communicated by D. Gabor; MS. received 2nd June 1955, and 
in revised form 9th March 1956 


Abstract. ‘This theory applies to plasmas with arbitrary stationary electron 
velocity distributions, neglecting the collisions of electrons with charged or 
neutral particles. The plasma waves can be divided into two groups. 

In the first group are the waves which depend on the conditions of excitation. 
These waves are damped and can have, under suitable initial conditions, any 
frequency, wavelength and damping, within certain limits. In the second 
group are the ‘ proper’ plasma waves, i.e. the waves whose dispersion character- 
istics are not influenced by the initial conditions, but are solely determined by 
the stationary electron density and the stationary electron velocity distribution fy 
of the plasma. ‘They include the whole class, if any, of amplified plasma waves, 
and also some definite types of damped and undamped waves. ‘The amplified 
plasma waves can exist only for special types of electron velocity distributions. 
‘Proper’ damped or undamped plasma waves always arise, whatever the initial 
conditions at f=. ‘The oscillating velocity distribution for these waves has 
two components, one which varies in space and time as the electric field, and 
the other which is carried along with the electrons. 

For electron distributions f, of the Maxwellian type, all the plasma waves 
are damped, except for w > wy, where wy =(47ne?/m)!?, This damping is due 
to the intrinsic properties of the plasma. For wy<w<1-05w,) the damping of 
the ‘proper’ plasma waves is small, and the corresponding wavelengths cover 
a wide range 30Ayp <A< 0 (Ap=Debye length). The damping becomes large 
for w>1-15w,, A<20Ap. Langmuir’s simplified theory gives a good first 
approximation (w=w,, A arbitrary) to these results. 

In the well-known theory of Bohm and Gross no initial conditions are taken 
into account, and it is assumed that the oscillating density distribution has no 
component f* carried along with the electrons. Their dispersion equation is 
identical with the general dispersion relation for amplified waves, but for non- 
amplified or damped waves it would correspond to special conditions of 
excitation. Contrary to the conclusions of Bohm and Gross this equation has 
no solutions, except for waves which propagate faster than any electron. In all 
other cases plasma waves can exist only if there is a component ie, 


GENERAL INTRODUCTION 
LASMA-ELECTRON waves are longitudinal electric oscillations of high 
frequency, which can arise in ionized media. ‘These waves are accompanied 
by a periodic motion of electrons, while at these high frequencies the ions 
remain practically motionless, due to their much larger mass. 
+ Now at Mullards Research Laboratories, Salfords, Redhill, Surrey. 
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Plasma waves exhibit a very wide variety, depending on the static field 
configurations, the boundary conditions and the velocity distributions of the 
electrons in the ionized medium. 

We shall consider in this paper only one-dimensional problems, in regions 
without static fields. 

The velocity distributions of electrons in the absence of oscillations is taken 
to be continuous. Particular attention is given in some parts to the case when 
this distribution is of the Maxwellian type, such as can be found for instance 
in the positive column of a gas discharge.t No relativity effect has been taken 
into account, since below 108 deg k the average velocity of electrons in thermal 
equilibrium is small compared with the velocity of light c.f 

The damping effect of collisions of the electrons with other electrons, ions 
or neutral particles is neglected in the present paper. This is justified for the 
usual values of charge densities and for pressures such that the collision frequency 
between any given electron and the neutral particles is small compared with the 
plasma frequency, which commonly occurs for low pressure discharges (see 
Berz 1955, p. 94, Bohm and Gross 1949b). 

The main theoretical investigations by previous authors are summarized in 
the table. 


Assumptions Results 

I All the fluctuating quantities vary One single frequency of oscilla- 
as et(ke—ot), The electrons are tion w =a, ~ 90004/n (n=electron. 
motionless in the absence of density cm~—*), with any wave- 
oscillations. length. 

de All the fluctuating quantities vary Continuous frequency spectrum 
as el(kx—ot) The electrons have for w>w,. The waves are un- 
a thermal velocity distribution. damped.  w? ~ Ww? +3R2U?. 


((u?)1/2=r.m.s. electron velocity 
in the x direction). 


II] Initial conditions at t=0 are taken Continuous frequency spectrum, 
into account. The electrons have for w2w,. The waves are damped, 
a thermal velocity distribution. i.e. k is complex. 
w? © wo? +3(Pk)2u?. 


1, Langmuir and Tonks 1929; II, Vlassov 1945, Bohm and Gross 1949 a, b; III, Landau 1946. 


It is seen from this table that there are considerable differences between the 
results of the various authors. ‘The aim of the present paper is to give an 
elucidation of these discrepancies, and to provide a better theoretical understanding 
of the whole question. 


+ The concept of the velocity distribution function f is based on the assumption that the 
discrete electrons of charge e and mass m can be replaced by a continuous, electrically 
charged fluid, characterized in the phase space by a charge density ef, and a specific mass 
m/e. "This model has been commonly accepted and is also used in the present paper. 
Its validity would however deserve a most careful investigation. The first attempt at 
this can be found in the interesting pioneering papers of Ecker (1955 a, b, c). 

t Moreover a simple calculation shows that at 10° deg k there would be only one electron 
with a velocity larger than c/2, per e*** electrons present. This last figure exceeds the total 
number of electrons of the Universe, as given by Eddington ! 
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§ 1. ON THE ABSENCE OF A DEFINITE DisPERS(ON EQUATION FOR PLASMA WAVES 
1.1. Introduction 


Let us consider a plasma wave with an electric field which varies as e’"~°”, 
It has been pointed out by Landau (1946) and Twiss (1952), on rather general 
mathematical grounds, that the dispersion relation between k and w must be 
strongly affected by the initial conditions. Such conditions are not taken into 
account in the ‘substitution’ analysis used by Vlassov and by Bohm and Gross, 
where it is assumed a priori that the oscillating velocity distribution of the 
electrons also varies as e’*"-, This leads to particular solutions, and not to 
the complete dispersion relation. 

The result is somewhat unexpected, since it is well known that the sub- 
stitution analysis gives the most general solutions in the case of media free of 
space charge. 

It is shown in this section by means of a simple method how the plasma 
waves are affected by the initial conditions and what is the extent of this influence. 


1.2. Fundamental Equations and Assumptions 


The fundamental equations of longitudinal plasma waves are derived from 
Boltzmann’s transfer equation (which contains the equations of motion and the 
continuity equation) and Poisson’s equation 


sigs sobs) oe De Oe ed 1) 
= BP trent Alia dt) die, ON! @ Uke to (2) 


Gaussian units are used throughout. ¢, x, w are the time, abscissa and electron 
velocity in the x direction, m is the equilibrium electron concentration, F the 
fluctuating electric field intensity, f,(w) the electron velocity distribution in the 
stationary state, i.e. in the absence of the fluctuating field (the integral from — oo 
to o of f,(w) is unity); mf is the fluctuating velocity distribution and 
n(d/6t)( fy +f) |e is the variation in the velocity distribution due to collisions. 

It is assumed in (1) that no electric field exists in stationary conditions, and 
in (2) that the stationary electron density is exactly balanced by an equal positive 
ion density. Further f; and f are assumed to be continuous, as well as their 
derivatives, which appear in (1). 

Equation (1) is satisfied for stationary conditions by 


fo, fo _ Fo 


a ag ot 


rs . 


Thus, (1) becomes : - f ’ 
ome in ue (ee |= of 


a "ax m~ \du * du)” 38 

We shall further simplify this equation by neglecting the collision term 
(9f/dt) |- and the product of the fluctuating variables E of [du. The first step 
is justified when the collision frequency is small compared with the plasma 
frequency, and the second step is justified when the oscillating component / 


is small compared with f). 


aa 
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Thus the fundamental equations (1) and (2) become 


of  woj ncaa ta a 3 
ait" ae taeda =) oe en (3) 
~ = —4ren | “Fu, x, t) du. Bri 2) 


In what follows we shall assume that E varies as e““?~®. This only means 
that the field conforms to the usual wave pattern, a necessary assumption if we 
speak of plasma waves. It does not, however, follow that f should vary also as 
el('z—t) as is made clear below. 

The case when & is real will be considered in detail. The case when w is 
teal could be developed along similar lines. 


1.3. Case when the Wave Number k is Real 


When & is real we can put E= Ee*-, f=f(u, t) e™. 
Boltzmann’s transfer equation (3) and Poisson’s equation (4) become 


Cha es Cain Do 
a, ttkuf— — He ame Benes (5) 
ik Be! = —4ren | te ee (6) 


Now (5) is a linear equation of the first order with constant coefficients, 

whose solution, as obtained by standard methods, is 
fu, 2 aprons ae eee sae (7) 

where C(u) is a function of uw which can have any arbitrary form as far as the 
mathematical solution of (5) is concerned. In practice C(u) is determined by 
the initial conditions at t=0, as can be seen from (7), and as is further shown 
in §2. 

Substituting back into (6) we obtain after introducing the plasma angular 
frequency w,)=(47ne?/m)"? and multiplying both sides of (6) by ke™!/w,27E 

RANA i a Re ie ’ 

(=) = | . du + BE aoe Clajes*"idus 7 eee (8) 


Wo J oo U—w/k 


This formula in order to be self-consistent should be independent of t. 
Let us take in equation (8) 
EC, 
C(u) = w/k—u 2 80s sis (9) 
where Cy is a constant, and %w <0 (damped waves). Applying Jordan’s lemma 
(Whittaker and Watson 1927) and the theorem of residues to the contour formed 


by the real axis and the semicircle o, |w|=R, in the lower half-plane, we obtain 
for R+> a 


oa) ent kut . 
| sp t= rte, 
For damped waves (8) becomes 
BNA aaa alte) . 
(=) = | aap et 2mikCot Slee olete (10) 
t+ A dispersion equation independent of t could also be obtained for any choice of 


C(u) other than (9), provided | C(w)| > 0 along o, and that the only singularity of C(w) in 
the lower half plane is a pole of order one at u=w/k. 
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It is thus seen that, for any given real value of k, any value of w, such that %w <0, 
satisfies (10), if Cy, which is determined by the initial conditions, is chosen 
appropriately. In practice the electrons have finite velocities |u|<uy<e (see 
footnote [ p. 940). Therefore C(u) can take a form similar to (9) only for 
|w|<w,,, and then tapers to zero. It could be shown that this does not alter 
, I w/k Ms 

appreciably the results, provided |w/k|<uy and aan <1. Within these 
= hs ' vis 

limits waves can propagate with any wavelength, frequency and damping, 
provided some electrons are present at the wave velocity and a proper choice 
is made of the initial velocity distribution. Now according to (7) 


: fore. NONSE Cae 
fu, x, i — 4 <p So as oan ee ell kc— hut), ve (11) 


‘The last term represents disturbances carried along with the electron velocity. 
If we assume that f varies like F in space and time, C,)=0. This is the case 
which has been considered by Vlassov (1945) and Bohm and Gross (1949a, b) 


and discussed here in §3. 
Consider now amplified waves (.%w>0). If we choose again C(u) according 
o (9), it can be easily seen by Jordan’s lemma that: 


ie io) —i kut 
| Cine es du = CoE | aoa du = 0 
and therefore the dispersion equation becomes 
Ne tent Fi: Si@) 
(:;) eee = eae (12) 


That this is the most general equation for amplified waves will receive 
confirmation in §2. We are back again to the equation obtained with C)=0. 
Thus only the component of f which varies as the electric field comes into the 
dispersion equation for amplified waves. ‘This equation is uniquely determined 
by the stationary characteristics of the plasma and is independent of the initial 
conditions. It is shown in §§2 and 3 that equation (12) has no solution, and 
therefore no amplified waves can arise, except for special types of velocity 


distributions fy). 
Similar results could also be derived for the case when w is real. 


§ 2. PLasMA WAVES FOR GIVEN INITIAL CONDITIONS AT t=0 
2.1. General Results 


It has been shown in §1 that the dispersion equation for plasma oscillations 
depends on the assumptions concerning f. It is therefore essential to take the 
initial conditions into account. 

The formal derivation has been done by Landau (1946), ‘Twiss (1951, 1952) 
and Berz (1955, p. 39) and the results obtained are first briefly reviewed here. 

The initial velocity distribution can be put in the form 

folu)+ | gi(udel** dhe 


+ This dispersion equation would also be obtained when C(x) is chosen according to the 
more general conditions given in the footnote of p. 942. 
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Since the problem has been made linear, the solution will be the integral of the 
solutions corresponding to each of the k-components. We therefore take an 
initial velocity distribution at t=0, of the form 


fate? OO" ee (13) 
where k is real (>0). 
The subsequent behaviour of the plasma can be derived by means of (3) 
and (4) with the help of Laplace’s transforms (see Appendices I and I] aitas 
then seen that the electric field & has the form: 


= x A, exp {i(kw — Q,t)} + 2 B, exp {i(kx—w,!)}. ...... (14) 


A, and B, are constants.t 
The first sum corresponds to damped waves which depend on the initial 
disturbance g(u), since 
Ove: kay 4) \Vishee | i piers (15) 


where the points u, are the singularities, if any, of g(u) in the lower half-plane 
Sw <0. 

The second sum in (14) corresponds to ‘proper’ plasma waves, whose 
frequencies w, are determined by the static characteristics of the plasma, and 
are given by the roots of the following equations: 


For %w>0 (amplified waves) 


ee ne 
(=): ep [oS aif (5). hoes: (165) 


For %w <0 (damped waves) 


(=) =|. ee du + info! @ rn es (16) 


The terms on the right-hand sides of equations (166) and (16c) represent 
the analytical continuation of the function of w, defined by the integral in (16a) 
for the upper half-plane (Appendix II). The notation P. in (164) stands for the 
principal value of the integral, according to Cauchy’s definition. It can be proved 


rigorously (Berz 1955, p. 66) that for w/k large with respect to the average 
values of u . 


ve fo (u) re, Rare k k\? ' 
| oRee= = af [t+ ean (5) an | f (u) du 


= (5) [1422043 (5) ea+9 | 


. ip Ulin ae assumed (1) that fo(w) and g(w) are analytical with poles as only singularities, 
(11) that there is a family of curves in the lower half plane, whose distance from the origin 
tends to infinity, and along which 


g(u) 
| ate BAGO | >? for ll > 0 


(see Berz 1955, p. 39). 
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where the integral is replaced by its principal value when w/k is real, and where 


i= | uf(u)du = | wf(u) du 
and |e|0 when |w/k|> ~. 


Therefore it is seen from (16) that the following asymptotic expansion is 


obtained for w/k large 
2 kh 2 
(=) 21425043(=) awn» he en oe (17) 
Wo Ww WwW 


It follows from a comparison of (16a) with (8), taking (7) into account, that, 
for amplified waves, only the component of the fluctuating density distribution f 
which varies in space and time as the oscillating electric field gives a contribution 
to the dispersion equation. This agrees with the conclusions of § 1. 

For damped waves, however, the component of f which is carried along with 
the electrons plays an important part. It accounts for the second term on the 
right-hand side of (16c). 


2.2. Existence and Number of ‘ Proper’ Plasma Waves 


Formulae (16) give the dispersion relations of ‘proper’ plasma waves, for 
which & is real. 
The solutions for which w is also real will occur at points S such that: 


fo (w/k) = 9 
eT te amex stan ved p> be a Perak 18 


A suitable point S, found for any distribution, corresponds to w/k— o, 
where according to (17) 

W= Wy, R= Open ek Netra (19) 

The points S are at the intersection with the real axis of the dispersion curves 
defined by (16) in the complex plane w/k, along which & is real (for more details 
see Berz 1955, p. 30). 

The characteristics of the solutions depend on the function fy. It can be 
shown (Berz 1955, pp. 39, 82) that for any given real value of k, (i) amplified or 
undamped waves, either do not arise or are finite in number, (i1) damped waves 
always exist, in finite or in infinite number. 


2.3. Case of Isotropic Distributions of the Maxwellian Type 
Of particular importance are the isotropic distributions f,(v) such that 
Polen 7 ot se (20 a) 
TFA CRUG So UE 2) aie olen a Ror (20d) 
te) =fo (Op 0e ee eae (20 c) 


For that class of functions all the plasma waves are damped, except the wave 


given by (19)(see Appendix IT1). 
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This is true in particular for the Maxwellian distribution, f in which case, 
moreover, for any given k there is an infinity of damped solutions w (Berz 1955, 
p. 82). For such a distribution equations (16) take the form 


Gl = = 28 Disty/e(1terkiz) lo) meee ee (21) 
0 
where 7=w/k(2u?)!. 

An approximate solution of (21) for the wave of smallest damping can be 
obtained by means of a first order expansion with respect to 4 w (Berz 1955; pao2e 
Figure 1 gives the results. = 

For wave velocities V,,>5(u2)!?, not represented on the figure, the damping 
is very small, due to the small number of electrons travelling at these velocities. 
Equation (17) is satisfied with a good approximation, and whereas the frequency w 
varies only very slowly, wy<w<1-05w»9, the wavelength A covers a very wide 
range 30Ap<A<. For gas discharges the Debye length Ap is of the order 
of 1mm or below 

Ap= (a) ; os (48 7) cm (7'=electron temperature in °K). 
47 ne n 
Therefore although these waves have a dispersion equation, the result found by 
Langmuir when neglecting the velocity distribution, i.e. @=@p , A arbitrary, 
gives a fair approximation. 
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Figure 1. Plasma oscillation of smallest damping excited by ordinary initial disturbances, 

when the equilibrium velocity distribution is Maxwellian. 

The figures in brackets give the maximum relative error introduced by the approximate 
method of solution of the dispersion equation (21). These errors become important 
in the region where the curves are dotted. V,—=wave velocity, (u*)!/*=r.m.s. 
electron velocity in the direction of the wave propagation; w/w )=(frequency of 
oscillation)/(plasma frequency); w, is the real part of w; T=period of oscillation, 
T=27/w,; 7T,=‘ relaxation time ’, i.e. the interval of time after which the square of 
the field amplitude is decreased by the factor e. 


f It is assumed in this section that the distribution extends to w=00. 'This however 
does not introduce any substantial difference as will be seen from the remarks in § 3.4. 
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As shown in figure 1, the damping increases when w is increased. It becomes 
important for w>1-15w9, V,,<4(u?)!?. At the same time the dispersion relation 
between the real parts of w and k deviates markedly from (17). 


2.4. Conclusions 


It must be noted that although the results of this section have been derived 
for given initial conditions at t= 0, they are also likely to apply in substance when 
initial conditions are given at x=0. 

This means that there are ‘proper’ plasma waves, whose dispersion 
characteristics are independent of the condition of excitation. 

For Maxwellian distributions these waves are damped, except for the 
solution (19). The real parts of w and k are asymptotically related by (17) 
for large values of w/k. ‘The damping becomes important in the immediate 
neighbourhood of the characteristic frequency wo. 


$3. SomME REMARKS ABOUT THE DISPERSION EQUATION OF VLASSOV, 
AND BOHM AND GROSss 


3.1. The Equation and its Limitations 


The dispersion equation considered in the important papers of Vlassov (1945), 
and Bohm and Gross (1949a, b) is of the form 
k\? _(° fo (u) 
(=) = ils oR tts (22) 
This equation is derived by means of a ‘substitution analysis’, i.e. by assuming 
that f as well as E varies in space and time as e“*-, This amounts to taking 
C(u) =0 in equation (8). 

The lack of generality of this procedure pointed out by Landau (1946) and 
Twiss (1952), can be understood more fully in view of the preceding sections. 
As seen in §§ 1 and 2, equation (22) has general validity for amplified waves only. 
Besides this limitation, the methods used for the solution of (22) are also open 
to criticism as seen in what follows. 


3.2. Interpretation of the Equation for Real Values of w and k 


The interpretation of (22) for w/k real is somewhat delicate. Although the 
integral in (22) diverges, when substituting real values of w/k, for fy’(w/k)40,t 
it tends towards finite limits, when the real axis of w/k is approached through 
paths in the complex w/k plane (Appendix II). ‘To assume that these limits 
give the actual value of k?/w,” for real values of w/k means that there is no 
discontinuity in the wave propagation when w/k is real, and when it has a small 
imaginary component. We can thus write for (22): 


(2 ) é \" UG Oiay he enyigheael al ae (23 a) 


Wo _»u—wlk 


For .%w/k4~0 


+ The divergence of the integral is due to the.electrons which travel near or at the wave 
velocity w/k, and the influence of which is greatly over-stressed by the linear treatment, 
leading to (22). In actual fact these electrons have but a finite effect. 
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For 4%w/k=0 R\2 is f'(u) , 
mae hi eee ES [7 | 
& flim MP Soe 
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k\2 ' Meo) fy'(u) 
ee Atos, | ear ege aN is 


T le. a ae € *) | 


The values of the limits given by (234, c) are justified in Appendix II, and are 
valid for infinite and finite distributions (f,(w) = 0 for |w|>wy)). 

As seen by comparison with (165), equation (23 b) corresponds to a ‘proper’ 
plasma wave, whereas (23 c) is obtained only with special conditions of excitation. 


3.3. Discussion of the Solution 
Consider now the solution of equation (23) for the case of isotropic distri- 
butions, fo()=fo(—u). In the papers quoted in §3.1 use is made of (17). 
Neglecting the second term on the right-hand side of (236, c), the following 
dispersion equation is obtained 


Gal See (5). Lares (24) 


It would follow from this equation that for ww», real values w/k correspond 
to real values of k and w. But these results are not correct, due to the errors 
introduced by the approximations leading from equations (23) to (24). ‘The 
rigorous discussion of the existence of solutions must be made along the line 
used for (16a, 6) in § 2.2. 

It can be seen that the solutions of (23) with k and w real occur only at points 
defined by (18). For continuous and finite distributions, f(w) =0 for |w|>w,,, 
this includes solutions with w/k>uy,. If moreover (w2)!”2/wy;<1 such solutions 
satisfy (24) and therefore ww», which is very similar to the result of Langmuir, 
with the added restriction w/k> uy). 

For the important class of finite isotropic distributions such that /)'(w) <0 
for 0<u<uy, fy (u)=0 for uu, no other solutions of (23) can occur with 
either w or k real, except for w<w, and k imaginaryt (see Appendix ITT). 


3.4. Conclusions 


A comparison with the results of §§1 and 2 shows that the dispersion 
equation (22) lacks generality, and that its solutions are often restricted to 
values of Rk such that w/k>u,,. This occurs because of the rather narrow 
conditions put a priori on f. When no such conditions are imposed, as in the 
initial boundary problem of §2, solutions arise for all values of k. It is inter- 
esting to note that for infinite Maxwellian distributions the solutions of §2 for 
V,,>5(u?)!? are very similar to those found in the present section when 
es =0 for |u| >5(u?)12., 

+ In connection with the finite distributions I would like to acknowledge a private 
communication from P. C. Clemmow and A, J. Willson, where a natural cut-off to electron 


velocities 1s introduced by a relativity treatment. Note added in proof. Their work is to 
appear in Proc. Roy. Soc. A, 1956, 237, 
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$4. GENERAL PRACTICAL CONCLUSIONS 

It is seen that the plasma waves can be divided into two groups. 

In the first group are the damped waves which depend on the conditions of 
excitation. 

In the second are ‘proper’ plasma waves, which are determined by the 
stationary conditions of the plasma, and which can be either amplified, damped, 
or progressive (with no amplification or damping), according to the type of the 
velocity distribution function fp. . Progressive plasma waves can only be found 
for values of w/k such that fo'(w/k) =0. 

For Maxwellian distributions the ‘proper’ plasma waves are progressive 
(w=w,) or damped. As shown in figure 1 the damping per period of oscillation 
is small for 1 <w/wy<1-05, 30Ayp<A< oo and in this range the real parts of w 
and k are asymptotically related by equation (17). For w/w, > 1-15 the damping 
per period is very strong. 
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APPENDIX I 


The Use of Laplace Transforms for given Initial Conditions 
The electric field and velocity distributions can be put in the forms 
jes &(t) ek 
f= F(u, t) e'*-, 
with F(u,0)=g(u). Let &, and f,=F,(u)e"” be the corresponding Laplace 
transforms with respect to time. 
Equation (3) gives 


1 O dfy 
ce rl £ Cis = Fog | 
whence it follows, using (4), that 
, _.4trne G(p) 5 
é,=1 Mle Thie © t-te (25) 
where for 4p >0 fa) 
“y u 
G(p)= |. Reem aie (26) 
fo’) 
1(p)=i52 | a oe? 9° Tee (27) 


For #p <0, G(p) and I(p) are the analytic continuations of the functions defined 
by the integrals (26), (27) for Ap>0. These are derived according to the 
principles developed in Appendix II. 

The electric field &(t) is obtained from (25) by means of the inversion integral. 
This can be evaluated using the residues which arise at the poles of G(p) and 
at the roots of the equation 1—/(p)=0. 

Hence the results of § 2. 
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APPENDIX II 


a) cay 
The Integral | pe i du. 


It is first assumed that fp’(w) 1s analytic with 


| oi) Lau 


finite. Landau (1946) has shown that under these conditions the functions of w/k 
defined by the sums on the right-hand sides of (166) and (16¢) give the analytic 
continuation of the function given by the integral on the right-hand side of (16 a).f 
In view of its importance this result is derived here, by a slightly different method. 

Let C be a contour in the lower half-plane u such that fy’(w) has no singularities 
either on C or between C and the real axis (see figure 2(a) where uy, Uy, -+- are 
the singularities of f)’(w)). The function F (w/k) is defined, for points w/k 


above C, by the integral 
a fg as (28 
F.(@)= aaa ee 2 


According to a well-known theorem (Copson 1935, p. 107) F .(w/k) 18 
analytic and without singularities above C. 
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Applying the theorem of residues to the contour formed by C and the real 
axis (figure 2(a)) equation (28) can be put in the following equivalent form: 


For %w/k>0 
@\ te ite wane 
aE (<) ms | xo U—w/k gy 
and for w/k between C and the real axis 


FY (5) = | “ ha ees i (3). 


+ This result can be also derived from Plemelj formulae (see Muskhelishvili 1953), 


. « bs , . . . . . ie . 
with less restrictions on fy (wv), which must satisfy certain continuity conditions, but is not 
necessarily enalytic. 
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For -%w/k=( Cauchy’s theorem is applied along the contour Co A’yA—o 
(see figure 2()), giving 


F, (5) =|" fo’ (#4) epoca (3). 


ap ae 


Since the contour C is arbitrary, this proves the result stated above concerning 
equations (16). In these formulae the integrals along the real axis define functions 
of w/k without any singularities (Copson 1935), and the only singularities of 
F ,(w/k) are those of fo’ in the lower half-plane. 

It could be shown in a similar way that equation (236) gives the analytic 
continuation of (23a). This also holds in the case of finite distributions, such 
that fo'(w) is analytic for |w|<uy, and is equal to zero for |u|>uy.. (In this 
case fy (w/k)=0 in (236) for w/k>uy.) The derivation is the same as above 
with the contour C of figure 2 terminating at the points w= +uy. 

Similarly the last line on the right-hand side of (23c) gives the analytic 
continuation on the real axis of the function F_(w/k), defined for %w/k<0 by 


F (2) =[° PO au 


APPENDIX III 


On the Absence of Undamped Solutions for Certain Types of Isotropic Distributions 
First consider solutions of (16a, 5) with k real for distributions of the type 
defined by equation (20). Let us put w/k=X+1Y. The only possible solution 
along Y=0, 1.e. for both w and k real, must satisfy (18), and is therefore given 
by equation (19). 
Outside the real axis (16a) takes the form 


a) eee aa fo'(u) 
(=) =| xo” 


een Se o (u sei 1 ] 
=-{- pa du iY | fows ao wees vale (u) du. 


For X40, YO, the second integral is always negative, and k cannot be real. 
For X=0 (29) can be written in the form 


(=) eva Le) a ee (30) 


Wo 0 u2 + Yy2 


Thus along X=0, w is real and R is imaginary. | 
Hence for & real no undamped waves can arise, besides the solution (19). 
Multiplying both sides of (29) by (w/k)? it could similarly be shown that 

besides the solution given by (19) is real only along the axis X =0, where k is 

imaginary and w<wp, as follows from the inequality 


ALON teen aire 
Ey? , ee pide 2] u fy (u) du 


and from 


—2 ie u fy (u) du= 2] fle) du=T. 


~ 0 
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The results can be easily extended to the solutions of (23) for isotropic finite 
and continuous distributions fo(w) such that fy’(u) <0 for 0< |u|<um, and fy’ (u)=0 
for |u| >wy. It can be seen that in that case the only solutions with & and w 
real are those given in §3.3. 
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RESEARCH NOTES 


The Measurement of the Electron Content of the Ionosphere by the 
Lunar Radio Echo Method 


By J. V. EVANS 
Jodrell Bank Experimental Station, University of Manchester 


Communicated by A. C,. B. Lovell ; MS. received 11th Fune 1956 


HE investigation of the long period fading of radio echoes reflected from 

the moon (Murray and Hargreaves 1954, Browne, Evans, Hargreaves and 

Murray 1956) indicated a possible new technique for the measurement of 
the total ionospheric electron content. This note describes the preliminary 
results of such measurements. ‘The method consists of measuring the amount 
of rotation of the plane of polarization of the radio waves during their double 
passage between the earth and the moon. It can be shown that for the most 
likely distribution of electrons between the earth and moon, about 98° of the 
rotation will occur in the region 100 to 500 km. ‘Thus equation (2 a) of Browne 
et al. (1956) can be written as 


w=3:35 x 10’ BeosOsecy |" Ndh radians... (1) 


where the numerical constant includes e, m, c and the radio frequency /, and 
w=rotation of the plane of polarization (radians), B=terrestrial magnetic 
induction (gauss), 9=angle between the line of sight and the magnetic lines of 
force, y=angle between the line of sight and the zenith at height h. 


= DIPS 
a 119-28 Mc/s 


wn 


> 


rms Signal-to-Noise Ratio 
w 


0 
072 = 3 37 43 49 55 0801 07 13 19 2s 083) 
U.T 


Figure 1. The r.m.s. signal-to-noise ratio on two frequencies on 9th November 1955, 


The rotation w has been measured by observing the change in amplitude of 
radio echoes from the moon received on a horizontally polarized aerial array. 
The frequency of the equipment is switched every 25 pulses (three quarters of 
a minute) between 119-28 Mc/s and 120-72 Mc/s. ‘The signal-to-noise ratio 
on the two frequencies shows a similar variation, but there is a time displacement 
between the curves. An example of this is shown in figure 1 and the derivation 
of w from such curves has been described previously (Browne et al. 1956). 
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‘The aerial system restricts the use of the present equipment to a period of 
+30 minutes about lunar transit on 14 days per lunation and this Note refers 
to the lunations of October and November 1955. Each day’s run commenced 
approximately where the previous one finished, thus the period midnight to 
10.0 a.m. was covered. Because of these limitations a single day’s run cannot 
provide an unambiguous result. For example, the minima in figure 1 were 
found to be 34, 3? and 4} rotations respectively, with an uncertainty such that 
they could be all +4 rotation or —} rotation. ‘The ambiguity can be eliminated 
by joining the curves obtained on successive days. If the ionosphere behaves 
in the same manner from day to day, then continuity would be expected and 
this has been found to be the case with the exception of some early morning runs 
in November. Figures 2(a) and (4) show the variation of the electron content 
| Ndh from h=100 to 500 km, deduced from the curves for these periods. 
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Figure 2. The variation of the measured electron content, together with that estimated 
from Slough critical frequency data. ‘The ordinates give the number of electrons 
in the ionosphere per cm? along the line of sight. (a) October 1955; (6) November 
1955; the early morning period is uncertain. 


Also plotted in figures 2(a) and (6) is the electron content of the ionosphere 
calculated from Slough critical frequency data by assuming that the region is 
parabolic, whence 


| Nah=16-5 x 10-(f,.F2)2ymF2 electrons. =... (2) 


The value of (f)F2)’ymF2 is the mean for the fourteen days. ‘The E and F1 
regions were neglected as their contribution to the total electron content will 
be small compared with the F2 region. These results indicate that the total 
electron content of the ionosphere is approximately twice that expected on the 
basis of a simple parabolic model. Thus, after sunrise it would appear that there 
are three times as many electrons above the level of the maximum as below, 
whilst before sunrise this ratio is somewhat higher. A similar result for the 
distribution of electrons in the F region was obtained by Smith (1952) from his 
studies of the refraction of radio waves from radio stars on 81-5 Mc/s. From 
the work of Chapman (1931) a ratio of about 2:1 would be expected. Gledhill 
and Szendrei (1950), who have extended Chapman’s work to the case of a non- 
isothermal atmosphere, show that this ratio depends critically upon the 


temperature gradient and is always greater than that predicted by Chapman 
when this is positive. 
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Tables for quick Calculation of Optical Constants and Variation of the 
Ellipse of Vibration with Angle of Incidence 


By P2-CROSBY 7 
West Ham College of Technology, London E.15 


ALS. received 17th August 1955, and in revised form 7th March 1956 


§$ 1. CALCULATION OF OPTICAL CONSTANTS FROM ELLIPSE OF REFLECTION 
N 1946 Price derived exact equations for the calculation of the optical constants 
of a specimen from the ellipse of vibration obtained when plane-polarized 
light of 45° azimuth is reflected obliquely by a plane surface of the specimen. 
His equations were: 


» 9  2s8in*¢tan* (cos A + sin 2%) 
—«=h2—pn?= —.____+_—__— -tan?¢d__...... 
Pat sin 27 (cos A + cosec 2x)? pat ) 
2o 2sin?¢ tan? ¢sin A 
es ms tan 2(cosA+cosec2p)? 9 7" (2) 


where v is the refractive index, & the extinction coefficient, € the dielectric constant 
and o the electrical conductivity of the specimen at the frequency v of the reflected 
radiation. ¢ is the angle of incidence and the ellipse of vibration is specified by 
the azimuth angle 4=tan Rp/Rs and A, which is the phase difference between 
the components Ry and R, respectively parallel and perpendicular to the plane 
of incidence. A, 2:5 and d are measured experimentally and the Price equations 
are solved to find k?—n? and 2nk. 
These equations may be rewritten: 


eee AO ig + Me. Naeem (3) 
na AC ae 
where 
ree (cos A + sin 2:7) B= sinA 
~~ sin 2:s(cos A + cosec 2)?’ ~ tan 2xs (cos A + cosec 2x5)? ’ 
C=2sin? ¢ tan? 4, D=tan? ¢, 


The values of C and D are easily determined. A and B are complicated and 
have been tabulated to four significant figures for all combinations of A and 2s 
at degree intervals in the range 0<A<180° and 45° <2 <90°. 


+ Now at Weapons Research Establishment, Salisbury, South Australia. 
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Hence the greater part of the calculation has been carried out and the solution 
of the Price equations has been reduced to the simple arithmetic of calculating | 
AC — D and BC in order to determine k? — n® and 2nk respectively. Calculations |” 
that would have taken several days to work through now only require an hour 
or so. The tables are kept in the Physical Society archives and at the Science 


Library. 


$2. CALCULATION OF ELLIPSE OF VIBRATION FROM OprTicaAL CONSTANTS 


Other uses of the tables have been described elsewhere (Crosby 1955). ‘The 
most interesting is the reverse calculation in which the ellipse of vibration at any 
angle of incidence may be deduced from a knowledge of the optical constants. 
So far it has not been possible to produce a pair of equations for A and 2% in 
terms of k2—n2, 2nk and d, but the tables enable the calculations to be carried 
out, thus: 

Rewriting equations (3) and (4), one obtains 


et ee 2 
scliat sD Meee) pe (5) 
Cc 2 sin? ¢ tan? d 
2nk 2nk 
Sa ee et ee (6) 


C  2sin?dtan?¢ ~ 
‘The values of k?—n? and 2nk being known, A and B are calculated for a given 
angle of incidence ¢. ‘The new tables are then scanned to find the combination 
of A and 2% which give these values of A and B simultaneously. Experience 
has shown that the combination of A and 2:5 may be found to within 4 degree 
of arc in each angle. 

By calculating the ellipse of vibration for various angles of incidence one 
may determine the family of ellipses for all angles of incidence. 
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Spectroscopic Evidence for Presence of Atoms in Active Nitrogen 


BY DE -SLEwAR®, 


Physics Department, Queen’s University of Belfast 
Communicated by K. G. Emeléus; MS. received 3rd April 1956 


L THOUGH most recent theories of the Lewis—Rayleigh afterglow of nitrogen 
agree in associating it with volume recombination of nitrogen atoms, there 
is relatively little direct spectroscopic evidence for their presence (cf. 

Herzberg 1953, Herzfeld and Broida 1956). The afterglow would not be expected 
to emit visible or infra-red dipole lines of the Ni spectrum, as these require at least 
11-7 ev for excitation from the 4S ground state, and indirect spectroscopic evidence 
indicates that the maximum energy available for excitation is only 9-8 ev (Mitra 
1945). . Nitrogen possesses, however, low metastable 2D and ?P states, with 
excitation potentials of 2-4v and 3-6 v respectively, and it seemed possible that 
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the ‘ forbidden’ radiative transitions between these states, or between one or both 
and the ground state might be detectable. 

Actually conditions for observation of the lines are less favourable than for 
observation of the corresponding auroral and transauroral lines of O1 (Sayers and 
Emeleus 1952). The 7D-*P multiplet of Ni has wavelengths c. 10400, and is 
therefore liable to be obscured by first positive bands of N,. The 4S—2D tran- 
sition at 5200 has a total Einstein 4 coefficient of only about 3-5 x 10° sec 
(Pasternack 1940), which makes it doubtful if it can be observed at all in spon- 
taneous emission from laboratory sources. That leaves the 4S—?P doublet at 
3466-44 and 3466-74, with A coefficients of 6:7 x 10-3 and 2:7 x 10-%sec 
respectively. ‘This has been produced from other laboratory sources, for example, 
by Janin (1946) and R. and L. Herman (1946), and attention was therefore con- 
centrated on searching for it in the light. from the afterglow. 

The afterglow was generated in streaming gas in a Pyrex tube 5 cm in diameter 
and 100cm long, with a quartz window at one end. Commerical nitrogen from 
a cylinder containing less than 1°, of oxygen was passed through pyrogallol, and 
dried by tubes containing phosphorus pentoxide and traps cooled by liquid oxygen. 
After activation in a heavy Tesla spark discharge, it entered the observation tube 
through a side arm near the quartz window. The speed of the gas in the obser- 
vation tube was of the order of 5}0cmsec. At pressures in the range of 1 to 
50 mm Hg, the observation tube was filled with the yellow afterglow, and provided 
a source of considerable intensity. 

The spectrum was photographed through the quartz end, using an f/5 quartz 
prism spectrograph with a dispersion of 85Amm_ |! at 3670A. An isolated line 
with wavelength 3466-5 + 0-3 A was recorded at pressures of from 2 to 10mm Hg, 
with exposure times of from 2 to 4hours. Examination of the infra-red, visible 
and ultra-violet regions revealed in addition only the 25374 line of Hg1, and some 
bands of N, and NO. ‘The intensity distribution in the first positive bands was 
that typical of active nitrogen (Reinecke 1953), and there was no correlation 
between the intensity of the line at 34664 and the intensities of the NO bands. 
It was concluded that the line was the unresolved doublet of Ni, and that N atoms 
in the *P state are present in the afterglow. Presumably N atoms in the #D state 
and the *S ground state are present in greater numbers. From observations on 
the production of infra-red dipole lines of Nt by electron collisions with N, mole- 
cules (Stewart 1955), it is thought likely that the N atoms in the three low states 
(?P, 7D and 45) are largely produced in the parent discharge by dissociative 
ionization. 
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On the Anomalous Rectification of Cuprous Sulphide Detectors 


By M. ANASTASSIADES anp D. ILIAS 


University of Athens 


MS. received 10th May 1955, and in revised form 20th February 1956 


well known, given by the semiconductor type (n or p). ‘There are some 
rare cases, where the rectification for increasing a.c. potentials changes 
from p to n or conversely. ‘Typical examples of this effect are given by metal 
contacts on crystal covellite, on crystal chalcosine, or on a disc of pure CuS 
powder (Anastassiades 1933). hen 
In this latter case the direction of rectification for low potentials is metal to 
semiconductor and is reversed for potentials higher than 0-3 volt r.m.s. Thus 
the detector under discussion rectifies as p or n in accordance with the applied 
potential (figure 1). 


AP HE direction of rectification of a metal semiconductor detector is, as is 


Figure 1. 


To explain the above phenomena the variation of the response of the CuS 
detector with frequency for potentials higher and lower than the reversing 
potential was studied by an oscillographic method. A typical oscillogram of 
a nearly static characteristic of the system taken for a frequency of a few cycles 
and a potential greater than 0:3 volt r.m.s. is shown in figure 2. The branch 
OBC corresponds to a negative point with a positive semiconductor. The 
shape of the nearly static characteristic, which does not show any hysteresis 
Joop, changes substantially when a potential of the order of 0-3 volt is exceeded. 
Hysteresis loops and parts of negative resistance appear connecting distinctive 
branches of the system OA to OD and OB to OC. 

It is found that the slope of the branch OC depends on the frequency. 
Hysteresis loops appear on both branches for very low values of frequency 
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(period 10-30 sec). For increasing values of frequency the area of the loop 
changes asymmetrically. It may here be observed that of the two loops that of 
the branch ODA having the polarity point semiconductor diminishes more 


Figure 2. 


rapidly in area; for frequencies of 250 c/s and above it is practically non- 
existent. Simultaneously and for the reversed polarity the loop area diminishes 
while the breakdown potential of B is as much delayed as the frequency increases. 
This loop also disappears for frequencies of the order of 20000 c/s (figure 3). 


ee PSG I 


Figure 3. Figure 4. 


To explain the mechanism of inversion of detection in CuS it may be 
considered that there are two contacts, the point and the holder, in series and 
in opposition. This leads to an equivalent circuit consisting of a rectifier in 
series and opposition with a group of several other rectifiers of the same type 
in parallel bypassed by a large condenser. This group represents the holder 
action (figure 4). It can be assumed that the holder consists of several points 
in parallel and is consequently of low total resistance. It can also be assumed, 
because of the large area presented, that capacity effects appear. An analogous 
circuit was used by Nikreschevich and Fisher (1949) to explain point—PbS detector 


action. 
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Thus the oscillogram of figure 2 may be easily explained as follows: for a 
potential up to 0:3 volt the system is conductive in the direction point to crystal |) 
(branches OA and OB). Above 0-3 volt the point contact breaks down losing 
its rectification abilities and becoming a low resistance. The system now rectifies 
by means of the crystal holder contact (branches OC and OD). A constant 
differential action exists between these contacts, and their oscillogram branches _ | 
are combined by regions of negative resistance. The order of time duration of | 
this negative resistance which was determined to be 10~* second coincides with 
the disappearance of the hysteresis loop at frequencies of the order of 20000 c/s. 
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LETTERS TO. CHE EDITOR 
Plasma Interaction and Conduction in Semiconductors 


The scattering of electrons by lattice vibrations, which is responsible for the 
temperature dependent part of the electric resistivity, is, in metals, restricted to 
the relatively few electrons in a range of the order RT near the top of the Fermi 
surface. ‘The existence of plasma oscillations has only little direct influence on 
this scattering, though indirectly of course it influences the parameters deter- 
mining the scattering probability. In non-degenerate semiconductors, on the 
other hand, the usual treatment assumes that all electrons are subject to scattering 
by the lattice vibrations (apart from other types of scattering). The influence 
of plasma interactions should be noticeable here much more directly than in 
metals, because the total number of degrees of freedom involved in plasma inter- 
actions will here, in general, be temperature dependent. Hence it should be 
expected that the establishment of plasma vibrations should alter the 7-3? law 
for the mobility due to lattice scattering; the greater the number of plasma 
degrees of freedom, the larger the mobility should be. For, if the plasma would 
completely describe the electronic motion, then no ordinary scattering at all 
would take place. 

A satisfactory theoretical treatment of this effect requires a much clearer 
understanding of the dynamics of the electrons than that provided by current 
plasma theory. Analysis of experimental results might, however, be of help 
towards development of the theory. It may be worth pointing out, therefore, 
that in many semiconductors a temperature range should exist in which the 
density # of conduction electrons is sufficiently large to establish an appreciable 
number of plasma degrees of freedom and yet is smaller than the density np 
required for degeneracy. For ny is of the order 
Se a re. 
3x? he m 300 4 
where m* is the effective mass. Plasma waves, on the other hand, should be 
possible for wavelengths longer than the distances which an electron with thermal 
velocity (RT/m*)'? covers in a period w where 

47 ne? 
2 a 


tae 


we 


and e = dielectric constant. 
The number of plasma modes is large when this length becomes of the order 
n-i8, This takes place when n is of the order, or larger than, m,, where 


e RT\3 GF lat\ Uletn e 
m= (252) =(e om) 5 10 cm ”. 


Clearly np > np is often feasible. 


Department of Theoretical Physics, H. FROHLICH. 
University of Liverpool. S. DonracuH. 
9th July 1956. 
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REVIEWS OF BOOKS 


Static and Dynamic Electron Optics, by P. A. Sturrock. Pp.x+240. 
Cambridge Monographs on Mechanics and Applied Mathematics (Cam- 
bridge: University Press, 1955.) 30s. 

Among the many treatises on electron optics this is a book apart. It bears 
on every page the imprint of the author’s hand, who is a manipulative 
mathematician of rare fluency, with a strong penchant for elegance, order 
and conciseness. Without conciseness it would have been impossible to 
collect such a vast amount of material between the covers of a small-octavo book 
of only 240 pages, but many a reader might wish that another 100 pages or so 
could have been added for explaining the results in terms more familiar to the 
average physicist. 

Within the given limitations of space, the author has done extremely well 
in covering not only ordinary ‘ static’ electron optics, in a wider frame than 
usual, and from a higher point of view, but also ‘ dynamic’electron optics ‘é 
that is to say the theory of particle accelerators. ‘This last third of the book 
is probably its most important part, and fills a real gap in textbook literature. 

The salient feature of this work is the systematic use of variational principles, 
with Lagrangians (which the author regrettably calls ‘ variational functions ae 
expanded in series of perturbation characteristics of progressive order. Almost 
every result is obtained by this powerful method, often by admirably short 
cuts, and many of these results are the author’s own. ‘The deductive process 
naturally starts from the top of the pyramid, and descends towards the basis. 
It brings with it, unavoidably, a didactical difficulty. A. and L. Foppl, who 
deduced the whole of elasticity theory in a similar way from Castiglione’s 
Principle illustrated it by saying that one starts with a million-pound note, 
which has to be converted gradually into smaller change. ‘The average reader 
will not understand much of it until the author has arrived at the small change 
to which he is used. Indeed, only few physicists, with a very mathematical 
turn of mind, can be expected to learn any chapter of physics by.a descent from 
the top of a pyramid. For the others it will be necessary to read Sturrock’s 
chapters first forwards, then backwards, and finally forwards again. In the end 
most of them will learn that the repeated journey was not only -necessary, but 
the best way to prepare them for original work. .. 

Other features which make the reading rather difficult are the somewhat 
unorthodox notations, such as e.g. the ‘ ray equation” (2.2.10), 

dp/ds =0n/0x. 
‘This is admirably concise, but the reader might be excused if he does not know 
what is meant by division by a vector. ‘The unorthodox definitions are 
scattered over the pages and physical concepts are too often referred to by their 
symbol instead of by name. Clarendon does not always mean a vector in the 
book, p stands for the vector momentum as well as for the scalar value of the 
momentum on the axis. But in most cases the reader will have to admit that 

Dr. Sturrock’s notations, as well as his units, are more logical and practical 

than those in common usage. 

This book will be indispensable to all those who want to do original work in 
electron optics or on particle accelerators, and it must be seriously recommended 
to all mathematically minded physicists who have acquired an elementary 
knowledge of electron optics, and want an introduction to its higher flights. 

D. GABOR. 
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Questions actuelles en luminescence cristalline, par Maurice Curie et Danie 


Curie. Pp. 86. (Paris: Editions de la Revue d’Optique Théoretique et 
Instrumentale, 1956.) 600 fr. 


This brief survey might be described as the thinking aloud of two well-known 
workers in this field about the facts which seem to them now specially significant 
and about some of the interpretations. 

The three principal parts—Structure of a luminescent sulphide, Displacement 
of electrons and holes in the crystal lattice and Transitions without emission of light, 
deal chiefly with the luminescence and photoconductivity of zinc and cadmium 
sulphides with some side glances at other phosphors. There is a short final 
section on Cathodoluminescence. 'The authors are concerned with the contri- 
bution that the study of luminescence and associated electrical effects can make 
to the knowledge of the solid state. In a field in which experimental results 
provide abundant material for many theories yet defy integration in one, there is 
bound to be, in a short survey, exclusions which some will find surprising. For 
example, in the most valuable section dealing with the basic problem of efficiency 
it is a pity that some room could not have been found for a discussion of Dexter 
and Schulman’s ideas and for the implications of the conception of a large centre. 
However the treatment is generally remarkably unbiased and clear; generous and 
constructive in its criticisms of current theories. It is no introductory treatise 
for beginners hot for certainties, for the answers are seen to be dusty ones, but 
it is welcome as mildly provocative review of some current facts and fancies. 

J. EWLES. 


Analysis of Deformation. Vol. Il, Experiment and Applhed Theory, by K. 
SWAINGER. Pp. xxxvit+365. (London: Chapman and Hall, 1954.) 
70s. 


This is the second volume of a three volume work, two of which have so 
far appeared. It is a well-produced book, albeit an expensive one. Since 
most of the material of the second volume depends entirely upon the validity 
of the Mathematical Theory of Vol. I, which has been found very much wanting, 
it is difficult to place much reliance on the interpretation of such experimental 
work as is considered. 

As with Vol. I, one can hardly say it is easy to read, even for the professional 
mathematician, much less for those to whom it is addressed. ‘The dust jacket 
expresses the hope that the book will supply “ a need for the research engineer, 
experimentalists and physicists without unduly emphasising the mathematics 
from which the subject cannot be divorced”’. ‘The subject cannot indeed be 
divorced from sound mathematical foundations and it is precisely for this 
reason that the reviewer is unable to recommend this second volume any more 
than the first. The author speaks of a Vol. III in preparation which considers 
elasto-viscous fluids, renders boundary layer methods unnecessary and reveals 
deficiencies in the classical theory of hydrodynamics. ‘These claims are in line 
with those of Vol. I, where however the alleged deficiencies in the classical 
theory of elasticity arise from elementary errors in the mathematical development 
of the foundations of the subject by the author, commented upon at length by 
the present reviewer in his review of Vol. ‘I in this journal (Proceedings of the 
Physical Society B, 1954, 67, 596). A. C. STEVENSON. 


964 


CONTENTS OF SECTION A 


Dr. B. L. Morserwirscu. Interaction Energy and Charge Exchange between 
Helium Atoms and Ions ; : é : : : 


Prof. H. S. W. Massey and Mr. R. O. Ripey. Application of Variational Methods 
to the Theory of the Scattering of Slow Electrons by Hydrogen Molecules 


Dr. S. Yosuipa. The Inelastic Scattering of Nucleons by the Surface Interaction 


Dr. G. W. Grrenvers and Dr. A. E. Soucu. The Scattering of 9-6 Mev Protons 
by Mg : 5 ; , : : 4 : , : : 


Dr. M. H. Atsron, Dr. A. V. Crewe, Dr. W. H. Evans and Dr. G. VON 
GIERKE. A Study of Positive Pion Production in p-p Collisions at 383 Mev 


Dr. K. W. ALLEN, Dr. B. Cotiince, Dr. B. Hirp, Mr. B. C. Macuic and 
Dr. P. R. Orman. The Proton Gamma Angular Correlations in the 
28Si(d, py)?°Si Stripping Reaction é : : : 


Research Notes : 
Dr. R. W. NicHoiis, Mr. D. Roprnson, Mr. W. Parkinson and Mr. W. R. 
JARMAIN. r- -Centroids for the OF Second Negative, N, rea ae 
Hopfield, and N, Vegard— Kaplan Band Systems . 


Reviews of Books 


Contents of Section B . 


PROC. PHYS. SOC. VOL. 69. PT. Q—B (D. A. JONES AND T. SMITH) 


Figure 1. Kyropoulos boule. 


10cm. 


O'7 cin. 


0°45 cm. 


Figure 5. Photograph showing variation of [100] in (001) for lengths of irradiated strip 
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Measurements of the Velocity and Absorption of High-Frequency 
Ultrasonic Waves in Supercooled Liquids 


By A. N. HUNTER 


Physics Department, University College of Leicester 


MS. received 10th February 1956, and in revised form 28th March 1956 


Abstract. Measurements of ultrasonic velocity and absorption have been made 
in five polar liquids, including the supercooled region. Discontinuities occur in 
the gradient of the velocity-temperature relation similar to those observed by 
others in the case of viscosity and dielectric constant. The absorption rises 
steeply below the melting point and minima occur above the melting point. 
Simple theories based on a suspension of ‘ crystallites’ are shown to be inadequate. 
The fall in the ratio of observed to shear viscosity absorption in the supercooled 
region is suggestive of association. 


§ 1. INTRODUCTION 


HE purpose of this paper is to present experimental results for the 

absorption and velocity of ultrasonic waves in five supercooled liquids 

at frequencies in the neighbourhood of 70 Mc/s and to discuss some 
implications of the effects observed. ‘The five liquids are diphenyl ether, salol, 
menthol, azoxybenzene and benzophenone. All are polar and fairly readily 
supercooled and the first four were selected because the accurate viscosity 
measurements necessary to the calculations were available from the work of 
Dodd and Hu Pak Mi (1949). 

It has been explained (Hunter 1951) that these acoustic measurements in 
supercooled liquids were suggested by the work of Dodd and Hu Pak Mi (1949) 
on the variation of viscosity with temperature in diphenyl ether: since their 
paper, a number of measurements have been made of various physical properties 
of supercooled liquids and these are summarized by Greenwood and Martin 
(1952). In brief it is found that certain physical properties of polar liquids 
(possibly those which are sensitive to molecular weight) exhibit a marked dis- 
continuity in gradient at the melting point when the liquid sample is taken 
through the nominal melting point without freezing. ‘The effect is small and 
can only readily be demonstrated when there is a known linear dependence of 
the property under investigation with temperature. If the experimental results 
are used to plot such a relation they are found to fit two straight lines which 
intersect close to the melting point. Dodd and Hu Pak Mi (1949) consider that 


this intersection denotes the melting point, although Greenwood and Martin 


(1952) find that the transition region is not sharp. It has not been firmly 
established that the effect is peculiar to polar liquids and no such phenomenon 
has been detected experimentally in the case of density and surface tension. 
The present work adds ultrasonic velocity to the list of properties which show 
the discontinuity and also indicates that further work on the variation of 
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ultrasonic absorption with frequency in supercooled liquids may throw light |} 
on the mechanisms involved. 


§ 2. REQUIREMENTS OF SUPERCOOLED LIQUIDS 

The following points are of importance to the measurements in supercooled | 
liquids : | 

1. Since stirring of the liquid makes supercooling impossible the apparatus | 
must be able to maintain a uniform temperature throughout a static liquid sample | 
for long periods. 

2. A small bulk of liquid increases the chances of supercooling (de Coppet | 
1907) and also assists the attainment of a uniform temperature and of chemical | 
cleanliness. 

3. Metal parts should be avoided where possible since some limit seriously | 
the amount of supercooling. (Copper was found to be bad in this respect although | 
gold, aluminium and stainless steel seemed less detrimental.) 

4. Because of the smallness of the effect sought, the apparatus should be 
designed with a view to selection of temperatures at random in order to avoid 
systematic errors. 

5. Supercooling is more certain if the sample is taken to a high temperature | 
after re-melting (the highest temperature used was 110°C). Too rapid a cooling 
appears to limit the amount of supercooling possible. 

6. A high rate of working is desirable so that changes in apparatus parameters 
during a ‘run’ are small and so that a wide range of liquids and frequencies 
may be explored in a reasonable time. 

The apparatus used was particularly troublesome with respect to the last 
point. Although a measuring run could be obtained in about 30 minutes a 
period of several hours was normally allowed for thermal equilibrium to be 
established and this limited the number of points obtained per day to one or two. | 


§ 3. EXPERIMENTAL METHOD 


3.1. General 


The measurements described have all been made by the now familiar pulse — 
technique (Pellam and Galt 1946, Pinkerton 1949b) and only details of 
particular interest are given here. Most of the measurements were at a nominal 
frequency of 70 Mc/s (representing the seventh harmonic of a 10 Mc/s crystal) 
and a double crystal method was used in order to simplify the electrical design 
and reduce overall loss. Absorption measurement was facilitated by pulsing 
the transmitter and signal generator on alternate cycles of the time base. In 
this way two pulses were superposed on the screen of the cathode-ray tube, so 
simplifying adjustment to equality: in other respects the method of making 
absorption measurements was that of Pinkerton (1949b). In the case of 
wavelength (and hence velocity) determination the two sources were simul- 
taneously pulsed, the signal generator pulse being made much wider than the 
acoustic pulse, and the two signals being made coherent by injection of a small 
locking signal from the transmitter into the signal generator. ‘The frequencies 
were adjusted to equality by tuning for zero beat within the overlapping region 
of the two pulses, the output from the amplifier being rectified before display, 
and the changes of phase of the smaller acoustic pulse as the acoustic path was 
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varied appeared as an alternate swinging above and below the flat top of the 
wider superposed signal generator pulse. In general at least 150 ‘bobs’ of the 
pulse could be counted, corresponding to a movement of 150 wavelengths, and 
at the higher temperatures the number was limited by the extent of the liquid 
rather than by absorption. 

A bar of fused quartz with optically plane ends was used as an ‘acoustic 
delay line” (Rapuano 1947) and also as a support for the experimental vessel. 
One feature of the method was the use of the unavoidable connecting cables as 
resonant elements in the matching network thus preventing their appearance 
as shunt capacitances with consequent loss of bandwidth. 


3.2. The Interferometer Cell 
As seen in figure 1 the fused quartz bar A was mounted vertically through 
the base of a bath containing thermostatically controlled oil, the joint being 
sealed by a neoprene rubber ring, and the bar was further supported by a clamp 


‘ 


Qo 


Figure 1. 


attached to the same base but not shown in the figure. The experimental cell B 
was of glass and attached to A with a ground joint, the transmitting crystal Q, 
being attached to the exposed lower end face of A with a film of oil. Much 
difficulty was experienced at first in making the joint between A and B proof 
against diffusion of oil from the bath into the sample liquid. (No ‘grease’ 
which was not soluble in the hot organic liquids used could be found for the 
joint, and the various gaskets tried instead of the ground joint all gave the same 
trouble.) The problem was solved by lubricating the joint with the experimental 
liquid itself and providing the skirt C: this skirt trapped a layer of air beneath 
it so as to give a liquid—air seal. : 

The receiving crystal Q, was soldered to the assembly at the end of the glass 
supporting tube D. This supporting tube was silvered internally so as to form 
part of the coaxial line system while still preserving a low thermal conductivity. 

S-2 
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It was also found necessary to enclose the sample completely by providing the 
‘diving bell’ E, the assembly being submerged beneath the oil. Until this was 
done the sample liquid was found to differ in temperature from that of the bath 

1°c or so. The stirrer in the oil bath was of paddle type and 


by amounts up to 3 
supported independently so as to avoid communicating vibration to the acoustic 


parts. "he whole lower part of the apparatus rested on a ball and cup bearing, 
the centre of the spherical surface coinciding approximately with the centre of 
the upper end face of A. By means of this device the lower crystal could be 
adjusted for parallelism with the upper crystal without change in mean distance, 
the adjustment being made acoustically: details of the design of the bearing 
will be published elsewhere. 

The temperature of the liquid was determined by using a thermocouple as 
a differential thermometer to indicate any difference in temperature from that 
of the surrounding bath, the temperature of the bath itself being measured with 
a certified mercury-in-glass thermometer. The bath was heated by a spiral 
flament wound round the inner circumference of the container in order to 
provide even heating: this filament was of bare wire to obtain good thermal 
contact and reduce overshoot. A spiral of copper tubing was also wound round 
the inner surface of the container and close to the heater winding: temperatures 
below room temperature were obtained by circulating refrigerated methylated 
spirit through this spiral and were adjusted by means of the heater. The 
temperature was controlled by means of a thermistor bridge. 


§ 4, EXPERIMENTAL RESULTS 


The results for velocity are all from averages of a number of counts of about 
200 wavelengths, the frequency being interpolated by the signal generator 
(checked against harmonics of a 2 Mc/s crystal calibrator). ‘The equations to 
the straight lines drawn through the velocity points were calculated by the method 
of least squares applied to the two groups of points corresponding to values above 
and below the normal melting point. The results for absorption are from a least 
squares slope of a linear plot of attenuation against change in liquid path or, in some 
cases, from an average of a number of readings of the movement necessary for 
a fixed attenuation change of the order of 35dB. The standard of attenuation 
was the piston attenuator of the signal generator (Marconi Ekco TF517/F1) 
accurate to about 2%. 

Figures 2 and 3 show the variation of velocity and absorption with temperature 
for two of the five liquids investigated: for convenience the absorption has been 
expressed in dpmm-!. These two liquids have been selected as being representa- 
tive of the results obtained and all the liquids show a nearly linear variation of 
velocity with temperature in both the supercooled and normal states. According 
to Rao (1940) the velocity of sound raised to the power 10/9 should be proportional 
to the temperature and the velocity points have also been tested against this 
empirical law. The inset diagrams show the deviations of all experimental 
points from the least squares line for Rao’s law applied to the points above the 
melting point and thus accentuate the discontinuity in slope. ‘The velocity 
results for all five liquids are expressed in the following equations. ‘The equations 
are those to the two straight lines corresponding to values above and below the 
melting point respectively, for each liquid. 
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(1) (2) (3) ©) (5) 
Salol 1-280 . 10%2+-5-864 .105 —1-414.10%+5-919 .102 10 0-46 steal 
Benzophenone 1-323. 10*7#6-0030. 10° —=1:502 S100 2e77 2 a 0-062 03 
Azoxybenzene —1°312., 10°¢+-6:2050.. 10° —=1'385,. 10-26-2328, 10 98 say 1) 1-26 
Diphenyl ether 1-461. 1095-9117. 10° —=1-598 710°7 7 59/016 10 aoe 0-42 0-7 
Menthol 4-274 . 10%45-3235 . 10° "=1-421 (10°14 53865 10° Sat? 24 


(1) c}/® above melting point; (2) ¢1°/? below melting point; (3) percentage change in slope; 
(4), (5) probable error (%) in slope: (4) above melting point, (5) below melting point. c(cm sec~’) 
velocity of sound at nominal frequency of 70 Mc/s; t=temperature (°C). 


§ 5. DIscUSSION OF EXPERIMENTAL RESULTS 


5.1. Velocity Results 

The graphs for all the liquids show evidence of a discontinuity of the type 
under discussion when the velocity is plotted against temperature according to 
Rao’s law. (The difference between a plot of velocity against temperature and 
(velocity)!°® against temperature seems insignificant with the present degree of 
experimental accuracy.) The results for benzophenone are particularly 
convincing. 

It was thought that the observed velocity change might be due to molecular 
aggregates (or micro-crystals) of sensible size in suspension, the concentration of 
these groups increasing with the amount of supercooling. 

The conventional theory for the change in velocity due to a mixture of solid 
particles with a fluid assumes a resulting velocity corresponding to the mean 
density and mean compressibility (Wood 1941). For small concentrations the 
result may be written in the form given by Bradfield (1951) 

a = —(f0+4K—I1)C 

in which 8c=change in velocity due to addition of particles, c= velocity in pure 
liquid, K=compressibility of solid/compressibility of liquid, o=density of 
solid/density of liquid, C=concentration of solid by volume, and the sign 
depends on the value of }(c+K). Since this result is independent of particle 
size it gives, in principle, a means of computing the concentration of solid phase, 
although the equation is only an approximation (Bradfield 1951). Bridgman 
(1915) gives the compressibility of solid benzophenone as 2-9 x 10->cm?kg™ 
and the difference in compressibility between solid and liquid as about 1 x 10° 
thus K is about 4 (the difference between the adiabatic and isothermal com- 
pressibilities has been neglected), whereas o ~1. ws 

For 20 centigrade degrees of supercooling this means that C ~3-6 x 10™. 
This mechanism cannot explain the experimental results since such a high 
concentration, on a mean density basis, would involve a density change of about 
0-1%. Such a discontinuity in density would have been observed by Dodd 
and Hu Pak Mi (1949) in the case of the liquids investigated by them and there 
is no reason to suspect that benzophenone would be significantly different in 
behaviour. ‘The above arguments are, of course, crude and take no account 
of any difference in behaviour of an aggregate of molecules from that of a solid 
particle, nor of a distortion of the neighbouring molecules of liquid by such an 
aggregate. 

Schaafs (1944, 1951) has investigated the dependence of acoustic velocity on 
molecular structure for a wide range of organic liquids. He finds that the velocity 
can be related to the refractive index n by c= W(n?—1)/(n?+ 2) in which W can 
be treated as constant for a great variety of liquids and the value of nm should 
strictly be that corresponding to the acoustic frequency. If we now assume 
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that WW is a constant for the transition across the melting point we can differentiate 
the above equation and obtain 


dc A 6n on 
c  (n2+2)(n?—1)" 


Replacing n by \/e, where « is the dielectric constant at the same frequency we 
obtain 

dc 3 de 

ey (e+ 2)(e—1)° 
It follows, on the above assumptions, that a discontinuity in acoustic velocity 
should occur on supercooling in any liquid in which the corresponding dielectric 
constant effect has been observed. For example, Dodd and Roberts (1950) 
find about 3°, increase in dielectric constant for 12 centigrade degrees of super- 
cooling in diphenyl ether over the value obtained by extrapolation from higher 
temperatures. Insertion of this figure in the equation above and using the single 
value of 3-(9) for the dielectric constant (measured at audio frequencies) which 
is given in the /nternational Critical Tables gives the value of dc/c to be expected 
as 2°. Considering the approximate values used, this agrees remarkably with 
the experimental value of 2-5. 

The observed effects cannot be explained in terms of shear viscosity alone. 
For instance, in the classical theory of propagation in a viscous medium, it is 
usual to neglect 4w*7?/9p? compared with c* (in which 7 denotes the coefficient 
of viscosity and p the density), but calculation shows that this introduces an 
error of about 1 part in 10° in the present measurements and would cause a fall 
in velocity at the lower temperatures instead of a rise. (At still higher frequencies 
this correction should be taken into account.) 


5.2. Absorption Results 

In the case of absorption the liquids diphenyl ether and salol show a minimum 
in the temperature range explored. All the liquids show a strong rise in absorption 
with decreasing temperature as the melting point is passed from above and, 
since unassociated organic liquids normally have a positive temperature coefficient 
of absorption (Pinkerton 1949 a), it appears that minima must exist in other 
cases although at temperatures above the present range: such minima appear 
not to have been previously reported. 

Figure 4 shows the calculated viscous part of the absorption for those three 
liquids for which accurate viscosity figures were available. ‘This has been 
computed from the familiar expression «’ class = 2nw*/3pc* (Stokes 1845) in which 
a’ class is the ‘classical’ amplitude absorption coefficient. Curves are also given 
for “ops — %class, and for %ops/eciass in the inset. All primed absorption coefficients 
are in cm~, others are in dBmm!. It will be seen that the absorption due to 
causes other than viscosity is greater than that due to viscosity alone. 

In the calculations of the ‘classical absorption’ the viscosity of all three 
liquids was obtained from equations supplied by Dodd and Hu Pak Mi (1949), 
as was the density of diphenyl ether. The density of menthol was obtained 
from the equation in the International Critical Tables and that of salol was 
extrapolated from values, for three temperatures only, given by Burriel and 
Marti (1930). In the latter two cases it was assumed that the density versus 


temperature law was linear throughout. 
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An attempt was made to explain the experimental results for absorption by 
means of the ‘ particle suspension’ theory already discussed in connection with 
the velocity change. ‘The increased absorption due to the addition to a fluid 
of small rigid incompressible spheres has been theoretically investigated by 
Lamb (1945, p. 361) and Urick (1948). The calculation results in a scattering 
term proportional to the fourth power of the frequency and a term proportional 
to the frequency, due to shear viscosity. Both terms are functions of particle 
size and concentration. The maximum contribution of both terms has been 
calculated by taking as the maximum radius of an aggregate the thermodynamical 
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Figure 4 


critical radius (of the order 10-° to 10~) above which crystallization is certain. 
The result gives a maximum of 0-5 dB mm for the scattering and 0-05 dB mm 
for the viscosity term: both at 70 Mc/s and the high volume concentration of 
0-1%. Although insignificant at this frequency the scattering could, on this 
basis, be appreciable at rather higher frequencies, since a fourth power law is 
involved. However the absence of optical scattering in supercooled liquids 
would seem to rule out the possibility of acoustic scattering at frequencies below 
1000 Mc/s. : 

In order to check that the contribution due to scattering was negligible an 
experiment was carried out with menthol at 68-0 Mc/s and at 87-5 Mc/s. These 
two frequencies are rather close together but a wider range could not be obtained 


without extensive alterations to the apparatus; the results are given in the 
following table. 


et eee pote 
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Ratio of Absorptions at 87-5 Mc/s and 68-0 Mc/s 


‘Temperature (°c) 34 36 38 40) 42 45 50 55 60 65 
obs 1:60 1:66 1:63 1:64 1:64 1:65 1:64 1:62 1:55 1°55 
obs — %elass 150 eeCOOm ml OC) inl: Ocean OG O2) mL 5m mle mena +0 ume Sil 


These figures were obtained from smooth curves drawn through the experimental 
points corresponding to each frequency. The square of the ratio of the two 
frequencies is 1-654 and the fourth power is 2:73. It will be seen that both the 
total absorption and the ‘non-classical’ part alone give good agreement with 
the first value and show that any scattering is negligible. 

Returning to figure 4, it will be noted that the curves for the ‘ non-classical ’ 
part of the absorption have the same general shape as those for the total observed 
absorption. ‘This is to be expected sincé the classical part decreases smoothly 
with increase in temperature. 

It has been suggested (E. R. Andrew, private communication) that the 
experimental results of Dodd and Hu Pak Mi (1949) and of Greenwood and 
Martin (1952) may be explained in terms of a small progressive association of 
molecules, in which dimers would probably predominate, as the supercooling 
proceeds. ‘T’he plots given in the inset to figure 4 show that the ratio of the 
observed to classical absorption falls with decreasing temperature until in the 
neighbourhood of the melting point it is about 2-5. Pinkerton (1949a) has 
noted that associated polyatomic liquids have values of this ratio all lying 
between 1 and 3 whereas non-associated polyatomic liquids give values between 
3 and 1500. Thus the experimental curves give evidence for a change from an 
unassociated type of liquid to an associated type in the supercooled state: that 
is, a progressive association with lowering of temperature. 


§ 6. CONCLUSION 


The experiments described in this paper show that the number of liquid 
properties which exhibit the so-called discontinuity at the melting point may 
be extended to include the acoustic velocity. ‘There is a complementary effect 
on the absorption, which however cannot be displayed in the same way as the 
velocity effect as there is no linear function to plot. 

In the case of a relaxation process the maximum dispersion d¢max 18 related 
to the maximum absorption per wavelength pmax by bemax/7 = OCmax/¢ and 
Bradfield (1951) has shown that the same relation is true for the case of solid 
particles suspended ina fluid. In the case of benzophenone at 20° of supercooling 
pc/Sc ~3 in which 8c simply refers to the increase of velocity over that extrapolated 
from higher temperatures and » to the non-classical part of the absorption. 
Although structural relaxation may be a factor, only experiments over a wide 
range of frequency will show if this is significant. 

The objection that the method of displaying the velocity results will tend to 
exaggerate any change in slope at the melting point applies also to the work of 
others on different physical properties, although both Dodd and Hu Pak Mi 
(1949) and Greenwood and Martin (1952) have used statistical methods to 
justify this procedure. The results obtained in the present investigation give 
some evidence for a progressive association as the temperature falls through the 
melting point and also for the belief that any liquid which shows the effect with 
dielectric constant should also show it in the case of acoustic velocity. Further 
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work over a wide frequency range should yield useful intormation about the ii 
mechanisms involved, but there would seem to be no good reason for duplicating | 
the temperature variation measurements. ‘The only other published measure- 
ments of acoustic effects in supercooled liquids appear to be those of Litovitz 
(1951) in glycerine and some recent measurements of acoustic velocity in palmitic 
acid by Gabrielli and Verdini (1955): the latter found no discontinuity in 
velocity in this liquid. 
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Abstract. For small applied fields the resistivity of a pure cadmium sulphide 
crystal is very high. For fields greater than a critical value, however, dielectric 
breakdown occurs and large currents flow. If the crystal is protected from des- 
truction by a limiting resistor it is found on re-measurement at small fields, after 
the passage of a high current, that the conductivity and photosensitivity have been 
greatly increased. ‘The increase in conductivity is greater, the larger the current 
passed through the crystal after the initial breakdown. This activating effect has 
been examined in detail, and it is shown that the changes which occur as a result 
of the passage of high currents take place largely in the bulk of the crystal. 


§ 1. INTRODUCTION 


[ELECTRIC breakdown effects in cadmium sulphide single crystals have 
been described by Boer and Kiimmel (1952), and Boer, Kiimmel and 
Rompe (1952). From their experiments they concluded that as a 

steadily increasing direct electric field is applied to the crystal, breakdown occurs 
either by a field or thermal ionization process. Field breakdown usually occurs 
first for insulating crystals in the dark or under weak illumination, whereas for 
crystals under stronger illumination thermal breakdown takes place first. 

Diemer (1954) has also investigated the breakdown of CdS crystals. He 
demonstrated that certain features of the breakdown are analogous to processes 
occurring in gas discharges. Thus the initial breakdown process of an insulating 
crystal in the dark is analogous to the 'l'ownsend process. Once large currents 
have begun to flow, however, the temperature of the crystal rises and the breakdown 
becomes largely thermal in character. 

The work to be described here is substantially in agreement with that of Diemer, 
al:hough the range of currents has been extended and some different features 
observed. In particular more attention has been given to the irreversible changes 
in electrical properties of the crystal, which occur at various stages of the breakdown. 


§ 2. EXPERIMENTAL 


The single crystals used were grown by the Frerichs (1947) technique and 
were of the usual thin plate-like variety. No activation treatment was given. 
These crystals were only moderately photoconducting with resistivities of 
10#°-10"2 ohm cm in the dark which fell to 10®°-10!° ohm cm under illumination 
from a 60 watt tungsten filament lamp, one foot away. 

Indium contacts were used in most experiments, although silver and graphite 
electrodes were also used. The contacts were applied in sucha way thatthe current 
flow was parallel to the largest dimension of the crystal. 
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§ 3. Tur First BREAKDOWN PROCESS 


With the crystal in the dark, an increasing direct voltage was applied to a series | 
combination of specimen and load resistor. At small voltages the current was | 
small and increased linearly with voltage. However, at a critical field strength of | 
about 5 x 104 volts cm~! the current increased rapidly. A graph of current flow ii 
plotted against voltage across the crystal is shown in figure 1, curve A. . This Hi 
reveals that after breakdown had occurred a negative resistance characteristic was | 


described. 


At the onset of breakdown, flashes of red luminescence were observed which | 
were soon extinguished. After breakdown, however, most crystals exhibited a | 
ereen luminescence which was localized into a few fine streaks parallel to the | 
striations which are a feature of the surface topography of the crystals. Provided |) 


currents in excess of 0:5ma were not passed, the green luminescence could be 
maintained indefinitely. With currents exceeding 0:5 ma the green luminescence 
disappeared and was replaced by a red emission, which in its turn was soon 
extinguished. If the current was subsequently reduced, no luminescence could 
be detected. These results contrast sharply with those of Boer and Kiimmel and 
of Diemer who observed a red luminescence localized at the anode. 

Since the optical absorption edge of CdS shifts to longer wavelengths with 
increasing temperature, the body colour of a crystal can be used to indicate its 
temperature. It was found that the temperature rose to a maximum and then fell 
again as the negative resistance part of the characteristic was described. ‘The 
negative slope is due, in part, to the increased electrical conductivity which results 
from the increase in temperature. 

If after curve A, figure 1, had been obtained the voltage was reduced to zero and 
then increased again, curve B was obtained. Further repetition of this sequence 
ledto curve C. A curve such as B was not displaced towards C if the current was 
kept below 100a. 

The extent of the displacement of the current-voltage characteristics to lower 
voltages was dependent on the length of time which elapsed before the new 
characteristic was determined. ‘Thus if the new characteristic, B say, was 
measured immediately after curve A had been obtained, the maximum excursion to 
lower voltages was obtained. However, if several hours were allowed to elapse 
before the new characteristic was measured, a curve intermediate between A and B 
was obtained. ‘The intermediate characteristic did not revert completely to the 
position of the original curve, even after several days. This shows that the total 
change which occurs ina crystal as a result of passing a large current is comprised of 
a permanent and a non-permanent part. 

By controlling the current flow, crystals were obtained with dark resistivities 
permanently reduced to values within the range 10!°to 1ohmcm. ‘Temporary 
changes in resistivity of the type discussed in the previous paragraph were only 
observed with crystals whose post-breakdown dark resistivities were in the range 
10-10°ohmcm. ‘The photoconductive properties of a crystal were also changed 
by the breakdown and maximum photosensitivity was obtained with crystals 
with a dark resistivity of 10° ohm cm. This resistivity could be reduced to 
10°-107 ohm cm on illumination with a 60 watt tungsten lamp. 

The temporary change in conductivity is presumably due to a redistribution of 
electrons among the discrete states in the forbidden gap, in the manner described 
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for a crystal of CdS in the dark. for a conducting crystal of CdS. At 


Curve A was measured first; after A 
had been obtained and the applied 


voltage removed, curveB was measured. 


Curve C was measured in a similar 
way after curve B had been taken. 


point A the crystal temperature rises; 
between B, and By, sustained red light 
emission is observed; for currents in 
excess of B, the crystal is destroyed 
and a vapour arc is set up. 


by Smith and Rose (1955) and Rose (1955). As a result of the passage of high 
currents after breakdown a non-equilibrium condition is created in which 
electrons are trapped in high-lying energy states. In consequence the quasi 
Fermi level is raised and the conductivity is increased. After the applied voltage is 
removed the trapped electrons are thermally excited to the conduction band, 
whereupon thermal equilibrium can be established. This process is slow at room 
temperature in the dark. Heating or irradiation with light would be expected to 
speed up the return to thermal equilibrium, and so it proves in practice. ‘The 
temporary change in conductivity can be eradicated in a few minutes either by 
heating to 300°c or by irradiation with white light. 


§ 4. THE SECOND BREAKDOWN PROCESS 


The second stage of breakdown was obtained by applying an increasing direct 
voltage to a small load resistor and the specimen in series. ‘he specimen had 
already been subjected to the first breakdown to reduce its dark resistivity to a value 
of 1-10 ohm cm. 

The current-voltage curve in figure 2 is a typical illustration of the behaviour 
observed. At the point A the crystal temperature began to rise, as evidenced by 
the change in colour, and at point B, sustained light emission was observed. 
This emission was red in colour and when observed with a pocket spectrometer, 
was found to consist of a broad band extending from the yellow-green to red, 
cutting off at about 6500A. ‘The luminescent emission did not extend throughout 
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the whole region of the crystal between the electrodes. It was restricted to a region ||) 
which appeared circular under the microscope, and which varied in position while || 
a constant current was maintained. This is reminiscent of the spherical region of |||) 
light emission from ionized gas which has been observed in hot-cathode gas | 


discharges (Malter, Johnson and Webster 1951, Pengelly and Wright 1954). 
The position of the luminescent region was not however influenced by a magnetic 
field, and no oscillations of fixed frequency were detected. The current became 
excessively noisy above the point B,. 


In this second region of breakdown also, irreversible changes in electrical pro- | 


perties took place. If the current passed through a crystal did not exceed a value 
corresponding to point By, figure 2, repeated measurement of the current-voltage 


characteristic showed that the curve retained the same general shape but was |) 


dispiaced after each measurement to lower voltages. 


As long as the level of current corresponding to point By was not exceeded, no | 


changes in the appearance of the crystal could be detected microscopically when 


the applied voltage was removed. However, if excessive currents were passed, a || 


strong vapour arc was set up which lasted until the crystal had vaporized completely. 
During this period intense red and green light emission was apparent. 


lines of the cadmium arc spectrum. 


§ 5. SprcTRAL DISTRIBUTION OF PHOTOCONDUCTIVITY BEFORE 
AND AFTER BREAKDOWN 


Spectral distributions of the photo-current before and after passage of a large 
current through a typical crystal are shown in figure 3. With an insulating CdS 
crystal prior to breakdown a large part of the photo-response is confined to a band 
in the green with its maximum at A=5150A. The photo-response falls off 
rapidly as the wavelength of the incident light is increased. After activation by 


Photo Current (arbitrary units) 


0-01 
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Figure 3. Spectral distribution of photo-current of a CdS crystal before and after 
breakdown. A, before breakdown, 400 volts applied; B, after breakdown, 20 volts 
applied. 


passing a large current, the larger part of the photo-response is still confined to the 
band in the green, but now there is a considerable response at longer wavelengths 
extending to the near infra-red. A fairly sharp long-wave threshold of photo- 
conductivity at A= 8500A was observed in all specimens. We have observed that 


Examina- | 
tion with a pocket spectrometer showed this to consist of the blue, green and red | 


I) 
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crystals of CdS activated with chlorine also show a threshold of photoconductivity 
at A=8500A. However, the analogy between chlorine activated crystals and 
crystals activated by the passage of high current cannot be carried too far. This is 
because the spectral distribution of photocurrent of CdS:Cl crystals, while 
exhibiting the main peak at A=5150A also exhibits a smaller, but nevertheless 
significant, peak at about A= 65004, which is not present with the crystals activated 
by current. ‘This peak at A=6500A may well correspond to the excitation spec- 
trum of the red luminescent centres of CdS: Cl crystals. The chlorine activated 
specimens have a red luminescence under ultra-violet excitation whereas the 
crystals activated by high current flow do not. 


§ 6. Part PLAYED BY CONTACTS AND SURFACE EFFECTS 


Activation by current is associated with changes in the bulk properties of CdS 
rather than with surface or contact effects. This was demonstrated by activating a 
crystal, then removing the contacts, etching the crystal and applying new contacts. 
No reduction in dark resistance or photo-response was apparent as a result of this 
treatment. 

After a high current had passed some crystals showed slight rectification 
properties at low voltages. It was found, however, that when such crystals were 
cleaned and new contacts applied, no rectification effects could be observed. The 
crystal then showed the lower dark resistance typical of a specimen activated by 
current. 

To check that the effects observed were not due to surface contamination 
brought about by heating in air the whole series of experiments was repeated with 
crystals in vacuum, in sealed-off gettered tubes. There was no significant 
difference in the results obtained. 

By using fired silver contacts it was possible to bake a tube under vacuum at 
400°c. It was found that the rather poor photoconducting properties of CdS 
crystals as prepared were unaffected by evacuation at room temperature. After 
baking, however, the photo-response was found to have increased one hundred- 
fold. Nevertheless, greater response still could be obtained by giving the break- 
down treatment. Baking a virgin crystal in air at 400°c did not have any activating 
effect. It seems likely, then, that baking in vacuum must lead to some modifica- 
tion of the crystal surface. It may well be that the passage of a large current 
through a crystal leads to a similar modification of surface properties. 


§ 7. DISCUSSION 


The results reported here are substantially in agreement with the ideas 
developed by Diemer. ‘Thus the initial breakdown of a CdS crystal under 
strong field conditions is a field breakdown mechanism analogous to ionization by 
collision in gases. As a result, a large current flows and the temperature rises. 
This causes a further reduction in resistance, giving rise to a negative slope current— 
voltage characteristic. During this time irreversible changes in specimen resis- 
tance are taking place and the resistance falls so low that a smaller wattage is dissi- 
pated in the crystal and its temperature falls., Owing to the change in resistivity, 
however, the current flow can be maintained with the crystal near room 


temperature. 
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The second stage of breakdown is completely thermal in character and is 
brought about by Joule heating when very large currents pass through the crystal. 
If this heating becomes excessive a vapour arc is obtained. 

Perhaps the most interesting feature of this work is that CdS crystals can be 
activated to become excellent photoconductors simply by passing large currents. 
Activation is usually effected chemically (Bube and ‘Thomsen 1955, Kroger, 
Vink and van den Boomgard 1954) when dark resistivities ranging from 10! to 
about 10-2 ohm cm can be obtained by adding controlled quantities of chlorine or 
aluminium, for example. To explain these results Kroger et al. have developed a 
model which depends on the introduction of discrete levels into the forbidden 
gap on the energy band scheme. Some such levels must also be introduced into 
the crystal during dielectric breakdown. 

Measurements of the spectral distribution of photoconductivity of crystals 
activated by current and of crystals activated with chlorine both show the same long 
wavelength threshold of photoconductivity at A= 8500A. However, before a model 
can be developed for the energy levels introduced with current activated crystals, 
many more properties must be examined. ‘Thus it is hoped that measurements of 
infra-red quenching effects, which are at present in progress, can be correlated with 
measurements of the thermally stimulated current, and with measurements of the 
electrical conductivity and Hall effect over a wide range of temperatures. 
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Abstract. Conical indentation fractures in silicate glass are stable, so that the 
speed at which they spread can be controlled. The validity of the Griffith fracture 
condition (energy balance) has been tested for such fractures and confirmed, 
with qualifications. Measurements on cone fractures are a method for determining 
accurately the specific fracture energy of brittle materials under physical and 
chemical conditions that can be chosen at will. 


§ 1. INTRODUCTION : UNSTABLE AND STABLE FRACTURES 


HEN a brittle body breaks its total surface area increases. There is 

energy associated with the new surface: in an atomic picture of matter 

it is the energy of the unsaturated bonds of the atoms in the surface 
layer, which have no neighbours in one direction. This additional surface 
energy must be balanced by the work of external forces or by a decrease of some 
form of energy in the system, for instance by a decrease of strain energy. 

This argument is basic in Griffith’s (1920, 1924) ‘theory of rupture’. But 
it is not the validity of the energy balance which is the central idea, since the 
first law of thermodynamics is not at issue. ‘The point is in what might be called 
‘Griffth’s hypothesis’, that is the assumption that the balance of surface energy 
and mechanical energy controls the fracture process. ‘This conception, confirmed 
empirically for the brittle fracture of glass, is striking because in many other 
fracture processes the surface energy is unimportant. 

It is difficult to make a complete list of the conditions under which Griffith’s 
hypothesis is likely to be true. One condition is that the material should be 
brittle, because when there is plastic deformation the energy that is dissipated 
is much larger than the surface energy. Another condition is that the fracture 
must grow slowly, because the energy of the stress waves that are associated 
with a running crack is also larger than the surface energy. Strictly, it might be 
argued that the concept of equilibrium between mechanical energy and surface 
energy demands infinitely slow fracturing, a quasi-reversible process. Such a 
quasi-equilibrium can in most cases exist for a single moment only, because in 
most fracture processes the total load is fixed and as the crack develops this load 
is concentrated on a smaller and smaller cross section. In cases where Grifhith’s 
theory applies the stable or unstable behaviour of a fracture is connected with 
the dependence of the various forms of energy in the system on the crack length. 
The comparison of the first derivatives of the energies gives the Griffith balance 
condition. ‘The second derivatives determine whether the crack will, once it 
is started, spread catastrophically; if with increasing crack length the supply 
of mechanical energy increases faster than the demand for surface energy then 


the crack is unstable and runs. 
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There is a type of brittle fracture that can be produced without intricate 
straining devices and is stable in the sense that the larger the crack is, the higher 
;s the load necessary to make it grow further. It is the cone fracture of glass 
named after Hertz (1882). When a spherical indenter is pressed against a flat- 
surfaced glass specimen it makes the glass break in a ring crack around the contact 
area. When the pressure grows the ring crack spreads downwards, flares out 
and tends in shape to the mantle of a circular cone. It is not implausible that 
this fracture is stable, since as the crack spreads the area of the cone base increases 
and the load becomes more distributed. Now it is plain that here is a case which 
should give a good test of Griffith’s hypothesis, since the fracture can be grown 
slowly. If the hypothesis is borne out then experiments on cone fractures are 
perhaps a good method for measuring the surface tension of brittle materials. 


§ 2. EXPERIMENTAL DETAILS AND "TIME EFFECT 


Spherical indenters do not produce large and regular cone fractures, since 
the contact area grows with increasing load and this causes secondary fractures. 
Cylindrical, flat-ended punches are better. For strength the cylindrical part of 
the punch used was a short stump backed by a larger piece of steel; the tip and 
the surrounding face were hardened and a hydraulic ram was used for loading. 
The specimens were blocks of glass 2in. x Zin. x 14in., polished on the 2 in. x 2 in. 
faces and with two opposing 2in. x 1}in. faces ground flat. The side faces were 
smeared with liquid paraffin to make them transparent during the experiment. 
A side view of a specimen with a large crack, similar to the view seen during 
the measurements, is shown in the Plate. Usually the edge of the crack is clearly 
visible in ordinary light, but in some cases of small cracks it was useful to observe 
the specimen between sheets of polaroid, so that the stress concentrations at the 
crack edge could be seen. ‘The estimated errors of measurement are +0:5% 
for the projection of the crack diameter s, which was measured with a travelling 
microscope, and +1%, for the indenter force P, which was read from a high 
quality pressure gauge. ‘The actual scatter of the results for the quantity s/P?* 
was of the order of + 2°, which indicates that the specimen properties did not 
vary much. 

Figure 1 shows a cone fracture schematically. inthe theory below it is assumed 
that the specimen is large compared with the crack, so that the problem becomes 
equivalent to that of a cone crack in an infinite half-space of elastic material. 
In practice specimens of moderate size apparently give valid results, because 
the crack remains straight and regular even when it becomes relatively rather 
large. The fracture shown in the Plate is about the size where the relation of 
the indenter force to the crack diameter begins to deviate from that for the smaller 
fractures. When a crack is made to approach the side faces of the specimen 
quite closely then it tends to curve upwards, in hat-brim fashion. 

At a certain stage in the theory it will also be assumed that the fracture 
diameter s is large compared with the indenter diameter 6. In the experiments 
only ratios s/8 less than about 7 could be realized, because at a certain limiting 
load the glass crushes under the indenter tip. (When this happens the indenter 
may be spoiled. The ranges of safe loads for the indenters and the glass used 
can be read from figure 4 below.) In what sense values s/5=7 can be regarded 
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as large will become clear later, from the observed relation between the force 
and the crack diameter. 


Load P 


Steel 
1 4 | -~Indenter 


rT 
eee 


Glass 
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~ Steel Support 


Spherical Coordinates * Cylindrical Coordinates 


Figure 1. Cone fracture schematically, and as idealized for theoretical treatment. 


If the cone fracture obeys Griffith’s theory and the surface tension of glass 
is a fixed quantity, then for any given load the crack should spread to a certain 
diameter and no further, independent of the time of loading. In reality things 
will hardly be so simple, even if the theory is true, because the surface tension 
will change with time. Such changes might still occur if the newly created surface 
was chemically pure and was kept under perfect vacuum, since there might be 
processes of diffusion and orientation in the glass itself. In the experiments 
the crack was open to the atmosphere, so that air and moisture must have entered 
it. Furthermore, traces of paraffin might have crept into the crack along the 
surface, although visibly the upper, indented, face of the specimen appeared 
clean. Figure 2 shows the observed growth of the crack in time, under a constant 


Crack Diameter s (cm) 


Loading Time (minutes) 


Figure 2. The growth of the crack in time, at constant load. 
Palo <alO&kdynwo— lke enoiay 


indenter load. The growth curves found with several specimens are consistent 
within the accuracy of the figure. Apparently the chemical state of the crack 
surface was the same in each experiment. After 15 minutes at constant load the 
crack diameter changes slowly enough to be measured conveniently with the 
equipment used. For this practical reason 15 minutes was taken as standard 


loading time; results given below without qualification are 15-minute values. 
T-2 
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When a crack is grown stepwise by applying successively higher loads, care |) 
must be taken that the crack size attained with each load in 15 minutes is | 
independent of the earlier loading history. Within the accuracy of the experiments | 
this independence could be obtained by making the increments of the load not |) 
smaller than 10°. The range of loads for which cracks can be observed with | 
any indenter is limited by the crushing load and by the load at which the first |) 


ring crack forms. Experimentally the crushing load is about twice the load at 
which the crack starts. Therefore a specimen usually stands about seven load 


increments of 10° each, and up to about eight measurements can be made | 


with each specimen. 
The crack angle « is, by experiment, independent of the indenter diameter. 
For the glass used in the experiments the value was «=68:5°+1°. In the 


computations some definite figure of higher formal accuracy had to be used | 
and for this the value defined by cot «=0-4000 was chosen. This corresponds | 


to «=68° 12’, which is actually the average for some of the larger cracks. 


§ 3. SIMILARITY RELATIONS 


Scaling laws are the most easily tested consequences of the Griffith hypothesis. | 
For a given material the crack angle « is invariant, so that two cone fractures 
with diameters s, s’ and produced by indenters with diameters 6, 6’ are geometri- | 
cally similar if s/5=s'/5’. More generally, for a given specimen material and | 


indenter type, all cone fractures for which s/d has a constant value are geometri- 
cally similar. For such fractures with a given value of s/5, scaling relations can 
be written down for any variable connected with the cone fracture by considering 
the dimension of the variable in question with respect to P ands. For instance, 
by considering in turn the dependence of the stresses, of the local strain energy 
and of the volume on P and s, it is found that the total strain energy U must be 
expressible in the form U=HP?/s, where H is independent of P and s. Again, 
the total surface energy V must be expressible in the form V=Ks°, with K 
independent of P ands. The derivatives, with reference to the crack diameter, 
of the strain energy and of the external work W on the one hand, and of the 
surface energy on the other hand, must be expressible in the forms 


d(U+W) LP 
— ee (1) a =is ° ae (2) 
where L and M are independent of P and s. The Griffith balance condition is 
d(u+W) dV 
= Tye Ee see (3) 


and it must, on the account of (1) and (2), be expressible in the form 

Pea 
or 

[P23 = NAB=n 

where N and n are independent of P ands. The scaling law (5) can be tested by 
ostablishing the empirical relation between s/P? and s/6 for a number of indenters 
ef different size. If the facts agree with (5) the same empirical function should 
be found for all indenters. Figure 3 shows the result, for three indenters with 


one oe : 
S=1 inch, 6=4 inch and 6=% inch. Eleven specimens were used and this 
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gave about 15 points for each indenter size. The scaling law (5) appears to be 
valid. In the original large-scale plot with individual points, the results due to 
indenters of different size superpose as well as those for one indenter of fixed 
size and a number of specimens. 

From figure 3 it is seen that the quantity s/P2 does not vary much and 
appears to tend to a constant as s/5 increases. In effect when s/5 is large the 
force necessary to make the crack grow is independent of 8. This indicates 
that the crack propagation process conforms to what is known in the theory 
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Figure 3. Test of scaling law (5). Figure4+. Crack diameter as function of the 
The exp@imental points for indenter load (15-minute values). 
indenters of varying size fall 
together. 


of elasticity as St. Venant’s principle. Now the limit s/5+ oo corresponds 
to an idealized fracture where the core ends in a sharp point (the vertex of the 
cone) to which the indenter force is applied. ‘The idealized fracture is geometri- 
cally self-similar, when it is considered in different stages of growth, and these 
stages should therefore obey (5), with the value of given by the limit in figure 3. 
In other words: if the scaling law (5), which is valid for arbitrary s/5, is combined 
with St. Venant’s principle, then the relation (5) becomes the law for the growth 
of fractures that are large compared with the indenter. 

The correspondence between the scaling law for different fractures and the 
growth law for one given fracture is best seen in figure 4. In this double 
logarithmic diagram a growth law of form (5), with constant n, gives a straight 
line of slope 2/3. The results plotted are the same as in figure 3. ‘The approach 
to a constant level in figure 3 becomes in figure 4 an approach of the empirical 
growth curves to the asymptotic growth law of the idealized fracture. ‘The 
ranges of fracture diameters for the individual indenters and the unreduced 
values of s and P can now be seen. 

The level of the asymptote which gives the best fit in figure 4 can be determined 
by going back to the more accurate plot in figure 3. The reduced variable 
100s/P?? attains a limiting value 1-57+0-03. It follows that in figure 4 the 
asymptote should cut the line s=2cm at a load P=1438 x 10° dyn. This pair 
of quantities will be used to find the surface tension. 
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In the concept of the idealized cone fracture, where the indenter is replaced ||) 


by a singular force, all references to the properties of the indenter are omitted. 
If the size of the indenter tip becomes unimportant then the same should be 
true for the shape of the tip and the properties of the indenter material. The 
theory of the idealized cone fracture is therefore only concerned with the elastic 
field in the glass specimen. In so far as fractures with s/5 much greater than 1 
can be made and the theory is true for them, such fractures must be governed by 
the properties of the glass only and by the chemical condition of the crack. ‘This 
is a useful conclusion, since in many other indentation type measurements of 
hardness and strength the properties of the indenting tool are very important. 


§ 4. ANALYSIS FOR IDEALIZED FRACTURE. 
DETERMINATION OF SPECIFIC SURFACE ENERGY 


The next problem is to set up the Griffith balance (3) in absolute terms. 
This should lead to an equation between the surface tension and P, s, « and 
the elastic constants of the glass. 

It is now better to use the radius of the cone base R = }s as variable instead of s. 
To find the derivative of V with respect to R is easy. The new surface created 
by the crack is twice the area of the cone mantle. With 7 as surface tension, 
the derivative is 

av 4ak. 
dR sina * 

The derivative of the mechanical energy d(U+W)/dR is more difficult to 
find. Since the exact solution for the elastic field round the coné crack is not 
known, an approximation method must be used; but before the problem can 
be treated by approximation it must be transformed. Some discussion is 
necessary to justify and explain this, and the argument is a little involved. ‘The 
approximation which is used eventually is a well-understood and systematic 
method (Rayleigh-Ritz), and in principle it is possible to find d(U+W)/dR 
with arbitrary accuracy. ‘The computation is, however, long, even for moderate 
accuracy, and it has therefore only been done for the one value of « observed 
in the present experiments, and for the one value v=} of Poisson’s ratio. (This 
is a mean value for silicate glass. The exact value of v for the glass used in the 
experiments was not known.) The final result for the Griffith balance is given 
in equation (10) below. 

To try a direct approximation method for the elastic field would be futile 
as far as the determination of d(U+W)/dR is concerned. The change in the 
mechanical energy of the system that is caused by the cone crack is only a small 
fraction of the total mechanical energy, so that d(U+W)/dR is small compared 
with (U+W)/R. If an approximation to the total mechanical energy were 
set up and d(U+ W)/dR determined from it by differentiation, the result might 
be quite wrong even if the approximation to U+ W itself were relatively good. 

This difficulty can be avoided by basing the approximation on a comparison. 
The crack field can be compared with a known, exact solution, which is due to 
Michell (1900). It describes the elastic field in an infinite circular cone which 
is loaded by a singular force at the vertex. If an idealized cone fracture, as shown 
in the lower part of figure 1, were to extend to infinity, then the core of this 
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fracture would be a cone in the state worked out by Michell, and the surrounding 
rim of material would be free of stress. The shape of the gap or crack between 
the rim and the core is, for this infinite fracture, given by the displacements 
of the mantle of Michell’s cone, since the rim has vanishing displacements. 
On the other hand for a finite cone crack of radius R the relative displacements 
of the mantle elements of rim and core must vanish for r greater than R, by 
the definition of R. The generation of a finite cone crack can then be decomposed 
in imagination: first the crack extends to infinity, then it is closed again from 
infinity to r=R; the displacements, at the mantle surfaces, which are necessary 
for the closure, are known from Michell’s work. The energy, U*+W* say, 
which is associated with closing the crack up to r=R, will by differentiation give 
d(U+W)/dR. Since the whole of U* + W* is the change in mechanical energy 
caused by the crack there is now no objection to passing to the derivative, even 
if U* + W* is found by approximation. 

The problem is then transformed into that of finding the mechanical energy 
associated with certain displacement boundary conditions. 'To define the process 
of crack closure completely there must be a stipulation about conditions at the 
indenter tip. The simplest ideal process is that where the indenter is fixed 
rigidly. No work is then done by external forces, so that W* can be left out of 
account. Another simplification comes about: the strain energies are additive 
for the elastic field in the core of the infinite fracture and for the elastic field of 
the crack closure process. (The interaction energy of the two fields vanishes, 
because all those surface elements where the crack closure prescribes displace- 
ments are along the mantle, and therefore they are by definition free of stress 
in the state of the infinite fracture.) For this reason the energy U* associated 
with the crack closure is defined completely by the prescribed boundary dis- 
placements. For a physical picture of this result, it might be imagined that the 
core of the infinite fracture is modelled in stress-free glass. The process of 
crack closure can be carried out by fitting this initially stress-free replica into 
the rim and then closing the gap along the mantle surfaces for r greater than R. 
At this stage the condition that the vertex of the core shall be held fixed becomes 
inessential and can be dropped, since keeping the condition would not increase U* 
by a finite amount. 

From the self-similarity of the idealized fracture U* must be inversely 
proportional to R. The dependence of U* on P and on the modulus of the 
glass is also obvious, and in effect U* can be written 


Dea y)PiGR. p= oun (7) 


G is the shear modulus and v is Poisson’s ratio. w(«, v) is a number which gives 
the value of U* for P=R=G=1, and this number must be found by an 
approximation method. A summary description of the procedure by which w 
was computed, using the Rayleigh—Ritz method, is given in the Appendix. 
The result of the numerical work is 


Gi c4 Sed (as alls UN o. cuits » euch ine sh (8) 


for «=68°12’ and v=}. From the approximation method used, (8) is an upper 
bound, which means the true value is not higher. There is no precise information 


about the error, but from the trend of the computation it appears unlikely that the 
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error exceeds a few per cent and it may be less than one per cent. Of course, 
no final and absolute confidence can be placed on the value of w before it has 
been confirmed by an entirely independent computation. 
From (7) follows the derivative 
dU* | se 9 
yee Si GRY cece ( ) 
and from the argument by which U* was introduced, the derivative dU*/dR 
is equal to the derivative of the mechanical energy d(U+ W)/dR. ‘The Griffith 
balance can then be written, by combining (6), (9) and (8), 
dV —  sa(UsW)) eae 
dR a dR = dR i ne NL COO. C 


or explicitly 
4nRT tate 
oe Pee BS hs 11 
sina GR? a 


This can be solved for 7, and with the numerical value of w put in becomes 


Peek ain esi 
= 228 hte (oR? Vi Ce gg SE  aieigeae ee se 


With P=1438x108dyn corresponding to R=1cm (experimental values), 
sina=0-9285, and G=2-8x 10!!dyncm™~ (a mean table value for silicate 
glass), the surface tension becomes 


T= 4065 dyn .emz>= 4100 dyniciis ee eee (13) 


since keeping more than two figures would not be reasonable. From the data 
that were used, (13) is the ‘15-minute value’. Since the third power of R occurs 
in (11), the growth in time of the crack, as shown in figure 2, implies strong 
changes in the surface tension. ‘Twenty seconds after loading the value of 7 
is twice the ‘15-minute value’. After the load has been on for several days the 
value of T is half the ‘15-minute value’. 


§ 5. Discussion 


If the structure of a solid is known, the surface tension can be estimated 
from the number and strength of the chemical bonds which must be broken 
to create a new surface. Such a calculation gives the total surface energy at 
the absolute zero of temperature, and it gives an over-estimate, since there will 
be rearrangement in the surface layer with partial saturation of the ruptured 
bonds. ‘To find the surface tension at finite temperatures (the free surface 
energy in the sense of thermodynamics) requires a further correction. ‘The 
results of some such estimates for valence-bond crystals are given in the 
Landolt—Bornstein tables (6th edition, Volume I/4, p. 543). The method can 
hardly be applied to the network structure of glass, since here the rearrangement 
in the surface layer may be decisive for the value of T. At best the count 
of broken bonds gives in the case of glass a crude upper limit, perhaps 
T'<3000dyncem-! for a clean surface. The value (13) of T derived from the 


cone crack experiments therefore seems a little large, but it is of the expected 
order of magnitude. 


ee ee 
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The value (13) can also be compared with the results of Griffith’s own 
experiments on cracked glass tubes burst by hydraulic pressure. Griffith had 
measured the surface tension of his glass in the liquid state, and extrapolated the 
results to room temperature. In this way he had found a value T= 546 dyncm—, 
and he investigated whether the bursting experiments might give the same 
value. ‘This was true when the annealing of the cracked tubes was carried out 
at a certain temperature and for a certain time, but the result for 7 depended 
rather critically on the annealing procedure (Griffith 1924). (It can be seen from 
Griffth’s figures that very thoroughly annealed tubes gave values for T up to 
eight times the value found with unannealed tubes. The aim of the annealing 
procedure was to remove the stress due to scratching but without softening the 
glass so much that the corners of the crack enlarge. Various methods of 
annealing were tried, and compared with réspect to the consistency of the results.) 
One procedure tried by Griffith, which involved more thorough annealing, gave 
well reproducible results from which a value T=1800dyncm~ can be deduced. 
This agrees, approximately, with the values of T found by the cone crack method 
for very long loading times. 

The time effect observed in the cone crack experiments is an indication that 
the fracture process involves some losses by elastic hysteresis or viscosity. From 
figure 2, the value (13) and equation (12) it follows that T is of the order 
10000 dyn cm“ for loading times of a few seconds. ‘This seems too high 
for a true surface tension, even if the surface were absolutely clean. It is a fact 
that glass shows considerable elastic hysteresis at room temperature, for stress 
cycles of a few minutes’ duration. As the edge of the growing crack transfers 
the stress field through the material, deviations from perfect elasticity would 
cause a loss of mechanical energy. ‘There is direct evidence for the non-ideal 
behaviour of the glass in the fact that the crack remains open by a few microns 
after the indenter load has been removed. From all these arguments it appears 
likely that part of the time effect shown in figure 2 is due to anelastic processes, 
and only the remainder is due to the lowering of the surface tension by adsorption 
of vapours and other chemical changes. 

Incidentally, the knowledge of the existing anelastic effects makes it uncertain 
what values of the elastic constants should be used to improve on the crude 
assumptions (v=0-25, G=2-8 x 101!) made above. Accurate values for the elastic 
constants of glass are usually determined at ultrasonic frequencies by optical 
methods, and such values may not apply for stress cycles of the order of hours. 

Despite these uncertainties it seems that cone crack experiments are an 
attractive testing method for glass. Chemical influences on 7 can be studied 
by putting liquid round the indenter tip, so that the atmosphere pushes it into 
the opening crack. Some such experiments have been made and it was obvious 
that there are strong effects. For instance if hydrofluoric acid is put into the 
crack then even small loads give large cracks in a short time. ‘The effect is not 
quite trivial, since ordinary etching action should not occur preferentially at 
the crack edge. Of course, for comparative measurements of T on the same 
glass it is not necessary to know the value of w. 

The method may be extended to other materials that are sufficiently brittle 
or can be made so by the right conditions .of temperature or rate of loading. 
Mr. D. G. Christie of these laboratories has been able to produce fairly clean 
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cone cracks in ‘ Perspex’ (a form of polymethylmethacrylate) by using, at room ||) 
temperature, a high rate of loading. It must be admitted that the less brittle |) 
the material is, the more would the apparent value of T be due to dissipative | 
processes. Yet the property that is measured by the cone crack would still be ||) 
independent of the indenting tool and would be characteristic of a crack 
propagating in clean, virgin material. 
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APPENDIX 


The evaluation of w is a minimization problem. Among all continuous 
displacement fields which satisfy a given set of displacement boundary conditions 
the true field is the one which makes the strain energy a minimum. The proof 
can be found in various textbooks on elasticity. (One demonstration which 
I found particularly helpful occurs in Prager and Synge (1947): their paper 
will also supply the precise meaning of the term ‘set of displacement boundary 
conditions ’.) 

Michell worked with spherical polar coordinates; figure 1 shows the notation 
used here. In the special case v=} and for P=G=1 his formulae give for the 
displacements wu, u, at the cone mantle 


° (24+cosa+2cos?a\(l—cosa) to) 
3 cos a— cos? sa 
27pu,= re (15) 


(2+cos «+2 cos? «)(1—cos «) * 
These displacements define the width of the crack that is to be closed for 


1<r<oo. There are no other prescribed displacements, except that for p— oo 
all displacements must vanish. 


The expressions for the strains are simpler in cylindrical than in polar 


coordinates, and therefore it is easier to work out the approximation in cylindrical 
coordinates. 


The displacements are transformed by 


U=U,=U, SIN % + Uy COS % = 


W=U,=U, COS&—U, Sin E= 


te = 


reek 
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| The quantities M and N are to be taken as defined by (16) and (17). Mand N 
| are independent ofr. In working out the values of M and N it must of course 


t 
} 


a 


be remembered that r=psin«. 
For u,=0, from symmetry, the strains in cylindrical coordinates are 


_ Ou u Ow 
a ETS, “o. 5:t hs ) 
ou dow 
Yet ant ( a eos (18) 
c=, er es 1 ey 


For G=1 the local strain energy becomes 
Vv 


1—2y 


The total strain energy is the integral of A over the volume of the body. 

‘To obtain workable expressions the field must be built up piece-wise, dividing 
the whole body into a number of domains. All displacement functions must 
either be matched at the inter-domain boundaries or be chosen so that they 
vanish there. Four domains were taken, as follows (8 is written for cot «): 


A= e2terte2+ly,2t ( a eae (19) 


domain I: r<1, 2a pr (near rim’), 
domain II: r>1, 2<o6r (‘far rim’), 
domain III: r<2/B, z>8 (‘far core’), 
domain IV: r<2/8, 2z<B (‘near core’). 


Now it is to be remembered that the prescribed displacements (16) and (17) 
are relative displacements of the two mantle surfaces, by the physical meaning 
of the crack closure process. Therefore they are the differences of the absolute 
displacements in domain II and domain III, at the mutual boundary of these 
domains. At the boundary II/III the displacements then must satisfy 
A (20) Wy — Wy = _ ree (21) 


Uy, — Uy = ; ee Da el siehenets 


Displacement fields which fit these conditions can in domain II be built up by 
using for uw and w components of type I1/r, 2/r?, 2?/r3, ...; and in domain III 
they can be built up from components of type 1/z, r/z?, 77/23, .... The choice 
of components for domain II can be refined a little by taking account of the 
stress boundary conditions which the true field must satisfy for :=0. Again, 
when making the choice for domain III some components can be rejected because 
they would involve strain singularities at r=0. 

All components which survive must be matched at the boundaries II/I and 
III/IV by suitable continuations in domains I and IV. It is already becoming 
evident that the total number of functions is inconveniently large, but more 
components must yet be introduced, to give the field sufficient freedom near the 
crack edge and in the ‘near rim’ and ‘near core’ domains. ‘These additional 
fields must be so designed that they give zero displacements along the boundary 
II/III, and they must vanish with increasing.r and z more strongly than the 1/r 
and 1/z type components considered earlier. 
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When the choice of all field components has been made, the strains (18) 
must be found for each component. The next step is to find for all fields and 
combinations of fields the self-energies and interaction energies, by forming the 
local strain energy according to (19), or the analogous interaction energy with 
products of strains, and then integrating over the relevant domain or domains. 
Eventually a table of all self-energies and interaction energies is made up. ‘This, 
together with the boundary conditions given by the quantities / and N, is used 
to set up equations for the amplitudes of the various components. These equations 
are the conditions for the total strain energy to be a minimum, and they are linear 
in the unknown amplitudes. 

The computation that was done involved 17 independent components of 
the displacement field. Since there are two boundary conditions, which can be 
accommodated by using Lagrangian multipliers, the total number of equations 
was 19. These happened to form three independent sets of 11, 4 and 4 simul- 
taneous equations, respectively. The three sets were solved, partially by 


elimination and partially by iteration. Finally, the total strain energy was | 


evaluated from the amplitudes of the minimum. 
The result was 

@=145 x 10-5) 9 Deer (22) 
In an earlier computation with only six independent field components the result 
was 

w= 83 e108, 6 eee (23) 
As would be expected, the result of the more elaborate computation is lower and 
therefore nearer to the true value. Besides giving a check, the comparison of 
the two results also gives an indication that the error of the lower figure is probably 
small. If the true minimum were much lower than (22), then the increase in 
the number of components from 6 to 17 should have changed w by more than 
10%. 
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Abstract. A method is described for finding the net absorption, at a given 
magnetic field, resulting from the superposition of absorption lines from the ran- 
domly distributed crystallites of a polycrystalline material. It is then shown that, 
due to magnetocrystalline anisotropy, the maximum in a ferromagnetic resonance 
curve does not coincide with the centre of gravity of the absorption line. This is 
important because the usual resonance equation hv=gBH implies the use of the 
centre of gravity field, so that to obtain the true g a correction must be made to the 
field for maximum absorption. ‘The magnitude of the correction depends on 
K,/M and is estimated numerically. 


$ 1. INTRODUCTION 


HE resonance condition in ferromagnetic resonance is usually expressed in the 

form hvy=gfHer:, where hv is measured directly and where Her; is not the 

actual external magnetic field Hm for maximum absorption, but is an 
effective field which is related theoretically to Hm. Thus g can be regarded as 
defined by this equation, its value depending on the corrections made to Hy». 
The reason for using Herz 1s that it is generally assumed that, provided it is chosen 
correctly, the value obtained for g is characteristic of the ferromagnetic material 
under investigation, and should not vary with the experimental conditions, such as 
the measuring frequency, the temperature, the shape of the specimen, etc. The 
theoretical problem of relating Hm and Hers has been studied by many authors 
(Kittel 1948, Van Vleck 1950) and it is well established that a most important 
correction arises from demagnetization effects. ‘That this is not enough was 
pointed out by Okamura, Torizuka and Kojima (1952) who found that, with 
certain ferrites, a constant value of g was only obtained if an additional internal 
field H, was added to the Hes obtained with the demagnetizing correction. ‘They 
found H, to be constant with measuring frequency but variable with temperature. 
Miles (1954) pointed out that H, might arise, wholly or in part, from magneto- 
crystalline anisotropy, and while this is almost certainly true his analysis cannot be 
regarded as entirely satisfactory. Another treatment of the anisotropy correction 
has been given by Bagguley (1955), for a very special case. From the work of these 
two authors there seems little doubt that there should be an anisotropy correction 
in Hers, but as it was not clear just how important it could be we have made a more 


detailed theoretical study of it. 


§ 2. THE ‘THEORETICAL MODEL 


For simplicity we shall assume that our resonance curve is obtained with a 
polycrystalline sphere of a ferromagnetic material, the individual crystallites of 
which have cubic crystal structure. The demagnetizing correction then becomes 
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zero and each crystallite gives its own contribution to the full resonance curve. | 
The resonance condition for a crystallite oriented so that the external magnetic | 
field, H,, direction is (/, m, n) referred to its cubic axes is 


hy=g8 | Hy Sr (mt tnt 9) sae (1) 
(Van Vleck 1950) where K, denotes the first order anisotropy constant (the others 
being neglected) and M the saturation magnetization. The observed resonance 
line consists of the superposition of the lines of all the separate, randomly oriented 
crystallites which make up the sphere. As Van Vleck pointed out, the position of 
the centre of gravity of the line so obtained does not depend on K,, but experiment- 
ally it is more convenient to find the position of the maximum, and they do not 
necessarily coincide. It might be thought that the difference should be easily 
recognizable, since the implication is that the line is asymmetrical in shape. 
However, with wide lines and long tails it is not at all easy, experimentally, to find 
the position of the centre of gravity. The theoretical problem is thus to find the 
position of the maximum of the absorption curve obtained by superposition, 
preferably allowing for the fact that the line from each crystallite may also have a 
finite width. (Bagguley assumed zero width, a much simpler problem.) 

We therefore assume that each such line is gaussian in shape, of the form 
exp (— 62/72), where 6 measures the distance in field from Ho, given by equation (1), 
and T measures its width. This is not the most general assumption which could 
have been made, for example the width might also vary with (/, m, 7), but it is 
representative, and the method which we develop is capable of handling more 
complicated shapes, should the necessity arise. We also assume that the whole 
resonance curve is observed by varying the external magnetic field at constant 
frequency. 

The total intensity of the resonance curve is given by: 


| exp (—@/T2) do dldm dn 


where @ is to be integrated from — 00 to o and the range of variation of /, m and 
is such that 22+ m?+n2=1. If we now change the variables in this integral in such 
a way that one of the new ones is H, given by 


hy” 3K 
H=60+ — —- —+(4+m'+nt-3 
ire yr +m i), 

the integration over the remaining variables gives the intensity at the value 
of the external field. That is, it performs the superposition of the contributions 
of the individual resonance lines at the field H. ‘The other new variables, p, ¢ 
and R are conveniently defined by p=n, tandd=I/m, R?=[?+ m?+n?, in which 
case the volume element d/ dm dn becomes 

} dH dp db dR8 (1 — R?) 
where the delta function 1s introduced to allow for the fact that /? + m?+n?= R?=1. 
The intensity at the field H is then proportional to: 


rnf2 cl iL \2 
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The centre of gravity of the line is at hv/g8, and measuring the magnetic field from 
this position, by setting g8H — hy=gBw we have 


I(x) = ia exp { . (zs) E ‘7, {( _ pp a + pte =} | ods 


where a=5K,/M. 

To reduce the computational labour we decided to evaluate this integral for 
small values of « only, using approximation methods, and found it convenient to 
set x=a(0-1— 7), a/T=2. 


Setting (1 oy see 


+p'-05=f(4) 
we have J (0-la —7a)= exp (—A?n?) | |.exp {—A°Lf? + 2n f]} dp dd 


=€exp(—A4") (A + BAA + Cn) t+ fe 


Subject to certain assumptions about the rate of convergence of this series, which 
we have satisfied ourselves, by numerical estimates, are valid, the maximum 
absorption occurs near 7»=B/2A. Some results of our calculations are given in 
the following table, where it may be noted that the values in the last column 
(xM/5K,) are for the position of the maximum measured from the centre of gravity 
of the curve, and that the values for A=0 and oo (Bagguley’s case) have been 
obtained by more elementary methods. 

|A| A B c Bi2A x“xMISK, 

0 _ — = — 0 

1 8-654 1-530) — 0-088 0-012 

Z 7-861 1-145 — 0-073 0-027 

4 6-224 0-406 —0-17 0-033 0-067 

=e — — — — 0-100 

| Aj=| 5K,/MT|. 


‘lo appreciate the significance of these results it is instructive to compare iron 
and nickel, for which K,/M is +240 and — 120 Oc respectively (Bozorth 1951) 
There is some uncertainty about the values to be taken for 7, but it would seem 
reasonable to take it as not very different from 300 Oe for both materials. ‘Then 
|A | is 4 for iron and 2 for nickel, so that the difference in field between the centre of 
gravity, for which hv=gfH, defines the true g, and the maximum in the absorption 
curve is — 80 Oe forironand +16O¢e for nickel. Thus for iron hy=g8 (Hm — 80), 
while for nickel hv=g8(Hm+16). With measuring fields of order several 
thousand oersteds and overall line widths some hundreds of oersteds it is clear that 
the shift in nickel will probably be unobservable. ‘This conclusion is supported 
by the experimental observation that g for nickel is 2-22 for measurements made at 
both 3-14 and 1-25 cm wavelength, this value being calculated by assuming that the 
maximum and the centre of gravity coincide. For iron the g values calculated in 
the same way are 2:00 and 2-05, a discrepancy which can be removed by including 
an anisotropy shift of the same order and sign as that which we have estimated, 
leading to a true g-value of approximately 2:07. . 

Our conclusion is thus that the anisotropy shift can be of importance, particu- 
larly in those substances for which the single crystal line width is small and K,// 
large. Apart fromiron, this situation is found in some ferrites, and in a subsequent 
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communication one of us (K. J. 5) will present experimental results which demon- |) 
strate a shift such as Okamura and his co-workers found. Whether or not the |) 
whole of the variation of the uncorrected g’s with frequency is due to this effect is 
not certain, but as a result of this analysis we feel that the anisotropy shift could be |j 
the most important. | 
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Abstract. Measurements are made’of the paramagnetic susceptibilities of palla- 
dium-uranium alloys covering the range of solid solution, of an intermetallic 
compound Pd,U and of specimens of very pure palladium and uranium over the 
temperature range 77° to 293°K. Increasing amounts of uranium cause a rapid 
decrease of susceptibility up to a concentration of 9 atomic per cent. Further 
increase in the amount of uranium causes a rapid rise in susceptibility, alloys of 
concentrations greater than 12 atomic per cent obeying a Curie-Weiss law with an 
effective atomic moment of 3-14 Bohr magnetons. The results are discussed in 
relation to the properties of the palladium-silver system and close similarity is found 
for low concentrations assuming that uranium is six times more effective than 
silver. ‘lhe temperature-dependent susceptibilities of the alloys of higher uranium 
content are explained by a change in the valency of uranium leaving two unpaired 
electrons localized on uranium atoms. An annealed alloy of concentration 17-6 
atomic per cent uranium showed an unexplained time dependence of susceptibility. 


$1. INTRODUCTION 


T is not easy to explain the physical properties of an alloy, and in any attempt to 
do so a considerable number of assumptions has to be made. It is therefore 
important to measure systematically many properties of alloy systems and 

then attempt to relate these properties to the theories of the metallic state. The 
present work is an investigation of the paramagnetic susceptibilities of palladium— 
uranium alloys through the range of solid solution (0 to 21 atomic per cent), an 
intermetallic compound Pd,U and specimens of very pure palladium and uranium. 
This work is part of a comprehensive study of the properties of palladium—uranium 
alloys co-ordinated by Dr. P. C. L. Pfeil and Miss J. R. Murray of the Atomic 
Energy Research Establishment, Harwell. 


§ 2, EXPERIMENTAL DETAILS 


Temperature dependence of susceptibility from 77°K to room temperature was 
measured with an apparatus (Leach 1955) developed from that described by Bates, 
Baker and Meakin (1940), and Bates and Mallard (1950), a vacuum system and a 
cryostat which enabled accurate measurements of susceptibility to be made from 
the temperature of liquid nitrogen to that of boiling water being incorporated. 
The susceptibility standard used to calibrate the apparatus was an aqueous 
solution of nickel chloride (Nettleton and Sugden 1939). The susceptibility was 
measured using several field strengths up to a maximum value of 4500 oersteds in 
order to test for the presence of ferromagnetic impurities. ‘The susceptibility of 
each specimen was found to be independent of the applied field with the exception 
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of that of the uranium specimen at low temperatures. Special arrangements were 
made to ensure that the temperature of the specimen could be maintained constant | 
to +1 centigrade degree at a chosen value which was uniform along its whole 
length. ‘The temperature was recorded by a copper—constantan thermojunction 
placed 1mm from the lower end of the specimen tube and standardized against 
three junctions placed inside the tube in a separate experiment. 

The palladium specimen, prepared by Messrs Johnson, Matthey and Co. Ltd., 
was spectroscopically standardized material with the following detected impurities : 
platinum 0-01%, rhodium 0-002, osmium 0:001%, iron 0-005 o,, silver 0-0002%, 
copper 0:0002%. ‘The uranium specimen contained a total of less than 100 parts 
per million of metallic impurities. The alloys were prepared from palladium of 
purity greater than 99-9% and uranium of purity greater than 99-83%. The con- | 
centrations of the alloys are listed in table 1. The alloys were made homogeneous 
by heating in vacuo for six hours at 900°c, followed by quenching to room tempera- | 
ture; to eliminate the (unlikely) possibility of the presence of dissolved hydrogen 
remaining after this treatment and to reduce strain, specimens 1-8 (cf. table 1) were 
heated for twelve hours at 750°c and then slowly cooled to room temperature. 
The remaining specimens, with the exception of specimen 11, were not given the || 
latter heat treatment, for the reason indicated in the discussion of the behaviour | 
of specimen 11. ‘The specimens were turned to a size suitable for the measure- | 
ments, and surface contamination was removed by treatment with boiling (50%) 
hydrochloric acid. 


§ 3. EXPERIMENTAL RESULTS 


The mass susceptibilities of the specimens at 90°K and 293°K are given in table 1. 


Table 1 

I iat Ill IV V VI VII 
1(Pd) 0 7-36 5-18 0 = a2 
2 0-51 6-03 4-55 341 = [= 
3 0-92 4-92 3-96 555 eri ae: | 
4 2-42 2-97 2-71 14-5 es = | 
5 6-37 1-01 0-96 38-2 a = | 
6 7:25 0-68 0-68 43-5 = = | 
7 9-23 0:76 0-71 55-4 = = | 
8 12-08 2-05 1-40 72-6 2-87 ZAI 
9 11:4 1-74 {227 66-6 = = 
10 15-2 5-42 25 aS 3-19 = 9) 5) 
11 17-6 cs yp = 3-09 —168 
1p 18-5 7-20 4-05 pie 3-20 —160 
13 +20 9-38 4-60 is Be 115 
14(UPd,) 25-3 134 5-83 ts 3-09 2.7% 
15(U) 99-99 1-63 1-70 = Se = 


+ Nominal concentration 


It, specimen number ; I, uranium concentration (atomic %, as analysed); III, measured 
mass susceptibility at 90°K (e.m.u. g~!x10%); IV, measured mass susceptibility at 
293°K (e.m.u. g~!x 10%); V, electron concentration; VI, effective atomic moment (Bohr 
magnetons); VII, paramagnetic Curie temperature (°K). 
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gx The temperature dependence of susceptibility of palladium specimen | from 
77° to 293°K ,and of alloy specimens 2 to 9 from 90° to 293°k, is shown in figure 1. 
‘The mass susceptibility y is throughout stated in e.m.u. g | for all figures. 


X«10° (emu. g~') 
» 


T (°’k) 


Figure 1. Temperature dependence of susceptibility of specimens 1 to 9, 10 to 12-08 
atomic per cent uranium in palladium. 


Specimens 8 and 10 to 14 obey a Curie-Weiss law of the form y=C/(T— 6) 
(with the exception of the low temperature behaviour of specimen 11), and in 
figure 2 the reciprocal of the mass susceptibility is plotted against the absolute 
temperature. 

The susceptibility of specimen 11 was found to be time dependent below room 
temperature. On cooling the specimen to 90°k and holding it at that temperature, 
the susceptibility increased with time. On raising the temperature, after an 
anneal at 90°k, to temperatures above approximately 150°K, the susceptibility 
decreased with time, and the rate of decrease of susceptibility with time increased 
as the difference between 90°K and the higher temperature increased. ‘Two 
quantitative measurements of this time variation were made. Before each of the 
measurements, the specimen was held at 90°k for three hours. Figure 3 shows the 
variation with time at 197°k and 262-5°K. Once equilibrium had been reached at 
these temperatures, no further variation with time was observed when the specimen 


was at any temperature between 197°k and 293°, 
U-2 


1000 L. F. Bates and S. }. Leach 


8 


\ /X x10" (X inemu g') 


—=100 0 100 


-200 T (°K) 


Figure 2. Curves of (1/x, T) for specimens 9 to 15, 12-1 to 25-3 atomic per cent uranium 
in palladium. 
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Figure 3. Change of susceptibility with time of specimen 11, 17-6 atomic per cent uranium 
in palladium. 


The variation of mass susceptibility with temperature of the uranium specimen 
is shown in figure 4 (b). At 90°k the specimen showed a field dependence of 
susceptibility, and figure 4 (a) shows the graph of susceptibility plotted against the 
reciprocal of the field strength at 90°, which was used to find the field independent 
susceptibility by the Honda and Owen method (cf. Bates 1951, p. 133). ‘The field | 
independent value at 90°K is plotted in figure 4 (4). | 
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Figure 4 (a). Test for ferromagnetic impurity in uranium specimen at 90°K. 
(6) Graph of (x, T) of uranium specimen for field-independent values of x. 
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§ 4. Discussion oF RESULTS 
Accurate measurements on three specimens of spectroscopically standardized 


| palladium were made by Hoare and Matthews (1953) who found values for the mass 


ii 


ey 


ee a ee 


susceptibility of 5-23 x 10-®, 5-32 x 10-§ and 5:13 x 10-%e.m.u. g-! at 293°K and 
they attributed the variation to differences in the state of strain of the several 
specimens. ‘The absolute susceptibility of palladium found in the present work 
was 5-17 + 0-04 x 10-%e.m.u. g at 293°K, and is within the range of values found 
by Hoare and Matthews. ’ 

In table 2 are given the values of the susceptibilities of our palladium specimen 
and the third specimen of Hoare and Matthews relative to the value at 293°x, 
obtained from smooth curves through the experimental results at corresponding 
temperatures. “he maximum difference, is at 80°kK and is approximately 14°%. 


Table 2 


T(-K) 80 100. 120 140 160 180 ©2000 ©2200 ©2400 ©6260 ~——.280 
xr fmean 1-425 1-417 1-394 1-362 1:324 1-278 1-226 1-176 1-127 1-077 1-029 
Begeepsomte $940 1:455-1-409 (T3571 ie328 122820 1:232) 1-182" 12132)" 1-083" 1-033 


mean=from mean curve; Hoare=from Hoare et al. (1953). 


It is unlikely that the maximum in the temperature dependence of susceptibility 
shown clearly in the Hoare and Matthews measurements of temperature depen- 
dence of susceptibility down to 20°, is due to antiferromagnetic ordering, since no 
discontinuity in the specific heat has been found in this region (Clusius and 
Schachinger 1947). Elcock, Rhodes and Teviotdale (1954) suggest that the 
maximum can be explained by a band of the form (ec) =a + de®, where v(e) is the 
energy density of states and a and 4 are constants. 

The usual assumption made to explain the properties of a solid solution alloy 
is that the addition of the solute metal alters only the Fermi energy of the solvent, 
leaving the band form unaltered. ‘The outer electronic configuration of palladium 
in the metallic state is 4d*45s°® (Wohlfarth 1948), so that there is 0-6 hole peratom 
inthedband. The density of states at the Fermi level is high, partly explaining the 
large paramagnetic susceptibility of palladium. Hoare, Matthews and Walling 
(1953) examined the properties of a solid solution of silver in palladium, silver being 
a neighbour of palladium in the periodic table and having an electronic configura- 
tion 4d!°5s!._ If the above assumption is correct, the ten outer electrons of palla- 
dium are replaced by the eleven outer electrons of silver and the extra electron 
enters the d band of palladium. Ata concentration of 60 atomic per cent silver, 
Hoare, Matthews and Walling found that the alloy had a negligible susceptibility. 
This is the concentration corresponding to the filling of the d band on the above 
assumption. ‘This assumption is discussed by Wohlfarth (1953) and applies to 
other palladium alloys. 

Figure 5 shows the mass susceptibilities of our palladium—uranium alloys and 
of the pailadium-silver alloys used by Hoare, Matthews and Walling (1953) 
plotted against the ‘ electronic concentration’. ‘The electronic concentration is 
defined as the atomic concentration for the silver alloys, and the atomic concen- 
tration multiplied by six for the uranium alloys. ‘To correct approximately for the 
core diamagnetism a value of 0-2 x 10~%e.1n.u. g-! has been added to the observed 


values of mass susceptibility. 
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Figure 5. Mass susceptibilities of alloys plotted against electronic concentration. 


The susceptibilities of both systems coincide up to a value of the electronic 
concentration of approximately 35. Making use of the previously stated assump- 
tion, it could be concluded that six outer electrons of uranium enter the d band of 
palladium. However, the assumption that the density of states is unaltered in a 
palladium—uranium alloy is probably not correct, since uranium has 46 more elec- 
trons than palladium and has anouter electronic configuration 5d!° 5f* 6s? 6p® 6d 7s? 
(the number of 5f and 6d electrons is not known with certainty). Since the 
results appear to support an explanation based on the filling of the d band and we 
find that theassumption is doubtful in the case of uranium, although it is reasonable 
for neighbouring elements, one feels that the assumption may not provide the 
fundamental explanation for the behaviour of a metal dissolved in palladium. 
Probably all that can be stated from magnetic results alone is that the valency of the 
dissolved metal is an important factor. 

At concentrations greater than 11 atomic per cent uranium, the susceptibility 
becomes strongly temperature dependent with a tendency to follow a Curie-Weiss 
law of the form y=C/(T— 6) (cf. figure 2) and begins to increase with increasing 
amounts of uranium seen from figure 6. 

A possible explanation of this variation with temperature and concentration 
is that at higher concentrations the valency of uranium changes, leaving unpaired 
electrons attached to or localized on uranium atoms. ‘The observed increase 
of susceptibility with concentration would then be due to these electrons. In 
order to test this explanation, it is necessary to know the probable valency of 
uranium and the spectroscopic state of the localized electrons. ‘The metallurgical 
data on uranium and its alloys were reviewed by Mott (1952), who concluded that 
uranium has a valency of 4 or 6 in the metallic state. ‘The valency of 6 has been 
used to explain the results with low concentrations of uranium, and if the valency 
changes to 4 at higher concentrations then the large observed paramagnetism could 
arise from the two remaining uranium electrons. . 

It is not possible to predict with certainty the spectroscopic state of the two 
electrons localized on uranium atoms, since the question of the precise position in 
the periodic table where the actinide starts has not been definitely answered 
(cf. Seaborg 1949, Haissinsky 1949). If a U** ion has two electrons in the 6d 
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Figure 6. Susceptibility of palladium—uranium alloys plotted against concentration of 
uranium at 90°K and 293°kK. 


shell with orbital moment quenched, then the calculated effective atomic moment 
is 2-83 Bohr magnetons. If a U** ion has two electrons in the 5f band, then the 
calculated effective atomic moment is 3-58 Bohr magnetons. 

In table 1 are given the values of the effective atomic moment for the uranium 
atoms calculated on the assumption that the magnetic contribution of the palladium 
atoms can be neglected. ‘The value of the atomic moment for alloys of concentra- 
tion greater than 15 atomic per cent is constant within experimental error, the mean 
value being 3-14 Bohrmagnetons. ‘This value is consistent with the assumption of 
a 4-valent state of the uranium atoms, but does not identify the shell which contains 
the two outer uranium electrons. ‘The observed value for the effective atomic 
moment could arise from imperfect quenching of orbital motion in the 6d shell or 
from partial quenching in the 5f shell. ‘The value of the atomic moment is in fair 
agreement with recently determined values of the effective atomic moments of 
uranium atoms in 4-valent salts which are listed in table 3. 


Table 3. Effective Atomic Moment of U*4+ in Uranium Salts 


Salt Atomic moment Reference 
Chloride 3-14 Stoenner & Elliott 1951 
Chloride Sy, Dawson 1951 
Sulphate Be Hutchison & Elliott 1948 
Oxide 3-20 Dawson. & Lister 1950 
Oxalate 37/5) Hutchison & Elliott 1948 
Fluoride 3:30 Elliott 1949 
Fluoride 3:28 Dawson 1951 
Bromide Joil7 Dawson 1951 


At a concentration of approximately 10 atomic per cent uranium, several other 
properties of uranium—palladium alloys show a discontinuity. ‘The variation of 
lattice parameter with concentration changes slope (Catterall, unpublished), the 
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electrical resistivity shows a maximum at 10 atomic per cent (Catterall, unpublished) 
and the thermoelectric power against platinum (Catterall, unpublished) becomes 
positive and goes to a maximum value at about 9 atomic per cent. ‘This provides 
additional evidence for the assumption of a change in the valency of uranium in 
this iegion. 

The paramagnetic Curie temperature, # in the expression C/(T—9), of the 
alloys rapidly tends to zero as the uranium concentration increases (cf. figure 7). 
Making the assumption that the Curie temperature is a measure of the overlap 
of orbital wave function, the observed variation of Curie temperature is consistent 
with the assumption that certain uranium electrons are localized, since the 
interatomic distance is known to increase with increasing uranium content. 
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Figure 7. Paramagnetic Curie temperature of palladium—uranium alloys plotted against 
concentration of uranium. 


The behaviour of specimen 11 is unusual and must be attributed to the heat 
treatment given to this specimen alone. No definite explanation for its behaviour 
can be given until the low temperature phases of the palladium—uranium system 
are known, but it is possible that it is due to the precipitation and solution of a 
second phase of large susceptibility. 

Metallurgical evidence (Catterall, unpublished) indicates that quenched speci- 
mens containing up to 21 atomic per cent uranium could not contain significant 
quantities of UPd. Other intermetallic compounds UPd and U;Pd, are formed 
only with considerable difficulty and do not come into equilibrium with the 
palladium-rich solid solution. ‘This indicates that the large susceptibilities of 
solid solutions of uranium in palladium of concentration greater than 10 atomic 
per cent could not arise from the presence of increasing amounts of a second phase 
as an impurity but does not indicate any explanation of the behaviour of the 
annealed specimen. 

The results of figure 4+(6) show that the temperature dependence of suscepti- 
bility of uranium below room temperature is a smooth extension of the high 
temperature results of Bates and Hughes (1954). The ferromagnetism arising at 
low temperatures is probably due to an impurity although it is unlikely that this is 
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iron, since the solubility of iron in uranium is 0:06°% (Grogan 1950) and measure- 
ments of the susceptibility of uranium specimens with large quantities of added 
iron (Mallard 1952) do not show a susceptibility much larger than that observed 
here. ‘The impurity is probably UH, which is known to be ferromagnetic with a 
ferromagnetic Curie temperature of 173°k (Lin and Kaufmann 1955). 
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Abstract. The magnetic susceptibilities of two polymorphic forms of MnS, | 
one of zinc blende type and the other of wurtzite type have been measured. 
Antiferromagnetism occurs in the former at 100°k, with 6/7; equal to 9-4. The || 
results are discussed in the light of current views on antiferromagnetism and it is 
concluded that in the wurtzite type it may not be possible to form magnetic 
super-lattices. Some ordering will however occur, but it is not clear whether 
this can be detected magnetically. The considerations are extended and applied | 
to the rare earth metals. 


| 
§ 1. INTRODUCTION | 
MM eer i sulphide is known to crystallize in three polymorphic 


forms which are of considerable interest in studying the phenomenon 
of antiferromagnetism. ‘The usual structure is of the sodium chloride | 
type, in which each manganous ion is surrounded by a regular octahedron of 
sulphur ions and each sulphur ion is surrounded by a regular octahedron of 
manganous ions. ‘lhe other two forms are more difficult to prepare and do 
not seem to have been investigated previously. ‘Their structures are of the 
zinc blende and wurtzite types so that, in both, each manganous ion is surrounded 
by a regular tetrahedron of sulphur ions and each sulphur ion by a regular 
tetrahedron of manganous ions. ‘The difference between the latter two structures 
lies in the arrangement of the tetrahedra; in the zinc blende type the manganous 
and sulphur lattices are both face-centred cubic, whereas in the wurtzite type the 
manganous and sulphur lattices are hexagonal with c/a almost the value for closest 
packing. ‘The manganese-sulphur distances in the two structures are practically 
identical: 2-425 A in the zinc blende type and 2-427 in the wurtzite type. In 
the sodium chloride type each manganous ion is known to have S=5/2 with g~2, 
and antiferromagnetism sets in at 165°k, with an asymptotic Curie temperature 
of 528°x. The latter values are given by Bizette (1946), and differ somewhat 
from those of Serres (1947). The type of ordering (the manganous lattice is 
face-centred cubic) is that described by Van Vleck (1951) as ordering of the second 
kind. Its essential feature is that the exchange interactions between next nearest 
neighbours are greater than those between nearest neighbours. The purpose 


of this paper is to give the results of our measurements on the other two forms 
and to discuss their implications. 


§ 2. EXPERIMENTAL DETAILS 


All the results below were obtained from two samples prepared by Schnasse’s 
(1932, 1933) method. It was not possible to obtainsamples which were definitely of 
one type, and we had to be content, with one sample which was mainly of wurtzite 


| 
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structure, but with a certain amount of zinc blende type, and another which was 


mainly of zinc blende type but with a certain amount of wurtzite type. Such 


mixing of the two structures is perhaps not surprising in view of the similarity 
between face-centred cubic and hexagonal close-packed structures and because 
the tetrahedra are practically identical in size in the two forms. Possibly both 
structures may occur in the same crystallite. The relative amounts of the two 
types were estimated by comparison of the intensities in the x-ray powder patterns 
with the calculated intensities for the two structures. 

The first sample was estimated to contain 3-5 parts of the zinc blende type 
to one part of the wurtzite structure, and its variation of inverse susceptibility 
1/x with temperature is shown by curve 1 of figure 1. The second specimen 
contained approximately four parts of the wurtzite structure to one part of the 
zinc blende type, and its (1/y, 7) curve is given by curve 2 of figure 1. For the 


700 300 400 500 
Temperature (°k) 


0 100 


Figure 1. Variation in 1/y with T. 1, zinc blende type MnS; 2, wurtzite type Mns; 
3, 4, NaCl type MnsS. 
(Xm 1s the susceptibility in e.m.u. g mol of MnS.) 


measurement of relative susceptibility a Gouy method was used, with a maximum 
field strength of 4090 Oe. The force on the specimen was measured by means 
of an electrodynamic torsion balance based on a design due to Hutchison and 
Reekie (1946). The specimen, in the form of a fine powder, was contained in 
an evacuated Pyrex glass tube of 4 mm internal diameter, filling it to a length of 
10cm. The experimental arrangement was designed so that the glass tube 
passed through the magnetic field. ‘These measurements are considered to be 
accurate to +4%. The measurement of the absolute susceptibility and the 
ferromagnetic impurity test were kindly made at room temperature by Mr. R. G. 
Loasby. The absolute susceptibility is considered accurate to + 2% and with 
field strengths up to 9000 Oe there is no indication of ferromagnetic impurities. 

Measurements were made over the temperature range from the boiling point 
of liquid nitrogen to just below the temperature at which the wurtzite and zinc 
blende structures revert to the sodium chloride structure. ‘The temperature 
was measured by means of a copper—constantan thermocouple attached to the 
specimen. This gave the temperature with an accuracy to +2°K. 
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The parts of the curves below 110°K are the results of five temperature runs — ' 
with the apparatus filled with hydrogen to prevent the condensation of oxygen || 
on the specimen. The curves over the higher range are the results of three || 
temperature runs. For clarity a number of experimental points in the vicinity ||} 
of the minimum in (x, 7) for specimen 1 have been omitted from the curves. | 
For the purpose of comparison the results of Serres (1947), curve 3, and Bizette ||) 
(1946), curve 4, on the sodium chloride type of MnS are included in figure 1. 


§ 3. RESULTS AND DISCUSSION 


In the two structures under consideration each manganese ion is surrounded || 
by a tetrahedron of sulphur atoms, and one must first decide whether or not each |) 
ion has a spin of 5/2. This value is commonly obtained in the ionic manganous ||) 
salts, but it is known that as the crystal field is increased or the tendency towards | 
covalent bonding is increased, the spin may change. An important difference | 
between the sodium chloride type of MnS and the other two forms is that, in |} 
the first, the manganese-sulphur separation is 2-606 A, while in the others it is 
approximately 2-426. However, on analysing our results at the higher tempera- | 
tures in terms of Curie-Weiss laws we obtain for samples 1 and 2 respectively 
the values 5-89 and 6:19 for p,~, indicating that S=5/2 and that the orbital 
moment is quenched. We do not, however, regard the manganous ion in the | 
crystal as being similar to a free manganous ion, for the following reason. In 
either a tetrahedral or an octahedral environment the degeneracy of the five 
d-orbitals is partially lifted, into a doublet and a triplet. ‘The angular variations 
of these are similar to those of «?—y?, 322-7? and xy, yz and zx, but there are 
now no relationships between the radial wave functions of orbitals of different 
energies. S=5/2 and zero orbital angular momentum are obtained by putting 
each of the five manganous electrons in a different orbital, with their spins parallel, 
but this does not require the charge cloud to be spherically symmetrical. The 
actual shapes of the wave functions seem to be determined by the amount of 
covalence in the complex formed by the ion and its surroundings, and this may 
be linked with the very different manganese-sulphur distances in the octahedrally 
and tetrahedrally co-ordinated groups, although some difference must be expected 
on purely electrostatic grounds. While perhaps not important in Mn§, a further 
effect of the differences in radial wave functions is that the degeneracy of the 
*P level is lifted in a non-cubic environment (it is not lifted in first order using 
crystal field theory), and this can be used in understanding the fine structures 
observed in magnetic resonance on manganous ions. (A similar conclusion 
has been reached, using crystal field theory to higher orders in perturbation theory, 
by Dr. B. R. Judd (private communication).) 

At approximately 100°K the susceptibility of sample 1 shows a discontinuity 
which we interpret as the onset of antiferromagnetism. Above this temperature 
the variation of 1/y with 7'is not quite linear, but using only the highest tempera- 
ture points the susceptibility follows a Curie-Weiss law, x=C/T+6, with 
#=938'K. Sample 2 shows no sign of antiferromagnetism, and the (1/x, T) 
curve is a straight line over the whole range of measurements, with 0 again equal 
to 938°K. ‘The values of these asymptotic Curie temperatures are much larger 
than the temperatures at which the measurements were made, and it is not obvious 
how they are to be interpreted. For, suppose that each manganous ion is 
interacting with every other ion and that the interaction energy can be written 
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as LW ,;, where the suffixes 7 and j label the ions and W,, is an interaction operator 
involving the spin components of 7 and 7. Following the method of Van Vleck 
(1937) the susceptibility at high temperatures can be expressed as a power series 
my 1/T : 
ff i 1 bve 
x= Fil+ag+a(z] +. Sa eueijeige. (1) 


which can also be written as y= A/(T'+8), (@<T), where 6 depends on T but 
tends to the constant value —a, as T tends to infinity. Thus from high tempera- 
ture measurements 4 and a, can be found, and the theory shows that A depends 
only on the moments of the ions, whereas a, depends on the W,;. As the 
temperature is lowered the power series expansion is convergent until 1/T reaches 
a value equal to the radius of convergence of the series. What happens then 
depends upon whether or not the singularity lies on the positive real axis. If it 
does, then at the corresponding temperature there will be an anomaly in the 
susceptibility. If it does not, the susceptibility will vary smoothly through 
this temperature, but below it the expression for y will not be a power series in 
1/7. ‘The various forms of MnS seem to be of the latter type and we interpret 
the result that y can be expressed as C/(7'+ 938) for T less than 938° as meaning 
that the high temperature power series has a radius of convergence corresponding 
to T approximately 938°. There would seem to be no justification for 
identifying —a, with 938°, nor is it obvious that A in (1) should be identified 
with C, although experimentally the value of C is close to that which we expect 
for 4. An alternative approach to the high temperature susceptibility is provided 
by the molecular field treatment (Van Vleck 1951). ‘This however predicts that 
xy obeys the Curie-Weiss law from immediately above the Néel temperature, 
whereas the above considerations suggest that the law may only be obeyed at 
temperatures well above that for the radius of convergence of the power series. 
This difference would seem to arise from the assumption in the molecular field 
theory that the «’s and y’s etc. occurring in the molecular field expressions, 
—¢M,—yMy,, are independent of temperature. The fact that sample 1 does 
not give a straight line for the (1/y, 7) curve over the whole range above the Néel 
temperature can perhaps be explained in this way. 

In sample 1 the lattice of manganous ions is face-centred cubic, and it might 
be expected that the ordering below the Néel temperature would conform with 
one of the types previously suggested for this lattice (Van Vleck 1951). In the 
absence of neutron diffraction results it is of interest to consider which type of 
ordering is most probable. Each sulphur ion is at the centre of a regular 
tetrahedron of manganous ions and it is therefore likely that the principal inter- 
actions are between nearest neighbour manganous ions, consisting of both direct 
exchange and exchange via the sulphur ions. ‘The interactions between next 
nearest neighbours will probably be very small and, for the moment, can be 
neglected. If we suppose that the lowest energy state of two nearest 
neighbour manganous ions is when their spins are antiparallel, the lowest energy of 
a tetrahedral group is when, say, two are pointing east and two west, for this 
gives two energetically unfavourable and four energetically favourable pairs. 
With three spins pointing east and one west there are three unfavourable and three 
favourable pairs. We therefore assume that when ordering sets in it does so in 
such a way that each tetrahedron of manganous ions consists of two east and two 
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west pointing spins. This is possible in many different ways. ‘To obtain a ||) 
super-lattice structure one must take account of next nearest neighbour interac- ||/) 
tions, weak though they may be. If they favour ferromagnetic alignment the | 
super-lattice is that described as ordering of the first kind (Van Vleck 1951); | 
if they favour antiparallel alignment it is improved ordering of the first kind. | 
According to the molecular field theory the maximum possible value for 6/T¢ 
is 3, compared with our experimental value of 9-4. We interpret this discrepancy | 
as arising from inaccuracies in the molecular field theory, particularly when the | 
next nearest neighbour interactions are weak. 

In sample 2 the manganous lattice is hexagonal with c/a approximately equal | 
to that for closest packing; otherwise the structure is very similar to that of | 
sample 1, again consisting of tetrahedra of manganous ions about sulphur ions. || 
We again expect that, in the ordered state, in each such tetrahedron two manganous 
ions will point east and two west. Ignoring next nearest neighbour interactions 
it is readily proved that there will be chains of ions, in the direction of the hexagonal 
axis, all with their spins parallel (a similar result can be proved for the body- 
centred cubic lattice, the chains being parallel to a cube edge). The chains | 
must be arranged so that each manganous tetrahedron consists of two east and 
two west pointing spins, and again this is possible in many different ways. ‘To 
determine whether a super-lattice can be formed it is necessary to include the 
next nearest neighbour interactions. It is fortunate that there are chains of 
similarly oriented spins parallel to the hexagonal axis, for this means that the 
problem can be examined in a projection upon a plane perpendicular to the 
hexagonal axis, thus reducing the three dimensional problem to one of two 
dimensions (see figure 2). Consideration of the patterns formed by an irregular 
arrangement of the chains, though such that all the tetrahedra consist of two east 


Figure 2. Projections of the chains of spins. Those labelled 1, 2 and 3 are next nearest 
neighbours of the one denoted by a filled-in circle. 


and two west pointing spins, shows that they can be regarded as a mosaic arrange- 
ment of rectangles containing four east (©) and two west (+) pointing spins, 
such a rectangle being shown in figure 3 (a). The question of the possibility 
of forming super-lattices under next nearest neighbour interactions then becomes 
equivalent to asking whether any particular arrangement of the rectangles is 
favoured. If this interaction favours parallel spins an obvious arrangement of 
the rectangles is that shown in figure 3 (6) for here all next nearest neighbours are 
parallel. When the next nearest neighbour interactions favour antiparallel spins 
it does not seem possible to have all next nearest neighbours antiparallel, and it 
is not at all clear that by making as many as possible favourable a super-lattice 
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is formed. If a super-lattice can be formed in this way we have not succeeded 
in finding it! 

In view of the similarities in the tetrahedra in the zinc blende and wurtzite 
structures it seems likely that the ordering into chains will occur at some 
temperature. From our magnetic measurements it would seem to be below 
100°k, although even this is not certain because we are not sure that the formation 
of the chains, without a super-lattice, can be detected magnetically. There is 
a clear need for further investigations of the wurtzite type of MnS, with which we 
are proceeding. 


(6) (c) 


4 


Figure 3. (a) shows a rectangular unit consisting of four east (©) pointing chains and two 

west (+) pointing chains. (6b) shows an energetically favourable arrangement of rect- 

angles when next nearest neighbours are ferromagnetically coupled. (c) shows a 
possible arrangement for antiferromagnetically coupled next nearest neighbours. 


While the ideas discussed above were developed with MnS in mind, they have 
an obvious application in a relatively unrelated field. A number of the rare 
earth metals crystallize in structures which approximate to hexagonal close 
packed. Furthermore, they have localized magnetic moments. In MnS it 
was natural to discuss the antiferromagnetism in terms of the tetrahedra, and 
the same technique can be used with the rare earth metals. If we suppose that 
the interactions between neighbouring moments are such as to favour antiparallel 
alignments, the states of least energy occur when, in each tetrahedron, two spins 
point west and two east, for any change from this arrangement necessarily increases 
the energy. As we have seen above, this condition does not determine a super- 
lattice, nor do the next nearest neighbour interactions if they favour antiparallel 
alignments. However, the arguments used for MnS were based on the assump- 
tion that the next nearest neighbour interactions were much smaller than the 
nearest neighbour interactions. ‘This may not be the case in a metal, where the 
exchange mechanism probably involves the conduction electrons. It is there- 

+ Corliss, Hastings and Elliott (Bull. Amer. Phys. Soc., 1956, 1, 190, and BEL 2860) have 
reported the observation of super-lattices in the three forms of Mns. In the zinc-blende 
modification the ordering is ‘ improved ordering of the first kind’, in agreement with our 
prediction for antiferromagnetic next nearest neighbour interactions. The discovery of a 
super-lattice in the wurtzite structure has led us to re-examine our arguments, and we 
now find that a super-lattice can indeed be formed with antiferromagnetic next nearest 
neighbour interactions. It is identical with that observed. 
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fore conceivable, assuming both nearest and next nearest neighbour interactions 


favour antiparallel alignments, that a compromise is possible and some of |i 


the tetrahedra may not consist of two east and two west spins, if thereby 


more next nearest neighbours become antiparallel. An example of this is shown _ 


in figure 3 (c). The number of favourable next nearest neighbour interactions 


will be found on examination to be relatively high, but there are a few tetrahedra || 
which contain one east and three west pointing spins. The symmetry of this | 


figure would be hexagonal, were it not for the two rectangles, inside the hexagons, 


which can take any one of three positions. ‘There is thus the strong suggestion | 


of the formation of a super-lattice with unit cell having @ three times that of the 
original unit cell but with the same c. In addition there is the randomness 
associated with the rectangles inside the hexagons. ‘T’hat such an arrangement 
may occur is suggested by the neutron diffraction results of Koehler and Wollan 
(1955) on erbium. These have so far defied interpretation, but it is interesting 
to see that there is an apparently antiferromagnetic region between 35°K and 
80°K in which the magnetic reflections can be indexed on a unit cell which is 
three times the hexagonal close-packed unit, and that there are indications that 
it may be even larger. An extremely interesting feature of the ‘super-lattice’ 
of figure 3(c) is that, although all the interactions favour antiferromagnetism, 
the lattice has a net moment coming from the unbalanced tetrahedra. 
Macroscopically, there would not be a moment because there would surely be 
a domain structure, but it is conceivable that the susceptibility would be field 
dependent. A field dependent susceptibility of an unusual kind has been 
observed in dysprosium (Elliott, Legvold and Spedding, 1954) between 176°K 
and 92°x. ‘The super-lattice of figure 3(c) is thus suggestive of a number of 
interesting phenomena which may be of importance in understanding the magnetic 
properties of the rare earth metals, though it must be remarked that these are so 
varied and unusual that further examination of them is required. 
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Abstract. ‘The conditions governing the motion ofa screw dislocation at velocities 
above and below the velocity of shear waves are contrasted. For supersonic 
motion the Peierls~Nabarro equation becomes a differential equation, in contrast 
to the subsonic integral equation. It has a solution representing a moving 
restoration of fit along a slip plane across which there was originally complete 
misfit. 

In a dispersive medium where the sound velocity decreases with decreasing 
wavelength a dislocation moving between the maximum and minimum sound 
velocities suffers a retarding force, which may be calculated if the shape of the 
dislocation is supposed to be known. 


§ 1. INTRODUCTION 


T is well known that the energy of a moving screw dislocation becomes infinite 
in ‘relativistic’ fashion as its velocity approaches the velocity c of transverse 
elastic waves (Frank 1949, Leibfried and Dietze 1949). ‘There are, neverthe- 

less, dislocation-like solutions of the elastic equations which move with velocities 
greater than c and which satisfy the Peierls condition or a prescribed generalization 
of it. A radiation of elastic energy away from the slip plane is always involved. 
For such supersonic velocities the Peierls-Nabarro equation becomes a differential 
equation in contrast to the integral equation of the subsonic case. ‘The simplest 
solutions describe a crystal in which the atoms immediately above and below the 
slip plane start in a state of complete misfit; the passage of a supersonic ‘ disloca- 
tion’ then restores proper fit. ‘These solutions may have some relation to the 
propagation of diffusionless transformations by dislocations. 

In an actual crystal there is the complication of dispersion, the fact that the 
velocity of an elastic wave depends on its wavelength (and also on its direction and 
polarization). The sound velocity decreases from a maximum for infinite wave- 
lengths to a minimum for the shortest wavelengths which the atomic structure 
allows. If it has a velocity below this minimum the dislocation, within the limita- 
tions of the elastic or Peierls-Nabarro model, moves freely. Above this minimum 
it is partly supersonic and so suffers a retarding force. ‘The applied stress required 
to maintain its motion can be estimated if the width of the dislocation is known: 
disappointingly, it depends exponentially on the width. A complete investigation 
would involve setting up and solving the Peierls-Nabarro equation for the dis- 
persive case. ‘This is not attempted. 
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§ 2. SUBSONIC AND SUPERSONIC DISLOCATIONS 
The elastic displacement w of a screw dislocation moving uniformly with |) 
velocity v<c can be built up as a Fourier integral from elementary solutions of | 
the wave equation 
dea alle oP _ 1 oP = (1) 
dae Oye cr 
of the type 
w=exp{i(x—vt)F By}, B=(l—v7Jc?yv® a. ae (2) 
above and below the slip plane, that is, from plane waves moving parallel to the 
x axis and attenuated perpendicular to the direction of propagation. Stress and 
displacement on a plane y=constant are related by 


dw wp (® 1. dw(E,y) 
Pl N= =e | ee dé dé. 


In the model of Peierls and Nabarro the dislocation is held together by a certain 
law of force connecting stress and displacement on the atomic planes y= +34 
adjacent to the slip plane, say 
pale 4a)2 flee da)|. ee (3) 
The simple law 
1) HO. 4rw(*, 3a) 

Pal X, $4) = ores omen mae cil 2 (4) 

is satishied by the displacement 


b By 
a ee 
W597 tan 7 tows mere eee (5) 
The stress p,,, and velocity dzw/dt of the elementary waves (2) are in quadrature, 
so that in any solution built up from them there is no net flux of energy perpen- 
dicular to the slip plane and the interatomic forces which give rise to the law (3) 
take care of the local energy transfers involved. 
On the other hand if we look for a state of anti-plane strain moving uniformly 

with a velocity greater than c the wave equation takes the hyperbolic form 

Oz 0? w 

gee aie ornate ee, SAL p 2 eat ie 

2y" i Aes este a al 
with the general solution 

w=w,(x—vt+yy)+w {x—vi-—yy) — ......- (6) 
i.e. plane waves of velocity c inclined to the x axis at such an angle that along a 
line y=constant the profile of w propagates without change of furm at a velocity v 
greater than c. 
The solution (6) in the upper half-plane combined with the complementary 
solution 
t= ~ w,(x— vt — yy) —w,(w— vt + yy) 

in the lower half-plane will give a moving system of self-stress which could be 
maintained by a suitable law of force (3) across the slip plane. Physically, 
however, w, and w, are not on the same footing. They represent, respectively, 
plane waves moving obliquely out of and into the slip plane. ‘Thus whereas zw, 
can reasonably be said to be ‘due to’ the moving dislocation, the ingoing w, can 
only be maintained by elaborate arrangements at the outer boundary of the 
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| medium, and is better considered to be part of the externally applied elastic 
) field. (In the electromagnetic analogy (Nabarro 1951, Eshelby 1953) w, and w, 
| are associated with the retarded and advanced potentials of the ribbon of charge 
| which replaces the displacement discontinuity across the slip plane.) 
In particular for an infinite medium with a constant applied stress p4, 
w= +u,(x—vt+yy) + py. 
/ Since now the stress due to the dislocation is 
OW, Ow, ow 
a, — BS = ———— ii) —— 
Pey=t oy ae ey 
the Peierls integral equation is replaced by the differential equation 
dw 
VL ae + p* = —f(w) evolenetsie (7) 
x 
7 in the supersonic case. 
Suppose first that p*=0. Since p,, and dw/dt are proportional there is 
everywhere a flux of energy out of the slip plane, and we might imagine that there 
, would be no steady solution. But taking, for example, the law (4) there is the 
* solution 


tan-texp{—2(x—vt)/ya}. vanes (8) 

5 w is zero before the passage of the disturbance, 1b afterwards. Comparison of 
) (5) with figure 1(a) shows that w=15 means perfect fit across the slip plane and 
§ w=O0 perfect misfit. (For clarity figures 1 (a) and (6) are drawn as if for an edge 
) dislocation.) Let the upper half of the perfect crystal be shifted by 36 relative 
+ to the lower; then (8) evidently describes a restoration of fit progressing from 
| left to right (figure 1(4)). 

Things are much the same for an arbitrary law of force. We have 


Jo f(w) 


_ and figure 1(c) shows that, as x goes from «© to — «©, w swings from an unstable 
- toa stable zero of f. The driving force to maintain the motion comes from the 


xX—VE= —Yyp 


fab i) 
(c) 


Figure 1 


energy released as the region of misfit disappears. If there is a moderate applied 

stress we may introduce an effective force f,=f(w)+p*. ‘Then if p* does not 

exceed the theoretical yield stress (the magnitude of the most negative value of f) 
X-2 
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f, has zeros and figure 1(c) still applies, reading jy for fro p- greater than | 
the theoretical yield stress f, is always positive and zw is a linear function of x—vt |i 


with a superimposed periodic ripple. 


§ 3. THE EFFECT OF DISPERSION 


Consider now a dispersive medium. The relation between frequency ii 
«w/2m and wave number k will have the general shape shown in figure 2. (We | 
suppose that w is independent of the direction of k.) c(k)=(k)/k will be a 


c(h) 


Figure 2. 


decreasing function of k. Let km be the largest value of k permitted by the atomic 
structure. Then a dislocation with velocity v will be subsonic with respect to all 
plane waves if a line of slope v on the diagram fails to cut the (w, k) curve for 
kless than km. If, however, it intersects the curve (say at k’), it is partly subsonic, 
partly supersonic. 

If the displacement at the slip plane is 


w(x—vt, 4a) = u(k) exp tk (x — wt) dk 


a typical element in the corresponding integral for the displacement w(x—vt, y) 
above the slip plane will have the form expzk {x—vt+iB(y— da)} (compare 
equation (2)) if 0<|k|<k’ and the form expzk {x—vt+y(y— }a)} (compare 
equation (6) with w,=9) if k’<|k|<km. Band y, defined as before, now depend 
onk through c(k). We may thus write 


w(x—vt, y) = : u(k) expik{x—vt +iB(y—3a)} dk 


with the following convention for the ambiguous sign inherent in the square 
roots: 
B(k)=—B(—R)>0, R2<k”? } 
y (k) = 1B (k)> 0, ie. 
The first condition ensures that the subsonic components fall off with increasing 


distance from the slip plane and the second that the supersonic components are 
outgoing waves. 


Dislocations in Dispersive Media 1017 


The stress at the slip plane will be 
Puy (x, ba) = | p(k) exp (thx) dk 


P(k)= — n(A) k B(A) u(h) 
where 1(R) is an effective elastic constant which we may take to be proportional to 
c*(k) for the supersonic components. Its value for the subsonic components will 
not be needed. (For brevity we have put t=0 and here and below we drop the 
limits of integration + 00.) Similaily 


with 


dw 


a (% 4a) = | qk) exp ike dk 
with g(k) = —viku(k). ‘The flux of energy out of the slip plane is 
dw 


E=—2) dy 5 de 
which by Parseval’s theorem (‘Titchmarsh 1937) may be written 
E= —4n| p(k) q(—k) dk 
or with the help of (9) 


> km 
E=8nrv | uk) k® y(k) u(k) u( — k) dk. 
ch ae 
As we should expect, the subsonic components make no contribution. If 
wv exceeds Um only slightly, y alone will vary appreciably over the range of integra- 
tion; the other factors may be replaced by their value for k=km. Moreover, 
since dw/ck=0 at R=km we may put c(k) = w(k)/R&wm/k and 
y= [olo(h) + 1] [v/e() — 1221 — RY! el 
Hence 
E = (167724/2/3) vp(Rm) [oe u(km) u( == km) (Rm ae Rh’)? Ry? l? 
The final factor is (Av/vm)? where Av is the excess of v over Um. Then if, for 
definiteness, we give km and p(km) the values 7/b, 4/7? appropriate to the 100 
direction in a simple cubic lattice of spacing b we have 
E = (64. 21/2/36) op u(Rm) u( — km)(Av/vm)??. 
To find the form of w(x) and hence u(k) we should need to have a solution of the 
Peierls-Nabarro equation generalized for a dispersive medium. Failing this we 
suppose that w has the familiar form 
S (Octane (MG) waren ene (10) 
with some value of ¢. Then 
i=l 2a) exp (=GVRi)).» > odin at) Gite (11) 
E must be equated to bup*, the rate of working of the applied stress maintaining the 
motion. Rounding off the numerical coefficient we have finally 
p iim (AvlumPtexp{—2rC/b}. wn cae (12) 


§ 4. Discussion 
The present calculations were originally undertaken in the hope that dispersion 
might provide a retarding mechanism which though unlikely to be the dominant 
effect, would at least provide an upper limit to the velocity of dislocations sufficiently 
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unambiguous to answer some questions about their behaviour. (For a discussion ||} 
of other dissipation mechanisms see Seeger (1955).) Unfortunately, the presence i 
of the exponential factor in (12) prevents us from saying much more than that a || 


non-zero retarding force sets in above Um. This factor appears because the effect ||| 


depends on the strength of those Fourier components (11) of the displacement (10) 
which have a wavelength of order 6. Even if we could solve the appropriate 
dispersive Peierls-Nabarro equation precisely the result would be extremely | 
sensitive to the law of force f(w) assumed. ‘There must evidently be a similar 


sensitive factor associated with any property of a dislocation in which the short | 
wavelength components play the dominant role (e.g. the Peierls anchoring force). | 


When the velocity of the dislocation is only slightly greater than vm (so that |} 
Av/vm < 1) the proportion of supersonic components in the Fourier spectrum of its il 
elastic field is small. We might perhaps assume that the dislocation is, so to speak, |} 


mainly held together by the subsonic components. ‘The width ¢ is then fixed by 
the Peierls-Nabarro integral equation. With the law of force (4) this gives 


p*/p~10- for Av/vm~1/10. The exponential in (12) is the square root of that 
in Nabarro’s (1951) expression for the Peierls force, and is equal to the exponential || 


in the modification proposed by Huntington (1955). 
The effect we have discussed is entirely analogous to the retardation of an 


electron by Cerenkov radiation when it moves through a dispersive dielectric, 
but with an important difference of detail. In the Cerenkov effect the electron 
may be treated as a point charge. Analogously we could formally consider a 
‘point dislocation’, putting ¢=0 in (12) to obtain the simple result 
p*/p~(Av/vm)?.. But in fact the atomic structure determines not only the 
dispersive properties of the medium, but also the width of the dislocation, and so 
introduces the exponential factor. 

Returning to the case of a non-dispersive medium we have seen in §2 that 
equation (7) purports to have as solutions all physically significant states of 
internal stress which can be supported by the law (4) and which move uniformly 
with velocity greater than c. However, Seeger (1953) has discussed certain 
‘oszillatorische Eigenbewegungen’ which satisfy the wave equation (1) in the 
elastic region and the law (4) across the slip plane, but which are not solutions of (7). 
The displacement is just of the form (6) with w(x) = w,(«), so that there is an equal 
mixture of ingoing and outgoing waves. ‘There is no net transfer of energy into or 
out of the slip plane. In general this state of affairs could only be maintained by an 
elaborate mechanism at the outer surface of the medium. In the special case of an 
infinite plate of suitable thickness the ingoing wave becomes the reflection of the 
outgoing. ‘lhe surfaces would, however, have to be ‘ acoustically flat’ even for the 
shortest wavelengths involved, that is, to within a fraction of an atomic spacing. 
Moreover, the possibility of maintaining the motion depends on the plate being 
infinitely long, for the disturbance can be loosely described as a procession of 
‘dislocations’ each of which depends for the maintenance of its motion on the 
wake of all its predecessors multiply reflected by the surfaces of the plate. Of 
course solutions of the type (8) are open to the reverse objection: strictly they 
require a.complete absence of ingoing waves. Nevertheless the motion might be 
expected to persist even in face of the largely unorganized ingoing waves resulting 
from internal scattering and reflection at the microscopically rough outer boundary, 


particularly as we now have in the misfit energy a definite driving force located at 
the slip plane. 


sO ee al ee oe 


Stic 
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Figure 1| (4) is reminiscent of a spreading stacking fault. If we take the move- 
ment of a particular atom from an unstable to stable position relative to its neigh- 
bours as representing a more complex energy-releasing rearrangement of atoms 
we may take our solution as symbolically representing the motion of a transforma- 
tion dislocation moving in the boundary between two phases. (Compare for 
example, Bilby and Christian 1956.) 
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Abstract. ‘The statistical fluctuations in the number of charge carriers (conduc- 


tion electrons or valence band holes) in a given volume of semiconductor in the 
steady state is calculated from the transition probabilities of electrons between 
the conduction and valence bands or between either band and impurity levels. 
The case in which one independent fluctuating variable (either m or p) specifies 
the electronic state of the system is considered. Simple general formulae are 
developed for the mean value mp of n and its variance and it is shown that for large 
numbers 7 tends to be normally distributed about mp). The relaxation time for 
small deviations from equilibrium is evaluated. These results are applied to 
three cases: (i) the intrinsic semiconductor, (ii) the strongly extrinsic semicon- 
ductor and (iii) the slightly extrinsic semiconductor with all impurity atoms ionized. 
The relation between the statistical approach and the thermodynamical treat- 
ment (given in another paper) is indicated. 


§ 1. INTRODUCTION 


HE number of conduction electrons or of holes in the valence band in a 

given volume V of semiconductor undergoes spontaneous fluctuations due 

to the thermal excitation of carriers and their recapture; these fluctuations 
aie of interest in the theory of noise generation in semiconductors. ‘The average 
number of carriers and the mean square fluctuation of the number about the 
average can be calculated if the various transition probabilities of electrons 
between the bound levels, the conduction band and the valence bands are known. 
These probabilities depend upon the existing degrees of electron occupancy of 
the bands and the bound levels and fluctuate as the occupancy fluctuates. It is 
assumed only that the system is in a steady state but not necessarily in thermal 
equilibrium. 

In the present analysis it will be assumed that there is only one independently 
fluctuating variable which may be either the number of holes p in the valence band 
or the number of electrons in the conduction band. This single variable then 
determines also the number of electrons in the other relevant band or levels. 
This simple case enables three important cases of a neutral non-degenerate semi- 
conductor to be considered: (1) the intrinsic semiconductor (in which n= p) in 
which the transitions are between the valence and conduction bands and no bound 
levels are involved, (ii) the strongly extrinsic semiconductor in which the number 
of minority carriers can be ignored and the transitions take place between the 
impurity levels and either the conduction or valence bands, (iii) the slightly ex- 
trinsic semiconductor in which all the N impurity atoms are completely ionized 
and the transitions occur between the conduction bands and either the valence 
band or electron traps. 


t+ Now at Department of Physics, University of British Columbia, Canada. 
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§ 2. GENERAL ANALYSIS 
When there are n electrons in the conduction band let the probability that 
another electron enters the band in time dt be g(m)dt and let the probability that 
an electron leaves the band during dt be r(m)dt. It is assumed that the generation 
and recombination rates g and r depend on only one fluctuating variable, in this 
case n. In the steady state the probability distribution function P of n will be 
stationary and this leads to the functional form of P(n): 
P(n) vn—-1 n 
Boy ~ Ue) /Thr 
as a consequence of the steady state condition 
dP(n) 
v= as r(n+1)P(n+1)+g(n—1)P(n—1)-- P(n)[g(n) + r(n)]. 
The most probable value my) of n may be found by logarithmic differentation 
of P and equating the derivative to zero: 
dn rH) 
It is assumed throughout that all the numbers n, p and N are large compared 
with unity. The equilibrium condition corresponds to equal rates of recombin- 
ation and generation as expected: 
Poy =r hee tee (1) 
By expressing In P(m) as a quadratic expansion about its maximum value 
In P(n,) we are led to the corresponding gaussian distribution of m about 7m : 


are | =o ae 


where the prime denotes differentation with respect to n. 


v(m) _ &'(%) 
r(No) : rail 


InP(n)=In 


Thus InP(n) = In P(n9) — $(n — 1)? [ 


or P(n) = P(m) exp [—(n—m)?/2(n—m)?] wee eee (2) 
where the variance of is given by the very simple formula 
SPST r’ (1) oe) g(No) 
n—Nn ao = ry ee ER em Wee COON 3 
Cee ester eal a acoeien S 


The problem has been formulated in a general manner and is therefore appli- 
cable to a variety of physical systems, in which g and r can be regarded as tran- 
sition probabilities in a reversible process such as the thermal excitation of 
carriers, the diffusion of electrons, atoms or lattice defects in a crystal, or the 
statistics of the interchange of energy between photons and a material svstem. 

A few general remarks may be oftcred about the fluctuation formuia. Usuaily 
the rate of generation g will be either constant or a decreasing function of n while 
r will be an increasing function of n; these conditions incidentally ensure that the 
denominator in equation (3) shall be positive. In many cases of practical interest 
one may regard the generation function as a linearly decreasing function of n 
while the recombination function is a quadratic increasing function of m: 


g(n)=Z)—an r(n)=bn+en®= ww eae (4) 
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where the coefficients gp, a, b and c are independent of n. 


which conform to this pattern are discussed later. 
The equilibrium value of 2 will be given by 


a+b at+b\2 gy | 1 
TO aime +{( =) +2] 


and the variance of n will be 


b+cng 


l= 1 
(n— mo)” = 0 G45 + 2cNg 


‘ Ht 
Several specific cases ||) 


which can never exceed n, and must lie between m)b/(a+6) and 319. 


Another aspect of the fluctuation problem is the relaxation time determining {| 
the return to equilibrium after a small deviation from equilibrium. 


If at any 


given moment nn, the expectation of the rate of change of m towards mp is 


dn 


iM" Fag ai = g(n)—r(n) = —[r'(1) — 8" (m0) ](m— Mo) 


so that for small deviations the relaxation time is 


7 =1/[r'(%) —8'(mo)]. 


§ 3. SPECIAL CASES 


3.1. Intrinsic Semiconductor 


In a non-degenerate intrinsic semiconductor (figure 1(a)) it may be assumed 
that the rate of generation of hole-electron pairs is proportional to the number of 
un-ionized semiconductor atoms N—n which may be taken as constant since NV 
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Figure 1. Energy band system and electron transitions involved in the fluctuations of 
conduction electrons in an n-type semiconductor. 
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will be very much larger than n; the rate of recombination is proportional to the 


product of the number of electrons and holes, i.e. to 7? since n=p in an intrinsic 
semiconductor. ‘Thus we have 


g=constant, sexs a a a ees (8) 


where p is a parameter independent of n. The equilibrium value of n is thus 


Ry = (Sip) ati — a ce (9) 
In this case the variance of n is simply 
Hm, sn (P— pay 7 8 (10) 


m and the relaxation time is t= 1/2pn,. 


i 


SO ee et 


3.2. Strongly Extrinsic Semiconductor 


If in an n-type semiconductor there are N donor atoms and n electrons in the 
conduction band and the number of holes p is sufficiently small compared with 
to be negligible (figure 1(b)) the rate of electron excitation will be proportional 
to the number of neutral donor atoms N—n while the rate of recombination will 
be proportional to the product of the number of conduction electrons and the 
number of positive donor ions, i.e. to m?._ Hence 


g=y(N—-n), [Spike cite. 4 Oy Tsetse (11) 
but by contrast with the intrinsic case N is not in general large compared with n. 
Then the equilibrium number of conduction electrons (given by g=7) is 


fip= — EK GKELRNY 4) ews (12) 


where K=y/p is the equilibrium constant for the ionization process. ‘The mean 
square fluctuation of m about my is given by 


Pam ee My _ m(N—M) _ 2 i ii 
ee 2n+K 2N-nm [mM S N= alt weelraine tS) 


which is always less than 3m). ‘The relaxation time is given by 7=1/(y + 2pm). 

Thus if the donors are almost completely ionized (my~N) as is the case when 
K>N the variance tends to n,?/K =N—n,; this implies that the variance of the 
number of un-ionized donor atoms V—n is equal to the mean number. If the 
donors are only partially ionized as is the case when N> K then ny=(KN)!? and 
the variance of tends to 4m, just as in the case of the intrinsic semiconductor. 

With acceptors instead of donors and p replacing n, the same arguments apply 
to a strongly extrinsic p-type semiconductor. 


3.3. Extrinsic Semiconductor with Fully lonized Impurity Atoms 


If the Fermi level is sufficiently low in an n-type semiconductor that all the 
N donors can be regarded as ionized (figure 1(c)) and so long as the number of 
neutra! donors can be neglected by comparison with the number of holes, the 
fluctuations due to the donor ionization may be ignored. In this case the number 
of electrons in the conduction band isn=N-+p. We then consider only tran- 
sitions between the valence and conduction bands as producing fluctuations 


whence 
g=constant, F=pnpsennaN) = savas (14) 


1024 R. E. Burgess 


where g/p=ni2 with nj equal to the number of electrons in an intrinsic sample. | 
The equilibrium number of electrons is thus | 
mo =4EN+(ZN?2 402)? =N+pPp verre (15) 
and %pPy=e/p=mniz as expected. 
The variance in 7 or p is 


—N n 
(n—m)? = (Pf) = ee = — se ceee (16) 


which reaches its maximum value of $7; in the intrinsic case (N=0). If mo/Po Wh 
greatly exceeds unity the variance approaches py. ‘The relaxation time also has |) 


a symmetrical form in mp and pg, VIZ. T= 1/p(mp + Po): 

This case is of particular application to nearly intrinsic material in which the | 
Fermi level is nearly midway between the conduction and valance bands so that, | 
in material in which the energy gap is not too small, all the donor atoms located | 
just below the bottom of the conduction band can be regarded as fully ionized. 

Similar results hold for a slightly p-type semiconductor in which NV is the 
number of acceptor atoms (fully ionized) and nm and p are interchanged. 
The symmetrical form for the variance of the number of carriers (” or p) 
(n—n)2=(P—Po)?=MoPol (Mm +Po) still retains its validity. It may then be 
asserted that the variance is equal to the number of minority carriers, when 
No|Py departs appreciably from unity so long as fluctuations in the ionizations 
of impurity atoms can be ignored. 


3.4. Extrinsic Semiconductor with Electron Traps 


This case is similar to the last one but in practice it will be assumed that the 
transitions causing fluctuations in m are between the conduction band and electron 
traps and not between the conduction and valence bands (figure 1(d)). It will be 
further assumed that the number of holes is negligible. If N, is the number of 
traps and Nis the number of fully ionized donors there are two cases to distinguish : 

(i) the traps are neutral when occupied and hence the number of occupied 
trapssisaN 7 — JV dy — 7h 

Then 

g=y(N,+N—-7), Papin IN Veneers (17a) 
giving (n—m)? = E = ne + nom} (18a) 
7 u Hig UN fate Ne sl ee) 


(ii) the traps are singly charged negative ions when occupied and hence the 
number of occupied traps is Ny;=N-—2. Then 


g=y(Nan) oe repn(N Nan), Veen (176) 


giving (n—m)? E if SR ae HE (18b 
— to = = No) me on A a Mia keelistione 
am Ny N-Nual - ee 
‘The variances of n may be thus expressed in the same way forthe two cases ; 
further the variance in is also the variance of N,, the number of occupied traps. 
If the number of traps is small compared with the number of donor atoms the 
variance becomes of the form appropriate to the binomial law 


Nar Nas ta mPa fA f ee eee (19) 
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‘which has a maximum value of +N, when the fractional occupancy f(=N,,/N,) 
_ of the traps equals }. 
The relaxation time when NV, <N is given by 
1 1—f f 
Taal 5 SMa eee yyeeoes (20) 
and this will always be less than the full recombination time 1/pN by the trap 
occupancy factor f. 


§ 4. Discussion 


‘The variances derived in the preceding section (equations (10), (13) and (16)) 
» are all in agreement with those derived by thermodynamical arguments using the 
» second derivatives of the free energy (Burgess 1955). Similarity may be noted 
©» between the purely statistical treatment given here and the treatment involving 
© the electronic free energy. When an electron makes a transition in a semi- 
© conductor (at constant volume and temperature) between one level and another 
+ with an energy difference e (so increasing n by 1) there is a change of free energy 
_, AF of the system given by e— TAS where AS is the change of entropy due to the 
» transition which in general will depend upon the number of electrons which are 
» occupying the two levels at the time of the transition. If « is regarded as inde- 
» pendent of the numbers of electrons it is seen that 

oF 02S 


ant — "Oa - 


) If now we take 0?.S/en? as given by (0?/dn”)[k1n P(n)| where R is Boltzmann’s 
» constant, which implies that S and R In P(n) differ only by an additive constant and 
» terms linear in n, we have 
2 2 
ea = nin). 


on? on? 


Thus if F, is the equilibrium or minimum value of the electronic free energy 


© occurring when n=n, 


The exponential distribution of F—/, namely exp[—(— Fy)/RT] leads to the 
gaussian distribution of m about mp) with a variance of [—(0?/dn*)In P(n)]n, 1 as 
derived in §2. ‘Thus the formal correspondence between the two approaches 

is established. The effect of spin in the impurity levels (in the case of the strongly 

extrinsic semiconductor) is to increase the number of ways in which the electrons 
may be arranged in the impurity levels; this depends upon whether they have 

paired or unpaired electrons and introduces a term of RnIn2 or R(N—n) In 2 

respectively into the entropy; this influences the equilibrium value m) but not 

the variance in n since the second derivative of this term vanishes. ‘This effect 
could be included in the statistical method of this paper by distinguishing be- 
tween + and — spins and letting P(n, v) refer to the probability of n electrons in 
the conduction band with certain arrangements of electron spin in the donor 


levels defined by the number »v. 
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In the literature on noise in semiconductors there sometimes occur inapprop- 
riate expressions for the fluctuations in the number of electrons (or holes) due to 
faulty application of statistical theory. Thus in the case of electrons coming 
from bound levels (e.g. donors or traps) it is often assumed that the binomial 
distribution applies to the number of conduction electrons, i.e. if N is the total 
number of bound levels providing electrons and m is the number of conduction 
electrons present at any moment, it is asserted that 

P(n)=((, )on(l—p)> 
where p is the probability that a bound level shall be unoccupied by an electron. 
This leads to the mean value and variance of n given by 


Mmy=pN and (n—m)*?=Np(1—p). 
Now the binomial P(m) may be examined in terms of the generation and 
recombination rate functions which lead to it by noting that 
gin) P(a+1) Pp IN ip 

Heel) Poy re 
so that we can write g(n)=y(N—n), r(n)=yn(1—p)/p which corresponds to a 
generation rate proportional to the number of occupied levels N —n, and depends 
on a recombination rate directly proportional to the number of conduction 
electrons. This linear type of recombination does not arise under conditions of 
simple impurity levels for it is the bimolecular or quadratic type of recombination 
which will there apply (§ 3.2); however it may occur when there are trapping 
levels in addition to saturated impurity levels (§ 3.4). 

In different circumstances it has sometimes been assumed that Poisson’s law 
applies to n, namely in intrinsic or nearly intrinsic semiconductors, for which 
the electron fluctuations are assumed to be entirely or almost entirely due to 
fluctuations in the transitions between the valence and conduction bands. Now 
the Poisson distribution 


n.”exp( — M) 
n!| 


a o(n) us P(n+1) _ 
r(n+ 1) P(n) (ae! 

corresponds to a constant rate of generation and a linear recombination rate 

proportional to n. Again it is the hypothesis of linear rather than quadratic 

recombination which leads to an erroneous value for the variance. 

The intrinsic semiconductor although apparently the simplest system to 
consider may in fact be more complicated than the discussion of § 3 would suggest. 
This is because, at least in the case of germanium, the process of generation and 
recombination of hole—electron pairs is far more likely to occur via the trapping 
levels associated with crystal imperfections (especially at the crystal surface) than 
by transitions directly between the conduction and valence bands. ‘This leads 
to some complexity in the statistics of the fluctuations since we can no longer 
define the electronic state of the system in terms of one variable (e.g. 7) since 
n, p and the number of occupied trap levels are all fluctuating and are partially 
correlated; thus two fluctuating parameters must be handled and these can 
conveniently be taken as m and p while the condition of overall neutrality then 
determines the trap occupancy. When this type of system is considered it 
seems somewhat simpler to use the thermodynamical approach and in another 
paper (Burgess 1955) the author has treated the problem of simultaneous fluctua- 
tions in n, p and bound levels by this method. 


P(n)= 
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It may be noted that the general methods developed by Fowler (1936) for 
| calculating the equilibrium state of an assembly and the fluctuations about that 
| state can be applied to the case of electron-ion systems here under consideration. 
Especially of interest in this connection is § 20.31 of Fowler’s book leading to his 
equation (2146) for the variance of the number of particles in a classical disso- 
| ciating assembly governed by a single reaction. 
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Abstract. A microscope method was used to study the freezing of individual 
water droplets 9 to 33 microns in diameter formed by condensation on various 
surfaces and protected with a film of silicone oil. The lowest freezing tempera- 
tures were found to be independent of the six surfaces used but dependent upon 
the volume of the water droplets and the rate of cooling. The results were 
correlated with those of other observers and it was concluded that homogeneous 
nucleation occurred in the lowest freezing droplets. Values of the surface free 
energy for a water-ice interface were calculated. 


§ 1. INTRODUCTION 


‘n 1732. Since then many data on this subject have accumulated, 
especially during the last decade when the freezing of small droplets has 
received increasing attention. ‘The need for information on the factors governing 
the freezing of cloud droplets has been stimulated, as have other branches of 
cloud physics, by experiments to control precipitation artificially. However, 
even now there are gaps in the knowledge. For example, almost a century ago 
Mousson (1858) found that smaller drops of water could be supercooled more 
than larger ones and yet the exact relationship between freezing temperature 
and volume is not known with certainty. Also it is not known whether water 
droplets enclosed by solid or liquid interfaces freeze at the same temperature as 
those in air; nor has the effect of cooling rate on freezing been unequivocally 
established. 
The latest work in this field has been summarized by Mossop (1955) and 
Jacobi (1955). 


S +UDIES of the freezing of supercooled water date back to those of Fahrenheit 


§ 2. EXPERIMENTAL METHODS 


Water droplets were formed in the presence of still, atmospheric air on the 
lower, highly polished surface of a cylindrical metal block one inch in diameter 
and 14 inches long inserted into a Perspex holder which fitted rigidly on to the 
stage of a metallurgical microscope (figure 1). A cylindrical Perspex cup, 
having a side tube, fitted on to the objective lens. A few drops of distilled water 
in this cup supplied water vapour for the dew which formed on the polished 
surface when the metal block was cooled. As soon as the droplets had grown to 
the required size, those located on the centre of the surface were covered with a 
drop of silicone oil (Midland Silicones 200 fluid, viscosity 1000 cs) and a glass 
cover slip, the latter spaced from the surface by means of a thin mica ring. ‘Thus 
protected by the film of silicone oil, even the smallest droplets persisted for 
days thereby allowing the same droplets to be frozen and melted many times. 
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Temperatures were measured with 42s.w.g. nichrome-eureka butt-welded 
thermocouples that had been calibrated against standard instruments. The 
particular thermocouple in use was inserted into a fine hole drilled along a diameter 
close to the polished face of the metal block, with the junction at the centre of 
the face and the wires insulated from the metal by means of a glass sleeve. To 
obtain the temperature of the droplets on the surface with this arrangement it 
Was necessary to apply small corrections to compensate for heat conduction 
along the thermocouple leads and for lag effects at high rates of change of tempera- 
ture. ‘These corrections were found from observations on the melting at different 
rates of heating of mercury droplets and of water droplets on the surface. The 
accuracy of the temperature measurements is estimated to be to +0-2°c, while 
differences under the same experimental conditions are significant to within 
HOE. 


Figure 1, Apparatus for viewing the freezing of water droplets. a, heater; b, metal block; 
c, Perspex cylinder; d, thermocouple hole; e, polished surface; f, microscope 
objective lens. 


Cooling of the metal block was effected through contact of its upper surface 
with the end of a copper hoop, the remote end of which dipped in liquid oxygen. 
It was more convenient for the higher cooling rates to seat a metal cylinder having 
insulated sides and filled with dry ice and acetone on top of the block. Cooling 
and heating were controlled by an electrical heater wound on to a brass bobbin 
between the block and the cylinder. 

The condensation of moisture on the outside surface of the cover slide was 
prevented by maintaining an atmosphere of dry oxygen in this region. It was 
found best to maintain a very slow stream of oxygen, as water vapour from the 
droplets on the metal surface diffused through the silicone oil to the atmosphere, 
the process being speeded up as the oxygen stream was increased, This diffusion 
of water vapour through the silicone oil takes place from liquid to frozen water 
proplets. The process is slow but nevertheless does limit the number of freezes 
that can be carried out on a given field of droplets because those that freeze first 
grow at the expense of the others. “4 

Simultaneous observations on a number of droplets were made photo- 
graphically. 
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§ 3. THE EFFECT ON FREEZING PoINT OF THE NATURE OF SURFACE 
UPON WHICH DROPLETS WERE FORMED 


Water droplets were formed on six different surfaces, four metal and two non- 
metal, to find out how freezing temperatures are affected by the nature of the 
solid surface. Gold and silver surfaces were formed by evaporation im vacuo of 
these metals on to brass blocks, nickel by electro-plating and subsequent polishing 
and stainless steel by electrolytic polishing. The non-metals used were 
collodion and silicone. The silicone was baked on to a thin layer of silicon 
monoxide which had been deposited on to polished stainless steel. 

The freezing of some hundreds of droplets 10 to 20 p in diameter was observed 
on every surface. Water showed some tendency to wet the collodion and stainless 
steel. On these two surfaces many of the droplets were non-circular and, further, 
it was possible to discriminate between ice and water only at the instant of freezing. 
On all surfaces droplets smaller than about 10, also showed no change in 
appearance after freezing, merely giving a ‘blink’ at the instant of freezing. 
All frozen droplets that were studied melted at 0c. 

It is shown in figure 2 that despite the wide variation in distribution of freezing 
temperatures on the different surfaces, the lowest temperatures attained were 
closely the same on all surfaces. The distribution depends, too, upon the state 
of the surface: for example, ona silicone surface which had been used and cleaned 
a few times the spread of temperatures was increased towards higher temperatures 
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Figure 2. Percentage of 10 to 20 diameter droplets frozen at successively decreasing 
temperatures when cooled at approximately 1 deg min™ on a, freshly prepared 
silicone surface; 6, used silicone; c, nickel; d, gold; e, silver. 


(figure 2, curve 6); a similar spread to higher temperatures, only far more pro- 
nounced, was found for a nickel surface on which sparks had been allowed to 
impinge. Some experiments were carried out on collodion without a silicone 
oil covering which made the observation of freezing easier and at the same time 
eliminated any possible influence of silicone oil. 

The conclusion drawn from these preliminary experiments was that while 
all the surfaces investigated did possess regions which stimulated freezing, the 
lowest freezing temperatures were independent of the nature of the Sides at 
least to within narrow limits. It cannot at this stage be concluded that ine 
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lowest freezing temperatures apply to homogeneous nucleation, that is to freezing 
which originates within the free liquid and not at an interface, for it may be that 
all solid surfaces influence the freezing of small droplets to the same extent or 
that the droplets were otherwise contaminated. 


§ 4. DISTRIBUTION OF FREEZING TEMPERATURES OF INDIVIDUAL DROPLETS 


The next step was to study the freezing of individual droplets, particularly 
those reaching the lowest temperatures. The preliminary observations showed 
that while no droplet froze consistently at a specific temperature, some droplets 
behaved more erratically than others. Further, it appeared that droplets of a 
given size could be classified into three groups: A, those freezing consistently 
within about 1°c of the lowest temperature attained; B, those having freezing 
temperatures spread over several degrees but occasionally reaching the lowest 
temperature ; and C, those which always froze above the minimum. The relative 
numbers in each group depended upon the surface on which the droplets were 
formed. 

To investigate these differences in more detail, a given field of droplets on 
a nickel surface was alternately frozen and melted a few hundred times and the 
freezing points of three selected droplets, one of each type, were noted. A 
cooling rate of 20 degmin“ was used. The three droplets were 29, 27 and 22 
in diameter and first froze at — 36-6, —34-6 and —32°c respectively. As shown 
in figure 3, curve A, the lowest freezing droplet froze always within a range of 
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Figure 3. Cumulative frequency curves from repeated freezes at 20 deg min ~? of droplets 
A, B and C (see § 4). B,, B, and B, are for the 1st, 2nd and 3rd sets, respectively, 
of 75 freezes for droplet B. 


1:5°c. The next one showed a considerably wider scatter of 4°c and also a trend 
towards lower values. This trend is graphically illustrated by plotting cumulative 
frequency curves for three successive sets of 75 freezes (figure 3, curves B). The 
third droplet, the highest freezing one in figure 3, curve C, had freezing points 
distributed over 5°c with no obvious trend within the number of observations 
made. 

The shape of the distribution curve obtained for the lowest freezing droplet 
of figure 3 was found to be characteristic of all the droplets which froze consis- 
tently within about a degree of the lowest temperatures reached for a given size. 

Y-2 
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From now on these will be referred to as ‘lowest freezing’ or type A droplets. 
A large number of freezes of a single lowest freezing droplet gave the same 
distribution of freezing temperatures as single freezes on a large number of 
different droplets of the same size on a freshly prepared silicone surface (figure 2, 
curve a) showing that the majority of droplets on this surface were of type A. 


§5. Tue Errecr oF COOLING RaTE ON FREEZING POINTS 


The effect of the rate of cooling on freezing points was investigated in three 
series of experiments. A field of ten droplets, ranging in diameter from 18 to 
24, on a nickel surface was frozen 20 times cooling at alternately 0-2 and 
2°¢min-. The results for each cooling rate were consolidated into a single 
cumulative frequency curve. Both curves were of the same shape as figure 2, 
curve c, but the one corresponding to the higher cooling rate was depressed 
0-5 +0-1°c in temperature throughout its length. 

A similar experiment with droplets on a silicone surface cooled alternately 
at 1 and 10°c min“ also showed a shift of the distribution curve of half a degree 
in the same sense. 

The last fifty freezes (at 20°c min“) on the three droplets of figure 3 were 
alternated with freezes at 2°c min“. Fifty freezes are sufficient to determine all 
but the extreme ends of the distribution curves. The results are shown in 
figure 4. The curves for the lowest freezing droplet, A, which shrank from 27 to 
22 during these hundred freezes, are separated along their entire lengths by 
0-45 +0-05°c. Again, the displacement is in the sense that quicker cooling leads 
to deeper supercooling. For the other two droplets, there is a change of shape 
in addition to a displacement of the curves. This is most marked for the droplet 
whose freezing point had showed a drift towards lower temperatures (figure 4, 
curves B). 
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Figure 4. Repeated freezes at alternately 2 and 20 deg min~! on droplets A, B and C of 
figure 3 (see § 4). Solid lines 20 deg min~!, broken lines 2 deg min7}. 


Thus it is seen that a tenfold increase in the cooling rate has the effect on 
lowest freezing droplets of reducing the temperature of any given probability of 
fleezing by 0:5°c. Droplets of other types behave in a more erratic and unpre- 
dictable manner. ‘This erratic behaviour affords an explanation for the effect 
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found by Bigg (1953a) that a tenfold change in cooling rate caused 2°c change 
in freezing point, it being assumed that his droplets were contaminated (Mossop 


£955, Jacobi 1955). 


$6. ‘THE EFFECT OF DROPLET SIZE ON FREEZING PoINTs 

To determine how depth of supercooling depends upon size, it is best to 
compare the freezing point distribution curves for droplets of different sizes. 
The curves in figure 5 are for individual droplets 9, 15 and 30, in diameter on 
anickel surface. ‘The freezing temperature of every one of these droplets reached 
the lowest value for droplets of its particular size and remained within 1-5°c 
thereof; that is, all were lowest freezing droplets. It will be seen that the curves 
for the smaller droplets are displaced towards lower temperatures. 
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Repeated freezes on a single droplet which gradually shrank in size from 
30 to 20u showed it to supercool to increasingly lower temperatures. The 
maximum difference in temperatures for a given probability of freezing was 
0-3°c, the melting point remaining at 0°c. 

The curves of figure 6 were compounded from single freezes of a large number 
of droplets of three different size ranges (26 to 22, 18 to 15 and 11 to 10,4) 
on a silicone surface. ‘The lower parts of these curves are influenced by the 
presence of droplets which never supercool to the lowest temperatures. ‘The 
percentage of these increases with mean droplet size because bigger droplets 
have a greater chance of coming into contact with a part of the surface that 
stimulates freezing. "These curves show the same effect as those for the individual 
droplets, namely that the smaller the droplets are, the lower is the temperature 
for the same probability of freezing. 

It is not possible to derive the precise relationship between freezing tempera- 
ture and volume over the relatively restricted range of sizes investigated from the 
results as presented in figures 5 and 6. However, it can be seen that the reduction 
of supercooling following a volume increase of 50 times (diameter from 9 to 33 1) 
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was just over 1°c (the curve for a 33 4 droplet was slightly to the left of the 30 
curve shown in figure 5), a volume increase of eight times (diameter from 15 to 
30.) was 0-7°c, and of three times (diameter from 20 to 30) was 0:3°c. The 
curves of figure 6 point to an even smaller change of freezing temperatures with 
volume. It is shown ina later section that the magnitude of this effect is that 
for every tenfold increase in volume there is a rise of 0-5°c in the freezing tem- 
perature for any particular probability of freezing. 


§ 7. DiscussION OF RESULTS 


It is of interest to establish whether the results of the present investigation 
conform to a probability pattern, as would be the case if, as has been postulated, 
freezing isastatistical process. Bigg (1953 a) developed a relationship between the 
probability of freezing of a droplet, its volume, temperature and rate of cooling 
on the assumption that freezing was a statistical process dependent only on the 
volume and temperature of a liquid and the time it was kept at that temperature. 
He showed that the degree of supercooling corresponding to any particular 
probability of freezing is the same for different volumes provided the ratio of 
volume to cooling rate remains the same, from which it follows that the volume 
effect can be determined from the rate of cooling effect. 

Curves relating temperature and probability of freezing for a given volume 
and cooling rate can be calculated using Bigg’s method if the relationship between 
volume and freezing temperature is known. ‘The latter can be found from the 
results for the lowest freezing droplets of the present investigation (figures 5 and 6) 
as shown in figure 7. The abscissae of figure 7 are the diameters of spheres 


Present investigation 


Freezing Temperature (°c) 
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Figure 7. Temperature fer 95°%, probability of freezing at a cooling rate of 0:5 deg min~+ 
plotted against the diameter of sphere having same volume as sample. 


having the same volume as the droplets which are assumed to have been hemis- 
pheres. Ordinates are temperatures for 95°, probability of freezing. ‘Tempera- 
tures for 99° are less than 0-2°c lower. While the range of diameters is too 
small to determine the relationship precisely, it can be seen that a straight line 
could be drawn to pass close to all points. The curves in figure 8 were calculated 
for a series of slopes of the assumed straight line. Their position relative to the 
temperature axis is of no significance, being determined by the particular values 
chosen for the volume and cooling rate. We see that an excellent match between 
the experimentally obtained curve for individual lowest freezing droplets (figure 5) 
and the calculated curves of figure 8 is in the case marked 0-5, i.e. where a tenfold 
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change in either the volume or the rate at which it is cooled corresponds to a 
0-5°c change in the temperature at which it will have the same freezing probability. 
This agrees with the rate of cooling effect, and the volume effect (to within the 
limits of accuracy to which it was found), as determined experimentally. If, 
then, freezing temperature is directly proportional to the logarithm of the volume, 
the results do conform neatly to a probability pattern. Also, it follows from the 
above that the correction to be applied to temperatures at a cooling rate of «, in 
order that the probability of freezing be the same at a, is 0:5 log,(a/a,). 
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Figure 8. Calculated curves for probability of freezing : parameter is rate of cooling effect 
in centigrade degrees per tactor of ten. 


To see whether or not this temperature-volume relationship holds outside 
the range of sizes investigated, the line has been extrapolated in both directions 
(figure 7) for comparison with results of other observers. Before attempting 
to correlate those results which seem most likely to apply to uncontaminated 
samples, it is necessary to take into account differences in experimental conditions. 

Bigg (1953 a, b) found the mean freezing temperature of a number of drops 
resting on a silicone surface or at the interface of two immiscible liquids. The 
results for his smallest droplets are shown in figure 7. His other results must 
be regarded as being for drops contaminated with freezing nuclei (Mossop 1955, 
Jacobi 1955). The results of Mossop (1955) shown in figure 7 are the lowest 
of about ten measurements on each size of the freezing point of threads of water 
in fine capillary tubes. Mossop also gives —41-:2+0-4°c as the temperature at 
which 95% of the water droplets, estimated diameter 0-8), froze in a small 
expansion cloud chamber. ‘This value must be corrected for the fact that these 
rapidly growing drops would be warmer than the measured temperature of the 
surrounding air, and secondly, if it is to be compared with results obtained at 
0-5 deg min“, for the extremely high rate of cooling. If we assume the expansion 
took between 0-1 and 1 second during which time the temperature fell 5°c, the 
above figure would have to be corrected by between 1-4 and 1:9°c if the cooling 
rate effect that we have found is used, 1.e. to —39-6+0-7°c to correspond to a 
cooling rate of 0-5degmin. Ofthe results of Mossop and Bigg shown in figure 7 
only the cloud chamber point represents a 95° probability of freezing ; the others 
should be moved down about half a degree. 
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The results of Jacobi (1955) for 2 to 1mm diameter drops, which were 
published while the present investigation was in progress, were also obtained by 
observing through a microscope the freezing of droplets condensed on a collodion 
surface. The drops were not covered with silicone oil, a high cooling rate 
(18 deg min“) had to be used and freezing points were taken to be the temperature 
at which the majority of droplets froze or, for the larger drops, the lowest tempera- 
tures reached by individual drops. The curve he gives lies about 2°c above the 
straight line proposed by Mossop. Adjustment of the points to apply to 
0-5 deg min ! would mean moving the curve up by almost 1°c. This method of 
observing a common freezing point obviously does not give lowest temperatures ; 
moreover, the points show considerable scatter, probably because of the presence 
of different proportions of contaminated droplets. 

Schaefer (1952) gives --38-5+0:5°c as the critical temperature at which 
water droplets transform to ice in a diffusion cloud chamber. ‘The droplets 
fell at 1 to 2cmsec! in the critical temperature zone, where the gradient was 
about | deg mm. Using this data, the droplets are calculated to be about 20 
in diameter and cooling at a rate of between 60 and 120deg min“. Furthermore, 
the spontaneous freezing point at 0-5 deg min would be 1-1+0-1°c higher than 
the threshold observed by Schaefer, i.e. at 37-4+0-6°c. This point is shown 
in figure 7, 

Mlle Bayardelle (1955) has found that the lowest freezing temperature of 
0-05 cm? (4-6 mm diameter) water dropsis — 34-1°c when cooled at 0-05 deg mint. 
This point is plotted as —34.6°c to allow for the cooling rate (figure 7). 

The agreement of the cloud chamber observations with the results for the 
lowest freezing droplets of the present investigations suggest that the latter are 
for spontaneous freezing. The closeness of the results obtained by such a variety 
of methods to the line of figure 7, especially if allowances are made in the light of 
the above discussion, makes it likely that this line does represent the relationship 
between volume and spontaneous freezing point of water and that surface 
influences on lowest freezing samples are at the most of minor importance. 
Although in fact the relationship will probably not be linear over such a range 
because of the temperature variation of the physical constants of water, the 
important conclusion is that spontaneous freezing temperatures are little influenced 
by voluine. Within the range of sizes of cloud droplets a million fold increase 
in volume will raise the temperature for a given probability of freezing by only 3°c. 


§ 8. THE SURFACE FREE ENERGY AT AN IcE—WatTER INTERFACE 


Having concluded that the results shown in figure 7 apply to spontaneous 
freezing of water, it is of interest to make use of them to calculate the surface 
free energy o at an ice—water interface. Following the procedure adopted by 
Jacobi (1955) and using the same values for physical constants, the results of the 
present investigation as shown in figure 7 gives values for o somewhat higher 
than those found by Jacobi and which show a greater variation with temperature: 
e.g. when temperature T= —38°c, «= 16-0 ergcm- (Jacobi 15-5) and, over the 
range —33 to —40°c, do/dT =0-35 erg cm deg (Jacobi 0-2). 

According to the theory of homogeneous nucleation as developed by Turnbull 
and F isher (1949), while the nucleation rate increases continuously as the tempera- 
ture 1s reduced, its rate of change decreases rapidly. Using o= 15-3 erg cm-? 
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_ and taking into consideration the rate of change of o with temperature, we find 
that the nucleation rate for water at —40°c increases by less than sevenfold for 
every degree fallin temperature. There is no sudden large increase in nucleation 
rate in the vicinity of the well-known transition region of water droplets near 
—40°c which would make this region a barrier to further supercooling. Lower 
temperatures could be attained with smaller droplets or more rapid cooling. 
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Abstract. A laboratory method is described for measuring the returned signal 
scattered from an object in an electromagnetic field. Measurements on con- 
ducting spheres and discs are compared with theoretical formulae. A new 
computation of the scattering function for conducting spheres is tabulated. 


§ 1. INTRODUCTION 


presents an experimental problem of some difficulty if sufficiently high 

accuracy is to be achieved. In order to maintain the object in specific 
aspects for observation some method of support is required. It is necessary to 
ensure that reflections from the supporting structure and from other objects in 
the surroundings do not produce any appreciable interfering signal at the 
receiver. A satisfactory laboratory method is here described in which the object 
is placed on a specially designed low-reflection support moving at constant speed. 
By utilizing the Doppler principle, reflections from the moving object can be 
distinguished from the surroundings. The validity of the experimental method 
is checked by showing that the observed variation of equivalent echoing area{ 
of conducting spheres agrees with theoretical expectations. ‘I'he equivalent 
echoing area of other objects can then be determined, using the echoing area of 
a sphere as a standard. In this report the experimental method is described, 
and observations on conducting spheres are compared with theory. The 
equivalent echoing areas of conducting discs, varying in diameter from approxi- 
mately 0-16 to 1-85 wavelengths are measured, and these are compared with 
theoretical determinations available in certain limiting conditions of disc size. 


To measurement of the scattering of electromagnetic waves from objects 


§ 2, EXPERIMENTAL METHOD 


The apparatus is illustrated in figure 1. ‘The scattering object is supported 
on a tall tapering mast of thin wood. Since the dielectric constant of wood is 
low, of the order of 2-4, it has a small reflection coefficient. ‘The support is 
shaped so that any specularly reflected radiation is directed neither towards the 
model nor back to the receiver. The tapering of the support ensures minimum 
interaction with the scattering object. 


+ Now at Royal Aircraft Establishment, Farnborough, Hants. 


t The equivalent echoing area o is alternatively known as the back-scattering cross 
section and is defined by 


__ Power per unit solid angle scattered back to the transmitter 
Power flux density incident on the scattering object 
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‘he support is carried on a wooden trolley which is moved by a constant 
speed motor at 16cmsec™ along a straight wooden track. The object is thus 
made to move along the axis of the transmitter—receiver aerial system which 
consists of a dipole and parabolic reflector. The distance of the object is 
sufficient for it to be in the Fraunhofer region of the aerial aperture. The dipole 
is connected to a klystron oscillator and radiates a continuous-wave signal at 
3-22 cm wavelength. ‘he signal reflected back from the model is shifted in 
frequency due to the Doppler effect. This reflected signal received at the aerial 
is combined with part of the oscillator output in a crystal mixer to give a signal 
at the difference frequency which is 10 c/s. After passing through a constant 
impedance attenuator, which has nine steps of 10 dB, the signal passes through 
a tuned amplifier and the output is measured on a valve voltmeter. The amplifier 
input-output characteristic was calibrated by means of a signal generator. 
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Figure 1. Equipment for measuring echoing areas. 


To ensure that the incident field presented a plane wave of constant amplitude 
in the vicinity of the object, this region was explored with the aid of a small metal 
prism rotating so that successive faces became normal to the incident beam at 
a frequency of 10c/s. ‘The receiver response then depends on both the amplitude 
and the phase of the incident radiation on the prism and it was possible to plot 
phase fronts and the amplitude distributions over them. 

The field intensity at the trolley was sufficiently low for its reflected signal 
to be negligible. All surrounding objects were at distances of more than 50A. 
Reflections from the walls should not in general contribute to the Doppler signal 
frequency, but to eliminate any possible effects, including those of vibration, 
radio-absorbent material was interposed. This also ensured that any disturbance 
of the incident field on the scattering object by reflection from the walls was of 
negligible intensity. 


§ 3. SPHERES 


The measurements on conducting spheres were taken principally to check the 
validity of the experimental method and to provide a standard for determining 
the echoing areas of other objects. ‘The experimental values are the points 
plotted in figure 2 for spheres of diameter ranging from about 0-17A to 2:0A. 


1040 4. S. Hey, G. S. Stewart, f. T. Pinson and P. E. V. Prince 


‘The experimental results are relative and have been scaled in figure 2 by equalizing 
the echoing area at an arbitrarily chosen point to the theoretically derived value 
computed from Mie’s (1908) formula. The theoretical function defining the 
equivalent echoing area of a sphere is given in Appendix 1. Various computations 
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Figure 2. Equivalent echoing area of spheres. 


of this complex function have been made in the past and there have been small 
but noticeable differences between them. In an attempt to remove the dis- 
crepancies a new series of values have recently been computed from Mie’s 
formula by the Scientific Computing Service Ltd., and these are tabulated in 
Appendix 1. The full-line curve in figure 2 has been obtained from this 
theoretical computation. It is seen in figure 2 that there is a very close agreement 
between the experimental results and theoretical values. ‘The supporting vane 
did not give a signal greater than 0-001? which was the minimum detectable 
signal. 

When the diameter d of the sphere is very small compared with the wavelength 
the equivalent echoing area o approaches 97°d*/4A*, whilst for large spheres 
reflection is specular and the echoing area approaches the cross-sectional area, 
so that c=47d?. These limiting values are plotted as broken lines in figure 2. 


§ 4. Discs 


4.1. Discs Normal to the Direction of Incidence 


A plane surface of dimensions large compared with the wavelength has an 
equivalent echoing area o at normal incidence given by o=47S?/d? where S is 
the surface area. If the plane surface is a disc of radius d, then o=7°d*/4)?. 

he derivation of the formula (see, for example, Kerr 1951, p. 457) assumes 
that the current distribution is the same as in an infinite plane surface. It is 
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consequently of interest to ascertain experimentally for what disc dimensions 
the approximation is valid. The experimental results in figure 3 indicate that 
for d greater than 1-5 the discrepancy becomes insignificant. 

For a small disc, the echoing area at normal incidence may be deduced 
theoretically from the electric dipole moment induced by the electric vector of 
theincidentwave. Theechoingareac(see Appendix 2) is given by o= 1673d8/9)4. 

The experimental results in figure 3 suggest that although these may be about 
10°, greater than the theoretical formula for the smallest measured disc 
d=(-16A, the experimental and theoretical curves are converging as the disc 
size diminishes. The experimental measurements become difficult when the 
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discs are so small. ‘The results of two sets of measurements shown in figure 3 
indicate the experimental scatter, which for the smallest disc is of the same 
order as the differences between the experimental and theoretical results. ‘The 
broken line in figure 3 joins the theoretical results for large and small discs. 
The experimental results show a divergence in the region of d= X/2, indicating 
a partial resonance. 


4.2. Discs Normal to the Magnetic Vector 


If a disc is in the plane containing the direction of incidence and the electric 
vector, then re-radiated fields occur as a consequence not only of the currents 
induced by the electric field vector tangential to the disc but also due to the 
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currents induced by the magnetic field vector normal to the disc. For large 
discs, the phase difference over the disc introduces further complexity and no || 
theoretical evaluations are available. The experimental results, illustrated in || 
figure 4, show a pronounced resonance phenomenon, which is discussed in more 
detail later (§ 5). 

The theoretical derivation of the formula for small discs is given in Appendix 2. 
The scattered field is due to the combined effects of the induced electric and 
magnetic dipoles, and the equivalent echoing area o is greater by a factor 9/4 if 
than for the disc normal to the direction of incidence. ‘Thus o = 4n3d9/A, and | 
the experimental results plotted in figure 4 show that for small discs there is | 
close agreement with theoretical expectations. 


§5. DISCUSSION 


The results for the disc with the magnetic field normal to the disc show a 
marked resonance phenomenon which may be associated with the modes of | 


(a) 
Dipole Induced Circulating Current 
Incident Induced by incident 
Electric Field Magnetic Field 
(d) 


: - i +--+} HH Incident Electric Field 
in Plane of Disc 
Figure 5. Modes of oscillation of discs normal to the magnetic vector. 


oscillation. The following qualitative explanation is suggested. As the diameter 
is increased up to A/2, the total electric dipole moment will increase in magnitude 
without any phase reversal. Similarly the total magnetic flux normal to the disc 
will increase and produce a greater circulating current. ‘The resultant electric 
and magnetic dipole moments produce additive fields scattered back in the 
incident direction and a maximum may be expected as the diameter approaches 
\/2. This oscillation is illustrated in figure 5 (qa). ; 

As the diameter is increased so that a phase reversal occurs across the disc, 
a second mode of oscillation will develop as illustrated in figure 5(b) with two 
opposite electric dipoles and two opposite systems of circulating currents. ‘The 
radiation from the opposing electric dipoles and magnetic dipoles, separated by 
\/2 in the plane of the disc, reinforce back in the incident direction. ‘This radiated 
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field is however opposite in phase to that due to the first mode of oscillation. 
At an appropriate disc size the two fields are equal in magnitude and thus cancel 
out. As the diameter is further increased, the second mode of oscillation 
illustrated in figure 5(b) becomes the dominant mode and a second maximum 
occurs. With further increase of diameter, other modes develop and the process 
of successive deep minima and maxima in the reflected amplitude continues. 

The three-dimensional oscillatory system for a sphere in an electromagnetic 
field is more complex but there are features of general similarity. As may be 
expected, the echoing area is greater but with less pronounced maxima and 
minima. 

For a disc normal to the direction of incidence there is no phase difference 
in the field scattered back along the normal. Hence the above series of maxima 
and minima do not occur and the only enhancement which may be detected is 
the partial resonance as the diameter approaches 4/2. 

The accuracy of the experimental method is greater for the larger objects 
and is estimated as generally better than 10°, for equivalent echoing areas of 
0-1A", but the errors may be 20% at 0-01A?._ It was found, for example, that 
great care was needed in the design of the supporting vane for the smallest objects. 
Some supports gave slightly different results when the position of the object 
on the vane was varied, suggesting evidence of interaction. It does not therefore 
appear wise to attach too much significance to slight differences between 
experimental and theoretical values as shown, for example, by the small discs 
in figure 3. If the difference is real, it might possibly be due to the finite 
thickness of the disc resulting in a magnetic dipole in addition to an electric 
dipole. But the agreement between experimental and theoretical results for the 
smaller objects is within the tolerance of experimental error. 


Acknowledgment is made to the Controller, H.M. Stationery Office, for 
permission to publish this paper. 


APPENDIX 1 


The authors are indebted to Mr. P. H. Blundell for arranging a new 
computation by the Scientific Computing Service Limited of the scattering 
function for a perfectly conducting sphere derived by Mie (1908). ‘The results 
of this computation are tabulated below. ‘The values of the function f are given 
in terms of x=27a/A_where a is the radius and f is defined by 
. [ jn (*) (d/dx) {xj,(%)} | 


i= Zz (= 1)"(2n+- 1) h,O(x)  (didx){xh,,(x)} 


where j,,(x) and h,,(x) are spherical Bessel and Hankel functions related to the 
cylindrical functions by 


» 


Ja(®) = (7/2x)"" Jn a (*), 
Le (x) a (a7/2x)'? Hy, ty - (x) 


where H™ is a Hankel function of the first kind with time convention exp (—7wf). 
The equivalent echoing area (c) of a sphere is given by o = A?f?/47. 
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x f x f x f x f x ¥ 

0-00 0-0000 0-55 0-239 1:10 1-0359 (650 05271 2:20 1-4702 
0-01 00-0000 0:56 0:2523 1-141 =1:0408 1:66 0:5138 2:21 1:4874 
0-02 0-00G0 0°57 0-2653 1:12 1-0451 1:67. 00-5017 DOP AN ISU RS) 
0:03 0-0000 0:58 0-:2788 1:13 1:0488 1:68 0:4910 DIS Mos Oy 
0-04 0-0001 0:59 0:2925 1:14 1:0518 1:69 0-4819 2-24 1°5347 
0-05 0-0002 0:60 0-3067 1:15 1:0542 1:70 0:-4744 2:25 1:5490 
0:06 0-0003 0:61 0°3212 1:16 1-:0561 1:71 0:4689 2:26 WEso25 
0:07 0-0005 0:62 0-3360 7 O57 1:72 0:4653 227. eS 
0-08 0-0008 0:63 0-3512 1:18 41-0578 1:73. 0:4639 2-28 11-5872 
0:09 0-0011 0:64 00-3667 1:19 1:-0578 1:74 0:-4646 2:29 1:5984 
0-16 0-0015 0:65 0-3825 1:20 1:0572 1:75 0:4677 2:30 11-6087 
0-11 0-0020 0:66 0:3986 1:21 1-0560 1:76 0:4730 2:31 AeORS3 
0:12 0-0026 0:67 0-4150 1:22 1-0541 1:77. 0:4807 2-32, “A-6270 
0:13 0-0033 0:68 0:4317 ieee ASH 7/ 1:78 0:-4905 2:33 1:6349 
0-14 00-0041 0:69 06-4486 1:24 1:0487 1:79 0:5024 2:34 1-6419 
0-15 0-0051 0:70 0:4657 1:25 1-0451 1-80 0:5162 2:35 1:6481 
0-16 0-0061 0:71 0:-4831 1:26 1:0409 1-81 00-5319 2:36 1-6535 
0-17 0:0074 0:72 0:5006 1:27 1:0361 1:82 0:5493 2:37 =1-6580 
0-18 0:0087 0:73 0-5183 1:28 1-:0308 1:83 0-5683 2:38 1:6617 
0:19 0-0103 0:74 0:5361 1:29 1:0248 1:84 0-5886 2:39 1:6645 
0:20 00-0120 0-75 0-5541 130M OSs 1:85 0-6102 2:40 1-6665 
0:21 0:0138 ons  Wes77il 3t 1-012 1:86 0-6329 2:41 1-6676 
0-22 00-0159 0:77 =0-5902 1:32 1-0036 1:87 00-6565 2:42 1:6678 
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APPENDIX 2 


The following is a simplified statement to show how the equivalent echoing 
area of a small conducting disc may be derived. The method mainly applies 
an approach used by Bethe (1944) in solving diffraction at a small aperture to 
the problem of scattering by a disc in a way which emphasizes the physical 
interpretation. 

(a) A plane transverse electromagnetic wave incident normally on a smail 
disc produces an oscillating electric dipole moment excited by the tangential 
electric field vector. A thin circular disc approximates to a thin oblate spheroid, 
and the electrostatic problem of determining the potential due to the induced 
charges when the oblate spheroid is placed in a uniform parallel field is solved 
in several textbooks (see, for example, Stratton 1941, p. 209). ‘The potential 
at distance r is 

d®E cos @ 
or 
where @ is the angle between the field E and the radius vector r and d is the 


diameter of the disc. 


(m.k.s. units) 


Z-2, 
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This is equal to the potential due to an electric dipole of moment 
p=2«,d°E (eis the permittivity of free space). 

If the electric field intensity in the incident wave is E=E,sinwt, then since |) 

the dimensions are small and phase retardation is negligible, the re-radiated | 


field is equal to that from a Hertzian dipole of moment P= Po sin wt. j 
The magnitude of the radiation field scattered back in the incident direction |) 


is therefore 


7 2nd? j 


Pea Pea 


By definition, the equivalent echoing area 1s 


21Esl _ 16ate 
[ep 9 of 


(b) If the magnetic vector is normal to the disc, there is not only an electric. 
dipole p parallel to the electric field, but also a magnetic dipole due to the 
circulating currents induced by the magnetic field. ‘These currents may be 
calculated as follows: 

As the disc is a perfect conductor, the electromagnetic field in it is zero. 
Since the incident magnetic field H is normal to the disc a current distribution 
is required which gives a normal field in the disc equal and opposite to the applied 
field H. An additional current distribution is required which does not affect the | 
charge distributions induced by the electric field. The current distribution | 
must consequently consist of closed lines of circulating current. This ae | 
may be solved as follows by introducing the vector potential A defined by 
H-—curlA. If the x axis is along H, then the circular current distribution must | 
produce at the disc a field H,=—H, H,=0, H,=0. Hence the components 
of vector potential at the disc are A,=0, 4,= }2H, A,= —ésyH. 

For a small disc the phase retardation may be neglected and the relation 
between the vector potential A and the surface current density over the elements 
of area dS of the disc is | 


o=4ar 


dS 


Le Kay 
Ree pe 
4a} g |r—e'| 
where r and r’ are the radius vectors to the field and source points respectively. 
Hence the current distribution on the disc is given by 


Lif as . Lop this 

“a eases 2) ote ea ee eras 
a ror Ss and rel r—r| »VH. 

The required solutions to these equations are: 
oa ee 1 : ; 4 1 
K, = n (a —r2ie* H and <= aa (a2 — rye A 
so that 
4 1 : 
r’xH 


= (a2 — 7?) 
which is a circular current with amplitude proportional to r’/(a?—r’?)!”, 


The magnetic dipole moment associated with a circular current J of radius ? 
has magnitude p,Jzr?, where pg is the permeability of free space. 
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Hence the magnetic dipole moment due to the current density K is 
“a 
M= p,, | Kadr'nr” 
0 


Po powE = Boa" 


a 
=4uoHt | = Fz HoH = J (toeo) PE 


9 @—r? 
where d (= 2a) is the diameter of the disc. 

‘The magnitude of the scattered. field back in the incident directions due to 
a magnetic dipole of moment is 

1 rd 
(oie ae ar 

The fields due to the electric and magietic dipoles are in the same direction 
and phase and therefore additive. Hence the total scattered field when the disc 
is in the plane of incidence and normal to the magnetic vector is Exs=7d?E/)2r 
and the equivalent echoing area is 

4nr?|Es|? 473d®, 
= [EP i 

(c) The validity of the approximations involved are discussed in the detailed 
treatments by Bethe (1944) and Copson (1946). A more rigorous analysis has 
been made by Bouwkamp (1954) by solving directly, in general form, the electro- 
magnetic equations satisfying the boundary conditions. He finds that the 
solution contains not only the results derived in (a) and (b) above but also 
introduces further closed-loop currents. ‘These consist of two symmetrically 
disposed current systems circulating in opposite directions. ‘lhe magnitude of 
these currents is less than that of the circular currents determined in (5) above 
by a factor of the order of a/A. For this reason, and also because they form 
two equal and opposite adjacent magnetic dipoles, their contribution to the far 
field is negligible. The equivalent echoing area is thus unaffected by these 
additional currents required for the more precise solution of the boundary 
conditions. 


in 18. 
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RESEARCH NOTES 
Saturation Magnetization in Copper-Nickel Alloys. 


By S. A. AHERN? anv W. SUCKSMITH 
Department of Physics, University of Shefield 


MS. received 30th Fuly 1956 


iE variation of the saturation magnetization 0p 9 at the absolute zero of ||| 

| temperature with composition in ferromagnetic alloy systems is an important | \ 

aid to a knowledge of the energy bands in the elements of the first transition ||) 
series. 

The system presenting the greatest simplicity is that of copper and nickel. 
Investigations of the magnetic properties in the ferromagnetic range of this system 
have been carried out previously by Alder (1916), but as it was felt that the accuracy 
of measurement required for adequate interpretation could be improved upon, 
it was decided recently to institute a detailed programme of measurements into 
the ferromagnetic properties of this system, the programme to include measure- 
ments of the magnetization—temperature Curves for each alloy over as great a range © | 
of temperature as possible, together with measurements of the magnetocaloric 
effect in the Curie point region, this being the most reliable method of obtaining 
the Curie temperature. A description of the construction of the apparatus and 
the initial measurements has been given by Oliver and Sucksmith (1953). It is 
the result of subsequent measurements made to obtain values of the saturation 
magnetization for a total of six alloys with atomic compositions ranging from 
4-7°/, of copper to 34-3% of copper on which it is desired to report here. 

Although the results are incomplete owing toa delay in obtaining measurements 
at liquid hydrogen temperatures, it is thought that the data which have already been | 
obtained are of sufficient importance to record. 


Values of Saturation Moment and Curie Point, etc. 


Atomic Ferromagnetic Saturation Bohr | 
Composition Curie Point Moment Magnetons | 
(% Cu) (K) (g-*) | 
34:3 291 21-4 0-231 
e 310 4 
30°8 303t Doral 0-249 
18-9 420 B57 0-381 
16-0 — 40°5 0-431 
8-6 541 48-3 0-511 
4-7 587 Sy2e5 0-554 
(O) (631) (57-6) (0-606) 


{ Obtained using measurements of magnetocaloric temperature changes. 


The values of the parameters which have been measured are shown in the table. 
The values of o9 9 were obtained by means of a T° extrapolation of the spontaneous 
magnetization to the absolute zero of temperature. Values of the spontaneous 
magnetization in this region, well below the Curie point, were obtained by 
extrapolation of the magnetic isothermals, plotted for fields of between 5000°and 

+ Now at the Pennsylvania State University, University Park, Pennsylvania, U.S.A. 
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20 000 Oe. The Curie point values were obtained by an extrapolation of the square 
of the spontaneous magnetization to the temperature axis, the intercept being 
taken as the Curie temperature. In the case of one of the alloys noted in the table, 
an additional value for the Curie temperature has been obtained from magneto- 
caloric measurements. In figures 1 and 2 respectively the saturation moment and 
Curie temperature are plotted as a function of composition for comparison with 
Alder’s results (indicated by the dotted lines). One point taken from the results 


] 


“29 x Arrott (1954) 


oh 


Saturation Moment per Atom (units of 2) 
Ferromagnetic Curie Point (°K) 


x, 
‘ aS zo 
Ye": So 
0-20- “so Alder (1916) 200- oe 
SNe RA Te 
Mate Ny So. 
Ce \\ << Alder (1916) 
NE Nes 
\ Bu XS ee 
\ ‘>. \ a 
OR. Ne 
i 4 = | aE Ey a ( ! l I Ve eee 
0) 0 20 30 40 50 60 70 6) 10 20 30 40 50 60 70 
Concentration (atomic % copper) Concentration (atomic % copper) 


Figure 1. Variation of moment per atom Figure2. Variation of ferromagnetic Curie 
(in Bohr magnetons) with concentration. point with concentration. 


of Oliver and Sucksmith is included at 23-9°% copper. It will be seen from figure 1 
that the straight line drawn through nickel and the first five points intersects the 
composition axis at approximately 52°%. If the final point is considered in con- 
junction with the results of Arrott (1954) on alloys containing 58 and 63 % of copper, 
it further appears that the linear relation of both saturation moment and Curie 
point with composition breaks down at about 30%, of copper. 

Alder’s results have been interpreted by Mott (1935) on the basis that each 
copper atom alloyed with nickel contributes one electron to a common 3d—4s 
band system, raising the common Fermi level in such a way that the slope of the 
resultant magnetic moment—composition curve is unity. ‘The initial slope given by 
the present results indicates that on this basis each copper atom contributes more 
than one electron, which is unlikely. In this connection, however, if we take 
g=2:2,as obtained by ferromagnetic resonance experiments (Bagguley 1955), 
we have w=g} B=1-18. ‘The breakaway from the straight line relation for the 
34-3°% alloy taken in conjunction with Arrott’s results mentioned above is much 
less disturbing. In fact, this is qualitatively consistent with the low temperature 
specific heat measurements of Keesom and Kurrelmeyer (1940) and measurement 
of temperature variation of susceptibility for alloys containing more than 60% of 
copper (Wheeler 1939, Kaufmann and Start 1943). 

As the measurements discussed are incomplete, it is more important to discuss 
the accuracy to be expected from the measurements which have been made, particu- 
larly in the case of those alloys with the higher copper concentrations, where the 
extrapolation to the absolute zero of temperature is rather extended. 
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The spontaneous magnetization values are obtained from the extrapolated 
magnetic isothermals with an estimated accuracy of +0:5%. Assuming that the 
T? extrapolation of moment against temperature is valid down to the absolute 
zero, then the maximum possible error in go,9 is + 2:0%, yet to make the present 
data lie on the line which passes through the nickel point and extrapolates to zero 
at 60°, of copper, the values of the saturation moment must be increased by up to 
Oe 

Chemical analysis of the alloys is stated to + 0-1%. To ensure homogeneity 
in the ingots, on removal from the melting furnace they were each heated 7m vacuo 
to a temperature about 30°c below their respective melting points, and maintained 
there for 36 hours. Tests made on specimens cut from different parts of each 
ingot showed that the value of the magnetic moment obtained was consistent to 
within half of one per cent. 

In conclusion one of us (S.A.A.) desires to acknowledge the receipt of a main- 
tenance grant from the Department of Scientific and Industrial Research which 
was held during the course of the work described here. 
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Spectroscopic Splitting Factors for Iron and Silicon Iron 


By G. S. BARLOW anp K. J. STANDLEY 
Department of Physics, University of Nottingham 


Communicated by L. F. Bates; MS. received 27th April 1956 


} | ICROWAVE resonance absorption has been studied in polycrystalline iron 


and 2:5°%% silicon—iron specimens, as well as in a single crystal of the latter 
material, at room temperature and at wavelengths close to 1-227 and 
0:864cm. Disc-shaped samples about 11 mm diameter and 0-25 mm thick were 
used. Thelonger wavelength apparatus and method of measurement have already 
been described (Adam and Standley 1953, Standley and Reich 1955); the higher 
frequency equipment differed only in detail and does not warrant further descrip- 
tion here. 
In experiments of this nature, made at low power levels and at a fixed frequency 
v, the losses in the specimen rise to a maximum in an applied magnetic field H,"™*. 
For a single crystal, Kittel (1948) and others have shown that 
hv=g8 {{H,°™ +(N,—N,)M4+¢(Ky, Ke, M, 6)\[A* +(N—N,) M 
+(K,, Ky, M, 6@)] 1. opSeeehey 


Here g is the spectroscopic splitting factor, P is the Bohr magneton, N,, N,,, N, 
are the demagnetization factors in the three coordinate directions, and M is the 
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magnetization in the specimen which is assumed to be saturated in the field H,™"*. 
¢ and ¢ are algebraic functions which take account of the magnetocrystalline aniso- 
tropy of the specimen. For a cubic crystal, when the surface of the specimen is a 
(110) face, as in our measurements, Healy (1951) has shown that 


6 =(1—2sin?6— 3 sin?26) 2K,/M — sin ?6 cos 26 (3 sin 20 + 2) K,/2M 
ob = (2 — sin 20— 3 sin 220) K,/M 
+ sin ?@(6cos*6— 11 sin 26 cos? + sin 40) K,/2M. 


Here A, and A, are the first and second order anisotropy constants and @ is the 
angle between H, and the cube edge. 

When a polycrystalline specimen is used, random orientations of the individual 
crystallites are assumed, and an averaging process must be carried out to determine 
the conditions for maximum absorption. * It is generally assumed that the reson- 
ance equation is that given by (1) above, the average values of ¢ and ¢ being zero. 
This appears to be an approximation which may lead to appreciable errors in g 
under certain conditions and it is briefly discussed below. 

‘The experimental results are given in the table; M was measured by an oscilla- 
tion magnetometer method (Griffiths and Macdonald 1951). Experimental 
errors were such that absolute values of j.,"°* and g may be in error by 15°% and 
1-5-2°, respectively (Standley and Reich 1955). Relative errors between 
measurements at the two wavelengths should be appreciably less than these and 
relative values of g should be reliable to + 0-02. Three points emerge from the 
experimental data: (i) The g-values for polycrystalline specimens tend to increase 
with decreasing wavelength. ‘This trend confirms the results of Bagguley (1955) 
who reported 2-00 and 2-06 at wavelengths of 3-14 and 1-25cm respectively, for 
both iron and silicon iron polycrystalline specimens. (11) The g-values for the single 
crystal appear to diminish with decreasing wavelength. (iii) The maximum values 
of the apparent permeability ,""* decrease with decrease in wavelength. ‘This is 
also true of Bloembergen’s (1950) measurements on nickel and supermalloy at 
3-0 and 1-25 cm. 

Measured g-values which are frequency (or field) dependent are usually 
regarded as deriving from incorrect interpretations of experimental data, as it is 
expected that the true spectroscopic splitting factor will be a constant for a given 
material. Possible explanations of (i) and (ii) were therefore sought. 

Consider first the polycrystalline results; Miles (1954) semi-qualitatively and 
Bagguley (1955) quantitatively for a special case suggested that the correct reson- 
ance equation for polycrystalline materials is not obtained by equating ¢ and % 
to zero in equation (1). Standley and Stevens (1956) extended Bagguley’s 
calculation and showed for spherical specimens that there is a shift of the resonance 
peak of magnitude dependent upon the width of the single crystal line. ‘The shift 
approaches K,/2M for narrow lines and differs little from this value for lines such 
as those found in iron single crystals. ‘The shift is to higher values of H, for 
positive K,, asiniron, i.e. too small an apparent g-value is calculated if no correction 
is applied. Although the more involved computation for a disc-shaped specimen 
has not been carried out, it is reasonable to expect a similar order of magnitude and 
certainly the same sign of the correction. For iron K,/2M~100 oersteds and at 
1-23cm H,™*~3000 oersteds. At this wavelength, the uncorrected g-value 
might be about 2% too small, while at 0-87 cm the correction would probably be 
within the relative error of +0-02. 
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This correction will not apply, of course, to the single crystal measurements. 
With these, and with the polycrystalline measurements also, it is necessary to 
consider the effect upon the resonance condition of the finite penetration of the 
microwave field into a planar specimen. Kittel and Herring (1950) first attempted 
the calculation but this was recently criticized by Rado and Weertman (1954) and 
Ament and Rado (1955). The resonance equation derived by the last named 
authors is applicable, unfortunately, only to longer wavelength measurements on 
easily saturated materials when, for example, H,™** can be neglected with respect 
to 47M. The form of their equation is such that a shift of the resonance peak 
to lower values of H, is predicted and if, as Ament and Rado note, the Kittel and 
Herring formula is used as a rough approximation, in calculating g-values we must 
add to H,"** a term ap,'""* where a is a positive constant for the material. Since 
ju,i"** decreases with decreasing wavelength this form of correction term could give 
a constant g value when applied to the experimental single crystal data. Moreover, 
the Kittel and Herring formula predicts a shift of about 30 oersteds in silicon-iron 
at 1-23 em which is of the correct order of magnitude. 

The theoretical equation (1) should be modified to take account of shifts of this 
kind. Fortunately, we found the anisotropy constants obtained by fitting experi- 
mental single crystal data to this equation were not critically dependent upon 
absolute peak location. 

We thus found for the silicon—iron single crystal at 1-23cm 

K,= +(3-8+0-1) x 10°,.K,= +(1-3 + 0-2) x 10° ergs cm™ 
while at 0-87cm the values were 

K,= +(3-6+0-1) x 105, K,= +(1-4+ 0-2) x 10° ergscm™. 

From the foregoing discussion, it is apparent that more reliable g-values are 
obtained by the extrapolation of measurements extending to the highest available 
frequencies, preferably using single crystal specimens. ‘The experimental 
single crystal data combine to suggest a probable g-value for iron of 2:09 + 0-02. 
Within experimental error iron then obeys the predicted equation (Kittel 1949, 
Van Vleck 1950) g—2=2-—g’ since direct gyromagnetic measurements (see for 
example Brown et al. 1954) lead to a value of g’ = 1:93 + 0-01. 


Material M A Apparent 
(e.m.u. cm~?) (cm) Up nees g-value 
1720 e227 70 2°04 
Polycrys. 
olyerys. Iron 1720 0-864 hil 2-10 
ay Sn 1630 WORDT 100 2°03 
Pol 2:59, Si-F 
ee [Oo Smeg 1630 0-864 60 2-06 
Single Crystal 1630 1-226 120 Doe 
2:5°% Si-Fe 1630 0-869 94 2°10; 
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The Origin of the Hydrated Oxide formed when Anodic 
Aluminium Oxide Films are ‘ Sealed ’ in Boiling Water 


By I. S. KERR¢ 


Applied Physical Chemistry Laboratory, Chemical Engineering Department, 
Imperial College, London 


MS. received 18th May 1956 


electron-diffraction pattern, whereas after sealing by immersion in boiling 

water a pattern corresponding to boehmite, y-AlIOOH, is obtained (Phillips 
1952). In recent years several authors have investigated the origin of the 
boehmite and most have concluded that it must occur through further hydrated 
oxidation of aluminium. 

Thus, Harrington and Nelson (1940) obtained electron-diffraction patterns 
due to boehmite from sealed specimens. After abrading on 4/0 emery the 
original halo pattern was restored. By making use of the limited depth of 
penetration of electrons, Hart (1954) was able to estimate the rate of growth of 
boehmite on anodized electro-polished single-crystal surfaces of aluminium. 
This rate of corrosion proved to be linear, from which it was concluded that the 
amorphous layer took no part in the reaction other than transport of ions. 

This note describes further new evidence on the origin of the y-AIOOH, 
made possible by the ability of electron microscopes to obtain diffraction patterns 
from particular areas of the specimen (Matthews and Wilman 1955). ‘The 
anodized films used for this purpose were prepared by Dr. A. Charlesby at 
the Atomic Energy Research Establishment, Harwell, and consisted of aluminium 
foil (about 0:01 cm thick) anodized at 50v in an ammonium borate solution. 
Most of the aluminium was then stripped from the oxide with chlorine at 200°c, 
leaving a metal foil network sufficiently rigid to support the unaffected oxide 
film across ‘windows’ from which the metal was completely removed. As the 
oxide film thickness was about 700A (144 per volt) it was possible to penetrate 
it with an electron beam without unduly large incoherent scattering. 

+ Now at the Chemistry Department, Imperial College, London 


ie is widely known that the freshly anodized aluminium surface gives a halo 
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Before sealing the film was examined in the electron microscope. Wher 
suitable ‘windows’ were found and the electron microscope was adjusted for 
diffraction, the expected halo pattern was obtained. 

The foil was then sealed by immersion in boiling distilled water for 20 minutes 
and returned to the microscope. Certain areas gave a halo pattern (figure 1 (a), 
Plate) identical with the original, while other areas gave the sharper boehmite 
pattern (figure 2(a), Plate). 

Closer examination proved that the halo patterns originated from the centre 
of large areas of oxide film, or from tongues which projected from the metal but 
had otherwise free edges, as seen in figure 1(b). The boehmite pattern however, 
came from parts of the oxide film near the edges of the metal or from regions where 
small specks of aluminium were dispersed over the film, as shown in figure 2 (4). 
The texture of the two areas of film also appears markedly different. 

It is thus concluded that the boehmite is formed only in the immediate 
neighbourhood of aluminium. 
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Defects with Several Trapping Levels in Semiconductors 


By P-'T. LANDSBERG 
Marischal College, University of Aberdeen 


MS. received 10th May 1956 


now well known: examples are cobalt, copper and gold in germanium, 

and thermally induced defects in silicon (cf. Burton 1954 for references). 
In such cases the usual methods of determining the position of the Fermi level are 
inadequate. A correct general discussion which may be adapted to these situations 
is not available in the literature, but has been referred to by Brooks (1955). It may 
therefore be worth while to give the details of this treatment. The difficulty 
which arises is due to the following obvious fact. Since the defects can be singly 
or doubly ionized, they can exhibit two different spectra of trapping levels; the 
number of levels of each type is therefore not a constant, but depends on the 
average degree of single and double ionization of defects in the crystal (i.e. on the 


temperature). ‘The trapping levels which occur are therefore no longer indepen- 
dent, as in simple semiconductor theory. 


D FECTS in semiconductors which exhibit several trapping levels are by 
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The general problem is as follows. Consider N identical impurity centres, 
distinguishable in virtue of their position, and suppose that each centre can trap 
at most M electrons. The supposed inability of a centre to trap an (M+1)th 
electron is part of our model of the centre. If desired, one may regard this restric- 
tion as an idealization of a situation in which the system which consists of the centre 
plus r electrons (r> M) has such a high energy that situations of this type may be 
neglected. Ifa centre has trapped electrons, it will be assumed that these can be 
in any one of the j-electron quantum states of the centre. The energy of the 
ith j-electron state will be denoted by E(7, j). It will be assumed that the trapping 
processes at different centres are independent of each other. The grand partition 
function of the system of N centres is 


M N 
g.p.f.=|' > ¥zZ,| > tala eee (1) 
jJ= 


Z,= S exp | | , A=exp ( fr): 


A is the absolute activity, 4. the chemical potential or Fermi level, Z; the ordinary 
partition function of a centre which has trapped / electrons, and the 7-summation 
extends over all j-electron states of a centre. ‘The mean number of electrons 
trapped on the N centres is m=A {o[log g.p.f.]/dA} ,. », so that 


2 [> nz, | / > #2, ee (2) 


This may be written in a form proposed earlier (Landsberg 1952), 


n 1 
= > AiR ars 3 
N 1+fexp [(e—p)/RT]’ (3) 


where 


provided f is defined by 


p=|exe(- gp) || 2-- > (i-1) 2, ] || Six 2, |. ae (4) 


« is an arbitrary energy, which cancels out of (3). Finally, (3) may be reduced, 
at least formally, to the usual Fermi function, by associating with each centre a 
single effective trapping level of energy E’=e+kT log 6. The simplicity of the 
resulting form 
nIN= exp (CE Sp)i(RT |e a (5) 

of (3) is, however, only apparent. For, if M >2, E’ involves the Fermi level, and 
is therefore dependent on temperature and impurity concentration. For this 
reason use of a single energy level for a centre which has in fact a set of trapping 
levels, leads to a spurious temperature and concentration dependence of this level. 


The equation for the Fermi level, assuming 2), Z,,..., 2, to be known, is 
47 7 00 x2 dx [ M faye ] [ Ms ] 
ee. ee NG LN NZ: LANIER re 6 
h3 (2m kT) ir [eas exp x e Da j i Ds j ( ) 


in a usual notation. Ne is the number of electrons available in donors and con- 
duction band at the absolute zero. (6) assumes that holes need not be considered, 
otherwise (6) would have to be generalized by the introduction of a second Fermi 
integral. It is also assumed that only one type of centre is present, since each type 
of centre contributes a fraction such as that shown on the right-hand side of (6). 
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For a non-degenerate semiconductor (6) represents an equation of order M+ lind. 
Examples 

(A) If a centre can trap only one electron, 

a WE = 
No Zz ee oie (7) 

(B) If, in addition, the centre without the electron has an a-fold degenerate state 
of energy Ey, and the centre with the electron has a b-fold degenerate state of energy 
E,+£, then 

Li aexp[—E,/RT] a4 E ; a 
Zi beep (Ey REE 0 Ge eee eee ah 
If a=1, b=2, or a=2, b=1, then the cases of unpaired and paired electrons are 
obtained respectively. 

(C) If a centre can trap two electrons (e.g. gold in germanium, Dunlap 1955), 
two distinct energy levels E,, E, are available to the first electron, and two energy 
levels E,’, Ey’ to the second electron. Here E;’ is the energy to which E, has been 
raised as a result of E, being occupied, and E,’ is the energy to which E, has been 
raised as a result of EB, being occupied. ‘The energy of the state in which two elec- 
trons are trapped is, however, independent of the order in which the states were 
occupied, and will be denoted by E,. If the g’s be appropriate degeneracies, we 
have 


A= D gexp(- Blk), Za=guexp(— BRT). ooo (9) 


If we neglect the effect of the higher level in Z,, and take Ne as 2N, the right-hand 

side of (6) becomes 
; [2Z) +244! exp (E,/RT)| N 

Zoe esp BIRT) Sete) ee 


and hence the Fermi level can be obtained, if reasonable estimates are available for 
Zo 81 83 E, and E; (Dunlap’s results suggest E} = —0-60ev, E;= —0-20ev). 
(D) In this last example an analogy between semiconductivity and adsorption 
will be pointed out. ‘The above theory remains valid if impurity centres are 
interpreted as adsorption sites, and trapped electrons as adsorbed atoms or 
molecules. As an example, note that if the gas is regarded as ideal, then 
\=ph3/|(2amkT)3?kTj(T), where p is the pressure of the gas phase, j(7) the 
internal partition function of the particles of the gas, and the other symbols have 
their usual meanings. Since the partition function 4, is independent of 
pressure, one can define a pressure-independent quantity py by AZ,=p/py. If no 
more than one particle can be adsorbed by a site, (7) applies, and yields now 


=p) ( Pete?) cp ee ee ee ee (11) 
where n/N has been interpreted as the fractional coverage of the surface. ‘This is 
the well-known Langmuir adsorption isotherm for the adsorption of particles at 
localized sites, the number of particles per site being zero or one. Equations (7) 
and (11) are in exact correspondence. Other adsorption isotherms can also be 
brought into correspondence with trapping mechanisms at impurity centres, but 
(7) and (11) seem at present to represent the most important example of a cretion 
which corresponds to a physically meaningful model in both semiconductivity 
and adsorption. ; 
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Stacking Faults in Vacuum Evaporated Crystals of Copper and Silver 


By TI. B. RYMER, F. J. FAYERS anp S: J. HEWITT 


Physics Department, University of Reading 


MS. received 11th May 1956 


crystals in vacuum evaporated copper films have been made by Halliday, 

Rymer andWright (1954). Deviations from the normal spacings were attri- 
buted to uniform stresses throughout the specimen. The breadth of the diffrac- 
tion rings was attributed to the finite size of the crystallites, which were assumed 
to be discs approximately 90A diameter and 15A thick parallel to 111 planes. 
Garrod (1956) has pointed out that closer agreement with Halliday, Rymer and 
Wright’s measurements is obtained if it be assumed that in addition to the system 
of stresses postulated by these authors there are also stacking faults on the 111 
planes. Garrod also suggested that the existence of these stacking faults, and not 
the finite size of the crystallites, is responsible for the breadths of the diffraction 


P RECISION electron diffraction measurements of the interplanar spacings of 


ngs. 
heared has given the following expression for the fractional deviation 6 of the 
spacing of the planes AA/ from the normal value: 
Se ol A es Makes oc (1) 
where M=a|h+k+4+l1|/(2h?) 
anda= +1,0, —laccordingas|h+k+/{|=3N+1,3N,3N-—1, N being an integer. 
P is related to the probability of faulting e: 


Pe es e for deformation faults, = ~——...... (2a) 
7 
4/3 € 2 
P= = for growth faults, asnas (25) 
27 \l—e 


It is assumed that the radius of a diffraction ring formed by the superposition of 
equivalent Aki reflections corresponds to the mean value of 6 for all equivalent 
hkl. This, of course, means that the peak of a composite diffraction ring is the 
centroid of the peaks of the components when these are given equal weight. ‘This 
assumption is correct provided the components have the same width. For 
components of unequal width, the resultant peak is the centroid of the peaks of the 
components when each is weighted as the inverse cube of its width (Rymer 1956). 
Garrod’s application of the stacking fault theory is therefore valid only if all 
equivalent AA reflections have the same width, This is not the case if the widths 
are due to the stacking faults themselves, and therefore this interpretation of the 


widths must be rejected. 
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The assumption of Halliday, Rymer and Wright that the widths of the rings are 
due to the finite size of the crystallites also leads to unequal widths for equivalent 
reflections and, if true, would invalidate the stacking fault theory. In fact, later 
work has cast doubt on this interpretation of the widths. Using a high resolution 
electron diffraction camera having a focused spot size of 5-10 p, together with a 
microphotometer with a 5p slit width, a study has been made of the contours of 
diffraction rings of copper. It has been found that these are accurately gaussian 
(figure 1). A detailed theoretical study of the factors influencing line contours (to 


ac? (mm?) 
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o 


ln (1/1) 


Figure 1. Contour of 200 reflection from copper. The logarithm of the intensity of the 
line is plotted against the square of the distance x from the peak of the line. 


be reported in a future paper) shows that such a contour cannot be produced by 
particle size broadening, butis readily explained by assuming a random distribution 
of strains such as would be produced by forces exerted by crystallites on one 
another when packed together. From the slope of the line of figure 1 the root mean 
square value of the strains perpendicular to the reflecting plane can be calculated. 
Thisis givenin the table, together with values determined by similar measurements 
on other diffraction rings from the same specimen. From the elastic constants 


Young’s Modulus and Root Mean Square Strains in direction hk/ 


hkl ii DO Peo Sill Bai 420 
strain < 10% S- Om 220 meeLOES 9-4 6-4 6°6 
Young’s modulus < 10~! (dyn cm~*) 19-1 Gey 8x0) 9-6 14-4 9:7 


of copper (Boas and Mackenzie 1950), Young’s modulusin directions perpendicular 
to different planes has been calculated and recorded in the third row of the table. 
There is a tendency for the strains to be larger in directions where Young’s 
modulus is smaller. This is to be expected if the strains are due to random inter- 
crystalline forces, and supports the view that the breadth of the different rings is due 
to random stresses, and therefore that equivalent hk/ reflections will have the same 
width. 

Garrod’s theory of stacking faults, together with his implicit assumption that 
equivalent reflections have the same width, is inherently reasonable and may 
well be true for films of vacuum evaporated copper. Such films do not, however, 
provide a very good demonstration of stacking faults. Most of the displacement of 
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the diffraction rings is due to uniform stresses acting throughout the specimen as a 
whole, in accordance with the theory of Halliday, Rymer and Wright. Only asmall 
part of the total displacement can be attributed to stacking faults. It would 
obviously be of interest to obtain diffraction patterns corresponding to stacking 
faults in the absence of uniform stress. We have obtained such patterns from 
vacuum evaporated silver specimens. Figure 2 shows the results of fitting the 
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Figure 2. Evaporated silver. Comparison of results with stacking fault theory. A and L 
are the apparent electron wavelength and specimen plate distance. The ordinate 
of the figure is (const.—268006) where the constant is of the order of 100. 


stacking fault theory of equations (1) and (2) to measurements of such a pattern 
evaluated as in the papers referred to. The agreement is within the limits of 
experimental error. We therefore conclude (a) that the crystals in evaporated 
silver specimens contain stacking faults, (b) that the breadth of the rings is due to 
random strains produced by the forces which the crystals exert on one another, 
(c) that there is no detectable stress acting throughout the specimen as a whole. 
From the slope of the line in figure 2, P=0-015. If the faults are due to deform- 
ation (equation (2a)), the probability of faulting « = 6% ; for growth faults (equation 
(2b)), «=19%. Since the breadth of the rings (~500j) implies strains of the 
order of 14° and therefore large stresses of the order of 101° dyn cm between the 
crystals, it seems reasonable to suppose we are dealing with deformation rather 


than growth faults. 
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REVIEWS OF BOOKS 


The Earth as a Planet, edited by GERARD P. KUIPER. Pp. xvii+ 751. (Chicago: 
University Press ; London : Cambridge University Press, 1954.) f4-14s: 


This is Volume 2 of the treatise in four volumes on the The Solar System 
edited by Professor Kuiper. Volume 1, The Sun was published in 1953, and 
volumes 3 and 4 dealing with Planets and Comets should appear shortly. ‘The 
book is the result of Professor Kuiper’s successful co-ordination of the efforts 
of sixteen well-known workers in the ° earth-sciences’ from six different 
countries, to cover “‘ those aspects of geophysics, geochemistry and atmospheric 
physics as pertain to the earth as a whole and which, incidentally, are able to 
assist and guide the astrophysical studies of the planets”. It contains fifteen 
chapters, dealing with the dynamical properties of the earth (2 chapters), the 
bulk properties of the earth (4 chapters), a selection of the manifold problems 
of the atmosphere (7 chapters) and with the eppearance of the earth as ‘seen’ 
from outside (2 chapters). A large number of disciplines are embraced— 
physics, astronomy, geology, geophysics, meteorology chemistry, biochemistry 
and oceanography—end a worker in any of these fields will find something of 
‘nterest in this book. It is, however, written mainly for specialists and contains 
numerous references. Although many of the articles were first written in 1952, 
the authors were able to revise their contribution just before going to press, 
thereby bringing them up to date. This is an important feature of a book 
which tends to give pride of place to contemporary work in a field where progress 
is rapid. 

At the present day we have a fair knowledge of the planet on which we live, 
and there is almost complete agreement on what is believed to be its general 
structure. The earth is a nearly spherical body rather more than 600 km in 
radius. Although the circumstances of its birth are obscure, this event probably 
occurred about 4x 109 years ago. It rotates at an approximately uniform rate, 
once every twenty-four hours, and about it revolves its one satellite, the moon. 

Below a depth from the surface of about 30 km the earth is approximately 
spherically symmetrical in its structure. It contains a large liquid metallic core, 
the temperature of which is probably several thousands of degrees centigrade. 
The core is surrounded by a deep solid mantle, composed mainly of the mineral 
olivine, a ferromagnesium silicate. Overlying the mantle is a thin crust, with 
the study of which geology is mainly concerned, and surrounding the earth is its 
atmosphere. 

Forty years ago when “ geological maps stopped at the coasts and told little 
of three quarters of the earth’s surface and practically nothing of the interior ”’ 
(p. 139), and when only comparatively rudimentary studies of the atmosphere 
were made, a large part of what was known about the earth might well have been 
treated in a book of seven hundred pages. However, progress in the earth- 
sciences has been very rapid during the past four decades and as a result 
Professor Kuiper’s problem of selecting suitable topics must have been a oh 
difficult one, Although his choice was influenced to some extent by the recent 
publication of several comprehensive treatises each dealing in detail with some 
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special topic, the atmosphere is given a prominent place in the book because 
“the study of planetary atmospheres is at present one of the most hopeful 
approaches towards a fuller understanding of the planets and their evolutions ”’. 

Chapter 1, entitled ‘“ Dimensions and Rotation” is by the Astronomer 
Royal, Sir Harold Spencer Jones, who deals with the figure, mass and rotation 
of the earth. This is followed by Sir Harold Jeffreys’ (Cambridge) article on 
the “ Dynamics of the Earth-Moon System”, which is a short essay on the 
changes of the rotation vectors of the earth and moon. 

The first of the four chapters on the bulk properties of the earth is a long 
article by Sir Edward Bullard (National Physical Laboratory) entitled ‘‘ The 
Interior of the Earth’’. Those parts of the earth ‘‘ below the levels at which 
the geologist, the mineralogist and the petrologist ordinarily work ” are discussed. 
First the properties and physical conditions—density, composition, ellipticity, 
pressure and gravity—as inferred mainly from seismological data and earth 
tides, are dealt with in some detail. This is followed by a discussion of the 
thermal properties of the earth, and the article concludes with a short section on 
the origin of the earth’s magnetism. 

Chapter 4 is by J. Tuzo Wilson (Toronto) who considers ‘“‘ The Develop- 
ment and Structure of the Crust”. It opens with a survey of the general features 
of the crust, namely ocean basins, continental shelves and coastal plains. "Two 
general causes of these features have been suggested by geophysicists. The 
first is compression due to thermal contraction of the earth, proposed by Jeffreys 
in 1929. The second is thermal convection in the mantle, an idea that was first 
put forward by Vening-Meinesz in 1934. ‘The remainder of Professor Tuzo 
Wilson’s article is devoted to an account of his own extensive development of 
the thermal contraction hypothesis, which appears to meet with a fair measure 
of success. 

H. V. Sverdrup (Oslo), in his article on ‘‘ Oceanography ”’ commences with 
a general description of the ocean basins. He divides the rest of his discussion 
into two parts, dealing first with the properties of sea water and the complicated 
heat budget of the oceans, and then with some aspects of dynamical oceanography. 

In chapter 6, ‘“‘ Geochemistry of the Crust”, Brian Mason (Indiana 
University) considers the chemistry of magmatic, sedimentary and metamorphic 
processes. 

The first article on the atmosphere is by H. R. Byers (Chicago) who deals 
with ‘“‘ The Atmosphere up to 30 Kilometers”’. Of the selected topics, viz. the 
circulation of the troposphere, composition, heat balance and temperature of the 
region, atmospheric electricity, condensation and precipitation, the first is given 
most attention. 

‘“‘ Chemical reactions occurring at low levels in the atmosphere are directly or 
indirectly brought about by living matter at the surface”. ‘These processes 
are considered in some detail in G. E. Hutchinson’s (Yale) chapter entitled “ The 
Biochemistry of the Earth’s Atmosphere ”’, which concludes with a few remarks 
on the atmospheres of some other planets, notably Mars. 

The next five chapters, 9-13, are devoted to the high atmosphere. The 
constituent gas on the daylight side of this region is partly ionized and excited 
by incoming solar radiation, and recombination during the night gives rise to 
feeble emitted light from the night sky. Charged particles emitted by the sun 
also impinge upon the high atmosphere and, due to influence of the earth’s 
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magnetic field, they penetrate most easily at high latitudes on both sides of the 
earth and cause spectacular current displays. 

Leo Goldberg (University of Michigan), who contributed chapter 9, 
‘Absorption Spectrum of the Atmosphere”, deals systematically with the 
absorption of solar radiation from the ultra-violet to centimetre wavelengths, 
and with the interpretation of the spectrum in terms of composition and physical 
state. 

The basic data required for the broad characterization of the structure of the 
high atmosphere are presented by Fred. L. Whipple (Harvard) in his article on 
“Density, Pressure and Temperature above 30 Kilometres”. Professor 
Whipple gives the results of very recent measurements obtained with the aid of 
rockets. 

“Emission Spectra of Twilight, Night Sky and Aurorae”’ are discussed by 
J. W. Chamberlain and A. B. Meinel (Yerkes and McDonald Observatories) in 
chapter 11. After a short introduction dealing with the techniques employed, 
a fairly full account of the results is given. The authors then consider the 
interpretation of these results, carefully commenting of their significance with 
respect to existing theories. 

Chapter 12 “‘ The Physics of the Upper Atmosphere ”’, is by D. R. Bates 
(Belfast) who selects a few topics from a broad field, paying most attention to the 
photochemistry of the upper atmosphere, to the theory of the formation of the 
ionized layers, of the airglow and the aurorae, and to the thermal balance. This 
is followed by M. Nicolet’s (Brussels) article on ‘“‘ Dynamic Effects in the High 
Atmosphere ”’, which deals mainly with photochemical problems, but concludes 
with a short account of high atmospheric motions as evinced by photograhic 
and spectroscopic studies, and by ionospheric and radio-astronomical (scintil- 
lation) observations. 

The purpose of Clyde 'T. Holliday’s (Johns Hopkins University) short 
chapter, “ The Earth as seen from outside the Atmosphere ” is to present eight 
magnificent photographs taken at different times of year from rockets at approxi- 
mately 100 km above the S.W. United States. 

In the final chapter, ‘‘ Albedo, Colour and Polarization’, André Danjon 
(Paris) describes the properties of the earthlight on the moon, from which it is 
possible to infer something about the appearance of the earth as a planet. 

On the whole the book is very well written. Its balance is hard to criticise, 
since the selection of topics to include in any treatise of this kind is always 
influenced by many different factors. Perhaps one might have welcomed in 
this volume an introductory survey of the same type as that given in Volume 1, 
The Sun. 

The research workers continuously seek indications of the lines along which 
future investigations should proceed. Many of these will he find in The Earth 
as a Planet. K. HIDE, 


d 


Titanium (Metallurgy of the Rarer Metals, Pt. 4), by A. D. McQuitian and 
M. K. McQuitian. Pp. xix+466. (London: Butterworths Scientific 
Publications, 1956.) 56s. 

This volume, the fourth of the series edited by Dr. H. M. Finniston, on the 

Metallurgy of the Rarer Metals is larger than its predecessors and is also more 

expensive. It covers the extraction and fabrication of titanium, its physical 
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properties, the constitution of titanium alloys, the deformation and transformation 
characteristics of the metal and alloys, mechanical properties and corrosion 
resistance. ‘The final short chapter is devoted to an account of suitable 
metallographic techniques. Work in these fields published up to and including 
1954 is covered thoroughly and there are occasional references to 1955 papers. 
The 200 diagrams and photographs are well chosen, though unfortunately 
the two plates of representative photomicrographs, Figs. 199 and 200, have 
not come out well. The extraction metallurgy chapter has suffered from 
excessive condensation, while the description of the fabrication of the metal 
and alloys might with advantage have been located after the basic physical 
metallurgy contained in the next six chapters. In a volume of this size some 
repetition is unavoidable but there is, perhaps, more than is desirable. For 
example, martensitic transformations are discussed in connection with each 
alloy system and with considerable duplication in the chapter on trans- 
formations. ‘The clear cut distinction drawn between nucleation-and-growth 
and shear-type transformations in the introduction to this latter chapter will, 
no doubt, be severely challenged. The myth that most fabrication difficulties 
with titanium arise from rapid work-hardening is dealt with effectively. 
Occasionally, lucidity is lost: the statement on page 30 that TiCl, dissolves 
in a eutectic mixture of LiCl and KCl but that two immiscible liquids are 
formed will confuse, so will the statement of the objections to any theory of 
alloying based upon the extended zone scheme with 4 electrons per atom 
(page 282). ‘The present work fills a definite need for a readable and reliable 
reference book and can be recommended to those concerned with the 


manufacture, fabrication, application, or physical metallurgy of titanium. 
P. Cy U, PPEIL, 


Der elektrische Strom im Gas: Band 1, Allgemeine Probleme der Elektrodynamtk 
der Gase, by W. L. Granowski. Pp. xv+500. (Berlin: Akademie- 
Verlag, 1955.) DM 44. 

The author in his foreword explains that this book is devoted to the physics 
of the conduction of electricity through gases, theorems of the electrodynamics 
of gases, fundamentals of the basic theory of elementary processes, and the 
corresponding experimental data. ‘The book is intended for scientists and 
engineers and workers in associated fields, scientific and industrial. 

The book is in four parts, covering: the electrodynamics of ionized gases; 
elementary processes such as elastic and inelastic collisions, recombination 
and the formation of negative ions and phenomena at boundary surfaces; 
kinetics of electrons and ions in a gas, electron velocity distribution, drift, 
and ionization; and, finally, a discussion of the general methods of dynamics 
applied to currents in an ionization gas. ‘Ihere are numerous tables and 
references. 

The treatment is extensive, careful and logical. In much of the mathematical 
discussion the general methods employed are similar to those in the textbook 
of Chapman and Cowling. However, a possible criticism is that in view of 
the amount of space devoted to it one might have expected the theory to be 
carried further. Similar criticism applies to the account of the experimental 
work. This edition is dated 1955 but it appears to be a translation of the 
original Russian work of 1951, and indeed there do not appear to be any 
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references later than this. Consequently, some of the experimental results in || 
important branches are out of date and readers should bear this in mind. It is | 


a pity that so much of the important post-war advances are not incorporated. | 
However, the book can serve as a most full and detailed compilation of the | 


mathematical methods employed in this subject up to 1950. FLL. Jal 


Elektrische Vorgdnge in Gasen und im Vakuum (Electric phenomena in gases and | 


in a vacuum), by N. A. Kapzow. (Berlin: Deutscher Verlag der Wissen- || 


schaften, 1955.) DM. 42.20. 


This is a welcome edition to the series of textbooks on ionization in gases | 
which have appeared in the U.S.S.R. during the post-war period. ‘The subject | 
is apparently regarded there as of considerable importance. The author is the | 
director of a research department of physics in the Lomonossow University at | 
Moscow. ‘The book is designed for students taking advanced courses at Uni- 
versities and Technical Academies, for industrial researchers and for engineers. 
The translation into German seems to have been done with great care and the 
book is on the whole easy to read. It is a tome of 700 pages which differs from 
our standard textbooks in many respects: it contains not only over 2500 refer- 


ences that deal with various aspects of the movement of charges through a gas, | 
but also sets out to describe the technique of high vacua. 

As an introduction the methods of evacuation and of the measurement and 
preservation of low pressures in vacuum systems are given, as well as the tech- 
nique of handling gases. Then the thermionic and the field emission processes 
are treated including the electron emission from mono-layers and oxide cathodes. 
The Schrot effect, the photoelectric effect, the secondary emission of electrons, 
the ionization and excitation of gas atoms and the collisions of the second kind — 
are discussed. Then follow the theory of photo and thermal ionization in gases, 
and sections on negative ions, recombination, mobility, space charge effects and 
probes. One tenth of the volume is devoted to the emission of radiation from 


discharges. Other sections contain ionization by collisions in electric fields, the 


electric breakdown of gases, the glow and the arc discharge, the plasma, the posi- 
tive column in arcs, the spark discharge, lightning, atmospheric electricity, 
corona and high frequency discharges and chemical changes ina discharge. ‘The 
book closes with a short chapter on practical applications. 

The text is of great clarity throughout and the presentation breathes modesty 
and simplicity. ‘Though the classical contributions of foreign authors are on the 
whole fairly completely given, much emphasis is put on the contributions by 
Russian and Soviet (s7c /) scientists whose achievements have in the past probably 
always been belittled by other nations owing to the language difficulties. On the 
other hand one finds in various sections of the book, for example in the treatment 
of secondary processes in breakdown, high frequency discharges, etc., a quite 
distinct lack of appreciation of modern views which is probably due to the re- 
stricted library facilities. If sometimes too much has been attempted and too 
little depth been reached, this deficiency is balanced by the advantage that the 
superficial treatment of a great variety of problems might whet the appetite of 
those readers who may wish to pursue the matter further. 

The text is illustrated by 330 figures, many of which can be recognized as old 
acquaintances, and a great deal of numerical data is given in 67 tables. There 
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is no doubt that those who want to obtain information about many branches of 
discharge physics will find this book an interesting source of study. 


A. VON ENGEL. 


Methods of Mathematical Physics, 3rd Edn, by Str Haroip JErrreys and 
BERTHA Swirtes (Lapy  Jerrreys). Pp. xiit+714. (Cambridge: 
University Press, 1956). 84s. 

When the first edition of this monumental work was issued in 1946 it was 
fully reviewed in these Proceedings, 1947, 59, 512. Since then a second edition 
in 1950 corrected a few minor errors, and added some 50 pages of new material. 
The fact that a third edition is now called for is a tribute to the uniqueness of 
this book, and the fact that hardly any changes are now required is a tribute to 
its excellence. he first reviewer said of it that “ it is a book of quite exceptional 
importance’’. ‘lhe present reviewer can merely echo these words. For this 
account of the methods of mathematical physics is still magnificent in its scope 
and architecture. There must be very few major techniques in theoretical 
physics which are not explained here, and illustrated by some genuine example. 
It remains, and is likely to continue for many years, an almost indispensable 
work of reference for anyone attempting research in theoretical physics. Even 
its price, which seems pretty high, is not altogether unreasonable. There will 
not be many of the people for whom this book is intended who would not save 
themselves four guineas’ worth of time by possessing it. C. A. COULSON. 


Meteors. (Proceedings of a Symposium on Meteor Physics, Jodrell Bank 
Experimental Station, University of Manchester, July 1954.) Edited by 
T. R. Katser. Pp. viit+ 204. (London: Pergamon Press, 1955.) 55s. 


A wide range of investigations are connected with the problems of meteor 
physics and it was felt that an international conference would provide a valuable 
meeting for workers in the different fields. Such a conference was held at 
Jodrell Bank, Manchester, in July 1954 and the articles in this book represent 
contributions to this symposium. 

The book provides, in a convenient form, a survey of the most important 
current developments in meteor research. ‘The topics which received most 
attention were the problems of meteor ablation, radio echo studies, the relation 
between meteors and the ionosphere and the numbers and sizes of meteors in the 
incident flux. A general measure of agreement was reached over their physical 
structure and also regarding the effects of meteors on the night-time E region. 
On the other hand, contributions concerning the relation between radio and 
photographic meteors showed the need for very much more extensive obser- 
vations, which can only come from the new fast cameras used in conjunction with 
the radio measurements. ‘The last part of the book is devoted to accounts of the 
meteor research programmes in different countries, with particular reference to 
the International Geophysical Year. 

The production and layout are most pleasing and one can only regret the 
high price, which seems unavoidable in books with a comparatively restricted 
circulation, J. E. BALDWIN. 
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Figure 1. Aluminium oxide pattern obtained 
from the tongue of oxide shown below. 


Figure 2. The sharper pattern due to 
boehmite originating from the area of 
film shown. Specks of metal are 
present. 
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Phase Changes and Resonance Effects in Radio Echoes from 
Meteor Trails 


By J. S. GREENHOW anp E. L. NEUFELD 


Jodrell Bank Experimental Station, University of Manchester 


Communicated by A. C. B. Lovell; MS. received 16th February 1956, 
and in final form 10th May 1956 


Abstract. When an ionized meteor trail is studied by the radio echo technique 
variations in phase of the scattered wave are observed. The phase changes 
resulting from diffraction effects, and those caused by the orderly movement of 
the trail under wind forces, are well known. ‘his paper discusses a third type 
of phase change which is attributed to resonance as the ionized trail expands. 
It is shown that the measurements are in good agreement with the phase changes 
predicted by the theory of the scattering of radio waves from meteor trails. 


$1. INTRODUCTION 


effects and the influence of upper atmosphere winds are well understood. 

The former gives rise to the so called ‘ Doppler whistle’, and is the basis for 
the measurement of meteor velocity using continuous wave techniques (Manning, 
Villard and Peterson 1949, McKinley 1951). ‘The small amplitude fluctuations 
associated with these diffraction effects are observed with pulsed radar systems, 
and also give a measure of meteor velocity (Davies and Ellyett 1949). 

Large phase changes are also produced by bodily motion of the meteor trails 
under the influence of winds (Manning, Villard and Peterson 1949). As the 
path length to and from the echoing point changes by integral numbers of wave- 
lengths, the phase of the echo varies through successive cycles of 360°. Observa- 
tion of these phase changes enables systematic measurements of the winds 
between altitiudes of 80-100 km to be made (Greenhow 1954, Elford, Liddy and 
Robertson 1953). 

This paper is concerned with a third type of phase change, which is attributed 
to resonance effects as a column of meteor ionization diffuses (Herlofson 1951, 
Kaiser and Closs 1952). If the electron density is initially above the critical 
density for the wave frequency employed, then as the dielectric constant at the 
centre of the trail passes through the value — 1-4, the amplitude of the radio echo 
is enhanced by resonance, provided the electric vector in the incident radio wave 
is perpendicular to the trail. Such effects have been observed by Closs, Clegg 
and Kaiser (1953) and Billam and Browne (1955, 1956), who find that the 
ratio of resonant to non-resonant echo amplitude is approximately 2. 

As the meteor trail passes through the resonant condition the theory of 
scattering predicts that the radio echo should undergo a phase reversal of 180°. 
The phase angle increases (defined as a positive variation), corresponding to a 
recession of the echoing point. This paper is concerned with the investigation 
of phase changes of this type. 
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§ 2. "TECHNIQUE 
2.1. Apparatus 


Changes in echo phase are measured by beating the received signal with a 
reference waveform of fixed phase. ‘The apparatus has been in use for the past 
two years for the investigation of upper atmospheric winds, and is fully described 
elsewhere (Greenhow 1954). Examples of the meteor echoes recorded by the 
equipment are given in figure 1 (Plate). Various characteristics of the echoes 
are displayed on three cathode-ray tubes. C.R.T.1 records the variation of 
amplitude on a slow time base of 0:3 second duration; the echo pulses are 1/150 
second apart. C.R.T. 2 and 3 show the beats in amplitude produced when the 
coherent echo pulses are combined with various reference waveforms. ‘These 
signals enable the phase variations between successive echo pulses to be determined 
as follows. 


2.2. Measurement of Phase Angle 


Let the echo signal received from a meteor trail be represented by 


yi = a(t) sin [wt — $)] 
where a(t) is the amplitude of the echo, and g(t) its phase relative to some arbitrary 
zero. Both the amplitude and phase are functions of time. is the angular 
frequency of the radio wave. 
When the received signal is added to the reference wave Y,= A, sinwt of fixed 
amplitude A, and with phase taken as the arbitrary zero, the resultant signal is 
Y,+y,=4,sin wt + a(t) sin [wt — 6(¢)] 
= B, sin (wt +4). 
BP =A, +@(t) +2a(t)A, cos f(t), where B, is the amplitude of the combined 
echo and reference waveforms. For A,> a(t), this reduces to 
B,=A,+ a(t) cos ¢(t). 
The time varying part of B, is the product of echo amplitude and cosine of the 
phase angle. The quantity B,(t)= a(t) cos A(t) is displayed on cathode-ray 
tube 2. This gives the variation of cos 4(t) throughout the lifetime of the echo, 
but it also includes the variable echo amplitude a(t), and does not show whether 
the phase angle increases or decreases. 
These two uncertainties are removed by adding the receiver output to a 
second reference signal Y,=A,sin(w#t— 47) in phase quadrature with the first 


(Manning, Villard and Peterson 1952). ‘Thus 
Y,+y,= Ag sin (wt — 47) + a(t) sin [wt — A(2)] 
and as before this reduces to 
Y2+91= By sin (wt + fo) 

where By=A,+ a(t)sin¢(t). In this case the time varying part of B, is the 
product of echo amplitude and sine of the phase angle. ‘This quantity ‘B,(t) is 
displayed on C.R.T. 5. Now B,(t)/B,(t) = tan ¢(t), thus division of corresponding 
pulse amplitudes in displays 3 and 2 gives the variation of phase angle throughout 
the echo, independent of amplitude variations. Inspection of the signs of sin 4(¢) 
and cos ¢(t) gives the sense of the phase change. (In figure 1 the convention is 


such that if the oscillation in 3 leads that in 2 by 37, the drift of the trail is towards 
the observer, i.e. the phase angle is decreasing.) 
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The error in phase measurement is almost entirely limited by the signal-to- 
noise ratio of the echo. For a ratio of ten times, characteristic of those used 
in the analysis, the phase angle measured from a single pair of pulses will be in 
error by approximately 0-14 radian. 


§ 3. RESULTS 


o 


3.1. Selection of Echoes 


in general the phase change observed in the radio echo from a meteor trail 
is predominantly due to upper atmospheric winds. For example in figure 1(a) 
the beat components fluctuate through three cycles (1080°) in 0:26 second. 
This corresponds to a bodily motion of the trail of 1-5 wavelengths (12:4 m), 
and a radial component of wind velocity of 48 metres sect. Phase changes 
of this order of magnitude are present in the majority of echoes, and make it 
difhcult to observe the much smaller phase changes due to diffraction and 
resonance effects. (In any case, because of the low pulse repetition frequency, 
diffraction fluctuations will not be observed except for very slow meteors.) 
Thus in the following analysis measurements are restricted to those echoes 
which show zero or very small phase changes in the main body of the echo. 

An example of this type of echo is illustrated in figure 1(b). The amplitude 
variation of a(t)sin¢d(t) shown in 1(4), 3 is almost indistinguishable from the 
simple amplitude variation a(t) shown in 1(d), 1 (although reversed in sign). 
Thus sin ¢(t) varies little from —1 throughout most of the echo. In 1(d), 2, 
cos ¢(t) is such that a(t) cos g(t) is approximately zero for most of the echo, and 
for this reason the small but rapid variation in cos 4(¢t) near the beginning of the 
echo is very marked. Indeed division of corresponding pulses between X and Y 
in 3 and 2 shows that tan¢(t) changes from unity to approximately infinity in 
eight echo pulses. ‘This is a +45° phase change in 0-05 second. (Increase in 
phase angle as cos¢(t) changes from a negative value to zero, while sin A(t) 
remains negative.) 
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Figure 2. Echo phase ¢ (t) plotted against time measured from passage of meteor across 
the right-angle reflection point. 1t, period of resonant phase shift; u phase change 
caused by bodily motion of the trail; s, phase change due to diffraction. effects. 
O and M mark the position of half maximum and maximum echo amplitude. 
(a) Zero wind. (b) Low wind velocity, showing method of correction. 


The pulse by pulse variations in phase of this echo are shown 1n figure 2(a).. 
The phase angle first shows a decrease (due to diffraction effects to be discussed 


later), and this is followed by a rapid increase of 55°. This increase takes place 
2 B-2 
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within 50 msec; during the remainder of the echo (0-25 sec) there is no detectable 
change in phase due to winds. The point of maximum echo amplitude is shown 
in figure 2(a), and the phase change after this time is + 30%: 


3.2. Correction for Small Wind Drifts 


An example of an echo showing a small phase change due to bodily motion 
of the trail is shown in figure 2(b). The rapid phase recession OB near the 
beginning of the echo is quite distinct from the slower variation due to winds 
in the main body of the echo. In this case the trail is blowing towards the observer. 
The effect of wind drift is removed by calculating the change of phase per pulse 
interval from the part of the curve BC and adding this small correction pulse by 
pulse from AtoC, ‘The drift velocity of the trail is approximately 4-5 metres sec, 
or 2:5° per pulse interval. ‘The variation of phase corrected to zero wind velocity 
is also shown in figure 2(d). 

In the following analysis echoes are only accepted in which the drift velocity 
‘s less than 4 metres sec! (2° per pulse) as it is desirable to measure resonance 
phase changes as small as 10° spread over several pulse intervals. A further 
criterion of course is that echoes are of the short duration ‘decay type’, with 
electron line densities of the order of 10%cm™}. ‘These are the echoes which 
show resonance effects. 


3.3. Distribution of Observed Phase Changes 


From a total of approximately 35 000 usable echoes obtained during a series 
of wind measurements (Greenhow and Neufeld 1955 a) only 113 satisfy the above 
criteria. The remainder of the echoes show wind drifts of 30-40 metres SECz ah 
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Figure 3. (a) Distribution of phase changes measured after amplitude maxima. 
(b) Durations of phase changes in (a). (c) Duration distribution of echoes used in 
the analysis. 


} Resonance phase shifts are apparent in many echoes showing high wind speeds, 
but it is impossible to measure the magnitude of the effect with any reasonable accuracy. 
For example, in figure 1 (a) the pulse envelopes of the fluctuations in (2) and (3) 
are sinusoidal, showing a constant rate of phase decrease of 1080° sec~*. At the point R 
however, a small distortion occurs in the envelope, and for a short time the phase ae 
decreases less rapidly. This is probably caused by the small phase recession due to 
resonance, in opposition to the wind drift. 


Phase Changes and Resonance Effects in Radio Echoes from Meteor Trails 1073 


A histogram showing the distribution of phase changes observed after the 
maximum echo amplitude is given in figure 3(a). 92°% of the echoes show positive 
phase shifts lying between 5° and 120°, with a peak in the distribution between 
20° and 60°. Only 3% of the echoes show definite negative phase changes. 

Figure 3(5) is a histogram showing the durations t of the observed phase 
shifts, measured after the maxima of echo amplitude (figure 2). In 50% of the 
echoes the phase change is over within 25 msec. The most frequently 
observed value is 20 msec, which‘is a small fraction of total echo duration. The 
distribution of echo durations used in the analysis, measured from time of 
maximum amplitude to disappearance in receiver noise, is shown in figure 3(c). 
The most probable duration is 0-17sec. The echo decay times 7 to I/e of the 
estimated maximum amplitude for non-resonant scattering are approximately 
one half those shown in figure 3(c). Tis related to the wavelength A and diffusion 
coefficient D by the expression T= )?/167?D (Herlofson 1948, Greenhow and 
Neufeld 1955 b). 


§ 4. DIscUssION 
4.1. Phase Changes due to Diffraction 


In the investigation of phase changes in the early part of the radio echo from 
a meteor trail, diffraction effects during trail formation must be considered. 
The theoretical amplitude fluctuations are shown in figure 4(a@), and the phase 
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Figure 4. (a) Theoretical amplitude fluctuations caused by diffraction effects during trail 
formation. (6) Theoretical phase changes associated with these diffraction effects. 
variations in figure 4(b). O corresponds to the point at which the meteor crosses 
the perpendicular from observer to trail, and at this instant the echo amplitude 
rises to one half the maximum value at M. Reference to 4(b) shows that the 
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resultant phase change due to diffraction, after the meteor passes the right-angle 
reflecting point, is zero. During the rapid rise in amplitude before O there is a 
negative phase change, and this is found in the early parts of echoes shown in 
figures 2(a) and (6). After the first maximum of the diffraction pattern the 
oscillations in phase are only approximately + 5°, Diffraction effects can therefore 
be neglected in consideration of the phase changes discussed in this paper, provided 
measurements are restricted to the time after the passage of the meteor across the 
right-angle reflecting point. In fact in the analysis the measurements were 
further restricted to the period after amplitude maxima. 


4.2. Resonance Effects 


When the electric vector in the incident radio wave is perpendicular to the 
ionized column, theory predicts a phase change of +180° during resonance. 
According to Kaiser (1955) 135° of the change should occur before 
maximum, and only 45° after this point (figure 5). When the electric vector is 
parallel to the trail, of course, no resonance effects are observed. In the series 
of measurements described in this paper, horizontal polarization was used. 


g 
aa 
2 Amplitude 
Maximum 
¢t—, 
7 


0 1-0 
Time (units of 7.10°?a) 


Figure 5. Theoretical phase variations during echo lifetime, for transverse scattering 
(after Kaiser). Phase angle ¢ is defined in § 1 of the present paper, and 7 in Se 
a is the electron line density per cm in the meteor trail. 


Thus the most probable orientation of electric vector to trail is 90°, and for such 
echoes the full phase shift should be observed. Approximately three quarters 
of the observed meteor trails lie within +45° of this position, and more than 
half the theoretical phase change should be observed even for these echoes. 
No trails are observed for which the electric vector is parallel to the trail (non- 
resonant). The resonant phase changes observed with equipments using 
vertical polarization will, in general, be much smaller than those observed using 
horizontal polarization. 
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4.3. Comparison of Measured Phase Changes with Theory 

(a) Magnitude. 

The phase changes shown in figure 3(a) are in good agreement with the 
theoretical value after the amplitude maxima. The mean value is 38°, compared 
with the expected figure of 45°. The difference probably arises because of 
the number of trails observed near parallel polarization. The small number of 
negative phase changes could arise from minor distortions due to irregular winds. 
Phase shifts appreciably exceeding the theoretical value are also observed. In 
the analysis it has been assumed that the amplitude maximum caused by resonance 
coincides with the diffraction maximum. ‘This is not necessarily the case, as 
the time of resonance depends upon the rate of diffusion of the ionized column, 
and upon the initial electron line density. It would be expected, however, that 
a combination of the two effects would be to displace both the maxima producing 
a single broad peak, resulting in an uncertainty in determining the exact point 
from which to measure the phase angle. 

Although theory predicts a phase reversal of 180°, changes as large as this are 
rarely observed. Resonance occurs when the column of ionization has diffused 
to such a diameter that the dielectric constant at the centre reaches —1-4._ Fora 
trail formed instantaneously the complete resonance would be observed. How- 
ever, a meteor takes a finite time (of the order of 1/40 sec) to traverse the first 
Fresnel zone; this is the length of trail primarily responsible for the reflection 
of radio waves. ‘Thus the ionized matter at the beginning of the Fresnel zone 
has already started to diffuse before the end of the zone is reached, and resonance 
occurs at different times at different parts of the trail. This effect tends to smooth 
out the phase changes due to the trail asa whole. Further, over the section of 
trail between the beginning of the first half period zone and the right-angle 
reflecting point, diffraction effects discussed in § 4.1 also influence the observations. 
Even so the phase changes measured after the half amplitude point on the initial 
rise in echo amplitude are appreciably larger than those measured after the 
amplitude maxima. The median value is 60°, and occasionally a full 180° 
reversal is observed. ‘These examples are presumably due to fast meteors 
observed low in the atmosphere, where the rate of diffusion is small. 


(5) Duration. 


From figure 5 the duration of resonance after amplitude maxima is given 
by t~0-67 x 10-”*. ‘The most probable value of «, calculated from equipment 
parameters, is 3 x 10"! electronscm™, while the most probable value of T is 
85 msec (§3.3). ‘Thus the value of t expected to occur most frequently is 15 msec. 
This is in good agreement with the observed duration of 20 msec (§3.3). Thus 
the phase changes observed after the maxima of echo amplitude are in good 
quantitative agreement, in both magnitude and duration, with theories of scattering 
of radio waves from ionized meteor trails. ‘There is reasonable qualitative 
agreement for the portion of the echo observed before amplitude maxima. 
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Abstract. ‘Vhe Eddington approximation is appiied to obtain expressions for the 
total intensity of the diffuse radiation in composite diffusers containing or 
illuminated by non-uniformly distributed sources. Methods are given for 
simplifying the solutions for point and line sources in highly scattering media. 


$1. INTRODUCTION 


ONSIDERATIONS of radiative transfer were first introduced in astrophysical 
problems in connection with the formation of absorption lines in solar and 
stellar spectra. More recently, the theory of radiative transfer has been 

applied to neutron diffusion and to the optics of diffusing media. The range of 
problems amenable to exact solution is, however, quite small and for most cases an 
approximate treatment is the best that can be given. Of the various approxima- 
tions which have been used for obtaining the total radiation intensity, it seems that 
the best compromise between consistent success and ease of numerical evaluation 
is still that introduced by Eddington. ‘This converts an exact integro-differential 
equation into an approximate second order differential equation and provides a 
very considerable simplification with generally only a slight loss in accuracy, rarely 
as large as 5°, in those cases where a comparison between exact and approximate 
results is possible. More elaborate methods are available, however, for many 
cases where greater accuracy is required. 

Attention has so far been largely confined to one-dimensional transfer problems, 
usually in semi-infinite or plane parallel media although Marshak, Brooks and 
Hurwitz (1949) have given an exact solution for the mean intensity—corresponding 
to the neutron density in neutron diffusion theory—in an infinite absorbing and 
scattering medium illuminated by a uniform point source, and Mark (1944, 1945) 
has discussed the same problem using spherical harmonics. Composite media of a 
restricted class have been considered by Berlin (1948), Marshak (1947) and 
Davison (1951) in connection with the influence on neutron density of completely 
absorbing spheres or cylinders in non-absorbing infinite media. 

Two-dimensional problems have received very little discussion. Some very 
approximate results have been given by Wallace and Le Caine (1946), while 
Giovanelli (1956) has given an approximate discussion of the intensity due to 
a line source within a semi-infinite medium and Jefferies (1955) has given a 
first approximation to the intensity in a semi-infinite medium illuminated by 
collimated normally incident radiation the intensity of which varies across the 
surface. Elliott (1955) has derived asymptotic solutions for a point source on a 
semi-infinite non-absorbing medium. It seems that progress in the exact solution 
of such problems will be slow, and in the following we adopt the usual Eddington 
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type approximate diffusion equation in considering rather general cases of non- 
uniformly distributed sources in composite infinite media containing a plane, 
cylindrical or spherical discontinuity. Either or both media may be absorbing or 
non-diffusing. 

Methods are presented for simplifying the form of the solutions for point and 
line sources, thus rendering them more amenable to numerical computation ; 
the techniques are applicable to the solution of a wide range of problems with 
eccentric point sources. 


§ 2. Tue Dirrusion EQUATION AND ITS LIMITATIONS 


The approximate equation for the total intensity J of diffuse radiation in a 
medium of extinction coefficient « and albedo for single scattering w= | —) 1s 
given by 

V2 =3n2 AT —47S) tts (2.1) 


where = | Idw, 
/ 4a 

I being the specific intensity of the diffuse radiation, and S, the source function, is 
the ratio of the rate of emission of radiation per unit volume and solid angle to the 
extinction coefhicient. 

Equation (2.1) contains Eddington’s approximation for plane parallel diffusion 

Al! 
wrdu= | Tdp, 
eed | mt 

where cos“! is the angle to the normal, a condition holding exactly if the intensity 
can be expanded in a Legendre series 


[= 2% CnP al), 


provided the coefficient c, is zero. In particular, it applies if the radiations in the 
inward and outward hemispheres are separately isotropic. In media absorbing 
only slightly, the approximation is very close, but deviations increase as wo 
decreases. Nevertheless, the close agreement between reflectances obtained on 
this approximation and on exact theory indicates the general suitability of the 
approximation over a wide range of wo. 

When diffusing media are irradiated non-uniformly from without, the source 
function S arising from the scattering of the incident radiation is generally an 
unwieldy complicated integral. A most useful simplification is achieved, how- 
ever, for a large class of media irradiated diffusely by neglecting the source function 
and incorporating the incident radiation with the general diffuse radiation field, 
with suitable boundary conditions. Inside the medium, the intensity of the 
attenuated incident radiation is far from isotropic except near the surface, 7 <0-02 
say. If the scattering is fairly high, however, the main component of the radiation 
field in the interior is the scattered radiation; thus (2.1) applies well to the total 
radiation field, incident plus scattered, and the source function S may be taken as 
zero. The range of application for best results is «20-9, i.e. for media which in 
the semi-infinite form have reflectances exceeding about 50°. It applies also to 
diffusing spheres of small optical thickness for any value of wo. 
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§ 3. Ranpom Sources IN Discontinuous MEDIA 


In this and the following sections we consider infinite media containing a plane, 
cylindrical or spherical surface of discontinuity, on either side of which the media 
have different diffusing properties. As special cases, one of the media may be 
perfectly transparent or may be black. 

The method of solution is very similar for each geometry, and in the present 
section we restrict discussion to a medium containing a spherical discontinuity of 
radius7. For simplicity, the source is taken to be distributed symmetrically in the 
azimuth, ¢, coordinate, but otherwise to be arbitrary, in which case it may be 
expanded quite generally in the form 


oO 


Sou= GP) seve (3.1) 


r= 
where t=«r(3A)!?, cos'tu=6, G,(t) is a function of ¢t and P,,(u) is the Legendre 
polynomial of order n. 
A solution for the total intensity J may be sought in the form 


ee ee ee Dae (3.2) 


n=0 
Substitution of (3.1) and (3.2) in the transfer equation (2.1) then yields 
a oe, EO Fa 
aa ae E + oe Fe Ode (3 ae ee a (33) 


whose solution, in the usual notation for Bessel functions of purely imaginary 


argument, is 
7 At) =A A(t) ies Ky, 1/a(t) a B,(t) ail 1, +1/2(?). ae (3.4) 


vt bn, 
Here A,(t)= | 9?G,(x) I yrle)de, B,()= |" P®C,(2)K, sa(x) de 
/ dy Yt 


and a, and b, are constants required to fit the boundary conditions, having 
different values inside and outside the spherical surface of discontinuity. If there 
is no source at the centre, 7,,(¢) remains finite there, which requires that inside the 
sphere a,,=0, while, since the total intensity tends to zero at large distances from 
the source, b,,= «© outsidethesphere. ‘lhe other two sets of constants are obtained 
by equating total intensities and radial fluxes on either side of the spherical surface. 


Phusatyr—=7,, 
ld, 1d, 


Ky or Ko or 


een 


the left- and right-hand sides of (3.5) referring respectively to the interior and 
exterior regions. The solution of (3.4) subject to (3.5) is lengthy but straight- 


forward. 
In the special case of a sphere in a vacuum, the second boundary condition 


(3.5) may be approximated by 
2 af 


= 3B Ot — 
where 8 =(3A)-?2, which leads to the solution for the wth component of J, 


yi ie ono (eee Coane (3.6) 


+t 
In(t)=t9? Ky galt) | 9°? Gu () Ly sil) dv 


rto 
aie te 1, +1(t) LI a G(x) K,,+1/0(%) dx i 2. sos ea ees (3.7) 
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where 


eS ig V?K.,, 4 1/0(to) eae ae [d/dtye Kal?) ae x32 G(x) I, sal) dx. 
Mtg Ag ape ta) er 28-1 [d/dttt "I tilt) bet] 20 . é 

In the case of a spherical hole in an infinite diffuser, the net radial flux is zero 
atthe surface, whence dJ/dt there is zero. For a black sphere in an infinite 
diffuser, the flux out from the sphere is zero, and 

ye 
Sa ecam 


on the sphere surface. ‘The corresponding solutions follow readily. 


J 0 


§ 4. Mepia IRRADIATED DIFFUSELY 


When an isolated semi-infinite medium, cylinder or sphere, @o_0°9, 1s 
irradiated diffusely from the outside, the results of §3 can be greatly simplified by 
neglecting the source function and introducing appropriate boundary conditions. 
Solutions are given below for arbitrary distributions of the incident radiation in one 
dimension only. While the results are of intrinsic interest, their main application 
is in the study of diffusion from point and line sources, discussed in the next 
section. 


4.1. Semi-infinite Medium 


Let the surface of a semi-infinite diffuser be irradiated isotropically, the incident 
flux per unit area Fy (x) being a function of the x coordinate only. If the 2 axis is 
normal to the surface, then when a, =0°9, (2.1) may be replaced by 

oJ G's 

Se 

Cu oie 
where J is the sum of the total intensities of the incident radiation and of the 
scattered beam, and u=xx(3A)"2, w=x2(3A)!2. The solution of (4.1.1) is required 
subject to the boundary conditions 


J —2F =4F,(x) 


a ee (4.1.1) 


ninere F= | Vina 


Y 4a 
cos! being the angle between a ray and the 3 axis. 


A formal solution of (4.1.1) may be found using a Fourier transform method. 
The transform of (4.1.1) with respect to w is 


dF 


af Ate i ere eee (4.1.3) 
where 
= (ny |. Jexpceaen 
The solution of (4.1.3) which does ace ven as > — ois 
f= Aexp|wo(i-+e)7)) ae’ eee (4.1.4) 


and the arbitrary constant A follows from the transform of (4.1.2), noting that 
F=—48"1dJ/dw. Thus 
A ay 


= ESF Peery les) 
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ehere b= (20)? |" 3 Fo(u) exp (7€u) du. 


1 {  ” 46 exp (—72€u) exp [zo(1 + €)1] dé 
J =(2a)-"2 : 
Hence J = (27) | > T+ 331+) daha sarees 
In particular, for a strip source of infinitesimal width lying in the surface and 
emitting total flux 27OQ per unit length, Fo(w) =2708(u) where 5(u) is Dirac’s 
delta function, and 


© exp (—7€u) exp [w(1 + €)"?] dé 


J=2nQ | Tee 
=470 I, pre ae ees ae iS ae ee eee (4.1.7) 
If the irradiation over the wine is periodic so that 
4F,(u)= bs a,cosnu (n=0, 2nk, 4ak,...) 
the corresponding solution ie 
Fibre LEA SE LC Tay Oh ate (4.1.8) 


peor 14+ 2674(1+n7)!2 


4.2. Cylindrical Medium 
Let the surface of an infinitely long cylinder of radius py be irradiated isotropic- 
ally, the incident flux per unit area Fy (#) being a function of ¢ only. Then the 
solution corresponding to (4.1.8) is 


oe RS LC) Pe) 


where ~ 4F(¢)= 3 x, COS nd, 
n=0 


t=xp (3A)!? and I,,(t) is the modified Bessel function of purely imaginary argument. 


4.3. Spherical Medium 
Let the surface of a sphere of radius 7, be irradiated isotropically, the incident 
flux per unit area F,() being a function of only. ‘Then the total intensity at any 
point is r pn canes 
] Une nm+1/2 n 
IN ii Vagatlte) HAP 2 A) Tyas, 
which may be written as 
Sy pte A (eee | eee (4.3.2) 


where t=xr(3A)!? and 4F,(u)= 2d Pale }; 


§ 5. EccENTRIC POINT AND LINE SOURCES 
The formal solution of the type (3.7) meets with some difficulties in the case of 
an eccentric point source, for it is then necessary to expand the source function in 
terms of Legendre polynomials of high degree. ‘The solutions thus require 
lengthy numerical computation in any particular case. 
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For high scattering, 7~ 9-9, simpler solutions generally requiring only a small 
number of terms for adequate evaluation can be obtained for a medium containing 
a spherical discontinuity and an eccentric point source, analogous expressions 
being obtained for other geometries. ‘The technique 1s demonstrated below in 
discussing diffusion in a semi-infinite medium and, in greater detail, an infinite 
medium containing a spherical discontinuity. 

5.1. Line Source Parallel to a Semi-infinite Diffuser 


Consider a line source emitting flux 47O per unit length uniformly into a semi- 
infinite medium, the source being parallel to the surface. At distance p from the 
source, let the total intensity be OM,(p). 

Now suppose a second ‘dentical semi-infinite medium placed against the first, 
the total intensity being increased to OF ,(p), its magnitude in an infinite medium. 
F (p) has been discussed and evaluated by Jefferies (1955) using an Eddington 
approximation. 

Using a method introduced by Giovanelli (1955), it is now noted that OF ,(p) 
consists of two components, the first of which OG,(p) is due to radiation which has 
at all times been confined to the first semi-infinite diffuser. The second is due to 
radiation which has diffused once or more through the adjacent medium, resulting 
in a diffuse flux of magnitude 


2 mee 
ras 2e)  =10(%0)+ Re Fe) 


entering the first diffuser at all points of its surface, the distance p’ being that of a 
surface point from the source. 

Since the intensity along the surface is closely isotropic, equation (4.1.6) gives 
the value./p of the second component. Then 


e 


OM (p)=OF (p)-ope" eee G22) 
For the total intensity at the surface due to a line source on the surface, Jp. 
simplifies to 
PAN NPA Hees 4ys cos Eu d& 
Jo 
: (=) iy ESSERE ene ci 
2yU2 (es 
where 4b= (=) | F ,(u) cos €u du. 
Jo 


5.2. Isolated Sphere 


Consider a uniform point source S emitting flux 47O at distance 2) from the 
centre of a diffusing sphere of radius 79. At an arbitrary point, distance z from the 
source, let the total intensity be QM,(z). Now suppose the sphere to be 
surrounded by a diffuser of the same properties as itself. The source is then in 
an infinite diffuser, the total intensity at the above point being OF (2); Che 
function F,(z) has been described and evaluated by Jefferies (1956) using an 
Eddington approximation. 

It is now noted that O.¥,(z) consists of two components, the first of which 
OM.,(z) is due to radiation which has at all times been confined tothe sphere. ‘lhe 
second is due to radiation which has diffused once or more through the outer 
region. ‘There is thus a radial flux entering the sphere, from all points on its 
surface, whose magnitude is 


2 eJ Ol 2 OF (2) 
=i So ES = Y Y a 2 
Fy=} | 7+ an = | eg | F(2)+ Baap ie teats (5.221) 
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The results of §4.3 then give as the total intensity due to this component 


QEJ,(t) P,(u) where 
O7,,(t) = B,, Ne Dale) CUACIECEC (5.2.2) 
and B,, is as in (4.3.2) with 


47-0. {2)+ pet ve (5.2.3) 


Thus 
QM,(2)=QOF(2)— > B,t 71, s(t) Pau). 


n=0 


5.3. Point Source in a Sphere in an Infinite Diffuser 

Suppose the sphere of the previous example is immersed in an infinite diffusing 
medium of different properties, the source being far enough within the sphere for 
direct irradiation of the outer medium to be negligible. Then the total intensity 
in the sphere due to radiation which has not crossed the boundary at least once is 
OM,(2). 

To obtain the contribution due to radiation which has traversed the outer 
diffusing medium at least once, suppose first that the outer diffusing medium 
is removed. ‘Then on the boundary of the sphere at a distance y from the source, 


OMAy)=OF (y)— > Byty Ty rally) PW. eee (5.3.1) 


n=0 
As this radiation is all directed outwards, the outward flux with a vacuum outside 
the sphere would be Fy, =4}0M,(y) per unit area. However, with a diffusing 
medium outside, this flux may be scattered, and diffuses through both media. 
For this component, the equation of transfer for high scattering is then V2J = 3x?AJ 
with solutions of the form 


Tr=QVIOPuly — Fa= QE Jal) Palo) 


where subscripts 1 and 2 refer respectively to the inner and outer media and 
t= (3A,)"?«,, s=(3A2)"?«,. With the boundary conditions that J, is finite at t=0 
and J, is zero at s= 00, 

Irn=Cnt Tn saat)» Jan= Dus? Ky 100s). 
The constants C,, and D,, are obtained from the boundary conditions at r=7ry 
where the intensities J and radial fluxes F change discontinuously : 


[J > = ies =0M,(y) 


os oS EN ae (35,2) 
[F.— Pi |ples 3 Es a a? | aoe =30M,(4). | 


Expanding M,(y) inthe form > m,, P,,(u) where 
n=0 
ee 


m,=(n+4)| May) P,(u) dp 


es 
we find equations for C,, and D,, of the form 
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It follows that the total intensity inside the sphere is 


J,=OM,(2)+ Q ¥ Cot? Insel?) Pal) 


n=0 


ea 


and outside 


Jo=Q Y Dy st? Ky eral) Pale). | 
n=0 


5.4. Black Sphere in an Infinite Diffuser 
Provided that negligible direct radiation from the source would be transmitted 
through the further side of the spherical discontinuity if it were replaced by a 
material having the same properties as the external medium, the diffusion of radia- 
tion around ablack sphere can be treated as in §(5.1). At an arbitrary point in the 
outer medium distant x from a uniform point source emitting flux 47Q and also 
situated in the outer medium, let the total intensity be OM,(z). Then it is found 


that 


M,(2)2Fd2)= & Ayo Ras Be)” eee (5.4.1) 
n=0 
d - 
where A n 8 K ,a12(to) = 3B dt [eave rove Ole 
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5.5. Point Source in an Infinite Diffuser Containing a Diffusing Sphere 
Provided the source is far enough away for direct irradiation of the sphere to be 


negligible, the total intensity can be found as in §5.2. Inside the sphere, the total 
intensity is, in the notation of §5.4, 
J,=0 > C,' O77 1, srplt) Pal) 


n=0 


=(n+3)] 


while outside 


J =OM4(2) +0 > Dy! 7? Ky snls) Pal) 


n=0 
where C,’ and D,’ are given by the equations 
Cie tine lt s12(to) aie Di sy K,, 4120) = 2n 


jepl drone } d : 
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The case of a point source on the surface of a sphere can also be handied by the 
above technique provided negligible radiation passes directly through the sphere. 
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Optical Absorption in Liquid Sulphur—Selenium Co-polymers 


By R. A. HYMAN 
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Abstract. The position of the optical absorption edge in a range of sulphur— 
selenium co-polymers has been determined as a function of temperature and 
composition. The temperature dependence of the absorption edge is 
—1-8 x 10%ey deg™ in selenium and co-polymers containing up to 84 atomic °%, 
sulphur; and —2-9 x 10-ev deg in sulphur. 


$1. INTRODUCTION 


S UL PHU Rand selenium each occur in several chain forms (cf. von Hippel 

1948); each atom is bound to its two neighbours in the chain by single 
covalent bonds, and the chains are bound together by residual forces. 
In particular the chains may be bent to form closed rings. 

Two crystalline forms of sulphur have been definitely identified, both based 
on ring-of-eight molecules, and having respectively rhombic and monoclinic 
symmetries. Thereisalsoan amorphous form, composed of long chains randomly 
placed, which is obtained by quenching the liquid from a high temperature. ‘The 
liquid itself has two phases: it is normally fluid below 160°c, composed mainly of 
ring-molecules; these break at temperatures above 160°c and polymerize to form 
chains, making the liquid viscous. 

Selenium has a monoclinic and an amorphous form corresponding to forms of 
sulphur. In addition it has a hexagonal form based on long spiral chains lying 
parallel to each other. ‘The liquid corresponds to the viscous phase of liquid 
sulphur. 

Sulphur and selenium are miscible in all proportions and a range of mixed 
crystals occurs. 

In general it may be noted that the optical absorption edge is similar in the 
various chain-structures of sulphur and selenium respectively, in spite of their 
differing overall structures. This suggests that the optical absorption edge is, to 
a first approximation, determined by the intramolecular structure, that is, simply 
by the bonding along the chains. 

Using samples of about 40 mm thickness, some workers (Mondain-Monval et al. 
1930) found that the absorption edge in liquid sulphur is displaced towards the 
red by 2:94 A deg up to 160°c, and by 7-44 deg"! at higher temperatures. With 
thin films, more recent work (Bass 1953) shows a displacement of 6-20 A deg”? 
towards the red, both above and below 160°c. ‘The absorption edge in liquid 
selenium is also displaced towards longer wavelengths, by 1-4 10-ev deg™ 
(Saker 1952). The present work has been previously partly discussed (Hyman 
1955). 

§ 2. EXPERIMENTAL METHOD 

Pure sulphur and selenium in the form of fine powders were mixed together 

and then fused, kept nearly at the boiling point for six hours and finally cast into 


rods. 
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Three fused quartz absorption cells were used, having path lengths of 5, 10 |f 
and 20 mm respectively. A constant deviation rocksalt monochromator was used ||} 
which had a bandwidth of approximately 0-01 p at 0-7, and of approximately || 
0-03 pat 1-3. The light was mechanically chopped and the detector used was a |} 
lead sulphide photo conductive cell in conjunction with a sensitive tuned amplifier 
(Brown 1952). All measurements were made when the temperature had pre- 
viously been reduced, but in each case the cell was kept at constant temperature 
for fifteen minutes before measurements were made, With this precaution there 
was, however, no evidence that the direction of previous temperature change 
affected the results. 

The alloy containing 59 atomic °,, of sulphur was reheated and brought to the 
boil for a further three hours, but no change in the absorption was observed, 
indicating that the alloy had been well mixed. 
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Figure 1. Absorption constant of 
liquid sulphur. 
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Figure 3. Absorption constant of 
liquid alloy 24%S-76%Se. 
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Figure 2. Absorption constant of liquid 
alloy 84°%S-16%Se. 
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§ 3. EXPERIMENTAL RESULTS 


Figures 1, 2 and 3 show, respectively, the absorption curves of sulphur, a 
co-polymer of 84 atomic °, sulphur—16 atomic °%, selenium, and a co-polymer of 
24 atomic °, sulphur—76 atomic °,, selenium. In each case there exists an absorp- 
tion edge, that is, a spectral range in which the absorption constant rises steeply 
from a low value, less than 0-1 cm™ on the low frequency side, to a value too high 
to be measured with the apparatus used in the present experiment and probably 
greater than 10*cm't on the high frequency side. Since the slope of the curve is 
finite, it is necessary to choose arbitrarily some value of the absorption constant, 
y.=2cm in this paper, to define the edge. We write E,,_, for the quantum 
energy of the absorption edge defined in this way. 

In selenium the edge is displaced by 1-8 x 10-%ev deg! and in sulphur by 
2-9 x 10-%ev deg’, each over a range of temperatures of 211-434°c. In the co- 
polymers with up to 84 atomic ° sulphur, and measured over a range of tempera- 
tures of 163—325°c, the rate of displacement of the absorption edge as a function of 
temperature is equal to that of selenium. 


§ 4. Discussion 
If the absorption in the alloys were simply an additive function of the absorption 
in the elements taken separately, the edge in the co-polymers investigated would 
remain nearly in the position of the edge of selentum. Figure 4 shows that this is 
not so. On the other hand, the temperature dependence of the edge in the alloys 
is nearly equal to that in selenium. We may give a qualitative picture of these 
observations as follows: 
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Figure 4. Temperature dependence of absorption edge (#=2 cm™) in liquid Se-S alloys. 


Suppose that in the co-polymers the selenium and sulphur are completely 
mixed on an atomic scale, and that the absorption is determined by regions— 
perhaps lengths of chain—then, provided the regions are not too large, a random 
distribution will include regions in which there is a large preponderance of selenium, 
which will absorb as pure selenium and will be mainly responsible for absorption. 
at low values of the absorption constant, that is, at lower frequencies. ‘The 
absorption reaches the value 1 =2cm only at a frequency at which pure selenium: 


2 C=2, 
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would have a much higher value of absorption constant. The frequency at which 
this happens will increase as the number of selenium dominated regions decreases 
so that the absorption edge moves continuously to higher frequencies as the 
proportion of selenium is reduced. 
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Abstract. This paper describes the spatial distribution of fragments on static 
detonation of a thin-walled steel cylinder internally loaded with explosives. 
The fragments on striking a mild steel ‘ witness-plate’ produce a fragmentation 
pattern and a simple analysis of its geometry indicates the direction of emission 
of the fragments. Experimental results indicate that the direction of emission 
of most of the fragments make an angle of 7-5° to the normal to the inner surface 
of the cylinder and away from the exploder. 


§ 1. INTRODUCTION 


HEN a detonating explosive in a metallic cylinder (or shell) is fired at 
one end, the detonation wave moves down the cylinder and the explosive 
turns into gaseous products which exert extremely high pressures on 
the inside of the cylinder. ‘The initial pressure is of the order of 0-3 million 
atmospheres (Pack et al. 1948) and the duration of the pressure is only a few 
microseconds. If the cylinder wall is thin, the cylinder will expand radially 
under the high pressure and tend to fracture into long thin fragments. The 
problem of fragmentation of a cylinder resolves itself into finding the mechanism 
of fragmentation, and the distribution in mass, velocity and spatial distribution 
of the fragments. Mott (1947) considers the fragmentation of a shell case as 
the tearing apart of a rapidly expanding tube when the material of the tube reaches 
the limits of its ductility. He also considers the distribution of fragment 
dimensions to be determined by the scatter in the magnitude of the strain required 
to produce fracture. Clark (1949) took flash radiographs of the 20mm high 
explosive shell during and immediately after static detonation and determined 
the initial fragment velocity for different parts of the fragmentation pattern. 
The present paper deals with some experimental work on the spatial (angular) 
distribution of fragments on static detonation of an explosively loaded thin-walled 
steel cylinder. The fragments strike a mild steel ‘witness-plate’ and record 
on it a fragmentation pattern. A simple analysis of its geometry indicates the 
direction of emission of the fragments. 


§ 2. EXPERIMENTAL WORK 


2.1. Cylinders were machined from solid round commercial steel bars and 
annealed or cut from ‘ water quality’ pipe. : ‘The inside diameter of each cylinder 
was in the range between 1}in. to 2}in. and wall thicknesses varied from ¥in. 


to 3in. All the cylinders were made 5in. long. The cylinder was mounted 
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in a horizontal position having its axis at a certain convenient height from a mild 
steel ‘witness-plate’. ‘The outer surface of each cylinder was free from any 
restraint. High explosive (60 RDX, 40 TN'T) was cast in the equipment. ‘The 
charge was boosted by a 1 oz guncotton primer and initiated by an A.S.A./Tetryl 
electric detonator. The lay-out of the equipment for firing is shown in figure | (a). 
The particular cylinders that were fired are listed in table 1. 


Table 1. Test Cylinder Data 


Material Water-quality pipe Machined from bars 
Inner diameter (in.) ; 2 Pb Dieta? 2, 
Wall thickness (in.) 1 L 35 1 3 
No. of cylinders fired + 8 4 5 4 3 


On firing, the cylinder broke into fragments which struck the witness-plate 
and produced on it a fragmentation pattern. A typical fragmentation pattern 
is shown in figure 1(6). ‘This consists of (a) scooping of the metal of the witness- 


plate in a direction parallel to the axis of the cylinder due to the impact of fragments 
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Figure | (a). Lay-out of the equipment for firing; (6) typical fragmentation pattern on 
a mild steel witness-plate. The dotted lines show the projected area of the steel 
cylinder normal to the witness-plate. 


arising from the main body of the cylinder on the witness-plate, and (4) an arc 
RS of a circle due to the impact of fragments arising from the forward end of the 
cylinder. Let us denote the end fragments by A and Z, and the fragments 
adjoining A and Z by B and Y respectively. The geometry of the fragmentation 
pattern indicates that the fragments A, B, Y and Z were emitted at angles of 
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— 2°, 3°, 8° and 45° to the normal to the inner surface of the cylinder respectively. 
The arc RS is obviously due to the impact of fragments arising as a result of the 
‘corner fracturing’ plus subsequent expansion (Singh 1956). 

2.2. Steel rings { in. thick and 2 in. long were fitted snugly overa high explosive 
cartridge (2in. diameter and 14in. long). Thus the equipment consisted of 
confined (having steel ring) and bare charges alternately. The lay-out of the 
equipment for firing is shown in figure 2(a). ‘The fragmentation pattern obtained 
by initiating the charge at one end is shown in figure 2 (b). Each confined charge 
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Figure 2. (a) Lay-out of the equipment for firing; (6) typical fragmentation pattern on 
a mild steel witness-plate. The dotted lines show the projected areas of the steel 
annular rings normal to the witness-plate. 


gives a fragmentation pattern on the witness-plate. ‘The geometry of the pattern 
indicates that in a confined annular ring at the centre of the explosive charge, 
the fragments A, Y and Z are emitted at mean angles of 5°, 8° and 18° to the 
normal to the inner surface of the steel ring respectively. ‘The fragments emitted 
at 18° obviously arise as a result of the ‘corner fracturing’ and their direction 
of emission is affected by the gases from the bare charge adjoining the fragment. 

2.3. Steel plates were arranged tangentially along circular arcs having a radius 
of 10 feet and the explosively loaded cylinder was detonated at the centre. As the 
distance of the witness-plate from the steel cylinder was considerably more than 
the length of the cylinder, all angles were measured from the centre of the cylinder. 
The number of ‘troughs’ on the steel plates in horizontal zones indicate that 
most of the fragments are emitted at angles of 6° to 9° to the normal. 

2.4. The explosive was cast in copper pipes, with one face cut at an angle « 
where « is the angle between an element of casing and the axis of propagation of 
detonation. A thin steel plate was fixed to the cut face of the explosive. When 
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the charge was fired the steel plate broke into fragments which struck the witness- 
plate and produced on it a fragmentation pattern. ‘The angle 5 between the 
direction of projection of a fragment and the normal to the inner surface of the 
metal casing was calculated from the geometry of the fragmentation pattern and 
is given in table 2. 


Table 2. Experimental and Calculated é 


eden) 0 15 225 40 60 90 
S(d experimental WS 9-0 9-4 9-6 6°6 Ils) 
(dep) calculated 7 7 09 O40, 67 00 


§ 3. DiscussIoNn 


When a detonating explosive in a thin-walled cylinder is fired at one end the 
metallic casing of the cylinder in the rear of the detonation wave front is subjected 
to extremely high pressures due to the detonating gases. The cylinder undergoes 
considerable plastic expansion which results in reduction of wall thickness of 
about 40°, until the critical stress for failure at the rates of strain involved is 
exceeded. The casing is accelerated rapidly outwards till at the time of fracture 
the velocity with which it is moving will be nearly equal to the initial velocity 
with which the fragments are emitted, and the gas pressure will have dropped to 
a small fraction of its orginal value. 

Let V, represent the velocity of thé casing at the time of fracture (that is, the 
initial velocity of the fragments). It is supposed that the metal case is represented 
by a thin flexible sheath of the same mass per unit length. As the yield stress 
of metallic casing is small compared with the stresses arising near the detonation 
wave front, the strength of the metal is neglected and these metals are treated as 
perfect fluids. The collapse mechanism assumed here is essentially the same as 
that of Birkhoff et al. (1948) for a wedge-shaped liner. Let us consider the 
metallic casing divided into small elements, each element subtending an angle « 
with the axis of propagation of detonation. When the detonation wave sweeps 
this element it is projected with a velocity Vp and its direction of flight makes an 
angle 6 with the normal to the element. V, and 6 are given by the expressions 
(Singh 1955 b, Pugh et al. 1952)+ 


Vo=2Ua(l sing)? ee (1) 
eosin, !(V4.cosa;2e/iq)) | | uaa Wee (2) 
where Ug is the velocity of detonation of the explosive. Combining equations (1) 
and (2), we have 
d=sin '(4cosa+ -AsinZa)— 9 0 oe (3) 
When « equals 90° (i.e. the plate is at right angles to the axis of propagation of 
detonation), the element is projected with a velocity }Uq and is normal to the 
original casing element. A cylinder is a limiting case of a wedge where the element 
is parallel to the axis of propagation of detonation and « equals 0°. Figure 3 
shows the metallic casing at any instant having undetonated explosive ahead 
of the detonation wave and collapsed surface of the casing in the rear of the 
detonation wave. ‘The element is projected with a velocity }Uq and its direction 
of projection makes an angle of sin-'(V/2Uq) with the normal. 


+ Vo depends upon wall thickness, ratio of weight of explosive to weight of metal and 


properties of the metal of the casing. As a first approximation, these parameters are 
neglected in equation (1). 
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The calculated 6 by equation (3) is given in table 2. Similar values of 8 
were obtained by Kothari and Singh (1953) and Singh (1955a) from the 
fragmentation patterns of ‘inverted’ conical liners having half angles « of 224° 


CASING AFTER PLASTIC EXPANSION 


Figure 3. Metallic casing at any instant showing undetonated explosive and plastic 
expansion of casing in the rear of detonation wave front. The element P moves 
with velocity Vp» ina direction bisecting the angle between the original casing and the 
collapsed surface +, or making an angle 6 with the normal to the original inner surface 


of the casing. 85=4$7n—0=sin"(V/2U4). 
t On right-hand side arrow heads showing @ are incorrectly directed to normal to original 
wall instead of to direction of Vp. 


and40°. ‘The quantitative agreement is good between experimental and calculated 
values of 6. 

Equation (3) also indicates that 6 is independent of the thickness of casing 
and velocity of detonation of the explosive. ‘The experiments described in 
$2.1 and a very limited number of firings with different explosives (60 RDX, 
40 TNT and 30 CE, 70'TN'T) also support the above view. 

The flash radiographs (Clark 1949) of 20mm high explosive shell indicate 
that on detonation from one end the central portion of the casing becomes 
‘balloon-shaped’ prior to rupture while each end retains approximately its 
original diameter. This bulging suggests that some of the casing at the initiator 
end is projected backwards (having a negative value of 5) towards the point of 
initiation. Figures 1 and 2 also show that the fragments arising from the casing 
at the initiator end have a negative value of 6. 

The thickness of a fragment retaining parts of the original inner and the 
outer surfaces of a 4in. wall cylinder is about 0-32in. Assuming steel to be 
incompressible and neglecting any longitudinal expansion, the conservation of 
mass of the original cylinder and that at the end of plastic expansion suggests that 
the inside diameter increases by as much as 80°% before the case breaks into 
fragments. Davis and Parker (1948), in their experiments with thin-walled tubes 
tested at —138°r with internal pressure only, found that the tubes exhibited 
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up to 50%, plastic expansion before fractures occurred by cleavage. Mott also — 
considered that for cylindrical steel shell cases considerable plastic expansion, 
as much as 50°, occurred before the case broke into fragments. 

It can be safely assumed that the products of detonation expand adiabatically 
and that the initial conditions are determined by the pressure, temperature and 
volume in the detonation wave front. During adiabatic expansion of the gases, | 
the strength of the metal casing is neglected and the metal is treated as a perfect 
fluid. ‘Taking Jones and Miller’s (1948) pressure-volume-temperature relations _ 
during the adiabatic expansion of the material in the detonation wave front of — 
TNT at a loading density of 1-5gcem™%*, it seems that the initial pressure | 
(15-9 x 10!°dynem=) drops to 2-9 x 10°dynem™ before the case fractures into 
fragments. 

The direction of emission of the fragments is governed largely by the shape 
of the shell. For a spherical shell where detonation starts at the centre, each 
fragment is emitted along the radius at that point and the spatial distribution of | 
fragments is uniform. On static detonation of a thin-walled cylinder, the > 
direction of emission of most of the fragments makes an angle of 7-5° with the 
normal to the inner surface of the cylinder and away from the exploder. If any | 
element of the shell casing makes an angle « with the axis of detonation, the angle 
between the direction of emission of the fragment and the normal to that element 
is given by equation (3) and is away from the exploder. 
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Effect of the Electron—Lattice Interaction on Phonon Frequencies 
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Division of Electrotechnology, National Standards Laboratory, Sydney, Australia 


MES. received 9th November 1955, and in revised form 25th May 1956 


| Abstract. ‘The interaction of free electrons with the lattice vibrations is treated, 
| allowing only the virtual excitations of a single electron-hole pair to contribute 

“| to the phonon energy. Changes in sound velocity for the Fermi and Fréhlich 
| states are compared. 


§ 1. INTRODUCTION 


4 HE interaction of free electrons with the lattice takes place by absorption 
and emission of lattice quanta together with the absorption and emission 
of electron-hole pairs. The latter have some boson-like properties but 

their multiple excitation is complicated by the fact that pairs of different momenta 

/cannot in general be formed independently. Some useful results follow, 

however, if only single excitations are allowed to appear. Though the method 

does not then account for processes of higher order than occur in second-order 
perturbation theory, its validity is not limited by the magnitude of the interaction 

_ constant. It is used here to compare changes in sound velocity for the Fermi and 

Frohlich states. 


§ 2. ‘THE ELECTRON—HOLE DESCRIPTION 


The field theory notation being a suitable one, the notation of Frohlich (1952) 
will be closely followed. ‘The total Hamiltonian is written as 
H=Ha'H;* H., Biage..eleiie (1) 

} where Hei= >, a,'a,<, (& being the kinetic energy of a free electron), 
oe, =4)>, hirg(baba’ + bg' bg) (wq being the longitudinal phonon frequency) and 
Ani =t dieq Pel Og Mg — 9q'%'-q%), the first term expressing the absorption 
of a phonon of momentum q together with the translation of an electron from the 
state k—q into k. Regarding the latter as the emission of an electron—hole 
pair of energy iw=«,—«&_, and momentum q, it is convenient to introduce the 
operator p,'_,, {which produces such pairs. ‘That is, p{,,, is a Fourier frequency 
component of p, and consequently 

ety o = ve Oy Ay g( Kx — Ek—q a hw). Dy ulishe!.cs (2) 
k 


{ This definition needs to be understood carefully. For arbitrary w exact resonances 
in equation (3) will not in general occur, i.e. there will be no exact solutions of €K—€k—q =hw, 
where ky=(27/Lz)t, t integral, etc. The selection of exact Fourier components may be 
achieved in the following way. Suppose q (also discretely spaced) is given; one may 
then ask what are the permitted values of w which allow true resonances ? Now the three 
orthogonal directions in which the cyclic boundary conditions are applied are arbitrary. 
Take one to be in the q direction. Since the condition €k—€k-q=hw defines solutions 
for w to lie on a plane perpendicular to q it is clearly possible to choose w so that this plane 
coincides with a (1, 0, 0) plane of the lattice points. Every lattice point in this plane then 
provides an exact resonance. A neighbouring vaiue of w is obtained by translating the 
plane parallel to itself one k-spacing so that the w-spacing is given by 

Mha)= q(h*/2m)(27/L). 
Thus for fixed g, w-values are uniformly spaced with a density (L/22)(m/hq). 


1096 P. G. Harper 


Similarly, 


pis > apg @O(x— Eg ho)so) wi laa (3) 
Kk 


The effect of p,'.,, on a state specified by occupation numbers mI is to produce 

a linear combination of such states, the number of pairs, (q,w), in each being: 

increased by one; similarly, pg ,, decreases by one the number of pairs. 
In terms of pyo, Pa, or Hin, becomes 


a > Dopo QO” Dips. AR eels ales (4) 


q, 
The following simple properties of p, p’ may be verified directly from the} 
definitions (2) and (3). 


(i) (ane eee 
(ii) [Pg, ov Hei] =fepg,o [Pa’, o» Heil = —hopg’, « 
(iii) [Paar Pa 
(1) Pa, 0» Pa, of) = Bu, 0 & (hg — DBE = Ekg 2) = Br, eiae 
(v) (Pa: av Sara) = 28 ya ws lee ae Squad oars 
(vi) ata 0. 


There are not many further useful relations between p and p! of different qj 
values. One may be mentioned, 


[Pq +q’/, 0+"? [Pa, wo) Pa’, ol] =0 
which will not, however, be needed here. 
Since €,,, is Hermitian, its diagonal representation may be used.|) The} 
corresponding eigenstates are generated by successive operations with p,',, 
upon a single-electron state. Thus, from (v), (€,—€y+2)pn,7=0 (for some} 
q, ~) so that p,, ,_, may be taken as the only non-vanishing matrix element of p. 
Consequently, | 
f= Mane Oo oe ak eee (5) 
where 7 is some integer. It is shown in the Appendix that JV (a function of g, w),, 
is proportional to L?. It also clearly depends on the single-electron state chosen. 
The actual values of p,,,-,, and p,,’,,,, are obtained, either algebraically from} 
(iv), ov otherwise, as | 
Pn, oll aa yu M — n a 1 Fa \ | 
pee n+1— {(m at Hw n) je 

Returning to the problem of interaction, a simple illustration of the use of) 
pairs, which also serves as a guide to the more difficult problein, is that of a static 

sinusoidal potential imposed on the free electrons. The Hamiltonian is then 


H— fad) (ap, ea p.,) 


where the momentum index q (suppressed for convenience) is also the wave 
vector of the potential, and a is its amplitude. ‘Then taking time derivatives of 
Par Po 
[ p, H]=hwp +aé 
—[p', H] =hwp' +a*€, 

{ For convenience referred to as a single-electron state. 

|| It is easily verified that $24. hw £q,0 = —HaXk+NZ,eK, where both sums extend 
over all K-values and are therefore infinite. 
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Regarding € as an independent variable, 
[€, H] = — 2ap' + 2a*p. 


If E,, are the eigenvalues of H, 
(hw = | Oe nD. n’ ot Ge ae 0) 


(Soi a ane, ee ee Bos (7) 
= Zap, Ri =i 2a*p eno Ey. com v= 0 
where E,, ,, =E,,—E,,.._ The equations (7) lead to the secular equation for (Oe 
Bate =F le PS )S08 1) eee (8) 
The root E,, ,,=0 shows that p, p", € have finite diagonal elements. The energy 


spectrum consists of uniformly spaced levels (pair energies) of separation AE, 
where (AZ)?=(hw)?+4|a|?. This expresses the energy gap introduced by the 
static wave into the free electron energy, w=0 for example, (corresponding to 
€x— €k-q= 9) giving AF= +2|a|. 

It is evident that a more complicated potential would lead to difficulties 
since the commutators [pg .,, Pg’,.] would be introduced which have no simple 
properties. ‘he same happens in the phonon interaction and the limitations of 
the method become apparent. Consider, however, the simpler problem in 


_ which only phonons of +q can be excited; the sinusoidal potential is now 


replaced by a travelling wave. An exact solution to this problem could be 
valuable even if only for its mathematical interest. Denote the phonon amplitudes 
by 6. and b_. Then proceeding as before and using (4), 


[Pus | = hwp,, as D(b,. igs BNE, 1 

[p.', H] = —heop,* -iD(b_—b VE, | 
[b,,H]=4s'qb,-iD pp tte (9) 
[b..°, H]= —hs'qb.1 -1D > p,,, 


and two more equations for b_, b_', 
[E.. H] =2iD{(b_—b,")py— (6, —_")p,."}. 
The expressions for dp,,/dt, dp,"/dt and 0€,/dt are clearly non-linear, involving 


as they do the products bé, bp etc. In the diagonal representation (9) may be 
presented as 


a {(, ~ > iE ee 0, and its complex conjugate, 
21Dhs'q 


(Oh — 02"). = Gis'g?—E, 2? ,, and its complex conjugate, 


(S53) BD oe, Ss am 21D {(b_ = b.*)p., aa (6, a Pay one ge n’ 
where p= Yp,. Putting (6,—)_'),, ,, =B,,,, the matrix B satisfies the equation, 


= cue) é. 
{(hs'q)? ee ES. ee v= 2hs gD? {By rae ea (1 1) 


| 0) 


The right hand side of (11) will contain both diagonal and non-diagonal 
elements of €,. If their values were assigned, (11) would be a linear equation 
for B. However, the non-diagonal values are determined from the last equation 
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of (10) by the non-linear terms bp,, etc. No way of overcoming this difficulty 
has been found and itis concluded that not even for this apparently simple problem 
is a rigorous solution possible by such means. 


It is evident that €, ,, (n’A~n)oD,?; consider the approximation €,, ,,=0. 
Equation (11) becomes 
DY > 6 Es 
SN ( a i 2 —————_ a wv eee 
(hs’q)? —(hQ,)? = 2hs'qD, 2 ae fee (12) 
where B, , =0 except between adjacent levels separated by EB, — Ey =hQ,: 


This equation for the new phonon frequency Q, though inexact is of more) 
practical value than (11) since it can be taken to hold for independent excitations 
of all phonons q, the interference terms pg w Pg’, w’ having non-diagonal matrix 
elements also «D,?. In fact, as developed here, the retention of phonons at 
all can only be at the expense of abandoning higher order terms which ruin the 
independence of different q modes. 

Consider a similar approximation applied to the static case. From the last 
equation of (7), &,,,, 4, to lowest order. The second-order correction to. 
hw is E, ,=hw+2\aP/ha, i.e., the usual perturbation correction. It is the | 
exact consideration of the non-diagonal part of € which removes the resonance | 
denominator and replaces the energy divergence by a finite discontinuity. ‘The 
same is likely to be true of the dynamical case so that resonance transitions 
(real scatterings) occur only when €,, ,, (m'~m) can be disregarded. Now &,, ,- 
is finite only between linearly combined single-electron: states so that neglect | 
of such matrix elements is related to the absence of correlation between single- 
electron momentum states. That (12) refers to one pair excited is obvious | 
from the appearance of only a single energy hw. It is also clear that higher order | 
processes are contained in the abandoned D,° terms. 

Diagonal values of are undetermined by the last equation of (10) and indeed | 
are independent of D. Since € is Hermitian, they are real and may be taken 
to be identical with the eigenvalues of € in the €-representation already mentioned. 
In what follows the ground state value M(q, w) will be employed. Actually,. 
regarding €=[p, p'] as constant amounts to treating the pairs as boson particles,. 
the matrix elements of p and p’ being nearly M42n"?, M4?(n + 1)? respectively, 
neglecting against MW which is proportional to L?. 

‘The summation over virtual pair energies of (12) is replaced by an integration, | 
the density of w-values being (L/27)(m/hq) as seen. ‘The denominator on the | 
right-hand side of (12) vanishes at ha =hQ,and this corresponds to real transitions. _ 
Note that the frequency of the scattered phonons is the true one, Q,, thus | 
supporting the usual practice of using the measured sound velocity in the scattering | 
matrix elements of Bloch theory. Such processes are not excluded by this 
treatment but as they are not under discussion, the integral will be replaced by 
its principal value. 

Putting Q,=sq, equation (12) determines s as a function of s’, C. If only 
the Fermi state were considered, the relation would be of no practical interest 
since s’ is unobservable. It may be used, however, to compare sound velocities 
appropriate to (i) the Fermi state, and (i1) the shell state proposed by Frohlich 
(1950) as the superconducting ground state. Perhaps one should not take the 
results too seriously since the assumption of independent phonons for the 
superconducting state is not established by these arguments. 
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§ 3. NEw PHONON FREQUENCIES 
3.1. Fermi State 


Since M(q, w) is an odd function of a, if the limits of w are + wmax, 
-o(max) = Viday : -o(max) a) Vda) 
—o(max) & — sq | 0 es (sq) 


Using the Fermi value of MW given in the Appendix, and simplifying, 


s \2 ( 1-8" 42d 1+8 ytl —(u—B)? du ) 
eye) udu u (u — B)”} 
i (=) =2vF we 12 — (s/o cal (S30) j 


where F” is the interaction parameter defined by F’ = 4CUMiaatt and 6 = q/2k, 
For q<k, the equation reduces to 


Ns (=) 2 S14 male -1)}. 
Now s is the measured value so that s<v; neglecting s/v and using F= F'(s'/s)?, 
1=(s/s')°1 + 2F) 
which relates the observed s with the fictitious s’.. Apart from the rather trivial 


difference that the condition 2v F” <1 ensures that s is now real rather than positive, 
the present results are equivalent to Froéhlich’s (1952). 


3.2. Frohlich Shell State 


This state may be supposed generated by successive operations on the Fermi 
state with p),, up to n= M(q, w))—1 for some fixed (arbitrary) value of g, and 
all orientations in a given (arbitrary) plane. ‘This results in an isotropic gap hu, 
separating the filled sphere from a concentric shell of energy depth hwy. 

First consider vg<w,; excitations across the gap are then impossible and 
therefore since Aw, is much less than the Fermi energy, M-values are the same 
asinthe Fermicase. ‘The Frohlich value of M then does not differ at all from the 
Fermi value. 

If now vg>w, (but g<k,), the M-values, given in the appendix, are 
complicated. ‘To the approximation used here, however, inspection of the 
integrals concerned shows that in lowest order, their value differs from the Fermi 
value by — (ha /¢)? where €=Fermi energy. With a common value of »s’ for the 
two states, therefore (12) shows that the Frohlich sound velocity for ¢<ky exceeds 
the Fermi sound velocity by the order of (hw /¢)?. 


§ 4. CONCLUSIONS 


The practical results of this paper relate to the change in sound velocity due 
to the electron—lattice interaction. ‘The difficulties encountered, however, are 
not without interest. The simple case of electrons interacting with a sinusoidal 
lattice oscillation already emphasizes that the operator €, ,, (which is a sum of 
Fermi factors, _,(1 —,)) is certainly non-diagonal for true eigenstates and that 
the non-diagonal elements ignored here and in,second-order perturbation treatments 
ie remove the pole normally due to the vanishing of the resonance denominator 

—€,_gthw,. In that case, real transitions would be excluded. It seems, 


q 
ean that further progress might be aided by starting not with a free electron 
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gas, but correlated electron-lattice states, self-consistent values of € being derived. | 
This would be in keeping with the view (Frdhlich 1954) that low-stage processes, | 
such as given here, cannot deal effectively with the problem and that the ‘ ordering ’ 
should be introduced from the beginning. 
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APPENDIX 


‘The equation «,—€,_,=/w determines k, k—q to lie on planes normal to q — 
and at distances (mw/hq)+4q from the origin R=0. Consider first the Fermi 


ground state. 
. 3 iL 2 ( Mw 2 . 
Dthe-aPle— Fk-g— he) = (x) m4 hy? — & -14) } ; . 


Then 
(where the right-hand side is (1/277)? times the area of the plane intercepted by the 
Fermi sphere of radius ky) provided {(mw/hq)—}q}<k,); the expression is equal 
to zero otherwise. Similarly 


Srl eg Heo) = Cie & +4q) |. 


7 hq J 
‘Therefore M(q, w), clearly an odd function of w, is given by | 
ues ae Be ees | 
be an re Be et rs 
M(q, w) = E ) Mu 2 7] 3 q 
=— } «ko? — (| — —-3 — — v = 
n(x ; ( ha Lg \ ts = Og (: Ik, <w< (1+ x) 
0, greater values. 


where v=hk,/m, the Fermi velocity. 
The Frohlich state M(g,) may be similarly considered. Only the case 
vq >2w, will be written down here. 


Vv L \2 2muw 
M(q, »)=7 ye Mes soar a 0<w<v_q(1—q/2k) 
Re mu, 2 
-(FE-3a),  eg(t—q)2h.)<w<eg(1~ 4/2) 
2m 
s (o=@) vq(l ~4q/2ky) <e <0,q(1 ~4)2k,) 
h2 Mu ; 2 
| Fg 2h) Cah aie e) = eee a Ge) 
2M 
ae v_q(1 — q/2k)<w <vg(1+ q/2Ro) 


2 mo , \? 
aA ao d,) 5 vq(] + q/2Ro) <w <v.q(1 + q/2k..) 
P greater values of w 
where v,,=Nk., /m, k.?=k,? + 2mwg/h. 
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Abstract. ‘Vhe ‘many-valley’ theory of the galvanomagnetic effects in cubic 
semiconductors proposed by Abeles and Meiboom is extended to include semi- 
conductors belonging to any crystal class. The theory is applied to the crystal 
class 3m. Explicit expressions for the components of the conductivity, Hall 
conductivity and magnetoconductivity-tensors are derived for a six-valley model 
in which the energy extrema lie on the reflection planes in k-space. These 
expressions are consistent with preliminary measurements on a single crystal 
of n-type bismuth telluride in which all the galvanomagnetic effects are anisotropic. 


§ 1. INTRODUCTION 


ECENT measurements in these laboratories of the electrical properties of 
bismuth telluride (to be published) have shown that the conductivity and 
Hall coefficient are markedly anisotropic in both n-type and p-type single 
crystals. ‘The conductivity measured in the cleavage planes is approximately 
four times greater than that measured perpendicular to these planes and the Hall 
coefficient varies with crystal orientation by a factor of two or three. ‘The 
ratios, which differ in the two types of material, remain constant over the tempera- 
ture range 100°K to 200°K. The Hall coefficients remain practically constant 
in this range, indicating that only one type of carrier is present. 

In a simple model of a semiconductor, the surfaces of constant energy in 
k-space are assumed to be ellipsoids centred at the origin, and the relaxation time 
is assumed to be a function of energy only. Using such a model, and assuming 
that there are two types of charge carrier, Jones (1936) was able to explain the 
anisotropic Hall coefficient and conductivity of bismuth. However, with only 
one type of carrier present, the above model leads to a Hall coefficient which is 
independent of crystal orientation although the conductivity is anisotropic 
(Bronstein 1932, Johnson 1949). 

A theory of the galvanomagnetic effects based on the assumptions that there 
are several energy extrema at equivalent points in k-space and that the surfaces 
of constant energy are ellipsoids centred at these points, has been developed by 
Abeles and Meiboom (1954) and Herring (1955). They applied this 
‘many-valley’ model to cubic semiconductors. In such materials the conduc- 
tivity and Hall coefficient are isotropic. However, for materials with non-cubic 
symmetry, this theory does predict that these properties may be anisotropic. 

In this paper, the ‘ many-valley’ model is applied to the crystal class 3m to 
which bismuth telluride belongs (Lange 1939). ‘The theory involves several 
parameters which are related to the shape and orientation of the energy ellipsoids 
as well as the density of carriers and the relaxation time. Measurements of the 
resistivity and Hall coefficient tensor components are not sufficient to allow 
a determination of all these parameters. The theory is therefore extended to 
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include the low field magnetoresistance and related effects. Of the various | 
arrangements of valleys which are consistent with the symmetry of this crystal | 


class, the one in which there are six valleys with centres on the three reflection 
planes is found to give results which agree qualitatively with preliminary measure- 
ments on n-type bismuth telluride. Therefore, explicit expressions for the 
conductivity, Hall conductivity and magnetoconductivity tensor components 
are given for this case. The methods described can be applied to semiconductors 
or metals belonging to any crystal class and with any consistent arrangement of 
valleys. 


§ 2. PHENOMENOLOGICAL ‘THEORY 


The general expression for the current density J in terms of the electric 
field E and the magnetic field H is 


J,=0,;E,+ ©, 


ppl yt oj gh Ae eee (1) 

where the usual summation convention applies. (Higher order terms are 
negligible in most experiments.) This equation defines the conductivity, Hall 
conductivity and magnetoconductivity tensors. The resistivity, Hall coefficient 


and magnetoresistivity tensors are defined by the inverse relation 
E,= pyd = py jt Pa jae ee (2) 

The number of independent components of these tensors and the relations 
among all of the non-zero components are determined by the symmetry of the 
crystal and the Onsager reciprocal relations. Juretschke (1955) has applied 
this phenomenological theory to crystals which belong to the class 3 m and Fumi 
(1952) has shown that the same results are obtained for the class 3m. Referred 
to an orthogonal set of axes in which Oz is parallel to the three-fold axis of the 
crystal and the (x, 2) plane is one of the three reflection planes, there are twelve 
independent components of the resistivity tensors Pijs Pizk ANd p,;~, These 
components and their relation to the independent components of the conductivity 


tensors @;;, 0,3), and 9;;,,, are 


Pu=lloy P1122 = — %4129/044" — 09317 /0417O33 
P33 = 1/033 P1133 = — 94433/014" — y93°/041° 
P123 = F493/043” P3311 = — %3311/033" — G9317/041033" 
Pog1 = %231/041933 Pus “Ouse, (3) 
Pra = ~ O1n11/041" Pest = — F2311/F11933 on Geos, 
P3333 = — %3333/033" P2323 = — F9393/011033 +3 Cee 


‘These equations remain valid when p and o are interchanged throughout. The 
other non-vanishing components are all related to these; in particular 


Poo = P14 and P312 = P231- 
Also 
py=0 if iAj a 
Pigk = — Pye «avai (4) 
Pig kt = Prikl = Pigth = Pyitk- J 


In the following sections it is shown how to obtain expressions for the independent 
components of the conductivity tensors on the basis of a many-valley model. 


a 
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In the usual experimental procedure the direction of the current flow is fixed and 
the resistivity components are measured directly. The equations (3) are therefore 
used in comparing the theory with experiment. Most of the tensor components 
are invariant under coordinate transformations which leave the direction of the 
three-fold axis unchanged. ‘Therefore, in measurements of resistivity, Hall 
coefhcient and longitudinal and transverse magnetoresistance effects, all directions 
in the cleavage Fae are equivalent. 


§ 3. ASSUMPTIONS 


The model to be discussed is based on the following assumptions: 

(a) Only one type of current carrier is present. These carriers are assumed 
to be electrons throughout this work but the translation to holes and the extension 
to a two-carrier model are elementary. 

(6) ‘The minimum energy occurs at a number of equivalent points k,” in 
k-space. ‘These points are related by the symmetry operations of the crystal. 

(c) Surfaces of constant energy in k-space are sets of similar ellipsoids 
centred about these points. With a suitable choice of axes, to be referred to as 
the principal axes of the 7th valley, the energy E in the vicinity of k,\” may be 


written | | | 
E- E, = : [oe fa Rage rs (RY — ky)? x CAG = =a") eh (5) 
my 2 Ms 


My 


ar 


where E£, is the minimum energy in the band and m,, m, and m, are the principal 
effective masses. (m,', m, 1 and ms are the principal values of the reciprocal 
mass tensor.) ‘This is the ‘simple many-valley’ model of Herring. 

(d) A relaxation time 7 exists and may be written in the form: 


Fa a, i A Se eee (6) 
where the index A and the quantity 6 depend upon the scattering mechanism. 


Generally 6 will be a function of temperature. ‘The validity of this equation has 
been discussed by Herring (1955). 


§ 4. CONTRIBUTIONS TO THE CONDUCTIVITY ‘TENSORS FROM A SINGLE VALLEY 


For a single valley (the 7th), the contributions to the conductivity tensors of 
equation (1) are given by the following expressions : 
—é [- of, OE JE 


) _ ea od Te sarbethask 2 | Viale a ee d 
om ~ 47372)" JE Ok, oR, es 2) 


—@ ¢ af,dE dE 0 ( GE 
o™ at thes ae dk i ie. 6 Bure. fo 7 b 
Svar ~ “An 3hic |" VE OR, Oh, Ry, \\ Ok,) ee 


—& ¢ of), cE dE a OH. 0 f oF 
@) =— | Ti sdk pecan aas T LF 
JE Ok, OR; OR, | Om OR, \ ORy 

x 5 [€ys€ nmr a EijrEnmsl ak. ee ceee (7 c) 
In these expressions, —e is the charge of the electron, ¢ is the velocity of light, / 
is Planck’s constant divided by 27, f) is the equilibrium distribution function, 

,is the permutation symbol and E£ is the energy given by equation (5). 

aries: expressions have been given by Abeles and Meiboom (1954) except 
that they used an unsymmetrical form for the magnetoconductivity tensor in 
2 D-2 


Spars ~ “473A 6 2 


1104 7. R. Drabble and R. Wolfe 


which Oy 9sTpqsr) However, as pointed out by Herring (1955) only the 
symmetrical part is of physical significance. 
With the assumptions of §3, the evaluation of the above integrals leads to the 


expressions : 


A 
Gees Sa 
oy = —s OD, sss—s—ss—s— a re rerorene 
py mM, PQ ( ) 
= 
(@) ee 
Ongr = a pap 2! © oe Oe et eee Reese (8 5) 
Ma 
CG 
Gy ar e= 8 
Of. = Cicer Ciena tonsa. Cc 
pars Fae: tps~ qtr tpr aia ( ) 


where the superscript (i) is used to denote tensor components relative to the 
principal axes of the ith valley, and A, B and C are parameters whose values 
depend upon the form of fy and also upon 6 and A in the relation t= bE~’. 

For a non-degenerate semiconductor, it is found that 


4 Paty bs 
A= xy mern(rr)y TD € = \) ee (9a) 
A ees 5 
B= 3718 nt — DRL yee G - 2) saaee (9d) 
Le 
3 varus waeryT(5 = 3) te (9c) 


where k is Boltzmann’s constant, T is the absolute temperature, n” is the density 
of electrons occupying states in the 7th valley and I(x) is the gamma function. 
For a highly degenerate semiconductor, it is found that 


me Im*\ 32 
Ay = 3,2? (FF) (a4 enoneheele (10a) 
e b2/2m*\32 
Se eer (108) 
et b3 (2m*\32 : 
Cp = 672 a (FF ) (cj) 3* sp n008 (10 C) 


where ¢ is the position of the Fermi level measured from the band edge and 
mn*=(m,m,m,)"*. 
For any value of A these three quantities are related by the equation 
By?/ApCy =2. 


‘This relation is found to be useful in the comparison of theory with experiment. 
It is also useful to note that: 


oc) = (Ounless p=g 


pa 
(i) ! E ores 
Onqr = 9 unless p, g, r are all different 


Ce . : 
Oyyrs = 9 unless Pp, g, 7, s are equal in pairs. 


§ 5. "TRANSFORMATION AND SUMMATION OF TENSOR COMPONENTS 


he condu ctivity tensors for the crystal as a whole are obtained by transforming 
the contributions from the separate valleys to a common coordinate system and 
summing over all the valleys. These valleys are related by the symmetry opera- 
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tions of the crystal. Therefore, if the orientation of one valley is specified, the 
orientation of all the others can be determined. 

The symmetry operations of the crystal can be represented by a group of 
three-dimensional real orthogonal matrices R’. ‘These may be considered 
as the coordinate transformations which carry the valley (7) into each of the other 
valleys(j). Let the matrices of direction cosines which specify the transformations 
of coordinates from the 7th and jth valleys to the principal crystal axes (defined in 
§2) be (a,,) and (aj,) respectively. Then the relation between these matrices 
is given by 


= Ria 


Cae BOOS SO & TK 
The tensors associated with the jth valley are referred to the crystal axes by 
the usual tensor transformations: e. g. 


je) )) 
Ong = Gow ee ST ora (13) 
The total conductivity tensor is obtained by summation over all the valleys 
= (je) 
Pe Pee SMe ee (14) 
Equations (12), (13) and (14) give 
ong 2 Ri, Gi RAa}, 65 2 ni. i ee © sorcoroG (15) 


where the summation convention eattes to the subscripts. Since the valleys 
are all similar, of/)=o!"), and the summation over valleys involves only the terms 


Ry. and R'j. Therefore 
eee eae 
Ong — {3 Re p a Dt Uy Fin PP eet (16) 
Similarly, the total magnetoconductivity tensor is 


=4 R& ij v) 
XR oe :) By Bing bac pra 5 sens Ae (17) 


oO nagrs Ri, rm 


Since the Hall ae is an axial tensor, the total Hall conductivity 
tensor is obtained by adding together the contributions from valleys which are 
related to the 7th valley by proper rotations and subtracting the contributions 
from valleys related to these by inversion or reflection 


i | 
=| ae 2R ne Ri Rem f > Ap Ain. Asn Pcv Eee a (18) 


Ong r 


(+ sign if | R” | Ei — sign if |R’| = —1). 


Some general results can be derived for the summation of products of elements 
in the group of symmetry matrices by making use of the theory of groups and their 
representations. However, for a particular example, the most direct method is 
to evaluate the sums by inspection. Since many of these sums are zero for any 
crystal point group, the calculation is greatly simplified by carrying out this 
summation over valleys first. Further simplification arises from the limited 
number of non-zero components given by the phenomenological theory, which 
reduces the number of sums which needs to be evaluated. 

When the summations over valleys and over subscripts are completed, the 
tensor components are expressed in terms of the quantities A, B and C of §4, 
the three effective masses m,, m, and m; and the direction cosines which define the 
orientation of the principal axes of the 7th valley. 
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For the crystal class 3m there are several possible valley configurations in 
k-space: (i) one spheroidal valley centred at the origin; (ii) two spheroidal 
valleys centred on the three-fold axis; (iii) six ellipsoidal valleys centred on the 
two-fold rotation axes ; the axes of the valley centred at (0, k,,, 0) are in the direction 
of the crystal axes; (iv) six ellipsoidal valleys centred on the reflection planes ; 
the y axis of the valley centred at (k,, 0, k,) is in the direction of the y axis of the 
crystal; (v) twelve ellipsoidal valleys with the 7th valley in an arbitrary position 
and having arbitrary orientation. 

The first of these cases is the simple model treated by Bronstein (1932). 
The second is a trivial extension of this model, which gives identical results. 
For the twelve-valley model, the components of the conductivity and Hall 
conductivity tensors are fairly simple but the magnetoconductivity components 
are so cumbersome that comparison with experiment is very difficult. The two 
six-valley models are very similar, the first being more restricted in its orientation. 
In the following section the six-valley model of case (iv) is used and explicit 
expressions for the independent components of the conductivity tensors are 
given. 


§ 6. ‘THE S1x-VALLEY MOopEL 


For this model, the symmetry operations relating the valleys can be repre- 
sented by the following set of matrices : 


a0 0 eis Pasi a Re cirss G2" 
De ail ae Sane eas) eee | 
0 ene ictal tina 2 Pree ie 
Ss a ai Bes hss 0] SCRE SO Erm 
(eet ao 24S Suen S20 com 
ber Ue sat een (al abi elt foe=sa MO” So: ee 


in which C’=cos 37, S’ =sin 27. 


The orientation of the ellipsoid with its centre on the (x, 2) plane of reflection 
(the 7th ellipsoid) is specified by the direction cosine scheme 


(Cay 0 ; “0 | steoatale (20) 
s 0 3 


in which c=cos 6, s=sin 6, 6 being the angle of rotation about the y axis which 
makes the principal axes of the ith valle ; coincide with the crystal axes. 

The procedure for obtaining the expressions for the overall conductivity 
tensors will be illustrated by considering the particular component 64499. 

From equation (17), omitting the superscripts 7, 


ata Laie thee i (7) 
P1122 es JAG alate REE 5, Dt qu Gnv nw tuw 2 Se esas (21) 


where the summation in brackets is to be taken over the set of matrices (19): 
he only non-zero terms in this summation are 

PY ae es) Bp ltuere < 2p 2 CA oa 
DRiRe=7; DL RiRi=2; Y R3IR{=3; > Rake =} 
> Ry Ryko Ro» a > RyRy Ro Roe = > Ry RyyRoRoy = ey RyRy Roky, = — i 


cm (22) 
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Each term in (22) is to be taken with the appropriate combination in (21). For 
example, the particular term ©R,7R,5 is associated with 


i ni at pi gl) 

Dy pA yAayQow%uws ttt ts Fs (23) 
From (20), a,,=0 unless v=2, a,,=0 if t=2, and from 8(c) of),,,=0 unless tuow 
are equal in pairs. ‘Thus the total contribution from this term is 

Hoyos + SoS 300). veeeee(24) 


Using the explicit expressions for o(”,,, given by equation (8c) and summing all 
contributions, the expression for 0149) given in the list below is obtained. 
In this way, it is found that 


2 nen ) 
22g 6 Gea ee 
\m, M, Mz 
2 
S = 
a — OF ca == na 
m, Mz} 
es 
0193 = ming, S°M, + CMs 
o3e eae hs 
a ee ite 1-8 ls 
ls Les 


3 '& ( P Mm: m EO: m 
Uitte a ann; aan Bt ates) ye ree 
¥ M,MoMz my Ms Mm, My 


—12C m, mM : 
S 252 ( 3 oe as 
73333 ~ mmm, \e z & = Ms 2) peeeD) 


2 OS mM, mM mM, mM 
O99 = — 5 75 28*( = + m2) 438 m1 2) 
2m mm, th, Mm, Ms 


—6C m m mM. m 
1 3 1 
ets ta 24 sty ch + SF? — + 2c? 
LLL ia da Ms is 2 
== 66 m m Ms > Ms 
Sie A+ AB4 2 + st = + 22s? 
M{MyMs3 Ms my Ms, ™m, 
01123 = 0 
Cost 0 


It is of interest to consider the particular case my=m,=ms3. For this case 
each valley makes the same contribution to any term and the expressions reduce 
to those obtained for a single energy minimum and spherical energy surfaces. 
For example, the Hall coefficient reduces to —B/6A®. From equation (9), 
with A=, this is —32/6nec which is the standard expression for the Hall 
coefficient of a non-degenerate semiconductor in which the relaxation time is 
proportional to E-1?, (6n=N, the total density of electrons). 
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Another case of interest is that in which c=1, s=0. ‘The expressions are 
then equivalent to those obtained for a model in which there are six valleys with 
centres on the two-fold axes. For this case, the longitudinal magnetoresistance 
in the direction of the three-fold axis would vanish. 


§ 7. DiscussIoN 


The six-valley model of the previous section leads to anisotropy of the resistivity 
and the Hall coefficient even when only one type of carrier is involved. Also, 
the three transverse and the two longitudinal magnetoresistance components 
are generally different from zero. All these predictions are in qualitative agree- 
ment with preliminary measurements on both n- and p-type bismuth telluride. 
The above model is the simplest case which is consistent with these experiments. 
Further measurements are required to determine whether quantitative agreement 
can be obtained. 

The theory in this paper can be applied with slight modifications to other 
materials belonging to the crystal class 3m or 3m such as antimony and bismuth. 
For bismuth, in which a two-band model must be used, a recent analysis of the 
galvanomagnetic effects has been given by Abeles and Meiboom (1956). ‘They 
used a three-valley model for the conduction band which is a restricted case of the 
six-valley model discussed above. Combining this with a single-valley valence 
band and assuming that the relaxation time of the electrons and of the holes is 
independent of energy, they obtained satisfactory agreement with their 
experiments. 
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‘ Lozenge ’ and ‘ Tadpole ’ Domain Structures on Silicon—Iron Crystals 
By L. fF. BATES, F.R.S. ann P. F.. DAVIS 
Department of Physics, University of Nottingham 
MS. received 4th May 1956 and in final form 13th Fune 1956 


Abstract. New photographs of ‘lozenge’ patterns (Paxton and Nilan) and of 
‘tadpole’ patterns (Bates and Hart) on silicon—iron crystals are recorded, and 
models are given for their interpretation. 


§ 1. INTRODUCTION 
N a recent paper Paxton and Nilan (1955) showed photographs of what they 
] termed ‘lozenge’ patterns on a small grain ina thin disc of silicon—iron. They 
found that these patterns occurred on approximate (110) surfaces which were 
inclined at an angle of between 4° and 7° tothe [001] direction. Their photographs 
showed domain patterns on the crystal in the demagnetized state and in various 
stages of magnetization approximately along the [001] direction. 

In the demagnetized state, and also in low fields, the lozenges pointing along 
the [001] direction were arranged in rows parallel to the [110] direction. Whena 
small field was applied in approximately the [001] direction, alternate rows of 
lozenge patterns expanded at the expense of neighbouring rows, yet no domain 
boundaries between the rows of lozenges were visible in the photographs. ‘This 
may indicate that in low fields there are domains magnetized in [001] and [001] 
directions separated by walls parallel to the (110) plane, such as are indicated by 
lines like AA’ in figure 1, which represents the crystal in a demagnetized state. 
These walls make only a small angle with the surface under investigation, and so a 
line of contact, such as BB’, of a domain wall with the surface would not be marked 
by a dense line of colloid, because the field above the region of intersection is very 
small. The position of a lozenge is indicated in figure 1 by the dotted outline L. 
At higher field strengths the rows of lozenges ran in approximate [111] directions, 
and there appeared groups of what have been described as ‘tadpole’ patterns by 
Bates and Hart (1953). 


Figure 1. 
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§ 2. NEw EXPERIMENTAL RESULTS 


‘lhe series of photographs, figures 2 and 3 (Plates), which for convenience are 
turned through 90° with respect to figure 1, show the domain patterns on a similarly 
orientated grain ina disc of silicon-iron at various stages in a half cycle of a hyster- 


esis loop. Striations in the colloid within the surface of the lozenge domains in | 


these photographs show that the lozenges are magnetized along the easy axis nearest 
to the surface in [001] or [001] directions. 
Figure 2(a) shows part of the surface of the grain when it is saturated by a 


field parallel to the long edge of the page and no lozenges are visible. In figure 2 (b) | 
the field strength has been reduced slightly; vertical lozenge patterns and elon-— 


gated groups of tadpole structures inclined at 35° to the vertical have appeared. 
‘Two of the lozenge patterns are marked by a ring, and a group of tadpoles by a 


rectangle. Figure 2 (c) shows that on further reduction in field the size and number | 
of lozenge patterns have increased, while the number of elongated groups of tad- | 


pole patterns has decreased. In figure 2(d) the applied field has been reduced to 


zero and no tadpole patterns are visible. In figure 2(e) a small reverse field has | 
been applied, causing changes in the sizes of the lozenge patterns. It was not | 


considered worth while to record this process in greater detail. 

As the reverse field is increased, figures 2(/), 3(a), (b) and (c) show that the 
lozenge patterns become divided into bands, running approximately in [111] 
directions; these bands decrease in width as the applied field is increased. The 
bases of some of the lozenges coincide with dense lines of colloid, which appear as 
heavy dotted lines, running in approximate [111] directions. Figures 3(a), (6) 
and (c) show also the reappearance and increase in size and number of the elongated 


groups of tadpole patterns as the field is increased, while figures 3(d), (e) and (f) | 


show that when the crystal approaches saturation the lozenge patterns are very 


small, and that the tadpole patterns also shrink until a tsaturation, as in figure 3 (f) | 


the material is in a single phase state, the only markings on the surface being the 
striations which indicate the direction of saturation magnetization in the crystal. 


§ 3. INTERPRETATION 


A possible interpretation of some of the observed changes in the Bitter patterns 


with magnetization is as follows. In recent papers (Bates 1955, and Bates and | 


Martin 1956) are described nucleation processes which take place in a crystal 
magnetized in an easy direction as the applied field is reduced from the saturation 


value. On a (100) surface it was found that there first appeared small domains — 


in the form of Néel ‘spikes’ at inclusions, while further reduction and reversal of 
the field caused the appearance of short reverse domains having transverse spike 
domains attached to them like the branches of a tree. Now the region of inter- 
section of a transverse spike domain with the (110) surface would be elongated in a 
[112] ora [112] direction. As these spike domains have a component of magnetiza- 
tion normal to the surface, a high density of free poles would form at the intersection 
of a spike with the surface, unless some subsidiary domain structure reduces the 
pole density and hence the magnetic energy. Such a structure is illustrated in 
figure 4, which shows a group of wedge-shaped domains like B,B,’, magnetized in 
the [001] direction at the intersection of a cylindrical transverse domain with the 
(110) surface. Now the groups of tadpole patterns in the photographs are 
elongated in approximate [112] directions, and so could indicate the intersection of 


Domain Structures isi 


transverse spike domains with the surface. ‘The individual tadpoles in each group 
are observed to run in [111] directions, and thus may be narrow bands of free 
poles between domains such as B,B,’. It is therefore thought that the appearance 
of tadpole patterns as the field is reduced from the saturation value corresponds 
with the nucleation of Néel spikes at inclusions; and the later appearance of 
lozenges as the applied field is further reduced corresponds to the formation of the 
reverse domains studied by Bates and Martin. 
Pa '] (1 to) 
i] 8 
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Figure 4. 


The rest of the process by which the lozenges become divided into bands 
running in a [111] direction is more difficult to interpret, and the process would be 
greatly influenced by the large demagnetization factor of the crystal ina direction 
perpendicular to the surface under investigation. ‘Thus, in the demagnetized 
state the existence of equal volumes of domains magnetized in the [001] and [001] 
directions is favoured from energy considerations, but in higher fields there comes 
a stage at which the large demagnetization factor of the thin specimen perpendicular 
to the observed surface requires that there shall be domains magnetized in [100] 
and [010] directions, because the surface is nota true (110) plane. At even greater 
fields, in the saturated state, the direction of magnetization will be rotated slightly 
from the [001] direction towards the field which is applied parallel to the surface 


of the specimen. 
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The Flow of Liquid Helium I through Narrow Channels 


BY D:; €- CHAMPENEY 
Clarendon Laboratory, Oxford 


Communicated by K. Mendelssohn; MS. received 15th May 1956 


Abstract. ‘The nature of the flow of Liquid Helium I through channels of about _ 
1 micron diameter has been investigated between 2-19°K and 2-8°k using pressure | 
heads of up to3.cm of liquid. Previous measurements in wider channels showed a 
viscosity falling rapidly with decrease of temperature in this region, suggesting | 
that in narrow channels non-classical flow might be detected even above the | 
\-point. ‘The present experiments, however, show the flow to be purely classical. _ 


§ 1. INTRODUCTION 
[ early attempts at measuring the viscosity of liquid helium I under its 


vapour pressure gave conflicting results. Wilhelm, Misener and Clark 

(1935) used an oscillating cylinder viscometer, Keesom and MacWood 
(1938) and Keesom and Keesom (1941) measured the damping of an oscillating 
disc and Johns, Wilhelm and Grayson Smith (1939) used a capillary flow method. | 
However, the more recent measurements by Bowers and Mendelssohn (1950) using | 
capillary flow seem reliable and have been confirmed by de Troyer, van Itterbeek 
and van den Berg (1951) who employed the oscillating disc method. These | 
determinations show that the viscosity is approximately constant from 4°K down | 
to 3°k, but that it starts to fall rapidly with decrease of temperature below 3°K. 
This drop, and a similar drop in the entropy just above the A-point indicate a | 
preparation for the state of He II, and it is of interest to see whether any signs of | 
non-classical flow occur in this temperature region. 

Non-classical flow may be expected to show itself in capillary flow by a non- 
linear dependence of flow rate on pressure head and by a drop in apparent viscosity 
between 3°x and the A-point, both effects being more pronounced in narrower 
channels. Previous work has shown no departure from classical flow, but the 
narrowest channels from which reliable data could be obtained were of diameter 
36 (Johns, Wilhelm and Grayson Smith) and 40y (Bowers and Mendelssohn). 
For a conclusive test, narrower channels of about 1 diameter are required, and two 
previous attempts have been made in this laboratory but the results had a large 
scatter compared with the wide-channel experiments. Bowers and Mendelssohn 
(1950) used a tube packed with fine wires giving a mean channel diameter of about 
I, and White (1951) found that the apparatus he used for measuring the flow of 
He II through etched copper membranes of mean channel diameter about lj was 
unsuited for use above the A-point giving a large scatter when so used. These 
observations are shown in figure 3(a). 

In the present work the flow through a sintered glass filter (such as is used in 
biological work) has been measured. The mean channel size was stated by the 
manufacturers to be 1-3 and the maximum 1-72. The scatter in previous work 


was probably due to partial blockage of the channels by minute bubbles, and 
precautions have been taken to reduce this effect. 
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§ 2. MeTHop 

The filter formed the bottom of a glass reservoir of diameter 2:8cm which 
could be raised or lowered in a glass cryostat of diameter 4cm so as to produce 
inflow or outflow of liquid from the reservoir. The cryostat formed part of a small 
Linde helium liquefier, similar to that described by Daunt and Mendelssohn 
(1948). 

The reservoir was surrounded by a copper radiation shield with vertical slits 
for observing the liquid level in the reservoir. A low power neon lamp provided 
the illumination. A conical deflector rested on three supports on the bottom of 
the radiation shield to prevent bubbles formed on the shield from rising and 
collecting under the filter. The reservoir and shield are shown in figure 1. 


(fee ore i | 
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Figure 1. The reservoir and radiation shield. 


Measurements were made by either raising or lowering the reservoir, and observing 
the reservoir and cryostat liquid levels with a cathetometer at half-minute intervals 
over a period of about 25 minutes. If the rate of change of reservoir level dh/dt was 
plotted against level difference Af a straight line was always obtained. However, 
on some occasions the slope obtained from an inflow differed from that obtained 
from an outflow, measured immediately afterwards at the same temperature, both 
giving abnormally slow rates of flow. This was interpreted as being due to the 
presence of bubbles. Experiments in which inflow and outflow differed by more 
than 3% have, therefore, been ignored. . 

It was found that agreement between inflow and outflow could be obtained by 
keeping the filter at least 13cm below the mean liquid level, cooling the system 
below the A-point and allowing it to warm to the required temperature, stirring the 
liquid by moving the reservoir up and down and allovame to settle for an hour. 
Even so, reliable readings were only obtained below 3°K. 

The temperature was controlled by a cartesian manostat in the helium pumping 
line, and the cryostat temperature, as measured on mercury or oil manometers, 
remained constant to within 2 x 10-3 deg. K at 2:19°K and to within less than 
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1x 10-8 degk at 2:8°x. ‘The absolute value of the temperature was, however, not | 
known to the same accuracy. ‘The usual correction was applied to allow for the 
hydrostatic pressure of the liquid helium; this amounted to about one hundredth 
ofadegree. However, as there was no visible bubbling the temperature might have | 
been up to a hundredth of degree lower than the values quoted. The 1955 scale | 
was used throughout. 
§ 3. RESULTS 
3.1. Pressure Dependence 
Smooth curves were drawn of level height plotted against time and values of | 
dh/dt and Ah obtained. Graphs of log,,dh/dt plotted against log,,Ah gave 
points falling on straight lines of slopes equalto 1+ 0-05. Typical curves are shown 
in figure 2. The full lines are of slope unity. ‘This shows that the flow may be 
expressed by the relation 
(Rate of flow) =(Constant) x (Pressure head)” sn... (1) 


where n=1+0-05. There is thus no evidence for non-classical flow. 
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Figure 2. Plot of logy9(dh/dt) against log Ah. A, outflow at 2-20°K; B, inflow at 2-20°K. 


Flow below the A-point was so quick that only three or four readings could be 
taken before the levels equalized. Reliable values of dh/dt could therefore not be 
obtained. Ifa relation of the form of equation (1) is assumed, however, readings 
taken at 2:16°K and 2-13°K could be approximately represented by a value of 
between 0-6 and unity. 


3.2. Temperature Dependence 


The variation of viscosity with temperature was determined from the slopes of 
graphs of Ah plotted against dh/dt, the viscosity being assumed proportional to 
Ah|(dh/dt). A correction was applied for the variation of density with temperature. 
For comparison with Bowers and Mendelssohn’s curve obtained with a 40 
capillary, the present values have been normalized to 31 jpoise at 28°K ; the results 
are shown in figure 3(b). The vertical lines connect points obtained from inflow 
and outflow: neither direction of flow gave results consistently higher than the 
other, ‘The average deviation of the points from a smooth curve drawn through 


fe poise 
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them is 3°%, the smooth curve giving a variation in viscosity between 2:19°K and 
2:8°K which is 3°% less than that found by Bowers and Mendelssohn. Below the 
A-point the value of Ah/(dh/dt) at 1cm level difference was equivalent to viscos- 
ities of 1-8 poise and 1-5 wpoise at 2:16°K and 2:13°K respectively. 
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Figure 3. Comparison of results obtained from wide and narrow channels. (a) BM, wide : 
Bowers and Mendelssohn (wide capillary); BM, narrow : Bowers and Mendelssohn 
(narrow channel); W, membrane: White (membrane). (6b) BM, wide: Bowers 
and Mendelssohn (wide capillary). 


3.3. Sources of Error 

Errors could arise from variations in the properties of the filter between one 
liquefaction and another, non-uniform reservoir bore, the presence of bubbles and 
the effects of evaporation. On each day readings were taken throughout the 
temperature range, and all results were treated with the same normalizing factor so 
that the first above-mentioned effect would give rise to a scatter of results but not 
to a false temperature dependence. ‘The filter was left pumping in vacuum for a 
day before each liquefaction. ‘The reservoir bore was uniform to within 1°, such 
variations occurring over a distance of about lcm. ‘This combined with optical 
flaws in the cryostat and surrounding Dewar flasks could account for the waviness 
in the curves of log (dh/dt) against log Ah. Again, this will not produce any consis- 
tent error. The effects of evaporation from the reservoir may be assumed 
negligible from the fact that the [dh/dt, Ah] graphs give a straight lines through the 
origin. An alternative method of presenting the results in which the evaporation 
rate is included explicitly is to fit the values of A/ to the equation 

log (Ant Ki )=— (1/43) x (time) ~~ sce. (2) 

This equation may be deduced from the assumption of classical flow (i.e. 
n=1 in equation (1) above) with differing rates of evaporation from reservoir and 
cryostat. The constant K, depends upon the rates of evaporation from the reser- 
voir and from the cryostat, and K, is proportional to the viscosity. K, hada value 
between 0-05 cm and 0-06 cm in all cases and was added to Ah for inflow and sub- 
tracted from Ah for outflow. This is as expected for a larger rate of evaporation 
from the cryostat than from the reservoir. ‘The rate of fall of the levels was 
measured when the reservoir level was K, cm above the cryostat level. ‘This rate 
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varied between 0-005 cm min- and 0-003cmmin~. From this and the corres-| 
ponding value of K, the reservoir evaporation rate was calculated to be less than | 
0-001cmmin-!. This correction does not alter the value of n and its spread | 
obtainedin $3.1. Typical curvesareshownin figure4. The variation of viscosity | 
with temperature obtained from K, agrees with that given in § 3.2. 


log,, (Ah + 0-06) 


0 10 20 30 40 
Time (minutes) 


Figure 4. Logarithmic plot of Ah against time. 
A, log (Ah-+-0-06), inflow at 2:20°K; B, log (Ak—0-06), outflow at 2-20°xK. 


3.4. Conclusion | 


The nature of the flow of He I through narrow channels of about 1 » diameter | 
is purely classical in the region between 3°K and the A-point, even though the value 
of the viscosity starts to fall rapidly with decrease of temperature. 
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Abstract. An ‘imperfect gas’ model for liquid *He has been developed. It 
appears that the observed specific heat and entropy of liquid #He can be explained, 
with good accuracy, by treating the liquid as an ‘imperfect gas’ with a number 
density some four times less than the actual number density of liquid #He. 
Incidentally, one may also, at least qualitatively, account for the low 
degeneracy temperature expected from magnetic susceptibility measurements. 


§ 1. INTRODUCTION 


ECENTLY, ‘l’emperley (1954) has tried to explain the observed properties of 
liquid *He by using a quasi-gaseous model. ‘The justification for the use 
of such an ‘imperfect gas’ model seems to be, firstly, the low density of 

liquid *He and secondly, the observed viscosity of liquid 3He which is very low. 
Next, it has been shown (Hammel 1955) that the observed temperature variation of 
the entropy of liquid *He can be explained with fairly good accuracy by treating 
it as an ideal Fermi—Dirac gas with a degeneracy temperature of about 5°K. On 
the other hand, the recent measurements (Fairbank eé al. 1954) on the low- 
temperature variation of the magnetic susceptibility of liquid *He seem to indicate 
that the Fermi—Dirac degeneracy temperature used in the entropy calculations is 
much too high. In fact, it seems to have been established that the observed 
magnetic susceptibilities can be explained if liquid *He is treated as a Fermi-— 
Dirac system with a degeneracy temperature an order of magnitude lower than that 
given by the ideal gas model (i.e. about 0-5°K). It seems, therefore, that there is 
little justification for relating the ideal Fermi—Dirac gas model to liquid ?He 
behaviour and a major modification appears to be necessary. 

In this connection, we have worked out the specific heat and entropy of liquid 
3He in the temperature region 1°K to 2:5°k, treated as an ‘imperfect’ Boltzmann 
gas. ‘The present model is essentially similar to that proposed earlier by ‘Temperley 
(1954). However, keeping in view the susceptibility measurements, we have 
treated liquid *He essentially as a classical gas. ‘he imperfections have been 
introduced by applying corrections of the van der Waals type to the volume and 
including terms of the type arising from Lennard-Jones—Devonshire ‘6-12’ 
interactions in the free energyt. It is interesting to note the surprisingly good 
agreement which one obtains with experiment when the number density in liquid 
3He is somewhat modified. 


§ 2. THE ‘ IMPERFECT Gas’ MODEL 


As has already been mentioned, the liquid behaviour indicates a much lower 
degeneracy temperature than the value obtained for an ideal Fermi—Dirac gas 


+ Here it seems to be of interest to point out that in one of their eariler papers Lennard- 
Jones and Devonshire (1937) had mentioned that the inclusion of the effect of the finite size 
of the particles would considerably improve the ‘ cell’ model, 
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with liquid He density. Hence it seems reasonable to interpret this lowering as 
caused by interactions between the 3He atoms. We shall see how, qualitatively, 
one may expect a lowering of the degeneracy temperature when imperfections are 
taken into account (increased ‘effective’ mass and reduced ‘effective’ number 
density). In this context it seems worth while to note that the Bose condensation 
temperature for an ideal Bose—Einstein gas with liquid ‘He density is 3-14°K as 
compared with the observed lambda temperature of liquid 4He, 2:186°K. The 
low value of the Fermi-Dirac degeneracy temperature obviously permits us to 
treat liquid *He, with justification, as a classical Boltzmann system, at least above © 
lige 

Next, the ‘ one-particle’ (see below) energy — momentum spectrum is taken to 
be the ideal gas spectrum. This is equivalent to the assumption that the statistical 
distribution of the energy levels is not affected by the interactions. ‘The justifi- 
cation for this assumption appears to be straightforward. It stems, at least 
formally, from an argument developed by Feynman (1953). When one considers 
an assembly of interacting particles the effect of the interactions is to inhibit the 
motion of each particle by providing a sort of a potential barrier. However, one | 
may treat this inhibition, at least formally, in a somewhat different way as follows: 
when one atom moves from one position to another (the atoms in the liquid being 
in a state of kinetic motion) the atoms lying ‘along’ the line of motion (that is, 
within the sphere of influence of the moving atom) move out of the way and after 
the atom has gone through they return to their original positions. ‘hus one may 
reduce the final configuration to a form somewhat similar to the original one. 
Hence, in order to estimate the total energy of any ‘particle’ in the interacting 
assembly one may take, instead of the sum of the kinetic and potential energies, the 
sum of the kinetic energies of the atom itself as well as that of the atoms displaced 
by it during the course of its motion. In other words, the potential barriers may 
be considered as replaced by kinetic energy barriers. Next, Feynman (1953) | 
has shown that the displacement of the ‘attendant atoms’ takes place with roughly 
the same velocity as that of the atom being studied, so that this extra energy may be 
taken into account simply by modifying the mass of the ‘atoms’ of the assembly. 
He also points out that the situation appears to be somewhat similar to the motion of 
a solid sphere through a fluid. We have taken the concept of the ‘ effective mass’ 
from Feynman’s theory and have applied it here. However, it is important to note 
that we have made no attempt to carry out any quantitative investigation into the | 
nature of this concept, which would in fact be very difficult. However, it appears 
worth while to study the consequences of applying such a conjecture together with 
some of the more usual methods of taking account of the interactions. With this 
in mind we write the ‘ one-particle’ energy spectrum in the form 


e(p) = \p?/2m,*, “WA PL eee (1’) 


where m;* is the effective mass of the particle. 

To take account of deviations from ideal-gas behaviour one considers the atoms 
to be of a finite size, by introducing van der Waals corrections in the molar volume. 
This is equivalent to the assumption that the total volume accessible to an atom is 
somewhat less than the actual volume of the liquid, and would partly take account 
of the repulsive part of the interactions between the atoms. 


+ See the discussion. concerning the effective number density 
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Further, to take account of the potential field between the particles, apart from 
effects included in the mass modification, we introduce a smoothed-potential term 
in the free energy. It is usual, when considering liquids (as condensed gases) 
on the basis of the Lennard-Jones ‘ 6-12’ potential, to use a ‘cell model *, in which 
each atom is treated as moving in a sort of a cell formed by its nearest neighbours 
(or next nearest neighbours also, as discussed by Hirschfelder et al. 1950, 1954). 
In our model we consider this cell to be formed by all the other atoms in the 
assembly and the net effect of the other atoms on the atom under consideration is 
represented by a smoothed-potential function arising from sixth power attractions 
and twelfth power repulsions. In other words, we add to the free energy of the 
assembly a term of the form N3y(N3V3°/N3), with 


N3V3° | a,N 5" b3N34 
Ns x (Ns; V3) z (Ns V3)" ee ee om 


V,° is the atomic volume and as, b3 are constants to be determined later. It is 
clear that the form (1) for y(N; V;°/N3) is correct. For instance, Lennard-Jones 
and Devonshire (1937, 1938), considering the effect of the first shell neighbours, 
obtain a term of this form in the free energy. Later, Hirschfelder and _ his 
collaborators have shown that the inclusion of the effect of the second and third shell 
does not modify the form of the function but merely alters somewhat the values of 
the constants. Hence one does not expect the inclusion of a smoothed effect due 
to all the atoms to change the form of the term. Here it is important to notice one 
point. It is well known that in liquid *He the particles have very large zero-point 
motions. ‘The net effect of these is to give the liquid a volume which is much larger 
than that expected from the gas kinetic theory. ‘These zero-point motions can 
therefore be interpreted as very large repulsions (or very small attractions) between 
the particlesinthe assembly. In our model no explicit account 1s taken of the zero- 
point motions so far but now it seems reasonable to consider yx (N3 V3°/N3) as the 
total, zero-point plus potential, energy per atom and this seems to be quite justified 
since we can still choose our constants a, and 63. It may, of course, be argued 
that this assumption may not be very correct but then the smoothed-potential 
model itself is fairly qualitative. Also the introduction of this assumption is not 
quite so drastic when it is realized that the zero-point motions, after all, are 
effective merely in increasing the volume of the liquid and giving it its characteristic 
open structure. They could therefore be accounted for by reducing the value of 
the constant a3 in such a way as to give the observed volume. 

In short, in the present model liquid *He is to be treated essentially as a 
Boltzmann system (for T> 1°K), having a ‘one-particle’ energy spectrum of the 
‘ideal-gas’ form. Deviations from ideal are accounted for by taking account of 
the finite size of the atoms and including terms arising from ‘6-12’ interactions in 
the free energy. Further, both the mass of the particles as well as their number 
density (see below) are taken to be modified by the presence of interactions. It is 
not at present quite clear what value should be assigned to the factor by which the 
number density would be modified and we make no attempt to go into details. 
However, it is of interest to interpret this factor somewhat as follows. . 

One should expect that the momentum of particles lying within a certain 
distance of each other would be rather strongly correlated (cf. Blatt et al. 1955). 
This so-called ‘correlation length’ would be of the order of the de Broglie wave- 
length of the particles in the assembly, and in the case of the assembly under 

2 E-2 
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consideration (at 1°k) one should expect the latter to be about 10-*cm. Hence, } 
one should expect that the ‘ correlation volume’ would involve only a few particles 
comparison with experiment below shows that only some}, 
four particles are involved). It must be mentioned that the concept of correlated] 
particles must be treated as being characteristically different from thes ) 
‘clustered’ particles. However, it is clear that here the ‘one-particle energy 
spectrum refers to all the particles which, lying within the correlation volume, 
co-operate to give rise to excitations in the assembly, and not to individual 3He atoms, 

In this context, it also seems to be of interest to state that in a recent note i 
Mikura (1955) has referred to a suggestion of Morita regarding the treatment of 
liquid *He as an ideal Fermi—Dirac gas having a number density of N;/4. How- | 
ever, their considerations do not seem to have led to any further interesting results. 1 

Using the above model we may write the free energy of liquid *He in the form} 


) 
{ 
N,* h | | | 
| 


of the assembly ( 


F,= —N,*kT+N3*kT In | ana Vo°)e(277m,* RT)?” 
Nee b,N5! | 
[ ve Ve [et sees (2) 


(N,V? (N2V39)* 
with a degeneracy temperature given by 
2 * 2/3 

Wmiaerey pee 3 ) i hake te 3) 

k 2m;,*k\8rN3(V3°)e 
where N,(V;°),=N3(V3°— 5°) is the accessible volume, and N,* indicates the} 
modified number density. N3v;° here represents the van der Waals correction 
term. 


§ 3. CHOICE OF THE CONSTANTS @3 AND b, 


We have chosen values for the constants as follows: 
a,N7/kR=6°30%107, 7 1 eee (4)+ 
beN*]R=0°29 10%) 4 0 leet) Sie (5)t 
with N=6-023 x 1023=Avogadro’s number, and k=1-383 x 10° erg deg *= 
Boltzmann’s constant. 

These values were initially chosen when we had attempted to apply the} 
imperfect-gas model in a somewhat different manner to the study of liquid 
mixtures of 3He and 4He (Bhagat 1955). In that case it was found that this} 
choice of a, and by led to a good qualitative fit with the observed vapour pressure 
curves. The choice of these values is further justified by the work of Hirschfelder 
et al. (1954), who, in calculating the effect of the second and third shell neighbours 
in the case of liquid *He obtain the values (see also Bhagat 1955) 


G,N R= 105% 107 eee (4’) 

b,N4/R= 6:3. x 10°... 5.) =e | lee Gee (5’) 
We assume here that the values of the constants for 7He and 4He do not differ. 
Now, if we compare equations (4), (4’) and (5), (5’), respectively, it becomes 
clear that the choice of by is quite justified. It has been chosen in accord with 
the more detailed theoretical calculations. ‘The choice of a; may at first sight | 


+The choice of these parameters, although quite arbitrary, is fairly critical. Thus 
slightly different values would completely disturb the agreement with experiment obtained 
below, 


a 
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appear to be arbitrary but it becomes quite clear when we recall that we have 
made the stipulation that a, must be chosen in such a way as to include in the 
X(N3V'3°/Ns) a contribution from the zero-point motions. In other words, 
we wish to treat the zero-point motion as an effective decrease in the attractive 
part of the potential. Having made this stipulation we notice that a, and b, 
may be written in terms of the parameters used by Hirschfelder et al., as (see 
Bhagat 1955) a,;=1-2045Ao°, b, =0-5055Ac2. 

. The parameter o (having the significance of the low-temperature collision 
diameter) is obviously very closely related to the specific volume V;°. Now, 


_ It is required to obtain a specific volume some three times larger than the value 
_ given by the classical gas kinetic theory. Hence we must choose a value of 0? 


some three times higher than that taken by Hirschfelder et a/. Further, since 


» we wish to maintain the same value for 5, as has been obtained earlier by them, 


- it is natural that we should choose for A a value about 81 times lower than that 


used by them. This would reduce the value of a,N?/k used by them by an 
order of magnitude, that is, we may take the value of a,N?/R to be about 103 


_ and this does not seem to be very much different from the value of 0-68 x 10% 
_ which we have adopted. 


§ 4. ‘THE SpeciFIC HEAT 
From equation (2) we obtain for the specific heat of liquid He the expression 
NORV SS AeV Se NRT ov 
Vo— 05 V9 OT ae 


eG V9 = et 6a, _ _20b, 
“LAV 2—28) * RV RP 


N eat i 2 Vow V = 2a 4h, 
V3 ( oT? [er - k(V,)3 a ary | Ey eh (6) 


Veen fe (La Cee DT ee ens (7) 
isthe empirical expression for the volume (i.e. density) variation recently reported 
by Kerr (1954). Here (V,°), is the specific volume at 0°k, 

B’ =1-00559 x 10-3, C’ = — 1-95355 x 10-3, and D’ = —2-47787 x 10. 
Using the values of the constants a, and 6, adopted above and the value of 
the van der Waals correction term as given by Sommers (1952) we have calculated 


C3= 3 Nyth + 


where 


_ the value of the molar specific heat of liquid #He from (6). ‘The values obtained 


with N,*=N, are presented in the first column in table 1. Next, we have 


Table 1. Molar Specific Heat of Liquid *He 


(1) (2) (3) (4) (1) (2) (3) (4) 
1-0 4-30 1-03 1-03 1-8 FAL 1-67 1-64 
i2 4-65 det 1-15 20 8-00 1-91 1-87 
1-4 5-55 32 1-29 272 TO Nam PV I ar 
1-6 6:25 1-49 1-45 BA 1017 22 24305 eae 


(1) Temperature (°K); (2) specific heat from eqn (6); (3) normalized value; (4) observed 
specific heat (Roberts and Sydoriak 1954). (Specific heat in cal deg~). 


normalized these values by making our calculated value for 1°k agree with the 
value of 1-03 cal deg-! mole“ obtained recently by Roberts and Sydoriak (1954). 


\ 


| 
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The normalization factor turns out to be 4-175. As already stated, this may bd 
interpreted as the factor by which the actual number density in liquid *He should 
be reduced. The normalized specific heat values are tabulated in the second 
column. In the third column we have included the observed values due toi 
Roberts and Sydoriak (1954). It is interesting to mark the rather close agreementy 
between theory and experiment. 


\ 
i 


§ 5. ‘THE ENTROPY 
Expression (2) gives for the entropy of liquid *He: 


5 No* h2 320° No RIV WY eV 
= = Net p= Ne oS gv8 rf Ee peal Real Soe e eS 
Ss 2 Bde Sn 2N,3(V3°)e loo ) Vion Ve oT i} 
Naw Ro Vee iz 4b. x 2a3 (8) | 
V8, OT. NERVOSIO ai | 


with N,* = N,/4-175. 

Now, in calculating the entropy it is necessary to fix the value of the degeneracy | 
temperature £)/R given by (3). We have chosen the value 0-45°k because with) 
this value the observed magnetic behaviour of liquid ?He can be explained) 
adequately. ‘The choice of this value implies an effective mass of 6:171ms. | 
This value seems to be a little high, since Feynman has suggested for liquid *He ; 
an effective mass some three or four times the atomic mass. However, one may | 
expect that due to antiparallel spins the 7He atoms may have somewhat larger | 
attractions and this would lead to a larger number of particles being dragged | 
along. Next, we have calculated the molar entropy and the results are presented | 
in table 2. For comparison we have also included the results obtained from the | 
empirical formula | 


S)=[3-72T — 2:37T? +. 0-573 T3 + 0-141 74 — 0-053 T°] cal deg“! mole 


for 0-5 <T<2-25°k, given recently by Abraham et al. (1954). The agreement | 
between theory and experiment is again surprisingly good. 


Table 2. Molar Entropy of Liquid ?He 


(1) (2) (3) (1) (2) (3) 
1:0 2°05 2:01 2:0 3:08 3-10 
1:2 2°24 2°21 2°2 3°32 3°38 
1-4 2:44 2:39 2:4 3°64 3-66 
1-6 2-64 2-60 2°6 3°88 3-87 
1°8 2°86 2°84 


(1) ‘Temperature (°K); (2) entropy, calculated; (3) entropy, observed (Abraham et al. 
1954). (Entropy in cal deg-1.) | 
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Abstract. 'The equations for the best single-electron orbitals in a crystal are | 
interpreted in terms of an effective potential and the forms of the various contri- | 
butions to this potential are considered. The exchange terms are important and | 
act like an attractive potential which moves through the crystal. ‘The form of this | 
attraction changes abruptly and its magnitude decreases greatly on passing from — 
orbitals arising from the valence shell to higher orbitals. An approximate form | 
for the exchange potential, suggested recently by Slater, is criticized in the light of | 
these results. 


§ 1. INTRODUCTION 


‘osT methods of calculating single-electron wave functions for solids are | 
M based on the solution of an equation of the Schrodinger type 
(=$V4+V) b= Eke 
(Throughout this paper Hartree atomic units will be used and the orbitals will be 
functions only of position.) The potential V’ used in this equation includes the 
attractive potential of the nuclei and the repulsive potential of the other electrons 
and is usually tabulated numerically. This repulsive potential is defined by the 
Hartree-Fock equations and involves all the other occupied orbitals. It ought to 
be determined by an iterative procedure using all the occupied orbitals but this has 

not yet proved practicable for solids. 

Related to this problem of determining the potential is the problem of deter- 
mining the general form of the orbitals themselves, particularly the unoccupied 
orbitals. ‘This includes the problem of the significance of these orbitals and of 
their relation to the extra orbitals occupied in ions and excited states. 

In this paper the form of the potential in a simple example is first considered so 
that the main features can be displayed. The form is then discussed in general 
using approximate orbitals. 


§ 2. THE Hyprocen ATOM 


The simplest example of a potential for an orbital is in the hydrogen atom. 
The Hartree-Fock equations are first derived for an atom having N singly occupied 
orbitals with parallel spins and then specialized for hydrogen by putting N equal 
to 1. This is rather an artificial procedure and may tell us nothing new about 
hydrogen but, since it preserves the form of the orbital equations, it may be used 
to study these equations. The resulting orbital equation is 

shee 
fot + fQar,| wayyy (HCHO) av, - ayer, 
(a is a 
where *) is the occupied orbital, the subscript and the argument 1 denote the 
spatial coordinates of the electron and the integrations are over the space of the 


t Now at Department of Mathematics, Imperial College, London S.W.7. 
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vector 2 only. When %=1, this equation reduces to the familiar Schrodinger 
equation, as is obviously necessary, so that 


Vi=—Vry  fo(1)= (1/4/77) exp(—74). 


The orbital equation can now be written explicitly as 


f s 1 OX —— Pip} Cs 
| -8V2— (1+ =) exp(—2n) hu) —< exp (=r) [SPH ay, = yc. 


"2 


In this form the electron—nuclear attraction is cancelled by part of the first integral. 
The solutions of this equation other than zy are clearly very different from excited 

_hydrogen wave functions for the potential is quite different from the simple 

~ Coulomb one and consists of a short-range attraction and an exchange interaction 
between the electron in the occupied orbital and what may be called a virtual 
electron in the orbital being considered.. Such orbitals are known as virtual 
orbitals. ‘They are the same as the orbitals of a test charge introduced into the 
system since the interactions appear as for an additional electron but the original 
charge distribution is not disturbed. This can be verified by observing that 
the equation becomes identical with that for the outer orbitals of the 
hydrogen negative ion in triplet excited states with electron spins parallel provided 
that the inner orbital of the ion is assumed to remain y%. For the lower triplet 
states of this ion this inner orbital is unlikely to be close to xp. 

Thus the potential given by the Hartree-Fock equation is very different in 
form when occupied and virtual orbitals are considered. For the occupied orbital 
there is a strong Coulomb attractive potential which will concentrate the orbital 
around the nucleus. For the virtual orbital there is only a weak short-range 
penetration potential and an exchange interaction which is also weak because it 
depends on an integral over orthogonal orbitals. ‘The virtual orbitals, therefore, 
are probably diffuse unbound states. Although they are solutions of the same 
eigenvalue equation, the physical significance of the virtual orbitals is quite 
different from that of the occupied orbital and can be clarified only by intro- 
ducing the idea of a test charge. 


—s beet = 


§ 3. CONTRIBUTIONS TO THE POTENTIAL 


The potential energy in an orbital equation for a molecule or a solid is due, 
according to the Hartree-Fock equations, to the nuclear attractions and to the 
averaged electronic repulsions. ‘The nuclear attractions contribute a term 


a Ds (24/712) 


where « refers to a nucleus. The electronic repulsions contribute two terms one 
of which, if all the occupied orbitals are doubly occupied, 1s 


v(l)=| oe dV, 
with p(2,1)=2 (2) bn (1): 


This summation is over the space orbitals ;s,, and the factor 2 allows for their double 
occupation. The second term is the exchange potential A defined by 


rp (2,1) b(2 
ay y(y= 3 [2 ar, 


Ifsome of the orbitals are singly occupied these definitions will require modification. 
The nuclear attractions and V each diverge at all points as the number of particles 
in the system increases but their sum converges. 
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The density matrix p (2, 1) is invariant to unitary transformations of the orbital, 
(Hall and Lennard-Jones 1950). It is convenient, therefore, to consider it as 


p (2, 1)=2 > Xn (2) xn (1); 


where the orbitals y,, are equivalent orbitals. These orbitals are solutions of th: 
self-consistent equations and may be defined by the condition that their self 
energy 

n - Te if 
is a maximum with respect to unitary transformations of occupied orbitals, 
Since the self-energy is a measure of localization these equivalent orbitals will be 
the most localized orbitals. It has been shown (Bhattacharya 1953) that, undes 
normal circumstances, orbitals which permute into one another under the opera-) 
tions of a symmetry group will be equivalent orbitals whereas the extended crysta) 
orbitals are the least localized orbitals. By transforming to localized orbitals the 
difficulty of normalizing the delocalized crystal orbitals is avoided. This defini- 
tion also enables us to relate these equations to the original Hartree equations which 
have no exchange terms. The Coulombic and exchange parts of the total energy; 
are each invariant to transformations of orbitals but their common part is the self 
energy and this is not invariant. The remaining part of the exchange energy wil 
be at a minimum for equivalent orbitals and so for these only will a treatmen 
without exchange be possible. ‘The Hartree equations will have the same for 
as those discussed above except that in place of the exchange operator A there will 
be an operator B,, arising from the cancelling self-energy where 


B,(1)x,(1)= = f POO ay, (1) 


§ 4. POTENTIALS FOR IONIC CRYSTALS 


For an ionic solid all the y,, are localized around single nuclei. The electron 
density close to any one nucleus is almost entirely due to the electrons in orbitals 
localized around that nucleus. The V term in the potential is therefore the sum 
of the corresponding terms in the potentials for the isolated ions, provided that 
the x,, are little changed. Since these Xn are orthonormal they are not identical 
with those of the free ions, but the difference should not be significant at ordinary 
internuclear distances. 


In order to examine in more detail the form of the potential it is convenient to | 
consider the integral 


VA G2 
L(t = [ a ) xf )aV,. 
. 2 
If the nucleus associated with y,, is taken as origin, 1/7, can be expanded in spherical 
harmonics around it giving (cf. Eyring, Walter and Kimball 1944, p: 371) 
las es CS aie : 
ho 2, (7 ==) > Fen P;" (cos 6) P,’” (cos 4.) exp [?m(co, — w.)]. 


™m™ 


Thus J,,, becomes 


fu BL ep || xaos) Pmt) PP) explin(o,—enlldY, 


rs 


XnX : ee A = 
= | (222 )a¥.+4P.4(1) exp Gin) xuaeZP AQ) exp (—io,) dat... 


} 
> 
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' Each of these integrals can be split into two parts depending on which of r, or ry 

is the greater. It is convenient instead to divide them so that the one part has 
|’ =", 7 =P, and is integrated over all r, while the other part is integrated from 
0 to 7, and includes terms which cancel portions of the first part. The first part 
then gives the complete asymptotic expansion of the potential while the second 
part gives the penetration potential which modifies the asymptotic form at small 
distances. The asymptotic form of the integral is then 


[ ZG i lof 
Deer SPREE TY tae, 
T; J ry 
ome M.,,, 
Pe sree oe ai wie Wiel s 
Vy ry 


where M.,, is the transition moment between the orbitals. The penetration terms 
also have this 1/r form for small 7 and so counteract the asymptotic terms there but 
they vanish for large r. Their form, for Slater atomic orbitals, is given by Roothaan 
(1951). 

The potential V at any point is given by the sum of the potentials due to orbitals 
around the nearest nucleus and to other orbitals. If the orbitals are assumed to be 
unaltered, the first of these potentials is the same as in an isolated ion. The 
penetration potentials around other nuclei, because of their rapid decrease with 
distance, can be ignored except possibly those of the nearest negative ions. The 
asymptotic terms of these orbitals are stillimportant. The first part of the asymp- 
totic expansion combines with the electron—nuclear attractions to give a Madelung 
potential and so eliminates the two divergent terms in the potential. ‘The second 
part of the expansion depends on the dipole moment of the orbitals. ‘The 
symmetry of the orbitals will usually force these terms either to vanish or cancel. 
The quadrupole terms do not vanish but they decrease fairly quickly with distance 
so that only the nearest need be considered. 

The form of the potential A is less obvious. It is only defined in relation to the 
orbital on which it acts. If this orbital is occupied then in general it can be written 


as 
p= XTX» 
where x, are the occupied equivalent orbitals. This leads to 
Ays= — poe hed BP 


the asymptotic form of which is 
Ay(1)~ = Dak Xs/7s) i Me (7, Xn" s- Met) ie es 


ns 


ae ee 


where r, is the distance from the nucleus s to the field point 1. The first term here 
predominates and the second term frequently will vanish. When 1 is closest toa 
nucleus ¢ the major term behaves approximately as the potential of a positive charge 
on t, viz. 


Af = —(X Ts x.)n= — (ln) 


but, if 1 moves closer to another nucleus, A turns into an attraction towards that 
nucleus. Thus the potential A can be interpreted as the potential of a positive 
hole whose location varies with the point being considered and whose effect is that 
of a unit positive charge on the nearest nucleus. ‘This gives a more precise picture 
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of the moving Fermi hole discussed by Wigner and Seitz (1934). ‘This approxi- 
mation to the potential becomes even more accurate in the space between two 
nuclei though there is a smooth transition from one centre of attraction to the 
next. ‘The penetration part of the potential A behaves in the same way as the 
asymptotic part but its form depends on the orbitals. Its effect will be to cancel 
the 1/r attraction at very small distances from the nucleus and to vanish rapidly 
for largerr. ‘Thus the exchange potential in the neighbourhood of an ion behaves 
very much like the exchange potential of the free ion. The crystal potential in an | 
ionic crystal is therefore very similar to that acting on the corresponding bound }/ 
electron in the nearest free ion but with the addition of the Madelung potential and _ }} 
the penetration potentials of neighbouring ions. 

The effect of the exchange potential A on an unoccupied orbital is quite }| 
different from its effect on an occupied orbital. Since the unoccupied orbitals |) 
are orthogonal to all the occupied ones, the first part in the asymptotic expansion 
always vanishes. ‘There is therefore no moving potential hole. If strong dipole 
transitions are possible between occupied and unoccupied orbitals, there will be a 
dipole potential. Other contributions to the potential will make it the same as for 
the virtual orbitals of the free ion and not their excited orbitals, except that there 
will be the Madelung field. ‘This potential is much more nearly uniform than 
for the occupied orbitals, and the unoccupied orbitals will be close to plane waves. 
Thus the discontinuity in the effect of the exchange potential occurs both in 
the free ions and in the crystal. 

The equivalent orbitals y, are determined by equations containing the same 
potential energy terms as those above. The exchange term A acts as an attractive 
potential centred on the fixed nucleus s and with the asymptotic form 
Ay,~—(1/r,)x,. The potentials are therefore very close to those determining 
the orbitals of the free ions except that the Madelung field will decrease the potential 
around a positive ion and increase it around a negative ion. A fixed and localized 
potential like this will lead to localized orbitals so that it is consistent to take these 
orbitals to be localized. ‘The Hartree equations with the potential B, will give 
almost the same result since B, will be the major term in the potential A. 


§ 5. POTENTIALS FOR VALENCE CRYSTALS 


In a valence crystal some of the equivalent orbitals are localized around two 
centres and this makes it more difficult to discuss the potentials accurately. Most 
of the results found above still hold but in a generalized form. 

From the previous discussion it is clear that the form of the potential will 
depend primarily on the integral /,,,, for a two-centre orbital so this must first be 


found. ‘The two-centre orbital y,, may be expressed very approximately in terms 
of the two atomic orbitals as 


Xn(2) = Acoa(2) + eon(2)]/ 4/02 + 2 + 2S), 
where wa and wy» are normalized atomic orbitals around the nuclei a and b, and 
S= | Migr bi 


The integral J,,,, then becomes 

(2 r 22 2 . 
[% Sav, =[22[ Pav, + 2/2 ay, oy. OO av, |/ 
: 1 . 12 . 1 : f 


119 2 Ty2 


(02+ p2 + 2S), 
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The last integral here is a two-centre one but it may be estimated in terms of one- 
centre integrals by using the Mulliken apo amanon Viz: 


[Sate OV se | Wa" waX(2) ay ey | Wp” wav, |. 


Tro ety ris 
The accuracy of this approximation has recently been discussed by Ellison (1955). 
This gives 

“@a*(2) 


Me 


Ty = [Q2 + AwS)/(02 + p2 + 2AwS)] | dV, 


+ [2 + eS)? +p? + 2\S)] | 
12 
The separation of these single-centre integrals into asymptotic and penetration 
parts can then be carried out as before. 
In the orbital equation the long range nuclear attractions combine with the 
asymptotic part of the lV’ potential to give a Madelung field whose charges depend 
onthe parametersAandy. Fora pee aes crystal A= = 1 so that 


See 
a Vy +4 — dV, 
2 


Hs 
and this Madelung field vanishes. ‘The Canvas part of the potential is then just 
the sum of the Coulomb potentials of the free atoms and, to give the same terms as 
in J,,,, the valence electrons have to be taken in singly occupied orbitals directed 
along the bonds. ‘The allocation of spins to these valence electrons in the atom 
makes little difference to the potential but it 1s convenient to take them all parallel 
so that the orbitals can be transformed freely. ‘The exchange potential in the 
crystal has the approximate asymptotic form, in the neighbourhood of the bond ab, 
Ab 33 (= + =) Tyee 3 (= + 2) 
pear es i rp 
To give the exchange hole of the atom the correct asymptotic charge and shape for 
the solid, additional potentials of 1/27 on the central atom and —1/2r on each 
nearest neighbour are required. ‘The penetration part of the exchange potential 
will modify these potentials close to the nuclei so that around the central atom it 
will probably be sufficient to ignore the additional potential on that atom and include 
only the — 1/2r on its neighbours. 

The integral /,,, for orbitals y,, and y,in a valence crystal is generally very small 
because of the localization of the orbitals y,, and y, in different parts of space. 
This holds even if the orbitals extend over a common atom provided that the 
atomic orbitals involved are localized in different directions or have different total 
quantum numbers. The one exception will occur when x, involves the same 
directed atomic orbitals, and this it does when y, is the anti-bonding orbital 


x= [boon — doon]/4/(A2 + 12 — 2M). 
For this, in the same way as before, 


- : 2 
Typ 2[ue + § Sp? — BSR2)/y/(M + 2082+ et — 42 w2S2)] | SAV, 


M2 
+ [(—Aw + bSp2— $SA?)/4/ (AE + 202 pe? + pt — 4022S?) |= vie 


and if A=yu=1 ; 
he S2)5} {SE aV,—4(1- Sy [Pav, 
2 
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‘This is almost the same as J,,,, so that the exchange operator, when acting on these 
unoccupied anti-bonding orbitals, will be equivalent to the same potential as for 
the occupied bonding orbitals. ‘The change in the character of the potential will! 
occur not between occupied and unoccupied orbitals but between orbitals arising | 
from the valence shell and those in higher shells. 

If the two-centre orbitals are not as localized as the approximation above implies | 
the main conclusions are not changed. ‘The range of the penetration potential 
would have to be increased and the charges in the asymptotic potential decreased 
as the localization of the orbital decreased. Nevertheless it is consistent to assume }) 
that y, is localized to two atoms since this leads to a potential, in the equation 
determining y,, which is also concentrated around two nuclei. The localization 
of an anti-bonding orbital y, is clearly less than that of y,, since, although the 
potential is very similar to that for x,,, the orbital is less stable. 


§ 6. POTENTIALS FOR A METAL 


The discussion of the form of the potential for a metal is made more compli- 
cated by the fact that no transformation of the occupied orbitals to orbitals localized | 
around one or two nuclei is possible. Some features of the potential may, how- 
ever, be investigated by considering solids, such as the alkali metals, for which there 
are localized orbitals in the standard excited state (Hall 1953). The crystal 
orbitals may still be expressed as 


Bn = » Te Xs» 
§ 


where y, are localized around single atoms, but there will usually be many more | 
y, than occupied crystal orbitals, so that unitary transformations are no longer 
possible. These orbitals y, cannot be defined in terms of the ground state of the 
crystal alone. They can be defined as the localized equivalent orbitals of the 
standard excited state or, more approximately, as atomic orbitals orthogonalized by 
Lowdin’s procedure (1950). 
The electron density matrix is now 
p(2, 1)=2 dyn(2)Pu(1) = X Pur Xul2) xo(1) Puo= 2D Tan Tinos 
OCG i) oce 
On physical grounds it is reasonable to expect the charge to be uniformly spreadina | 
monatomic crystal so that, if there are as many electrons as equivalent orbitals per 
atom, p,,,,=1. The potential V(1) now has two parts 
; Xu 2 u 2 hax 2) i a 
Viy= So x ( A ( Fan Deo Xul ) Xo av, 


Mie 


UAV 
and the asymptotic expansion of the first part yields the 1/r, terms which cancel 
the electron—nuclear attractions. ‘The second part is very small because of the 
localization of y,, and x,, in different parts of space. ‘This means that V is just the 
sum of the corresponding parts of the potentials of the free atoms. 

The exchange potential is written 
oe eas ales 
Ad,(1)= 43 Tus 3 Poo xl) | MOO ay, 
8 7) 12 
and, if y, is localized around the nucleus s, the asymptotic form of this is 


A m4 Te yee ee 


Vs 


bole 


ibe (1 t sv (1 
ess WY) sty Die! 
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The first of these terms has the form of the moving hole which has been examined 
above except that the charge is now only }. 
however, but corresponds to the charge 


> 2 Povx (1)/xs(1), 


the summation being over all values of v not equal to s, so that, at the mid-point 
between nuclei, the total charge is }(1+p),,) and this will probably be close to 
unity. ‘Thus the hole has the potential of a charge of 4 close to the nucleus but of 
almost 1 between neighbouring nuclei. This reduction of the charge will be 
counteracted to a large extent by the penetration part of the exchange potential 
which is multiplied by the same factor and which cancels the asymptotic part close 
to the nucleus. The final result is that the potential around an atom for a crystal 
orbital is very close to that for the corresponding atomic orbital. 

This result for the potential does not depend on whether %,, is occupied or 
unoccupied, so long as the same set of orbitals y, is used to describe it. When y, 
is more highly excited than can be described in this way, the exchange potential 
will become very much smaller so that there will be a break in the form of the 
potential. In general then the break in potential seems to occur between orbitals 
continuous with valence shell atomic orbitals, and orbitals continuous with 
virtual atomic orbitals, rather than between occupied and unoccupied orbitals as 
forioniccrystals. It is interesting to note that the free-electron treatment of metals 
does not give this result. In it the exchange potential (cf. Seitz 1940, p. 340) falls 
smoothly but rapidly in value on passing from occupied to unoccupied orbitals. 
This is probably an illustration of the limitations of the free-electron method. 
Nevertheless it seems reasonable that there should be some reduction of the 
potential on passing from occupied to unoccupied orbitals in metals as in valence 
crystals. ‘This reduction is found in molecules and makes the true virtual orbitals 
more diffuse than the approximate virtual orbitals calculated using localized 
orbitals. For this very reason the approximate orbitals are of more value in 
describing excited states of molecules. 


The second term is not negligible, 


§ 7. PHYSICAL SIGNIFICANCE OF VIRTUAL ORBITALS 


Virtual orbitals were defined as solutions of the self-consistent field equations 
which are unoccupied. ‘lheir physical significance is seen only when these 
equations are related to those for the solid when charged or excited. In the 
negative ion of a crystal, for example, the extra electron is distributed over the 
whole crystal so that the disturbance of the potential field at any point, and hence 
of the occupied orbitals, will be negligible. (This does not follow for a smaller 
system such as an atom or a molecule.) ‘The equation for the orbitals is 


(H+V+A+V,+4,)$=E, 
where V and A have the same form as for the neutral crystal and 


= 2 
v1y= (2 @av,: a= -v) [OM ay, 
EES - 2 
The extra orbital y, is a crystal orbital spread over the whole crystal and normalized 
to unity so that V’, will be very small and A, at least as small. For =1, these two 
terms exactly cancel so that ¢, is just a virtual orbital of the neutral crystal. ‘The 
various virtual orbitals are therefore the various orbitals into which the extra 
electron in the negative ion can be put, 


1132 G. G. Hall 


When an electron is excited from one orbital to another there are several terms 
of form similar to V,, and A,. If the system is large enough the effect of these 
extra terms is negligible and the orbitals are the same as those of the crystal in its 
ground state. In particular the excited orbital is just a virtual orbital. If the 
system is an atom or a molecule, on the other hand, the extra terms are significant. 
The excited orbital is most affected and becomes more firmly bound than a virtual 


orbital. 


§ 8. DiscussION 


The general result of these investigations is that the crystal potential in most 
crystals should be quite close to the superposition of the fields of the free atoms or 
ions. The valence electrons of diamond, for example, have a potential equal to 
that for an electron in an outer orbital of a carbon atom in its °S state with extra — 
potentials of 1/2r and a penetration term which counteracts it for small r and also | 
—1/2r attractions on its four nearest neighbours. ‘This potential is independent 
of orbital for the bands which arise from the valence shell of the atom but for higher — | 
unoccupied bands the potential is just the superposition of the potentials for the ]] 
virtual orbitals of the carbon atom. 


Slater (1951) has proposed that the exchange potential should be represented }} 


approximately by a potential proportional to the cube root of the electron density. 
This particular form was suggested by a study of the free-electron model. It does 


not agree very well with the results above for it suggests that the potential is greatest |) 
at the nuclei and falls away approximately exponentially whereas, because of its_ |f} 


penetration part, the potential is very small at the nuclei and falls away as 1/r. 
Furthermore it is incorrect, according to both the analysis above and the free- 
electron results, to use this approximate form for all the unoccupied orbitals. 
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Abstract. A theory of the birefringence produced in a substance perpendicular 
to a strong magnetic field (the Cotton—Mouton effect) is presented. Allowance is 
made for electrical anisotropy induced directly by the magnetic field, an effect which 
can occur even for isotropic molecules. The effect of molecular interaction on 
measurements in dense gases and liquids is also considered. 


§ 1. INTRODUCTION 

AN Y isotropic substances are weakly birefringent when light is passed 
M through them in a direction at right angles to a strong magnetic field. 

The phenomenon is called the Cotton—Mouton effect, and it is the 
magnetic analogue of the Kerr electro-optical effect. ‘The Cotton—Mouton effect 
should not be confused with the well-known Faraday effect, in which there is a 
rotation of the plane of polarization of a beam of light passing through a substance 
parallel to the lines of force of a magnetic field. ‘The history and early experimental 
results of the Cotton-Mouton effect have been discussed by Beams (1932) and by 
Cotton (1932). Much experimental work has been carried out on diamagnetic 
liquids, and benzene has been studied as a vapour (K6nig 1938); also the para- 
magnetic gases oxygen and nitric oxide have been examined and the results 
discussed (Bizette 1946). 

The effect in diamagnetic substances has been interpreted by supposing that 
the molecules have anisotropic electrical and magnetic polarizabilities, so that the 
presence of a strong uniform magnetic field causes a partial lining-up of the 
molecules, the medium therefore becoming doubly refracting, with its optic axis 
parallel to the magnetic field. ‘There is thus a close analogy to the Kerr effect, in 
which a strong electric field favours certain molecular configurations thereby 
causing double refraction. The accepted explanation of the Kerr effect was that 
of Langevin (1910) and Born (1918), who considered the orienting influence of the 
electric field on the anisotropic polarizabilities and permanent dipole moments of 
the molecules. Recently, Buckingham and Pople (1955) interpreted the observed 
non-zero Kerr constants of the inert gases in terms of an electrical ‘ hyperpolariz- 
ability’ representing the dependence of the polarizability of a molecule on the field 
strength. 

The Langevin theory of the electric double refraction has been used to interpret 
the Cotton—-Mouton effect in diamagnetic molecules, and values for the principal 
diamagnetic susceptibilities of molecules deduced from the experimental results 
(see Beams 1932). However, the Langevin theory is valid only for perfect gases, 
so that there is some uncertainty in the deductions, Attempts to estimate the 
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importance of molecular interactions have been made by Raman and Krishnan 
(1927), Piekara (1938, 1950) and Snellman (1949) but none of these is entirely 
satisfactory. 
In the present paper, it is shown how the general theory of molecular polariz- 
ability in the presence of a strong magnetic field can throw light on the anisotropy 
induced by the magnetic field. If an atom is placed in a strong magnetic field H, 
then the electric dipole moments induced by a weak field E are given by expansions 
of the form 
pa(aky Het ...)E, jj salamiee (Get) 
joao Hg) Ee ee ee (U2) 
according to whether F£ is parallel or perpendicular toH. «is the normal electrical 
polarizability and 7" and 7* are coefficients representing the modification of the | 
usual law due to the presence of the magnetic field. This means that there will be | 


a Cotton—-Mouton effect even for a monatomic substance. ‘The Langevin theory | 


of the Cotton—Mouton effect is modified so as to include direct polarizability effects i 
of this type. | 


§ 2. THE POLARIZATION OF A MOLECULE IN A STRONG 
ELECTROMAGNETIC FIELD 


Although the Cotton—Mouton effect is dependent upon the electrical molecular 
polarizability in the alternating electric field of a light wave, we shall suppose that 
the problem is equivalent to that of the static electric polarizability of a molecule |} 
in a magnetic field. We shall therefore neglect any dispersion effects; if the | 
frequency is not close to a natural frequency of the molecule, this should be a 
reasonable approximation. We are particularly concerned with the change in 
electric polarizability caused by the magnetic field, and shall therefore start by 
formulating a general method of describing this compound polarizability. 

Suppose we are dealing with a diamagnetic molecule in a closed-shell ground 
state (so that there is no Zeeman splitting in the magnetic field). ‘Then, if we 
treat the translational and rotational degrees of freedom in a classical manner, there 
will be an energy u(z7, E, H) corresponding to a molecule whose configuration 
(position and orientation) is represented by the symbol 7, in an electric field Eanda | 
magnetic field H. ‘This can be expanded in a power series in E and H | 
u(r, E,H) =u —p, BE, — 3 agp Eg — 3X08 Lotte 

— §, . py, EyH gH, — 308 : ys HolpH,H, + terms O(E*, HH"), ...... (2.1) 


where wy, &a8) Xap» $a: By ANd Nog: yo are tensors. u is the permanent electric 
dipole moment and «,g and y,g are the static electric and magnetic susceptibility _ 
tensors. €,.g, and 7.g:,5 are higher order tensors representing the effect of a 
magnetic field on the electrical properties. €,.g, will be symmetrical in the 
suffices 8 and y and xB - yo Symametrical in the separate pairs («, f) and (y, 6). 
The electric dipole moment 1, (in the presence of E and H) may be found from | 
the relation | 
du=i =p. dEu eolsh «) —\h Week (2:2) 

so that 
PolT, E, H) = ba” + typhi == oe : pylgi, == Nap : yogH, As Tre bie. | eh eteenene (2-3) 
The tensor €,., clearly measures the change in electric dipole moment induced by | 
the magnetic field (an effect proportional to H?). Weare interested in the electric 
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yfoarizability in the magnetic field. This is obtained by further differentiation 
with respect to E and is 


14g = %og + Nop : 0 H,H,+ sielelse 0) Wee) celerare:s - (2.4) 
As in the corresponding theory of the Kerr effect, li,3 will be referred to as the 
differential polarizability ; the tensor v8: 9 Measures its dependence on H, It is 
analogous to the hyperpolarizability tensor Ya8,5 Introduced into the corresponding 
theory of the Kerr effect to allow for the dependence of electric polarizability on 
electric field strength (Buckingham and Pople 1955). 

For symmetrical molecules there are relations between the components of these 
tensors. In particular, for a system with spherical symmetry £y:p, Vanishes and 
]48:»9 18 an isotropic tensor of order four. Since it is symmetrical in the pairs of 
suffices (x, 8) and (y, 5) it can be written in the form 


NxB vo = 8g 853 =F jt (34,080 +e 8.50 8y)s Riatersneie (2.5) 


Consequently all components vanish except those of the types 
M1:u= 9 =At 2p 
Abe 3S) 
Me :12= $(q'— 7) =p. 


7 is proportional to the change in polarizability parallel to the magnetic field and 
7+ is the corresponding constant for the perpendicular direction. 


§ 3. "THEORETICAL EXPRESSION FOR THE MOLECULAR 
CoTTON-MouTON CONSTANT 


The quantity measured in the Cotton—Mouton experiment is the difference 
between the refractive indices of a substance in directions parallel and perpendicu- 
lar to a strong magnetic field H,. Let e," and e,+ be unit vectors in these two 
directions. If the frequency of the light waves is large compared with rotational 
frequencies, we can obtain an expression for this difference by evaluating 


H(r,H)=Mag(enteg!—eteg) nasa (3.1) 


for each configuration 7 and then averaging over configurations with a Boltzmann 
type weighting factor appropriate to the molecule in the static field H, only. ‘The 
difference between the refractive indices is given by 


pea (NIVYIL © See (3.2) 

where V/V is the number of molecules in unit volume, and where 
_ [IL (+H) exp {—u(r, H)/kT} dr 
si [exp {—u (x, Hy/AT} dr ; 


my 


We now proceed to expand Th asa power series in H, noting that it depends on H 
both through II (7, H) and through the energy uw. It is convenient to use the 
notation (X) to denote the average value of a quantity X (7, H) in the assembly 
with H=0, that is, 
[ XG, O) exp {—w/kT} de 


se bli BST cae (3.4) 
fexp {—w/AT} dr 


(A= 
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It is seen immediately that Il is zero when H =0, that is the medium is isotropr v . 
the absence of the magnetic field. Also 


all alth, all cee 
ae [NSS CT 0 eee 35 
(5) yao" Ga eT gp) =© a 
since both (dI1/dH)47~» and (du/oH )j,~» are zero (from (3.1), (2.4) and (2.1). Hence 
if we expand [T in powers of H, the leading term is in H?, the coefficient being 


ott e711 1 oll ou SON ih ou \2 
(Sie), 3 Gre) aan Conant ne) + gers (lls) ) 


ME Ae (3.6) 
o*Tl = eT ese Semi 
aes Gal. 7] ( oH? a a 
=2nep:yo (Clg — Car eptyey' Co vere (3.7) 
and 
O7u : 
(),- as hi ap a: eg! cee see (3.8) 


We now use (Il); = %ap (€x' &p' — &a*eg") and carry out the final averaging over 
directions as in the theory of the Kerr constant (Buckingham and Pople 1955). 
Analogously to the molecular Kerr constant, we shall define a molecular 
Cotton—Mouton constant mC by 
 2(m— 2) V. 2nN /e ll 
lim 2 (my n,) To es ieeiat 
mC = eh eee (SH kai Aig) 
where V » is the molar volume and N Avogadro’s number. mC is one-ninth of a 
similar quantity defined by Konig (1938) and six times that introduced by Grodde 
(1938). From (3.9) and (3.6) we obtain 
4nN 1 
mC= 735 {op a8— Hoa oF aral %aBXaxp — 3%X }} seen (3.10) 
where «=4a,, and y=+#y,. are the mean electric and magnetic susceptibilities. 
The temperature-dependent part of this formula is the established Langevin 
result. it is non-zero only if both ag and y,g are anisotropic. The other terms 
represent the molecular anisotropy induced directly by the magnetic field. For 
spherical molecules these are the only terms and (3.10) reduces to 


4a N 
mC = a (lice: Sak eee (3.11) 


§ 4. THe INFLUENCE OF DENSITY 
In a dense medium mC is defined for a system in which H is uniform by the 
equation 
Ge 2n Ve, lim ny TNy 
m 3 (n? + 2)? H—0 H?2 
where » is the refractive index of the medium. ‘Then, just as in the theory 
of the molecular Kerr constant in a dense medium (Buckingham 1955), 


InN (o211® 
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vlere [1is the mean value of IT (7, H) for molecule 1; the symbol 7 now represents 
the configuration of all the molecules of the system. 
If we now expand II in powers of Xxg and neglect powers higher than the first, 
then by a method similar to that employed elsewhere in the Kerr effect problem 
(Buckingham 1955) we obtain 


fe 4a a aepeee Ee i Y [erg xaal? — 3a wi 
m é aB:a8~ 37 ‘aa: Bp DhT = XB” XoB ax ; 


where the summation extends over all the molecules of the specimen. If the 
molecules are axially symmetrical, then the two independent %g and y,g tensors 
can be written in terms of « and y and of the anisotropies 
Gy oi X38 X1 
Ko Soe | ’ Sian oye eee eats (4.4) 
where the 3-direction corresponds to the axis of symmetry. In terms of these 
quantities (4.3) becomes 


(4.3 
4nN ( 3aY Ky Kk Mn 
S35 1 nap:o@~ #an:: 88+ el 143] (cost — bmn) de de | 


eee (4.5) 


where 4 is the angle between the directions of the axes of molecule 1 and the mole- 
cule whose configuration is (r, w) relative to molecule 1, and where ng (r, w) dr dw is 
the probability of there being a molecule in the volume element dr and orientational 
element dw. The integration extends over the whole of the sample. If the forces 
between the molecules are independent of relative orientation, then (cos?6— 4) 
is zero and (4.5) reduces to 


47N SaY Ky K 
mC = Tas {apo Hau: 9+ re OT (4.6) 


which is equivalent to the perfect gas expression (3.10). Thus for diamagnetic 
materials we should expect »C to depend on density only if the intermolecular 
forces are significantly non-central. If the forces are orientationally dependent, 
then it might be possible to estimate (cos?6 — 4) from independent observations on 
the Kerr effect, on the anisotropy induced by an intense beam of light 
(see Buckingham 1956) or on the depolarization of scattered light (see Benoit and 
Stockmayer 1956), for the deviations of all of these phenomena from their respective 
perfect gas values are approximately proportional to this factor. 


§ 5. DISCUSSION 

There is not a great deal of evidence about the magnitude of the direct polar- 
ization term in the theoretical expression for mC. ‘There do not appear to be any 
measurements on monatomic substances for which the temperature-dependent 
term is zero. A theoretical calculation on atomic hydrogen can be used to get 
some idea of the order of magnitude for atoms. An exact calculation (neglecting 
the effect of electron spin) gives (Buckingham and Pople 1956) 

59 a To aa: 

se ee ae (521) 


" See 2 Agia. 
~ 16 mc?’ 7 48 mc? 


where energies are measured in ergs, electric fields in e.s.u., and magnetic fields in 
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oersteds; a@ is the Bohr radius and m the mass of the electron. Substitutior © 
(3.11) gives mC=0-05 x10". The value for one of the heavier inert gases may 
be about ten times larger (the ordinary diamagnetic susceptibility increases by 
this order of magnitude) but this is still considerably smaller than values for typical 
molecular substances. For example at 20°C liquid paraffin has mC = — 50) xpi 
and benzene mC=183 x 10-18. However, it may be observable with present 
techniques. 

There is some experimental evidence that the direct term may be important for 
conjugated substances which generally show a large Cotton—Mouton constant. 
Goldet (1935) and Grodde (1938) showed that the product mCT was not indepen- 
dent of T for several liquids. Grodde’s measurements of mC and the molecular 
Kerr constant mK for liquids indicate that the mean value (cos? — +) in (4.5) 1s 
often small, especially when the molecules are non-polar. If this is neglected, the 
failure of mC to be proportional to 1/7 can be attributed to the temperature- 
independent term in (4.6). For 1:3:5 trimethylbenzene, for example, Grodde’s 
data in the range 20-120°c can be represented by the equation 


mC = (104 115007P) x 10-48 


This would imply that the direct polarization term is negative for this substance. 
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Abstract. Charge carriers are generated in amorphous Se films by electron 
bombardment. The films, prepared by evaporation, are between 3 and 9 
thick and carry Al electrodes. The resulting current is studied in relation to 
the average depth of penetration of the bombarding beam. The experiments 
confirm the exceptionally large effective mobility of positive holes reported by 
Weimer. It is shown that secondary effects, which cause the entry of additional 
charge carriers from the electrodes normally play an important part. Saturation 
of the measured current with applied voltage is observed only with small 
bombarding currents when the generation of electron-hole pairs is confined 
to a narrow region near the top electrode. When the excitation extends through- 
out the specimen the use of a pulsed bombarding beam makes it possible to 
distinguish the true volume generated current from that due to secondary effects. . 
‘The experiments lead to values between 18 and 25 ev for the average energy used 
in the production of an electron-hole pair. ‘The mechanism whereby secondary 
carriers are drawn from the electrodes is briefly discussed. 


§ 1. INTRODUCTION 


LTHOUGH the photoelectric properties of grey (hexagonal) Se have been 
studied for many years (e.g. Hughes and DuBridge 1932) little attention 
appears to have been given to the highly insulating amorphous form. 

Comparatively recently Weimer (1950) and Pensak (1950) drew attention to the 
remarkably long ranges of positive holes in this substance. ‘This property makes 
amorphous Se particularly suitable for the study of the problem of saturation 
of volume generated currents with applied voltage. ‘The absence of saturation 
at high current gains observed in experiments on amorphous and microcrystalline 
films (Ansbacher and Ehrenberg 1951) has been one of the difficulties in the 
interpretation of the results. This is connected with the fact first pointed out 
by Gudden and Pohl (e.g. 1925) that the fundamental primary process of carrier 
generation is normally accompanied by secondary effects, which cause the entry 
of additional (secondary) charge carriers from the electrodes. 

In the experiments described in this paper charge carriers were generated by 
electron bombardment. This makes it possible to study the resulting current 
when the region of excitation extends to various depths within the film (Spear 
1955, to be referred to as paper I). It was found that in the case of Se secondary 
effects often play a predominant part, so that the main problem consisted in 
isolating the volume generated component of the measured current. This 
was possible under the experimental conditions described in § 4.4 and 4.5. The 
saturation of the volume generated current with applied voltage was observed 


in both these experiments. 
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§ 2, EXPERIMENTAL ARRANGEMENT 


The apparatus was essentially the same as that described in paper Ing. he 
bombarding electron beam, focused magnetically to a circular spot of 0:26cm 
diameter, entered the specimen through the evaporated top electrode T. Energy 
losses in T’ were normally negligible. Figure 1(a@) shows the basic measuring 
circuit used for experiments with steady electron bombardment. ‘The total 
current flowing in or out of the bottom electrode B was measured with a sensitive 
galvanometer. A simple d.c. amplifier with electrometer valve was used for the 
measurement of the small bombarding currents. The results with a pulsed 
primary beam were obtained with a bi-stable multivibrator unit connected 
to the control grid of the electron gun. The unit was kept at the potential of 
the gun (up to 50 ky) and the trigger pulses were applied by a high voltage coupling 
condenser. 


§ 3. PREPARATION OF SPECIMENS 


Specimens were prepared by evaporation from spectroscopically standardized 
giey Se shot.t Film thicknesses d ranged from 3 to 9. Normally the Se was 
deposited on to a cleaved mica base carrying the evaporated aluminium bottom 
electrode. Most experiments were made using specimens with aluminium top 
electrodes, but some carrying gold and indium electrodes were investigated. 
A few ‘transparent’ specimens were prepared in connection with the deter- 
mination of V, (§ 4.2). Mica cleaved to a thickness of about 0-3 4 was covered 
on both sides by thin evaporated aluminium. A base of this kind is surprisingly 
strong and practically transparent to electrons of energies considered in this 


paper. 
§ 4. EXPERIMENTAL RESULTS 


Altogether 19 specimens were investigated, chosen from ten different 
evaporations. ‘lhe set of experimental results described in the following sections 
was obtained with a specimen of medium thickness (5-7) and represents a 
typical example of the behaviour of amorphous Se films with aluminium electrodes. 


4.1. The Dark Current 


In absence of electron bombardment a dark current, 7a, flows, which in the 
case of Se films increases approximately as the sixth power of the applied voltage 
v. (ta, v) curves of this kind have been observed for a number of amorphous 
and crystalline dielectrics (von Hippel 1938, Smith and Rose 1955). Weimer and 
Cope (1951) have given fairly conclusive evidence that positive holes can be 
drawn into the Se from a metal electrode or an evaporated Sb,S, film in contact 
with the Se. No such effect was observed for electrons. It is, therefore, most 
likely that in the experiments described here zq is predominantly carried by 
positive holes drawn from the positive electrode. 

It was noted with earlier specimens that the dark current measured with 
a positive top electrode was 10-20 times larger than that with the same positive 
potential applied to the bottom electrode. This asymmetry was reduced 
substantially (see 7q curves in figure 2) by evaporating the top electrode at such 
a rate that the measured temperature at the surface remained below 45°c. It is 
likely that with faster evaporation local heating causes a partial crystallization 
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, to the far more conductive monoclinic or hexagonal forms. ‘The above effect 
is connected with the top electrode and is only observed when this is at a positive 
potential. ‘The observation is, therefore, consistent with the entry of holes from 
the top electrode. 

After some initial bombardment fairly consistent values of 7q are obtained. 
The life of a normal specimen is about two hours under electron bombardment ; 
then the dark currents starts to increase gradually. The same happens when 
fields too close to the breakdown value (~4 x 10° vcm™) are applied. 


4.2. Electron Penetration Experiments 


In these experiments 7, the change in current through the specimen produced 
by the electron bombardment is observed as a function of Vp, the energy of the 
primary electrons. 7m is obtained from im=7,—?a—ta, where 7p is the total 
current flowing in or out of electrode B, and 7, is the absorbed part of the primary 
current zp. The sign of the applied potential v (the bias) is defined as that of 
electrode B. In the following a subscript is frequently used to denote the sign 


of woe €.g. (tm)_, Heyes 


(} 
0:02 607 03 I bie) 57 fe 


Figure 1. (a) Basic measuring circuit. (6) Graph of 2/2) as a function of V, for different 
values of v. ip=1'4X Ome A. Numbers below | V, axis are calculated values of 
the average depth of penetration of the bombarding electrons. 


At zero bias, the Se films behaved very much like the dielectrics investigated 
in paper I. At Vp=Vo' an electron current begins to flow from Beto earth: 
This occurs before Vy, the energy at which primary electrons begin to pass through 
the film. The relation V,,2=6m (m=mass per unit area of film) is found to apply 
with b=6-1x104v2g—4cm?. Some calculated values of x, the average depth 
of penetration of the primary beam, are given in figure 1(6). At Vp=Vo, 
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y'=0-57d. Both 6 and «’/d fall within the range of values obtained for other 
dielectrics. , | 

An interesting feature shown in figure 1 (6) is the shift of the intercept of the |} 
(im). curves as the negative bias is increased. This is a special property of Se 
films. For all dielectrics investigated so far both (im)_ and (tm), curves cut the 
V» axis at Vy’, independently of magnitude and polarity of v. But in Se with, 
for example v= —40v, a current begins to flow through the specimen when the |} 
primary beam produces electron-hole pairs down to a depth of about 0-3. |} 
The sign of the bias shows that the observed current is carried by positive holes.) 
At v= —100v holes created practically at the top electrode will reach B and no J 
further shift of the intercept is found at v= — 120v and with higher bias. | 

(im)_ curves rise almost linearly with Vp; as Vo is approached the current 


tends towards a constant value. ‘The current gains at room temperature are 


several hundred times larger than for arsenic or antimony sulphide films at J) 
comparable values of v/d. ‘These and the following experimental results are | 


consistent with the idea of an exceptionally large effective mobility of positive |) 


holes in amorphous Se. (‘ Effective’ is used to imply that the mobility includes | 
the effect of trapping). } | 

With a positive bias the intercept of (im), curves lies near V4’ and is fairly 
independent of v for most new specimens. ‘This indicates that electrons certainly 
do not possess an effective mobility comparable with that of holes. It is, therefore, 
most likely that with complete penetration of primary electrons (Vp >Vo), (¢m)+ 
is predominantly carried by holes moving from B to T. The discontinuity 
shown by the (im)., curve (v= 80 v) in figure 1 (b) is commonly observed at positive 
and zero bias and will be discussed in § 5. 


4.3. Results for Complete Primary Penetration 


The (im, 2) curves in figure 2 refer to a primary energy of Vp=43 kev, so that 
electron-hole pairs are produced throughout the film. At low bombarding 


60 80 100 
y, tv(wits) 


Figure 2. a,/Zp) and 7/7, as a function of the applied voltage v. 
V»=43 kev, ip=1-6 X10-® a. 
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~ currents (?)=10-°a) most of the observed curves could be divided into three 
distinct parts: (i) an initial curved part, (ii) a practically linear part between 
v, and vy, and (ii1) a rapidly increasing part separated from (ii) by a change of slope 
atv. At higher bombarding currents the division between these ranges becomes 
less distinct; at 7»>~10-*a it is no longer apparent. 

(¢m)_— and (7m), curves are very similar; both show the characteristic changes 
atv, andv,. ‘The value cf v, is normally the same for positive and negative bias 
and is roughly proportional to d. The position of vy is connected with the 
behaviour of the dark current as indicated by the following observations: (i) For 
a specimen with approximately symmetric 7q the values of (v,), and (v,)_ are 
in reasonable agreement. (ii) If for any reason the dark current in one direction, 
say (7q)_, is permanently increased (e.g. by applying too large a potential), then 
a shift of (v,) towards v, is observed. “The position of (v,), is not normally 
affected. (iii) A few specimens showed an exceptionally low value of (éa),. 
The (¢m). curve did not initially possess the discontinuity at v,. "This developed 
only when after some electron bombardment the dark current had increased. 
These observations show fairly conclusively that the discontinuity at v, is connected 
with the entry of additional carriers from the electrodes. 


4.4. Results for Primary Excitation near Top Electrode 


In these experiments the primary energy was 6kev so that electron-hole 
pairs were produced close to the top electrode. Figure 3 shows that a steady 
current can just be drawn from the excited region when the negative bias has 
a value close to v7}. (¢m).=0 for all v. With the largest bombarding current 
(ip =1-6 x 10-8 4), a discontinuity in slope occurs at the same value of v, as in 
figure 2. The approach of (7m). towards a saturation value shown by the 
ty = 1-6 10-9 curve is of particular interest. Similar curves were obtained 
for most specimens; it is fairly certain that complete saturation of (¢m)_ within 
the given voltage range could have been obtained in all cases by a further decrease 


ee ? lg (amp) 


80 90 100 0 
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Figure 3. 7,, as a function of the applied voltage at /,—6 kev and for different 7). 
Note: im values of ip=1-6 x 10-8 a curve should be read x 10. 
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in ty». But this is limited by the fact that, at higher v, 7q@ >¢m, which makis it 
difficult to measure 7» with sufficient accuracy. In the case of a few specimens } 
with comparatively low and steady dark current, it has been possible to observe 
the complete saturation of 7m with v. This is shown by the zp=8 x 10-la 
curve in figure 3. Although at v= —140Vv 7m amounts to only 7% of ta, it was\ff 
possible to obtain reasonably consistent values by measuring 7, and 7g in quick } 
succession. ‘The points plotted in figure 3 are the mean values of four such 
measurements. | 

As the energy of the incident electrons W, is completely absorbed in a thin | 
layer, all the charge carriers produced in this region contribute equally to the } 
measured saturation current. Thus the average energy required for the 
production of one electron-hole pair is e=e@Wp)/(im). The value of «, obtained 
from specimens which gave a definite saturation value, lies between 18 and 23 ev 
which is of the same order as that obtained by McKay (1950) for diamond under 
comparable experimental conditions. 

With steady electron bombardment saturation currents have been observed 
only if a small number of carriers are generated in a region close to the top elec- J 
trode. ‘The above measurements are, therefore, dependent on whether under these 
conditions a sufficient number of charge carriers can be drawn across the complete JP 
specimen at fields substantially below breakdown. As idicated in §4.2 this| 
has only been found possible with Se films and not with other amorphous or 
microcrystalline dielectrics. Soft x-rays generated at the top electrode might |] 
affect the value of the saturation current (Firmin and Oatley 1955). To test 
this an Al foil of sufficient thickness to absorb all incident electrons was 


mounted above T. Even with 7p as large as 10-7 a no measurable effect could be 
detected. 


4.5. Pulse Measurements 


Figures 4(a) and 4(b) show typical pulse shapes when in absence of electron 
bombardment a pulsating bias is applied across the specimen. (Bias on: from 
Q-18msec; bias off: from 18-36msec.) At a pulse height of v=40v no} 
measurable current flows between 0-3 and 18msec. The initial rise of Zq could 
just be resolved from the displacement current peak if 0-5 msec pulses were used. 
(Time constant of circuit ~1 sec.) However, with 100v pulses figure 4(b) 
shows the comparatively slow growth of ig during the on-period. The pulse 
height at 18msec is practically equal to the ig value obtained with the same 
steady bias. 

Figure 4(c)-(e) illustrates results with a pulsating bombarding beam and 
a steady bias under conditions of complete primary penetration. (Beam on: 
0-18 msec; beam off: 18-36msec). Atv <v, (30v) the sharp rectangular pulse 
ABCD (figure 4 (c)) indicates a practically instantaneous response of the generated 
current to the bombarding pulses. With a bias larger than 7, figures 4(d) and 
4(e) show that now a slow component BC’C appears superimposed on the rect- 
angular pulse with a time constant approximately equal to that of iq in figure 4 (d). 
It is, therefore, reasonable to conclude that the slow component represents the | 
entry of charge carriers from the electrode. 

In figure 5 these results are shown in a more quantitative way. h,=AB and. 

2=C’'C, the heights of the fast and slow components of 7m, were measured on 
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| Figure 4. Observed pulse shapes. Time scale in msec, current values in wa. (a)-(6): 
Pulsed bias, no electron bombardment. (a) v=40 v,(6)v=100v. (c)-(e): Pulsed 
electron beam, steady bias. V,=43 kev, 2,=8x10°M a. (c) v=30 v, (d)v=70 Vv, 
(ec) v=100v. (f): Pulsed electron beam, steady bias. V,=10 kev, t=4 x 10-9 a, 
g=45 Vv. 
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Figure 5. hy and hy as a function of v. V,=43 kev, in =8 KallO me orAc 


| the screen of the cathode-ray oscillograph. Within the accuracy of the measure- 

ments C’C=D’D and AB=C’D’. The f#, curves show clearly that the 
| characteristic changes at v, and v, observed under d.c. bombardment are entirely 
| due to the slow component of im. ‘This confirms the conclusions reached in 
1S 4,3. 
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(h,).. and (h,)_ saturate with applied voltage, which shows conclusively tha 
this component of im represents the true volume generated current. With) 
seven specimens definite saturation values such as those in figure 5 were obtained ; 
the curves for other specimens showed a tendency towards saturation. ‘The 
calculation of « is now complicated by the non-uniform absorption of the energy 
of the bombarding beam within the film. It will be assumed that during the fast 
rise of the 4, component the current is due to the movement of carriers of one 
sign. ‘This is justifiable in view of the comparatively large effective mobility | 
of positive holes (§ 4.2). If W,, is the total energy carried per second by the 
bombarding electrons across any Paes at depth x, then at saturation 


Cane = (Wy —W,,)dx. 


As a first approximation the equation for W,, in § 6 of paper Lis used. ‘This leads } 
to (im). =0-6eW /e and (im), =0-4eW)/«. From the experimental values of 
im in figure 5, «= 25 ev and 21 eV respectively, which is in reasonable agreement | 1 
with the d.c. values. Other specimens lead to similar results. 


§ 5. DIscussION | 


The large current gains and the rapid decrease of photocurrent with | 
temperature (Weimer and Cope 1951) suggest that the large effective mobility 
of holes is connected with a comparatively low density of shallow traps. It is | 
probable that the much smaller effective mobility of electrons is caused by | 
larger density or greater depth of electron traps. Based on this difference in| 
effective mobility the observed secondary effects may be explained by a mechanism 
similar to that used by Pohl and his collaborators (e.g. Hilsch and Pohl 1938, 
Pohl and Stéckmann 1947). 

Consider the case, described in § 4.4, of excitation near the top electrode with 
a comparatively large value of 7p. For wv less than v,, the space charge set up 
by the holes trapped outside this region reduces the field inside to such a value | 
that electron-hole pairs recombine. As v, is approached the applied field becomes | 
strong enough to draw some holes out of the region of recombination. ‘The 
pulse shape shown in figure 4(f) is observed under these conditions. It is likely | 
that the rapid decrease of 7» during the initial part of the pulse is caused by 
trapping. The space charge so formed then reduces the current to the smaller 
constant value. 

With increasing v the resultant charge density in the excited region will | 
become negative because of the considerable difference in effective mobility of ] 
the positive and negative charge carriers. ‘The increased field near the electrode | 
will now draw in a larger dark current than that measured without electron 
bombardment. The field will grow until, in the steady state, the number of 
holes leaving the excited region per second is compensated by the rate at which 
electrons reach the electrode and the rate of recombination of electrons with the — 
additional holes from the electrode. It is significant in this connection that the — 
magnitude of v, is generally equal to that value of v at which, according to. 
figure 1 (4), holes can just be drawn across the complete specimen. This suggests 
that for v>v, an increasing proportion of holes entering at T escapes recombination | 
in the excited region. ‘This should increase the field near 'T and lead to the larger 
influx of charge carriers from the electrode observed at higher bias voltages. | 
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The mechanism described in this section also explains the sudden increase of 
(tm), at Vy (figure 1(b)). At this value of Vp the bombarding beam generates 
pairs close to B and, as before, the increased field near the electrode will draw 
in a larger dark current. 

If 7) is made smaller then a steady state will be reached in which the number 
of electrons reaching T per second under the action of the applied field is just 
sufficient to compensate for the rate of loss of holes. It is very likely that the 
d.c. saturation values were obtained under these conditions and that with 
excitation throughout the specimen similar conditions apply in the range 0 <v <7). 
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Abstract. ‘The sputtering, in low pressure discharge tubes, of carbon by Hg* and 
A* ions at energies from 10 ev to 20 x 10% ev was investigated by direct weight 
loss measurements. ‘The commonly quoted linear variation of sputtering rate in 
grammes per arnpere-hour held up to 2 to 3 kv, where it was replaced by a variation 
proportional to (voltage). Sputtering occurred at 30 volts, a value well below 
the usual ‘critical voltages’ in the literature. X-rays were generated above 8kv 
by the action of secondary electrons emitted from the targets. ‘The emission from} 
spherical targets was determined from the dimensions of the positive ion sheaths, _ 
and was initially proportional to voltage, after which the rate of increase diminished |f 
rapidly. | 

A brief survey of the sputtering of beryllium, aluminium, silicon, iron, nickel, 
copper, molybdenum, tungsten, lead and uranium indicated similar variations 
with voltage, and showed that the sputtering rate was roughly proportional to the 
(atomic weight of the target) }* and that it increased with the heavier ion. 

These empirical relations are useful for practical assessments, but not for 
theoretical interpretation, unless the secondary electron emission is distinguished. 
‘This was done for carbon and iron and the sputtering rate in atoms per ion s 
determined. ‘The empirical relation of the form s=Aln(V/V,) was found, where 
Vy is thought to be related to the ‘ penetration’ of the ion into the target, and has 
a value of a few hundred volts. ‘The ratio of the binding energy of the atom to the 
energy required to sputter it, for carbon and iron atoms released by Hgt and A+ 
ions, had a maximum of 0-5°%, at 2000 volts for carbon and of 2-5° at 1000 volts for 
1ron. 


§ 1. INTRODUCTION 


PUTTERING was first observed about 1852, and has been investigated since 
then by many workers. Despite this lengthy study, it is still little under- 
stood, mainly because investigations were usually carried out with electrical 

discharge tubes, which are inherently associated with extremely complex physical 
processes. 

‘The early investigations reported in the literature were reviewed by Compton 
and Langmuir (1930) who give an empirical relationship for the variation of 
sputtering rate with voltage of the type 


w=Whit=rA\ V—Vo) |. | eee (1) 
where w=mass of material sputtered in grammes per ampere-hour, W= total 
mass sputtered in grammes, 7=specimen current in amperes, t=time in hours, 
A=constant characteristic of gas, V=numerical value of negative voltage of 


specimen, /y=constant characteristic of sputtered surface, varying from 350 to 
550 volts termed ‘critical voltage’. 
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This expression resulted mainly from investigations of cathode sputtering in 
two-electrode tubes, where the cathode fall V was varied indirectly by adjustments 
of the gas pressure and tube current. Further, the gas pressures employed seem 
sufficiently high for collisions, charge transfer and back sputtering to have occurred. 
Thus the critical voltages given are likely to exceed the true threshold. 

Improved experiments by Campbell (1923) at these laboratories and by 
Kingdon and Langmuir (1923) on the bombardment of tungsten and thoriated 
tungsten filaments respectively, in general confirmed this linear relationship but 
gave, by extrapolation of experimental results, critical voltages ranging from 30 to 
130 for bombardment by mercury and argon ions. However, in both experiments 
the sputtering rates were determined indirectly and it is not certain that the observed 
changes were entirely due to sputtering. On the other hand Oliphant (1928) 
concluded from his results that critical voltage effects were characteristic of an 
adsorbed gas layer on the target, and that with thorough outgassing, only surface 
erosion was produced even up to several thousands of volts, without any loss of 
material by sputtering. He found no voltage below which this surface erosion 
did not occur. 

Investigations by Meyer and Giintherschulze (1931) on the sputtering of 
tungsten, aluminium, molybdenum, nickel and iron in mercury vapour at voltages 
up to +kv showed approximately linear variations, while with tantalum up to 
10 kv a pronounced departure from the linear law occurred at the higher voltages. 
Recently Giintherschulze (1955) has reconsidered some of his earlier experimental 
work, and has shown that for bombardment by mercury ions w=A(V1?— V2) 
where A is a constant characteristic of the specimen. Further, he finds that for 
aluminium, silicon, manganese, iron, zirconium, molybdenum, tantalum and 
tungsten the value of V, is 190 volts, while for nickel it is 107 volts. . . 

Many of the experimental problems and difficulties in interpretation inherent in 
ion bombardment of the cathode can be avoided by introducing a third electrode 
and bombarding it with ions drawn from the main discharge to cause the sputtering. 
This is the principle of the method employed in these investigations, and it had the 
additional merits that the target could also be used as a probe to investigate both 
its secondary electron emission and the conditions in the discharge. The 
presence of secondary electrons was revealed by the detection of X-rays at the higher 
bombarding voltages, and has been almost completely ignored in the literature of 
sputtering. Moreover, the discharge variables could be adjusted independently 
of the target so that the most stable conditions were attained for any given test. 
This method, which was well suited for its prime purpose, an investigation into the 
rate of loss of weight of various materials by sputtering over a wide range of voltages 
in mercury vapour and argon, in other words the macroscopic phenomenon, was 
not so well suited, however, for a fundamental study of the individual processes 
involved. On the other hand, high vacuum techniques to eliminate the complexi- 
ties associated with discharge tubes would have raised the difficult practical problem 
of achieving an ion beam of sufficient density. my 

The relationship between sputtering and the energy of the bombarding ions 
was determined at low gas pressures, consistent with the maintenance of the dis- 
charge. ‘The necessary condition is that the dimensions of the positive ion sheath 
in front of the target should be considerably less than the mean free path so that the 
probability of loss of energy by collisions with the gas atoms can be ignored. 
Under this condition sputtering is independent of pressure, At higher gas 
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pressures, not only would the ions lose energy by collisions, but the probability 
of transfer of charge from the ions to atoms of the same species would be relatively 


high. Moreover, further complications due to ‘back sputtering’ could arise, | 


especially if the gas atoms were heavier than the sputtered particles. 

Sputtering rates were determined by direct weighing, and although this means 
long experimental runs for materials of low sputtering rate, particularly at low 
voltages, it eliminates the dubious interpretation of some other physical quantity in 
terms of the weight loss. 

In the literature several lists of elements are to be found, arranged in their order 


of sputtering. There is considerable disagreement among the various authors as | 


to these sequences, and it appears impossible to correlate any of them with any of 
the other physical properties of the elements, or with the periodic table. ‘There 
appears to be slightly more agreement that the sputtering rate tends to increase with 
the atomic weight of the bombarding ion. The discrepancies arise owing to the 
experimental variables discussed in §3, but the inability to obtain a significant 
order of sputtering is mainly due to the neglect of secondary electron emission. 


§ 2, EXPERIMENTAL ‘TECHNIQUE 
2.1. Discharge Tubes and their Operation 


Figure 1 illustrates a typical tube: side arms support the specimens which 
constituted the third electrode. A large number of these tubes was constructed. 

The cathode was a directly heated oxide coated flat nickel strip supported on an 
Armco iron base plate and the external connections were made by tungsten leads 
which passed through steatite insulators in the base plate, and were sealed to the 
glass foot tube. The various electrodes were shot blasted, degreased and then 
wees in high vacuum or wet hydrogen where appropriate, before assembly in the 
tube. 


Anode F 
y Side Arm 
Specimen f Glass Shield 
Cathode 
ie +— Tungsten Leads 
+ Wembley WI Hard 
Glass Envelope 
oe 


Copper Braiding 
Pumping Stem 
Figure 1. Typical sputtering tube. 
Single specimens were mainly used, but occasionally a multiple specimen was 


made up consisting of six small triangular prisms strapped together to form a 
hexagonal prism. Before mounting, they were baked under high vacuum where 
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« appropriate to drive off water vapour and occluded or adsorbed gases, and were 
weighed to 104g immediately afterwards. The specimen assembly was fre- 
quently enveloped in a glass shield as shown in figure 1 : it fitted closely to the 
contour of the specimen so that, as far as possible, only the face was exposed to 
bombardment and the supports were shielded. For some tests, specimens without 
glass shields were placed near the centre of the tube, and the supporting rods were 
glassed. 

After assembly the tube was sealed to a continuous pumping system, and 
evacuated to a pressure of about 10->mmHg. The various electrodes and the 
glass walls were thoroughly outgassed by heating, the cathode activated and the 
discharge run at maximum power dissipation until all further outgassing due to 
ion bombardment had ceased. ‘This was readily detected by the McLeod and 
Pirani pressure gauges, the colour of the discharge and spectroscopic examination. 
Thorough outgassing of the specimens was required to ensure stable experimental 
conditions and the removal of oxide layers and adsorbed gas films, as otherwise 
sputtering and secondary electron emission representative of the film might have 
occurred. Outgassing was achieved by raising the specimens to a red heat by 
positive ion, or electron bombardment, for ashort time. Where possible, electron 
barbardment was preferred, since no corrections for weight loss were then 
required. 

Standard rapid-pumping high vacuum systems, each consisting of one single- 
stage mercury diffusion pump in series with one three-stage pump and backed 
by a mechanical pumping system, were employed. For the mercury experiments 
a small amount of doubly distilled mercury, with less than 0-003°% impurities, 
was placed in each tube before sealing tothe pump. For experiments in argon, the 
gas, with less than 0-01°,, impurities, was introduced from a glass reservoir through 
liquid-air traps into the tube. ‘The traps were incorporated between the pumps, 
the McLeod gauge and the tube to prevent contamination of the argon by mercury 
vapour and other impurities. During the experiments periodic tests were made 
spectroscopically of the purity of both the mercury and argon discharges. 

For experiments in mercury, the vapour pressure corresponding to the 
temperature of the coolest part of each tube remained approximately constant and 
did not exceed about 3x 10-*mmHg. On the other hand, during the argon 
experiments, the argon ‘cleaned up’, resulting in a gradual decrease of pressure 
during bombardment. ‘This was probably due mainly to sputtered atoms trapping 
argon atoms on the glass walls, but also partly to adsorption of argon on the 
continuously freshly deposited layers, and to absorption of argon atoms into the 
glass walls. Similar effects probably occurred with mercury vapour but were 
unobserved owing to the excess mercury. ‘Thus, for most experiments in argon, 
fresh argon was admitted at intervals, the pressure limits in each period ranging 
from 10-? mm to 10°? mm Hg. . 

The circuit employed is shown in figure 2. The power pack was enclosed ina 
cage with safety doors and switches, which interlocked with a portable protecting 
cage surrounding the tube. Voltages and currents were measured by moving-coil — 
instruments to within +5°. Bombardment above 8kv gave rise to x-rays of 
sufficient intensity for protection with lead and lead glass screens to be necessary. 
Attention has been drawn to this hazard by’the authors (1956). 

The current collected by the specimens S was space-charge limited under 
normal discharge conditions, and could be adjusted independently of the voltage 
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applied, by varying the main discharge current. The limiting resistance LR, 
protected the circuit and specimens against instabilities leading to sudden current 
surges or arcing. ‘Throughout the experiments the specimen current ranged 
from about 0:1 to 10 ma, and the main discharge current, limited by Ry, from about 
0-1 to 15a. he cathode was normally run at 45a, 4v, supplied by the 240v 


Discharge ee ee 
Tube g 


240v 50c/s 


Transformer Variac 


Figure 2. Schematic circuit diagram. R,, c. 20 to 1000 Q; Ro, c. 1 MQ for work at 500 
to 20 000 v, and up to c. 1000 © for work at under 500 v; P, power pack to deliver 
smoothed output of up to 20 000 v and 10 ma; G, spark gap to absorb any high 
voltage flash over from S to A; C, oxide coated cathode taking about 45 a at 4v; 
A, anode; S, specimen for ion bombardment. 


a.c. main through a step-down transformer. ‘The glass shields round the speci- 
mens limited the current drain on the discharge, thus avoiding non-uniformity of 
the plasma, distortion of the potential distribution and instability. In some of the 
earlier experiments a rapid comparison of various materials was made with the 
built up hexagonal multiple specimens. Although a check on the current distri- 
bution over the individual prisms showed fairly good uniformity, the later tests 
were conducted with single specimens. 


2.2. Sputtering Rates and Secondary Electron Emission 

When the experimental runs were completed for each tube, it was sealed off 
at the constriction while under vacuum. ‘The side arms were cut open and the 
specimens removed for immediate weighing and examination before contamination 
by atmospheric conditions could occur. ‘The lowest observable sputtering rates 
depended on the time allowed for the experiment and the accuracy of the weighing. 
With carbon this was about 10~!gramme per ampere-hour, although at higher 
voltages and with other elements this degree of accuracy was unnecessary. 

Attempts were made to determine the secondary electron emission from 
spherical carbon and iron specimens by measuring the diameter of the spherical 
positive 1on sheath round the negatively charged specimen. For these tests each 
specimen was placed centrally in the plasma and supported by a glassed Nicosel 
rod which provided the electrical connection. Spherical specimens were chosen 
to avoid the complications of end effects. : 

The edge of the sheath was easily sighted against the background of the positive 
column, especially if it were moved by varying the voltage temporarily. The 
diameter of the sheath was judged by comparison with the known dimensions of 
various tube components, the most simple and reliable method tried. Large 
sheaths were frequently distorted, a condition which could usually be overcome by 
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increasing the discharge current to contract them. From the dimensions, the 
positive ion current to each specimen was calculated by Langmuir’s expressione for 
space-charge limited currents, and compared with the actual specimen current. 
This always exceeded the calculated positive ion current except at values below 
approximately 100 volts, where they agreed. The excess current was assumed to 
be due to secondary electron emission from the specimen. Owing to distortion of 
the positive ion sheath at higher voltages, it was not possible to use this method much 
above Sky. ‘The method is discussed in § 4.3. 

At 8kv and above the presence of secondary electrons was proved directly, 
since X-rays were detected by the fogging, within an hour or so, of dental film 
placed about six inches from the tube. Their source was determined by pin-hole 
radiography, and their origin proved to be due to the impact on the walls and other 
parts of the tube of electrons which arose from the target and were accelerated to 
high velocities across the positive ion sheath. Occasionally, after continued 
sputtering and blackening of the tube walls, interesting patterns appeared on the 
sputtered deposit opposite flat specimens undergoing bombardment. ‘These 
patterns usually traced the contour of the target and probably arose through local 
heating of the deposit by electron impact, and its subsequent evaporation. On 
one occasion, glass microscope cover slips placed opposite a specimen were pitted 
with small holes, and on another, the tube wall was so heated locally that the glass 
was softened and ‘suckedin’. The x-rays produced were unsuitable for quantita- 
tive measurements and subsequent calculation of the secondary electron emission. 

A direct method of measuring the secondary electron emission by placing a 
magnetic field across the face of a flat specimen to return the electrons to the 
specimen was tried. It failed due to disturbance of the main discharge by the 
magnetic field. Despite screening, and the application of compensating magnetic 
fields, the results were unreliable, and the method was abandoned. 


§ 3. EXPERIMENTAL RESULTS 


The variation of the sputtering rate of polycrystalline carbon, in the form of 
highly refined spectroscopic graphite, with the energy of the bombarding positive 
ions of argon and mercury is shown in figure 3. The numbers beside certain 
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Figure 3. Sputtering of carbon by Hg* and A‘ ions. 


experimental points show that the point in question represents the average of that 
number of experimental determinations. ‘lhe experimental fluctuations were 
+50° of the mean in some cases, and this method of presentation gives a fair 
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appraisal of the data, as analysis of the variations showed that they fitted a sym- 
metrical distribution curve. . 

As a result of the relatively intense bombardment of the specimens, the 
bombarded surfaces, initially flat, were frequently etched to form striking patterns 
as illustrated in figure 4 (Plate). ‘This surface erosion was probably partly 
responsible for the experimental variations, as it would inhibit to some extent the 
escape of sputtered particles. Asa variant to the usual type of specimen presenting 
a plane surface to the bombarding ions, a few experiments were conducted on 
spherical and cylindrical specimens placed centrally in the discharge. ‘The 
sputtering rates of these agreed well with the average of the flat specimens, thus 
indicating that variations in the geometry were relatively unimportant in these 
experiments. Moreover, the spherical and cylindrical specimens appeared to 
sputter symmetrically without the formation of patterns, indicating that the most 
consistent results could probably be obtained from studies on such specimens. In 
addition, a few tests using tubes of larger dimensions and greater electrode 
separations than usual supported the conclusion that variations in tube geometry 
did not influence these results greatly. 
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Figure 5. Sputtering of various elements Figure 6. Sputtering of various elements 


by Hg? and A‘ tons. by At and Hg? ions at 5 kv. 


A survey of the sputtering of various elements yielded the results illustrated in 
figure 5: the curves for carbon, multipled by 10, are included for comparison. 


It will be observed that the sputtering rate is in general higher for the elements of 
higher atomic weight and for bombardment by the heavier ion. 


is brought out more clearly in figure 6 for bombardment at 5 ky. 

‘Tests lasting up to 200 hours on the low voltage sputtering of carbon, iron and 
uranium gave definite weight losses at ion velocities down to about 30 v, while for 
carbon no measurable weight loss could be detected at below approximately 15 v. 
In these experiments the initial outgassing was mainly by electron bombardment. 
In the few instances where positive ion bombardment was used the weight correc- 
tion required did not exceed 5°% of the measured weight loss. The results are 
shown in figure 7, where the low ion energies are corrected for the space potential, 
as determined by probe characteristics. ‘The results for carbon at approximately 
10 v refer to specimens held at the floating potential, while that at 15 v refers to an 


This relationship 
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earthed Specimen. No attempt was made to take into account either the distri- 


bution of ion velocities in the plasma, or the possibility of plasma electron oscilla- 
tions as indicated by some of the probe characteristics. However the absence of 


detectable sputtering at 15 v implies that these effects were negligible. 
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Figure 7. Sputtering of C, Fe and U by low energy Hgt and At ions. 


he variation of the secondary electron emission from carbon and iron with 
the energy of the bombarding Hg+ and A+ ions is shown in figure 8, where 
y =(secondary electron emission)/(positive ion current). 
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Figure 8. Secondary electron emission from C and Fe by Hg* and A* ions 

In addition to the variables: 1 ion species and energy, 2 target species, 3 gas 
pressure, 4 secondary electron emission, 5 surface erosion, 6 tube geometry, 
experimental studies were carried out on the variation of sputtering with: 7 
nominal target current density, 8 target temperature, 9 discharge tube current 
and 10 duration of experiment. No definite or progressive variations were 
revealed with the last six variables listed although they may have contributed to 
the experimental variations. Some observers, for example Campbell (1923), 
Giintherschulze and ollmien (1942) have reported evidence of sputtering 
variations with some of these last six quantities. 


§ 4. DISCUSSION 
4.1. Variation of Sputtering Rate with Voltage 
‘The present experiments on carbon, iron and uranium bombarded by Hg* and 
A* and illustrated by figures 3 and 5 show that, with thoroughly outgassed targets 
whose loss of material is determined by direct weighing, the variation of sputtering 
rate is approximately linear up to a few kilovolts. Beyond this the rate of increase 
is gradually reduced, and the relation becomes approximately 


eee Oe (2) 


where A is a constant characteristic of the specimen and the bombarding ion. 
Further, the sputtering rates appear to approach the voltage axis asymptotically 
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indicating that the critical voltages are small. ‘The experiments illustrated by 
figure 7 show conclusively that sputtering occurs at about 30 v for carbon, iron, and 
uranium and that the critical voltages for these materials appear to lie between 
15 and 30v. 


4.2. Variation of Sputtering Rate with Atomic Weight 

The crystal structures of the bombarded polycrystalline carbon target and of 
the sputtered deposits were analysed by electron and X-ray diffraction techniques. 
These showed that the structure of the bombarded surface was unchanged, whereas 
the sputtered film was almost completely amorphous. Thus it appears that the 
sputtered material was ejected as individual atoms, or at the most as small aggre- 
gates of atoms. Further they were unlikely to be negatively charged otherwise the 
positive ion space charge would have collapsed, nor were they likely to be positively 
charged, otherwise they would have returned to the negative target. Thus the 
carbon particles were very likely neutral atoms. ‘This supports evidence from 
magnetic deflection experiments by Baum (1926-27) and from spectroscopic 
studies by von Hippel (1926) that sputtered particles are neutral atoms. 

Hence it seems natural to relate the sputtering rates with the atomic weight as 
in figure 6. This shows that for bombardment at 5kv by mercury tons the 
sputtering rate, in grammes per ampere-hour, increases fairly regularly with the 
atomic weight, whereas with argon ions the increase is less definite. ‘The 
sputtering rate is greater for the heavier ion, and in both cases is roughly propor- 
tional to (atomic weight of the target)#?. It is emphasized that in figure 6 the 
contribution to the specimen current due to secondary electron emission is 
ignored. ‘This is considered in $4.5 for the two cases, carbon and iron, for which 
secondary emission measurements were made. For the other elements the secon- 
dary emission is unknown, and thus the sputtering rates can only be expressed in 
grammes per ampere-hour, instead of the more significant term, atoms per positive 
ion. 


4.3. Positive Ion Sheaths 


Although the positive ion sheath method of measuring secondary electron 
emission is indirect, and cannot be regarded as accurate, it does possess the merit 
of assessment under actual sputtering conditions, without recourse to separate, 
and perhaps unrepresentative, experimental arrangements. 

‘The space-charge limited positive ion current to the spherical specimens was 
calculated by the ‘ positive ion’ form of the familiar expression due to Langmuir 
and Compton (1931): 

i<—*(2e/M 2 Vee ec iu. | | err (3) 
where e= charge on ion, = mass of ion, V = numerical value of negative potential 
of sphere with respect to the space potential, «? is a factor derived mathematically, 
a function of (radius of sheath)/(radius of sphere). 

Values of « are tabulated and presented graphically by Langmuir and 
Compton (1931), a more convenient alternative graphical representation being 
given by von Engel and Steenbeck (1934). | For Hg* and A+ equation (3) reduced 
to practical units becomes 

dyer = 4-87 x 10-5 V32 0-2, 
and 44109 X10 SV 445-2 eee (5) 


? 


where 7, = positive ion current in mA and V =numerical value of negative voltage 
across the sheath. 


“ 
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The assumptions implied in the use of Langmuir’s equation are that (1) the 
possibility of collisions between positive ions and atoms in the sheath may be 
ignored, (ii) the initial velocity of the ions as they enter the sheath may be ignored, 
(ii) the positive ions are singly charged atoms, (iv) no ionization occurs within the 
sheath, (v) the electrons emitted from the specimens do not affect the positive space 
charge distribution, (vi) positive ion reflection and emission from the specimens 
may be ignored, (vii) stable and uniform conditions obtain in the plasma 
surrounding the sheath and (viii) the atoms sputtered from the specimen are 
uncharged. 

The first assumption is justified by the low gas pressures used. ‘The initial 
velocity of the ions was in general negligible relative to the voltages used, and the 
effects of orbital motions could be neglécted. Ions up to charge 5e were detected 
in mercury vapour and in argon by Bleakney (1930), but the probability of ioniza- 
tion by electron bombardment to higher states is very low, and quite negligible 
for the relatively low energy plasma electrons shown by probe plots to have been 
present in this work. ‘lhe secondary electrons were sufficiently energetic to form 
singly and multiply charged ions, although the probability is so low that, in con- 
junction with the large electron mean free paths in these experiments, it can be 
ignored. ‘The formation of negative ions in a discharge through a pure monatomic 
gas is extremely unlikely, especially in argon with its closed electronic shell 
structure. Although there is mass spectrographic evidence of cluster formation 
at pressures down to 10-4 mm this possibility is remote under the conditions of large 
mean free paths associated with relatively high ion energies in these investigations. 
Thus there is little doubt that the bombarding ions were single atoms carrying one 
positive charge only, and that ionization within the sheath was unlikely. Some 
ionization, especially of metastable atoms, might have been caused by radiation, 
but such effects would probably be small. Rough estimates of the effect of 
secondary electrons, especially at the surface of the specimen, on the positive ion 
current, based on Langmuir’s (Langmuir 1929, Langmuir and Compton 1931) 
considerations of double sheaths, indicated that it was negligible. ‘The reflection 
of positive ions from the negatively charged targets was not likely to be high, as it 
was very probable that the ions would be neutralized at the surface and, if reflected 
at all, would be reflected as neutral atoms. The possibility of positive 1on emission 
can be disregarded. During the sputtering runs, the discharge conditions were 
carefully controlled throughout, so that little trouble was experienced from 
instability or lack of uniformity of the plasma. ‘That sputtered atoms are unlikely 
to be charged was discussed in §4:2. ‘Thus it is considered that the theory is 
valid under our experimental conditions, and that the difference between the 
calculated positive ion current and the measured specimen current is mainly 
due to the emission of secondary electrons. 


4.4. Secondary Electron Emission 

Although the possibility of electron emission from sputtered surfaces 1s 
realized by some workers it is mainly regarded as insignificant and ignored. 
However, the present investigations show that secondary electron emission can 
form the major proportion of the specimen current under certain conditions as 
illustrated by figure 8. 

It is well known that electron emission can arise from an electrode placed in the 
plasma of a discharge, due to one or more of the following causes: positive ion 
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bombardment, metastable atom bombardment, primary electron bombardment, 
thermionic emission, photoelectric emission and field emission. 

Inthe present investigations no attempt was made to separate these, but it would 
appear that the main contributor was the positive ion bombardment. Since the 
curves of figure 8 tend to pass through the origin, contributions by metastable 
atoms and photoelectric effects were likely to be small, as, being independent of 
voltage, they would have resulted in a positive intercept on the y=7_/7,, axis. 
In addition, since the secondary electron emission increases only slowly with 
voltage beyond the knee of the curve, any influences due to the increasing potential 
gradient and the specimen temperature were slight. ‘Thus neither field nor therm- 
ionic emission were likely to be important. The possibility of primary electron 
bombardment does not arise in these experiments. The emission of negatively 
charged sputtered atoms was most unlikely, as the blackening of dental film 
above 8kv proved conclusively that some at least of the negative particles were 
electrons, with a strong probability that they were all electrons, as the presence of 
relatively slow negative atoms near the specimen would have been expected to 
neutralize the observed positive ion space charge. 

The condition of the target surface is known to have a marked effect on the 
secondary electron emission. ‘These measurements were conducted on thoroughly 
outgassed, continuously sputtered targets, so that ambiguities due to gas or oxide 
films were unlikely. Most experiments by other workers on the emission of 
secondary electrons by positive ion bombardment cover either lower or much higher 
voltage ranges than that investigated here. The lower voltage experiments 
generally yield a linear relationship similar to the initial part of the curves of figure 8, 


4.5. Theories 


‘The two main approaches to the problem of sputtering are the theory of local 
high temperatures and the theory of direct momentum transfers. The first is 
based on the idea that the energy of the impinging ion raises the temperature at the 
point of impact instantaneously to a very high level, so that thermal evaporation 
occurs. ‘l’his theory was developed most extensively by von Hippel (1926, 1928), 
Izmailov (1939), and Townes (1944). The second theory is due mainly to 
Kingdon and Langmuir (1923) who explain their experiments by postulating 
that atoms are removed by direct impact. On the other hand experiments by 
Giintherschulze (1926) led him to propose an electro-chemical mechanism for the 
sputtering of certain materials, especially in hydrogen discharges. These rival 
theories are critically examined in the various reviews on sputtering, the most 
recent of which is by Massey and Burhop (1952). 

The main drawback to these theories is that they are all based on experiments 
where the possibility of secondary electron emission is ignored. Empirical 
relations such as equations (1) and (2) are useful for practical estimates under 
similar discharge conditions, but are not so helpful for purposes of theoretical 
interpretation, as they are merely expressions of the overall macroscopic pheno- 
menon. Since sputtered particles are likely to be neutral atoms a more useful 


quantity for physical understanding of the individual processes involved is the 


number of atoms sputtered per positive ion. Let i, be the positive ion component 


of the specimen current and7_ the secondary electron emission, so that the observed 
currentzisz,+7_. Alsoletn=n,+n_,thetotal number of singly charged particles 
of either sign that strike or are emitted from the specimen per ampere-hour, so 
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f 99 rn “Cc 7 F ~ m. . 
that n=2-25 x 10, Then if N be the number of atoms/gramme of specimen 
material and s be the sputtering rate in atoms per positive ion striking, 


s=(N/n,)w or s=(Ni[n)\(lt+y)o  —...... (6) 
where y =7_/1, and the ratio N/n is 2:24 and 0-48 for carbon and iron respectively. 
‘The curves of figure 9 for carbon and iron were derived in this way from figures 
3, 5 and 8, figure 8 being extrapolated. Figure 9 shows that at first s increases 
roughly linearly with the ion energy, and later it increases more slowly. The 
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Figure 9. Sputtering of carbon and iron by Hgt and A* ions. 


physical interpretation of this effect would seem to be associated with the pene- 
tration of the targets by the positive ions: the greater the ion energy, the greater 
the depth of penetration, the greater the number of collisions, and the more the 
escape of bombarded atoms is hindered. ‘Thus it would seem that the mathe- 
matical problem to be solved is concerned with the manner in which positive ions 
and bombarded atoms move through solid matter and lose energy, some of the 
atoms finally escaping. 

Figure 9 follows, fairly closely, down to a few hundred volts, the empirical 
relation 

PY Ve) Pe aes (7) 

where A=constant characteristic of the gas and the target and V)= ‘critical’ 
voltage. ‘The values of Aand V, are as follows: 


Conditions A V9 
Fe by Hg’ 5°8 270 
C by Hgt 1:25 430 
Fe by At 1-25 150 
C by At 0-75 340 


V, is the intercept at s=0 corresponding to equation (7), and represents 
approximately the point at which this law breaks down to be replaced by the law 
represented by figure 7. V may correspond to the point at which the ion has 
just sufficient energy to ‘penetrate’ the target. Up to this point ‘surface’ 
sputtering occurs. Combining (6) and (7) gives the empirical relation 

w—=(niN Vay Min Vo). ane (8) 

An interesting suggestion based on neutron diffusion was made by Keywell 
(1952) which yields a relation of the same form as equation (7). More recently 
(1955) he extended these ideas and found that sputtering, particularly by light ions, 
was better described by a radiation damage mechanism. By this the ion can 
transfer a considerable fraction of its energy to a metallic atom in one collision 
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giving rise to an energetic recoil atom which, in turn, can produce other recoil 
atoms. ‘These ideas, based on ‘ penetration’ of the target, accord in general with 
the views put forward in this paper. a, Leg 

Work by Wehner (1954a) on the threshold energy for sputtering in mercury 
vapour yields results in disagreement with existing threshold theories (e.g. 
Kingdon and Langmuir 1923). Wehner related the threshold energy to the bulk 
sound velocity of the metal. However, his values for carbon, iron and uranium 
are respectively 500-600, 60-70 and 70-80 volts, which exceed our experimental 
findings, especially the value for carbon. Other experiments by Wehner (1954 b) | 
support the momentum transfer theory and show that the angle of incidence of 
the bombarding ion is important in determining threshold energies. More 
recently (1955) he bombarded single crystals of silver, tungsten, copper and 
g-iron with mercury ions at low energies of under 150ev, and showed that the 
sputtered particles formed simple characteristic patterns when collected on a> 
glass plate. The patterns represented the orientation of the metal single crystal. 
At higher ion energies, they changed as the increased sputtering led to mutual 
interference between the sputtered particles and the bombarded surfaces. ‘These 
experiments seem to support the ideas expressed here, that the material is sputtered 
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Figure 10. The ratio of the binding energy of the atom to the energy required to sputter it. 
Carbon and iron bombarded by Hg* and A+ ions. 


as single atoms, that sputtering is essentially a surface phenomenon at low ion 
energies, and that at higher energies the bombarding ions penetrate below the 
surface layer of atoms. 

It is of interest to consider the ratio of the binding energy of the atom to the 
cnergy required to sputter it. ‘This ratio is equal to (s x binding energy)/(target 
voltage), and the variation with the target voltage is shown in figure 10 for carbon 
andiron. ‘The values of the binding energies of carbon and iron were calculated 
from values given by Mott and Jones (1936), and are approximately 6-5 and 4-7 ev 
per atom respectively at room temperature. The curves illustrate the relatively 
low values of the ratio, thus demonstrating the small proportion of the available 
cnergy that is used in extracting the atom. This again supports the idea of ion 
penetration and collisions with and between atoms, resulting in the dissipation of 
most of the ion energy as heat. Further, the existence of a maximum, followed by 
a rapid decrease in the ratio with energy, can be explained by the increasing 
depth of ion penetration, remembering however, that part of the original ion energy 


also imparts velocity to the ejected atoms, and produces secondary electron 
emission. 


| 
| 
| 
| 
| 


; 
| 
| 


Bombardment of Various Elements by Hg* and A* Ions 1161 


‘These conclusions are reinforced by the general shape of the secondary emission 
curves of figure 8, which also suggest the penetration of the bombarding positive 
ions into the surface, as secondaries liberated within the material would be less 
likely to escape. It is significant in this respect that experiments by Hill et al. 
(1939) ranging from 43kv to 426kv for He+, H,+ and H+ on molybdenum, 
showed evidence of a maximum followed by a decrease of secondary electron 
emission with increasing ion energy. This may be compared with the emission 
of secondaries by penetrating primary electrons. Recent experiments by Bourne 
et al. (1955) on the electron emission from various targets bombarded by positive 
ions ranging from 10 to 140kv gave values of y, for steel bombarded by Hg*, 
similar to those given here for iron bombarded by Hg+ at 10kv. Further, their 
curves have the same form as figure 8, although the knees occur at much higher 
voltages. _It is also of interest to note that they found the effect of an extractive 
voltage gradient at the bombarded surface to be slight. 
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Photo- and Semi-Conduction of Aromatic Hydrocarbon Crystals 


By L. E. LYONS ann’ G, C; MORRIS 


Department of Physical Chemistry, University of Sydney, Australia 
MS. received 15th Mey 1956 
1950, Inokuchi 1951, Eley et al. 1953, Mette and Pick 1953, Carswell 


1953, Bree, Carswell and Lyons 1955, Northrop and Simpson 1954, 
Chynoweth and Schneider 1954, Lyons 1955) has confirmed that both photo- and 


Ri. work (e.g. Putseiko 1949, Akamatu and Inokuchi 1950, Vartanyan 
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Crystal photocurrents and solution absorption spectra. (The photocurrent scale on the 
extreme right applies to all graphs, but the units differ from one graph to another. 
e, the molecular extinction coefficient.) : 


semi-conduction take place in some aromatic hydrocarbon crystals. We now 
report the spectral dependence of the photocurrent in a series of compounds 
(see figure) including naphthalene, phenanthrene, diphenyl and p-terphenyl, all 
of which have not previously been shown to be photoconductors, With the 
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light intensity used we could not detect a photocurrent in hexamethyl benzene 
mori 1, 2,5, 4,5, 6:7, 12.13) 16-decahydropyrene. ‘The results are shown for the 
various lines obtained from a mercury lamp corrected for intensity variation. 
‘They refer to single crystals in dry air. Also shown in the figure are the solution 
spectra of the compounds (dotted lines) taken from Friedel and Orchin (1951). 

‘The absorption by the crystals is expected in very nearly the same wavelength 
region as for solutions. — It is seen that photocurrents are obtained over the absorp- 
tion region but not outside it. Only in the cases of chrysene and anthracene was 
excitation with a continuum sufficiently intense to give a detectable photocurrent, 
and in these cases the resemblance between the photocurve and the absorption 
spectrum is most marked, as with tetracene (Bree and Lyons 1954). Anthracene 
has been discussed fully (Carswell and Lyons 1955) and chrysene has also been 
reported to give a photocurrent between 3800A and 5400A (Northrop and Simpson 
1955). Acurrent at wavelengths above 4000A was obtained by us but was traced 
to the effect of stray light in the monochromator. 

The correlation (Carswell, Ferguson and Lyons 1954) between electronic 
transitions and photocurrents is confirmed. It is possible that in photoconduction 
the excited singlet level may be an intermediate in the formation of a triplet level, 
the importance of which in semiconduction was suggested by the same authors. 
Northrop and Simpson (1956) have since found evidence in mixed crystals which 
confirms the part played by the triplet level. If the triplet level is also important 
in photoconduction the light and heat effects are closely related. 

The order of magnitude of the photocurrent / is of interest. When the experi- 
ments were carried out under comparable conditions the following values for 
—log J were obtained as an average of the observed currents at the various wave- 
lengths used within the absorption region: Duiphenyl, 16; p-terphenyl, 15-3; 
naphthalene 13-5; phenanthrene, 13-0; pyrene, 12-3; chrysene, 11:5; anthracene 
11-3 ; tetracene, 9-3. The arrangement in order of the substances is similar 
irrespective of which of the following properties is considered: the magnitude of 
the photocurrent ; the energy of an electronic transition from the molecular 
ground state to the lowest excited singlet (or triplet) level ; the ionization 
potential of the molecule ; the electron affinity of the molecule ; the maximum 
free valence in the molecule ; the minimum ‘atom localization’ energy ; the 

radical (methyl or trichloromethyl) affinity. A full discussion of these correlations 
will be presented elsewhere. It is obvious that the current depends upon properties 
of the molecule. The rule (Bree, Carswell and Lyons 1955) that the current is 
greater the more easily the compound is oxidized, is consistent with the present 
results. 
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LETTERS LO: THE EDITOR 
A Stabilized Retinal Image of the Iris 


It is now well established that small involuntary eye movements take place 
when a subject fixates as carefully as possible on a stationary point target. These 
movements result in a scanning motion of the image across the retinal receptors. 
In an endeavour to assess the possible functional significance of these movements 
various optical systems have been devised (Ditchburn and Ginsborg 1952, 
Ratliff 1952, Ditchburn and Fender 1955, Ditchburn and Pritchard 1956, 
Krauskopf 1956) to keep the image stationary on the retina despite eye movements. 

All of these systems for producing a stabilized retinal image require the 
subject to wear a close fitting contact lens. This severely restricts the number 
of subjects available and has resulted in the work being carried on by three small 
research groups in each of which the role of subject and experimenter is 
interchangeable. 

Most of the measurements made in this work depend on subjective judgments 
and it is, therefore, desirable that some, at least, of the results should be checked 
by experiments with a large number of subjects who are not members of one of 
the research teams. 

The cost of providing a large number of subjects with contact lenses is 
prohibitive. The method described below does not require the subject to wear 
a contact lens and does not demand any preliminary training of the subject. 

The subject, using monocular vision, looks into an optical system as shown 
in the diagram and sees therein an image of his owniris; thisiris, of course, moves 
with the eyeball. The magnification of the optical system is such that the image 
of the iris makes the same angular excursion as the eye itself and consequently 
the image of the iris on the retina 1s stabilized. 
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It can be shown that the magnification M needed for stabilization is given by 
M=(D+r)/d where D is the distance from the nodal point, of the eye to the 
image of the iris, d the distance from the centre of rotation of the eyeball to the 
iris and r the distance between the centre of rotation and the nodal point. 
D must be greater than the least distance of.distinct vision, say 30 cm, r is about 
8 mm for most eyes and thus is small compared with D, but d varies from 1-1 
to 1:3.cm for different subjects; thus the magnification must be about x 25 
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and adjustable to suit the subject. The lens L forms a real magnified image of 
the iris at I,, the concave mirror M forms a further magnified real image of I, 
at 1,. The subject sees a virtual image of 1, formed at I, by the light on its second 
transit through the lens. The magnification at each stage is arranged to be 
approximately the same; the focal lengths and positions of the components are 
chosen so that the overall magnification is the value required for stabilization. 
The variation in magnification to accommodate different subjects can be achieved 
by altering the position of the components slightly. This is done by moving 
them along an optical bench by means of lead screws of suitable pitch. 

The apparatus does not stabilize against head movements. It is, therefore, 
essential that the subject’s head should be firmly fixed. It must also be so placed 
that the iris lies accurately on the optic axis of the system, for a misalignment of 
only 1 mm will move the image about 25 mm off axis. 

The opportunity of demonstrating this method of stabilizing a retinal image 
arose at the Physical Society Exhibition in May 1956. It was obviously not 
possible to provide a rigid head support to fit every visitor tothe stand; however, 
a moulded headband capable of horizontal adjustment and a chin rest for 
adjustment in the vertical direction afforded a certain amount of assistance in 
this respect. 

The subject’s head was brought to the correct position by moving the head 
and chin rests until the subject looked through a ‘peephole’ on the optic axis 
of the system; the peephole was then removed. A remaining error equal to 
the radius of the pupil was still possible, however, and precise adjustments 
required the co-operation of the subject. Finally, the head rest was moved along 
the optical bench until the iris was at the correct distance from the lens. 

It is estimated that about 300 persons attempted to view the stabilized image 
of their own iris—about half of these were able to ‘find the image’. Over 95%, 
of those who located the image reported some or all of the effects which have | 
been previously observed with a stabilized image, viz. loss of contrast discrimina- 
tion, fading of the image to a uniform grey field and, in some cases, a total loss 
of vision for a few seconds. 


It is felt that these results supplement those obtained by other methods of 
stabilization. 


Physics Research Laboratory, R. W. Ditcusurn. 
University of Reading. D. H. Fenper. 
3rd August 1956. STELLA Mayne. 
R. M. Pritcnarp. 
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Paramagnetic Resonance Absorption in **°>UCI,, 
and the Nuclear Electric Quadrupole Moment of 7*>U 


Paramagnetic resonance absorption in single crystals of (La, U)Cl, containing 
U in its normal abundance has been examined recently by Hutchison, Llewellyn, 
Wong and Dorain (1956). Crystals of LaCl, containing about 0-1 mole per cent 
of UCI, enriched in 2°°U have now been prepared, which give a greatly improved 
signal/noise ratio on the hyperfine lines. ‘This has made it possible to investigate 
electronic transitions in which the nuclear magnetic quantum number m changes 
by +1 or +2. These lines have been measured at 20°K using wavelengths of 
3-2 and 1-3cm, and the magnitude of the nuclear electric quadrupole interaction 

can be deduce d from them. ‘The spectrum has been analysed using the spin 
Hamiltonian (S= 1/2, [=7/2) 


H = Big HS, +¢,(HS.+H,S,) + ASL, + BUS el g+S,Jy) 
LPO SAT gee HT. | osce (1) 


235 


where the parameters 
o =4-153 +0-005, 


Sil 


2 | A |=0-0176 £0-00l cm 
g, = 1-520 + 0-002 


are as measured previously by Hutchison et al. (1956). We now obtain 
ia Jo a 0-5) KI em 4. [P= 6-54 0:5) x10 em. 

The figure shows the spectrum observed at a wavelength of 3:24cm when the 
applied field H makes an angle of 70-2° with the c axis of the crystal. ‘The stronger 
lines correspond to transitions in which Am =0, and the weaker lines to transitions 
in which Am= +1. The oscilloscope trace represents the derivative of the 


a) 
Tak 


oe 


Oscilloscope trace of the first derivative of the paramagnetic resonance absorption at 3-42 cm 
wavelength when H makes the angle 70-2° with the c axis of the crystal. 


absorption curve versus field strength; the signs given in the figure correspond 
to the assumption that gy is positive (see below). If the formulae of Bleaney 
(1951) are used for the case of S=1/2,.f= fies then the mean of the intervals 
between the transitions, (a) (+4, 7/2)<>(— 4, 5/2) and (+3, 5/2)<->(—32, 7/2), 
and (b) (+4, —7/2)<>(—3, —5/2) and (+2, —5/2)<-+( }, —7/2), which 


correspond to the two weaker lines at each end of the spectrum, is given by 


6|P| ot cos? 9-1} 
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where K°g? = A®g,? cos? 6+ Bg,2 sin? 6, and terms of the order P3/B? are omitted. 
Measurements at the angle and wavelength corresponding to the figure give 
|P|=5-8x 10cm while similar measurements at @—75-1° and 13cm 
wavelength give | P|=5-5 x 10-4cm-, 

When the external magnetic field H is normal to the c axis of the crystal, 
lines corresponding to transitions in which Am= +2 are observed together with 
lines for which Am=0. Using the formulae of Bleaney (1951) extended to include 
terms of order P%/B? we find that in this orientation the mean of the two intervals 
between the transitions (a) (+4, 7/2)<—> (—$, 3/2) and (+4, 3/2)<+(-4, 7/29 
and (b) (+4, —7/2)<—>(-—4, 3/2) and (+4, —3/2) <> (—4,—7/2) is given by 
the quantity 


105 P3 30 P3 
B?_25P2* Be pe 


For the similar mean involving the m= +5/2 and m= + + levels we have 


| NSW 23 30P3 
| OP op BP 
The value assumed for B in the calculation of P from these expressions is not 
critical, and they lead to the values 5-6 x 10-4 and 5-8 x 10cm respectively 
for | P|, from measurements at 1-3 cm wavelength. From similar measurements 
at 3-2cm, which are subject to somewhat larger uncertainties, we find 
|P|=4-9 x 10cm, 
In the same orientation with H normal to the c axis, the separation of the two 
extreme stronger lines arising from m= + 7/2 transitions is given by 
ZLB 


7B + B25 P2| - 


The separation of the corresponding pair of lines arising from the m= + 5/2 
transitions is given by 


10P— 


oe apo: 
Assuming |P|=5-5 x 10-4cm— we find for |B| the values 58-2 x 10-4 and 
58:5 x 10 4cm™ respectively using measurements at 1:3cm wavelength, and 
59-3 x 10-4cm™ from a measurement at 3 cm. 

‘The value of the nuclear electric quadrupole moment may be deduced from 
| P| using the formulae of Elliott and Stevens (1953). We shall estimate values 
of (7°) from the spin-orbit coupling energy ¢ in the same way as Bleaney (1955), 
though this probably leads to too large a result for 5f electrons. The values of 
1300 cm for ¢ given by Eisenstein and Pryce (1955) for NpO,2+, and 1700 cm 
given by Jorgensen (1955) for U®*, thus lead to values of 464-8 and 36Ag 
respectively. ‘Taking a mean value of 50A™, which corresponds to a nuclear 
magnetic moment of 0-35n.m. from the data given above for A, B, we obtain 
|Q |=3-8 x 10-%4cm2, with no correction for polarization of the electron core. 
Apart from the considerable uncertainty in (7-8), there is an error of perhaps 
10% in our application of the formulae of Elliott and Stevens, which arises 
through admixture of higher multiplet levels by the crystal field. 

From some small asymmetries in the observed spectrum it appears probable 
that gx (and hence also B) is positive, and that Pis negative; Qisthen also negative. 
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The Paramagnetic Resonance Spectrum of Fe**+ in the 
Cubic Field of MgO + 


The ferric ion Fe*~ has 3d? electrons, a half-filled shell, and therefore a ground 
state of °S...__ In a cubic crystalline electric field the six-fold degeneracy is lifted 
and is split into a two-fold and four-fold degenerate level (Bethe 1929). Van 
Vleck and Penney (1934) have discussed the mechanism by which such a splitting 
can be effected. ‘The splitting is presumably caused by higher order interaction 
involving the cubic field and spin-orbit coupling. ‘The Hamiltonian can be 
written as: 


= oBH .Si4a(S 2+5,4454A—1(8 (8+ 1)GS*+38S—D)n..u (1) 


where 3a is the separation between the two-fold and four-fold degenerate levels. 
The transitions are given by 


M=%t>-3% H=H),+¢«; | 
=+ ++} H=H, + pat €, [eee ie (2) 
M=+i>+2 H=H,+2pate 


p=(1—5¢4), $= 12m? + 12m? + m?n?; (1, m, n) being the direction cosines of the 
magnetic field with respect to the cubic axes; «, €9, €, are higher order terms 
involving a?/g8H and are given explicitly by Bleaney and Trenam (1954). 
Neglecting the higher order terms the spectrum is characterized by a line at g=2 
(approximately) flanked by two satellites at each side with separations in the ratio 
of 4:5. The relative intensities of this quintuplet are 8:5:9:5:8. 

We have observed the paramagnetic resonance spectrum of Fe?* in cubic Mg0 
at 1-2cm wavelength at room and liquid nitrogen temperatures. ‘The total 
amount of iron in the sample was about 0-1°%, by weight, a large part of which was 
in the ferrous state. ‘The spectrum can be described by the above Hamiltonian 
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(equation (1)) with the parameters g = 2:0037 + 0-0007 and 3a a 615 x 10cm 
The positive sign of a was determined from the relative intensities of the fine 
structure lines at liquid helium temperature. 

These results are significant in two respects : 

(1) The cubic splitting is considerably larger than that found in various 
alums investigated by Bleaney and Trenam (1954). This points to a much 
stronger cubic field. A similar increase in the cubic field splitting has been 
noticed in Mg0: Mn for which ais also about 2-2-5 times larger than in hydrated 
Tutton salts (Low 1956). In part, this increase in the cubic field may be caused 
by the smaller interatomic distance in Mg—0 compared with the alums. ‘The 
distance may be even smaller in the case of the ferric ion because of the electro- 
static attraction caused by the excess charge on the ferric ion. This will result in 
considerable 7 bonding. Evidence has been accumulated that 7 bonding is a 
very important factor in the interpretation of various 3d ions in MgO (Low, to be 
published). 

It is significant that the sign of a is positive, whereas in the various alums a 
negative sign is found. A similar positive a is found for Mn?* in the same crystal. 
It is also confirmed now that the g factor for Fe?* is larger than that of Mn?* and 
larger than that of the free electron. It is probable that an explanation of these 
differences will depend on an accurate calculation of the various excited states 
(GC PeAD 4 Geetes). 

The ratio of the cubic splittings ‘a@j,:./ay,.+ is approximately lias 
in MgO. Similar ratios were found for various hydrated complexes. This 
indicates that this ratio is only slightly dependent on the crystalline environment. 
It is highly suggestive that the much larger value of the cubic splitting in Fe?+ is 
caused by the larger spin-orbit coupling. 

(2) The spectrum is cubic despite the fact that the paramagnetic trivalent 
ion is in a divalent lattice. If there were any associated with vacancies the cubic 
symmetry would be destroyed. ‘The measured intensity ratio indicates some dis- 
order in the crystal, possibly because of randomly distributed vacancies or excess 
oxygen ions. ‘The measured intensities are 3-8: 1-4:9:1-4:3-8 and the ratio of 
the line widths 1-5:2:1:1:2-1:1:5. The ratio of the integrated intensity of the 
two satellite lines is about 2-7: 1. Similar anomalies were found for Mn?*+ in the 
very same crystal. Randomly distributed defects would effect the 2 > 3 transition 
more than the other transitions and reduce the intensities and increase the line 
width. Another possibility is that covalent bonding might change the theoretical 
intensity ratio. Full details will be published at a later date. 


‘The author gratefully acknowledges the friendly encouragement of Professor 
C. A. Hutchison, Jr., and the instructive correspondence of Dr. B. Bleaney. 


Enrico Fermi Institute for Nuclear Studies, W. Low. 
University of Chicago, Chicago, Illinois. 
30th July 1956. 
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REVIEWS OF BOOKS 
Instruments for Measurement and Control, by W. G. Houzpock. Pp. vi+371. 
(New York: Reinhold Publishing Corporation; London: Chapman and 
Hall, 1955.) 80s. 

The author of this book is a research engineer with the Askania Regulator 
Company of Chicago. The book has therefore an ‘ engineering’ approach to 
the field of instrumentation in industry, and will be of direct interest to the 
industrial rather than to the academic physicist. There is hardly a formula in 
the book and almost no mathematics, even in the section dealing with control. 
Instead the author has concentrated upon the description of a wide range of 
existing instruments used for industrial measurements, and the elements such 
as pneumatic valves by which control of an industrial process is exercised. There 
are separate chapters dealing with measurements of temperature, humidity, 
pressure, flow, liquid level, density, viscosity, speed, and of the physical proper- 
ties such as absorption spectra by which a chemical process can be followed. 

It will fascinate the physicist to see how many physical effects have been used 
in industrial measurements. Liquid level has been observed in opaque tanks, 
for example, by gamma-rays, and liquid flow has been measured industrially by 
allowing the liquid to flow through a flexibly mounted loop, and measuring the 
gyroscopic effect on the loop. ‘The author goes astray in his efforts to explain 
the gyroscopic effect in simple terms, but the merit of the book is that it provides 
what appears to be a comprehensive survey of the many physical effects that have 
been successfully used. 

Although this is not the only book on the subject, it will also serve to bring 
to the notice of the physicist the precision which has been achieved in pneu- 
matic controllers, based on the gauging of the distance of a jet nozzle from a 
plane surface by the back pressure in the nozzle. One micron displacement is 
easily detected. Incidentally, the author thinks that pneumatic control systems 
succeeded in America partly because of their intrinsic safety in the explosive 
atmosphere of some chemical plants. __He thinks that electric controllers might 
have fared better had the Americans adopted the standards of intrinsic safety in 
electrical equipment that exist in Great Britain, due to the painstaking work of 
the Safety in Mines organization, and he considers that the future may still lie 
with the electric controller. 

The book is outstanding for its diagrams; they are well drawn and well re- 
produced. Moreover they are extremely generously provided—there are less 
than twenty places at which the book can be opened without at least one diagram 
being visible. This is a stimulating book which can be read with interest by any 
physicist who wishes to see something of the ingenuity of the control engineer 
in exploiting physical effects, and its pages may well suggest an answer for the 
reader who has a problem in industrial measurement. R. V. JONES. 


CORRIGENDUM 
The Absorption of Ultrasonic Waves in a Number of Pure Liquids over the 
Frequency Range 100 to 200 Me/s, by E. L. Hease_t and J. Lams (Proc. Phys. 
Soc. B, 1956, 69, 869). 
The entry in the table for water (no. 92) is wrong; the correct values are: 
cad ie fe atalfe? 
92. Water (distilled) 24.7 192.8 244 
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Figure 1. Film record. (a) Echo showing high wind velocity. (b) Echo showing low 
wind velocity with phase change produced by resonance (X to Y). 
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Figure 2. Appearance of domain patterns on (110) surface 
from saturation value (a) to zero value at (d); 


in (e) and (f). 
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Figure 3. Appearance of domain patterns on. (110) surface of silicon-iron as reverse field 
is increased from (a) to (f); crystal saturated at (f). 
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Figure 4. Typical patterns produced by ion bombardment (x 5). 
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On the Mechanism of High-Temperature Creep in Metals 
with Special Reference to Polycrystalline Lead 


By P. FELTHAM 


The University, Leeds 
MS. received 24th August 1955 and in revised form 22nd Fune 1956 


Abstract. On the basis of Mott’s suggestion that intracrystalline deformation 
in creep takes place by fine slip, and that the activation energy is that for the motion 
of screw dislocations impeded by jogs, .expressions for the high-temperature 
transient and equilibrium creep rates are obtained in terms of the applied stress, 
the temperature, the grain size and the characteristics of the intragranular 
substructure. ‘The equations give a good interpretation of the known creep 
behaviour of a number of metals as reported in the literature. The synthesis 
is based primarily on lead as, in conjunction with the present experiments, the 
available literaure provides a fairly comprehensive account of the creep of both 
single crystals and polycrystals of this metal. 


§ 1. INTRODUCTION 


HE formalism of the theory of rate processes adopted by Kauzmann (1941) 

for the interpretation of the dependence of the equilibrium creep rate 

de/dt in metals on the applied tensile stress o and the temperature T yields 
the relation 

de/dt = A exp (— H/RT) sinh (qo/RT), 

where A, H and gq are independent of the stress and, with the possible exception 
of g, also of the temperature. In pure metals H is equal to the activation energy 
of volume self-diffusion (see the compilation of data by Dorn 1956); as to A and q 
published experimental work is less conclusive. 

The applicability of the equation to creep has been substantiated by work on 
numerous metals (Novick and Machlin 1947, Cottrell and Aytekin 1950, Fastov 
1950, Feltham 1953, etc.), and if a more detailed knowledge of the nature of 
A and q were available, e.g. their dependence upon the grain size or intragranular 
substructures, it could provide a useful criterion for the assessment of the validity 
of current creep theories. The present work was designed to obtain such data 
and, if possible, to utilize them in a theoretical interpretation of, at least, one 
important mechanism of creep. iy 4 

A study of the dependence of the earlier stages of creep, i.e. of the initial 
extension and of the transient strain, on the temperature, the stress and the grain 
size was also included as it was expected to yield relevant additional results. 

Lead was chosen because several important aspects of the creep of single 
crystals and polycrystals of this metal had previously been considered bya number 
of workers, and because of the further convenience of working with a metal of 


low melting point. 
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§ 2, EXPERIMENTAL EQUIPMENT AND METHOD 
2.1. Material 


Batches of spectroscopically pure (99-99%) lead wires of 1:63 mm diameter, 
12:4cm long, were annealed in vacuo at 220°c for 12 hours, at 222°c for 24 hours, 
and at 310°c for 48 hours respectively; the mean grain diameters resulting 
from this treatment were 2L =0-04, 0-06 and 0-11 mm, the order being that of 
increasing annealing temperatures. Stabilization of the grain sizes at tempera- 
tures considerably above those eventually used in the experiments was intended 
to eliminate recrystallization and grain growth during creep, at least in so far 
as they were not induced by the creep deformation itself, and to reduce the 
intragranular strains to a minimum (Jenckel and Poeltsch 1938, Greenough and 
Smith 1950). Specimens with the largest grain size showed uniform equi-axed 
grains on sectioning; the dispersion of grain sizes in planar sections of specimens 
with the smaller grain sizes appeared to be somewhat greater. Presumably, 
nucleation and growth of grains were still appreciable towards the end of the heat 
treatment at the lower annealing temperatures. 

The annealed wires were extremely soft and had to be handled with 
considerable care. 


2.2. Flow Tests 


‘he specimens were mounted in pin-vices (figure 1) to give an effective 
gauge length of 10-Ocm. Provided the pin-vices were finger-tight, slipping-out 
of the specimens did not occur, but additional support was, nevertheless, provided 
by attaching small spheres of solder to the specimen ends. 


<S 


oe Se NANNY 
a Lay SSS 


STAN 


Figure 1. Mounting of the specimen in pin vices. 


The specimens were enclosed in an electric oven thermostatically controlled 
to within +1°c; uniformity of temperature throughout the oven was ensured 
by means of a built-in fan rotating at low speed. Each specimen was annealed 
in situ for about 15 minutes at the flow temperature and the tensile load was then 
applied to it gradually in such a manner that 1-2 seconds elapsed between ‘no load’ 
and “full load’. The stress was kept constant during the flow by means of an 
Andrade—Chalmers (1932) beam of the same design as described in earlier work 
(Feltham 1953). The specimen was connected to the beam by means of piano 
wire which passed through a small hole in the oven roof. The first scale reading 
was generally taken within 2-3 seconds after the full load had been applied. 
In order to determine the effect of temperature and applied stress on the strain 


rate three sets of experiments were carried out with each of the thre 


t exy ts Ww € groups of 
specimens of differing grain sizes. 


First, considering any given group, the 
temperature dependence of the tensile strain rate was investigated by allowing 
a number of specimens to flow at various temperatures, keeping the stress invariant. 
Similarly, by keeping the temperature invariant but changing the stress from 
specimen to specimen the stress dependence of the strain rate was found. Finally, 
to afford a check on the validity of any theoretical correlation of the results a few 
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tests were made in each group with combinations of stresses and temperatures 
not provided for in the first two sets of experiments. Some typical flow curves 
are shown in figures 2 and 3. The strain is there defined as the extension, exclusive 
of the immediate initial extension, divided by the initial length of the specimen; 
the numbering of the curves corresponds to the classification of the results given 
in table 1. Since the experimentally determined transient strain, i.e. the strain 
following the instantaneous extension and preceding the stage of equilibrium 
flow, was generally less than 4-5°,; conversion of the linear strain to the natural 
strain was not attempted in relation to this stage of flow, but in determining the 
equilibrium strain rates the natural strains were used. 


Seconds (Curves 2 and 3) 
0 400 800 1200 1600 2000 2400 
a SS ———- Te 


Strain (%) 


Mean grain dia. 0-llmm 


¢ 4x107 8x10° 12x10° 16x10" 20x10° (Curve 4) 
=: Et! = —— i 
0 40 80 120 160 200 


Seconds (Curve |) 


Figure 2. Creep curves of specimens with 0:11 mm grain diameter. (Numbers refer to 
column (1), table 1.) 


Seconds (Curve 28) 
80 160 240 220 400 480 


Strain(%) 
PS 


Mean grain dia. 0-06 mm 


! 8x10? 16x10? 24 10° 32x10? 40*10° (Curve 29 
Ife te — ie 
0 800 1600 2400 3200 4000 4800 


Seconds (Curves 26,27 and 30) 


Figure 3. Creep curves of specimens with 0-06 mm grain diameter. (Numbers refer to 
column (1), table 1.) 
22 
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§$ 3. EXPERIMENTAL RESULTS 


3.1. Microscopy 


Copious slip bands, which appeared to have formed predominantly in the | 
earlier stages of the flow, were found on the surfaces of all specimens. Two or 
more slip systems were frequently observable, particularly near grain boundaries. 


Table 1 
(1) (2) (3) (4) (5) (6) (7) (8) (9) (10) 
1 100 25 3-7 3-1 0-84 7:5 6x10- 5310 11 
2 74 os 1-8 1:7 0:94 2°5 81077 2x 10-8 5 
3 87 25 2:7 41. 1:52 43 3-5 x 10-8 1x10> 10% 
4 65 25 4:3 11 0-74 1-6 6x10-? 7:5 10-7 11 
5 65 5D = — — -- — — = 
6 65 51 2:2 6:3 2-85 4-6 1-7x10-5 1:1x10-5 14 
7 65 a 3-1 4-3. 1-39 93 1-1x10-* 7-2 1082 12 
8 65 80 4:8 5 1s ll: 0O mala: 5 2:2x10-* 1:9x10-4 11 
9 65 35 2-0 — nae 10 
10 65 33 2°5 2:7. 1-08 2-1 2-4x10-* 1-7x10-8 10 
11 80 42 4-4 3:7 0-84 7-4 4:7x10-> 5610-5 14 
[2 65 25 1:8 0-8 0-45 0:57 11057 MAbs 16" 8 
13 74 25 2-9 1:7 0-58 0-65 110-5 43376 105% >8 
14 100 25 5-0 Bay) = 1-14 3-6 3:3x10-§ 9-4x«10-§ 13 
15 115 25 8-1 6:3 0-78 12°5 3-9 x 10-5 6 x 10-5 13 
16 125 25 9°5 3:0 0:32 10:0 1:0x10-4 5-3x10-3 14 
17 65 99 = 10-0 = 18:5 1:-6x10-4 16x 10-4 16 
18 65 82 43 70 4063 1155 3-8x10-> 93-7 X10 16 
19 65 61 2-6 5-2 2-00 43 5-8x10-* 5-3x10-* 11 
20 65 43 341 4:0 1-29 2-7 9:5x10-7 9-6x10-7 13 
oy 85 73 5-4 4:0 0-74 11:5 1:8x10-4-  1-6x10-4 12 
i) 65 25 3:3 5-2 1°58 0-80 1:4x10-7 1-5x10-7 >9 
23 90 25 6-0 4:0 0-67 350 4:1 <10-© 3-2 10-6 13 
24* 100 25 6-1 5-1 0-84 3-50 5 -75c10-8) eo oe 11-5 
25 125 25 8-1 4 0-50) ~15 3010 "2-75-10" 11 
26 80 25 3-2 2-6 0-81 1°85 «1:4 10=© “O59 11 
D7 65 66 4-3 45 1:05 6:50 1:3x10-5 1:0«10-5 15 
28 65 105 455 325°) 0-785. tas 2361054 42562102 16°5 
29 65 46 3-0 6:3 2-00 3:00 - 1:3. x10=%  1:35¢10=" eae 
30 50 105 3-0 6:0 2-00 9:00 3:4x10-5 56x10 lke: 
31* 40 105 1:5 32) 10) 3°00° 7°38 X10=* —2°35010 == eed 


Specimens marked by an asterisk were accidentally cold-worked by bending on inserting 
into the pin-vices. 

(1) specimen number; (2) tensile stress (kg cm~*); (3) temperature (°c); (4) instan- 
taneous initial strain (°%%); (5) total transient strain (%); (6) ratio of total transient strain to 
instantaneous initial strain; (7) B x 108 (sec~'/*); (8) experimentally determined value of the 
equilibrium tensile strain rate (sec'); (9) equilibrium tensile strain rate calculated from 


equation (4) with experimentally determined values of A, Hand q; (10) mean tensile strain 
at the t'me of fracture (%). 


Necking and subsequent fracture were generally initiated in such highly deformed 
regions. ‘The general appearance of the surface was that to be expected from 
a tensile test; slip bands varying in width from about 54 to well below the 
resolving power of the microscope were present. As the metal surface is 
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unrepresentative of the mode of intragranular deformation, and as Hirst (1940, 
1941) had previously studied slip occurring during creep in lead, no detailed 
measurements were made. 

Measurements of the grain sizes of the specimens after flow disclosed that 
a diminution had taken place in some cases, particularly with specimens of the 
smaller grain sizes, which showed recrystallization during flow (e.g. curves 
26, 27 in figure 3). The reduction occasionally approached 2:1; the initial 
nominal grain sizes were thus not preserved throughout the flow if creep-induced 
nucleation of new grains occurred. ~ 


3.2. The Instantaneous Initial Extension 


In the present work an induction period was frequently found to intervene 
between the termination of the instantaneous extension observed on applying 
the load to the specimen, and the onset of the transient stage of flow (beta-flow). 

It was thus evident that the instantaneous extension was not part of the 
transient stage of flow (Orowan 1946, Smith 1948), a conclusion to be expected 
from the fact that the initial extension is not, in general, included either in the 
representation of creep results (e.g. Hazlett and Parker (1953) consider this point 
in some detail), or in the theoretical derivations of the ¢!? law characteristic of the 
transient deformation at high temperatures (Mott 1953, Feltham 1955). 

This conclusion, and the resemblance of the surface slip to slip produced by 
tensile deformations, as well as the work-hardening necessarily implied in recovery 
theories of creep (Orowan 1946, Cottrell and Aytekin 1950, Bleakney 1955), 
suggested that the instantaneous strain e; might be related to the applied stress o 
by the law of work-hardening of metals of cubic symmetry, L.e. 


Gite a7.ee le le? OE I, APO eae (1) 


where yis the coefficient of work-hardening, which should depend on the tempera- 
ture and the grain size. Confirmation of this hypothesis is provided by the data 
in figure 4. 
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Figure 4. Dependence of the initial instantaneous strain on the stress at constant 
temperature, and on the temperature with the stress kept invariant. 
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3.3. Induction Periods 


Induction periods of the type referred to above (e.g. curves 27 and 29 in 
figure 3) were also observed by Hirst in lead, by Rhines (1956) in aluminium, 
and by the author (unpublished results) in mild steel at about 1100°c. Existing 
evidence seems to show that ‘geometric softening’ (Cottrell and Aytekin 1950) 
takes place during this period, i.e. new slip planes are gradually brought into 
action by the strain rotations (and other modes of softening induced by recovery), 
mainly at grain boundaries. 


3.4. The Transient Creep 
in pure metals the transient strain can generally be expressed by the relation 


€g=B0UF,./ > 1 | ete A eee @ 
where, according to Mott (1953), and Feltham (19547-1955) 
P=Cded "eae (3) 
where Cis a constant and de/dt the equilibrium strain rate. If the latter is given by 
de/dt=Aexp(—H/kT)sinh(qo/kT), —......... (4) 
then we can write 
B=Boexp(—Htr/kT)sinh(quo/RT),  —....., (5) 
where fy is a constant and, assuming gtro >RT, 
AwiH=qeiq=1/3- ott hi a (6) 


That the functional form of equation (2) was obeyed is shown in figure 5. The 
zero of the time coordinate corresponds to the instant at which the initial extension 
was complete; pronounced induction periods tended to distort the curves, 
e.g. curve 4 of figure 5. Similar results were obtained with specimens of the 
smaller grain sizes, but on account of the distortion of the curves, due to the effects 
mentioned, the values of 8 obtained from them (table 1) are rather less reliable 


Mean Grain Dia. 0-I! mm 


Strain (%) 


4 6 8 10 12 
£4 (Lin seconds) 


Figure 5. Representation of the transient creep by the ¢1/? Law, (Numbers refer to 
column (1), table 1.) 
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_ than those obtained from figure 5 for the specimens having the largest grain size. 
| From the results shown in figures 6 and 7 one obtains Hiy=7-7 kcal (gatom) 1, 
) and gtr=21-5 cal(gatom)'/kgcm-, both values independent of the grain size 
With H and gq as determined for 
the equilibrium flow (§ 3.5) the ratios (equation (6)) were both found to be equal 


+ within the limits of the experimental error. 


t 


to 0-29, which is close to the value of 1/3 expected from theory. 


‘The constant 


Bo was determined separately for each group of specimens by means of equation (5) 
t with the experimentally determined values of Ht, and gtr, and conjugate values of 
) f and o, the latter two taken from the straight lines plotted in figures 6 and 7. 


The values of 8, are given in table 2. 
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Figure 6. Dependence of / on the applied 


stress o, and on the grain size. 
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1948) and in other metals (Feltham 1953, Grant and Bucklin 1953). 
(1948) established this to be due to recrystallization. 
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Table 2 
Ratio 
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Figure 7. Dependence of / on the 
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temperature and grain size. 


Remarks 


Experimental (fig 4). 
Calculated from eqn (11). 


For best fit of eqn (4). 
From intercepts of lines in fig. 8. 
Calculated from eqn (22). 


Experimental; from intercepts of 
lines in fig. 6. 
Theoretical; eqn (25). 


3.5. Recrystallization during Flow 


An acceleration of the creep towards the end of the transient stage has been 
observed in lead (Greenwood and Worner 1936, Hirst 1941, Smith 1941, Andrade 


Andrade 
Such effects were found 
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to occur in some of the specimens (e.g. curves 26, 27, 28 of figure 3) of 0-04 and 
06mm nominal grain size and were probably induced by high stress concentra- 
tions at grain boundaries arising out of the progressive hardening in the early 
stages of creep. Recrystallization is not invariably present in creep, and no 
fundamental significance can be ascribed to it. 
3.6. The Equilibrium Flow 

‘The mode of flow following the transient stage, or the stage of recrystallization 
if such takes place, is characterized by the constancy of the strain rate under 
conditions of contant stress, and by the implied non-occurrence of progressive 
work-hardening. ‘The transition from the transient to the steady stage is smooth, 
and takes place when the strain rate in the former reaches the value characteristic 
of the steady creep (Feltham 1954), 

The functional form of equation (4) was found to provide a good correlation 
of the experimental data. The tensile stresses were in all cases sufficiently high 
to permit the use of the equation in the form 

de/dt= 3Aexp[—(H—-qo)/RT], (7) 

so that log (de/dt) should be a linear function of 1/7 if the stress is kept invariant, 
and a linear function of o if the temperature is kept invariant. The experimental 
result can be seen to conform to both requirements (figures 8 and 9). The data 
in these figures yield H=26-4kcal(g atom) and q= 75 cal (g atom)"!/kg cm, 
both values independent of grain size within the limits of experimental error. 
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kept invariant at 65 kg cm-?. 
§ 4. THE Creep MEecHANISM 
4.1. The Instantaneous Initial Extension 


The interpretation of the hardening which takes place on applying the load 
to the specimen (figure 4) will here be based on the experimental observations of 
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Jacquet (1954a, b) on the behaviour of dislocations in alpha-brass subjected to 
small tensile strains, and on the theoretical treatment of the associated mode of 
hardening developed by Mott (1952, 1953). 

‘The features in Jacquet’s micrographs which are most interesting from the 
point of view of the present work are: (a) Arrays of dislocations, which appear 
to originate predominantly in the central regions of the grains (the latter being 
of about the same size as in the lead used in this research), traverse the grain and 
pile up at the boundaries on the slip-planes containing their respective sources ; 
(6) the pile-ups are approximately equidistant, the spacing between adjacent 
ones being a few microns; (c) the number of dislocations in any given pile-up 
is of order 10-100; (d) a large fraction of the dislocations in any given pile-up 
lies close to the boundary at which it is held up, so that the dislocation density 
is much greater in the boundary zones than elsewhere in the grains. 

It is possible to conclude from these observations that the hardening is 
heterogeneous, the greater density of dislocation in the boundary zones also 
leading to a greater hardness in these zones than in the interior of the grain, and 
that the regularity of spacing between adjacent pile-ups is indicative of a mode of 
hardening in which the operation of dislocation sources is controlled by the 
long-range stresses due to piled-up groups of dislocations lying close to them. 
That this form of hardening should be specific to alpha-brass seemed unlikely, 
and it appeared reasonable to examine the applicability of Mott’s (1953) theory 
of this type of interaction-hardening to the stress and temperature dependence 
of the initial instantaneous extension as observed in the lead specimens. ‘The 
essential points of the theory are as follows. 

If, in accordance with Jacquet’s observations, we take the grain radius L as 
the slip distance, and denote the distance between neighbouring pile-ups by 
d, then the density of pile-ups is approximately (Ld), and the mean spacing 
between them (Ld). The mean internal shear stress in the grain, which opposes 
the applied shear stress 7, is then 


Ghn 
iw = 27(Ld)'? Seo eo (8) 
where n is the number of dislocations per pile-up, G is the shear modulus, and 5 
the Burgers vector. The negative sign shows 7; to oppose 7, the sense of the latter 
having been assumed positive. 
Now the plastic shear strain is 


P= ND dw oie. Gh. ey ities (9) 
and on writing 7; = —7 (which is permissible except for very small stress, viz. Mott 
1953), and putting . 

tho and ty ee Le (10) 


(observing that the strain as defined by equation (9) is the ‘engineering’ strain), 
where o and ¢; are the tensile stress and strain respectiveiy, we obtain the parabolic 
work-hardening law (equation (1)) with the coefficient of work-hardening given by 
x= G*bn{n?L. SUR ne ae 8) 
In this theory the dislocations are assumed to be generated dynamically. ‘They 
are stopped by the boundary when 
neal eal Gb), yao Ae) Maem siees (12) 
where ty is the yield stress in shear of the undeformed metal. ‘The number of 
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dislocations per pile-up does not therefore depend upon the applied stress. 
‘Taking room temperature values, ry = 10 kg cm? (Feltham 1956), L=3 x 10-3cm, 
G=5x 10'kgcm, b=3-5x10-8cm, we find n~100. As the lengths of the 
pile-ups are considerably less than the size of the grains if the latter are as large 
as those in the lead specimens, would not be expected to depend significantly 
on L, which would imply (equation (12)) that 7, should be approximately inversely 
Proportional to L. Since also (from equations (11) and (12)) 

X=(2/a)\Gry 7 oe es ee (13) 
the coefficient of work-hardening should be smaller for the specimens with 
the larger grains than for the others. Figure 4 shows this to be the case. Its 
temperature dependence should also approximate to that of the yield stress ry. 
Reliable data on the temperature dependence of the yield stress of polycrystalline 
lead were not available to the author, but an estimate of the magnitude of the 
effect could be obtained from Neurath’s and Koehler’s (1951) measurement of 
the yield stress of single crystals of lead. This they found to be approximately 
halved on increasing the temperature from 25°C to 100°c, which is in reasonable 
agreement with the variation of y shown in figure 4, particularly if it is remembered 
that G will also decrease as the temperature is raised. 

The spacing between adjacent pile-ups (i.e. active slip planes) at a tensile 
stress of 65 kg cm~ then works out to dX1 u. Intersection of slip systems would 
thus lead to the formation of ‘mosaic’ blocks with linear dimensions of about 
one micron. In polycrystalline lead their existence was established by Hirst 
(1941) in creep, and by Kolontsova (1953) as resulting from small tensile 
deformations. 


4.2. The Activation Energy of the Equilibrium Flow 


In a recent critical analysis of creep mechanisms Mott (1956) concludes that 
none could be considered adequate, and outlined a new mechanism of high 
temperature equilibrium creep in which the motion of screw dislocations 
containing jogs is rate determining. By means of this model he was able to account 
satisfactorily for the commonly observed magnitudes of the parameters A, H 
and q appearing in equation (4). Ifz is the applied shear stress acting on a screw 
dislocation in which jogs occur at an average distance / apart and d is the Burgers 
vector, then the activation energy for the movement of such a dislocation is 

Oc) == tobe se (14) 
on writing $o=7. AH is the activation energy for volume self-diffusion, and 
appears in equation (14) because non-conservative motion of jogs due to the 
intersection of two screw dislocations necessitates the formation and dispersion 
of vacancies. On comparing the stress dependent terms of equations (7) and (14) 
we find 

q= 316° 
which, on substituting the measured value of 
q(=75 cal (g atom) "/kg cm~? = 5-2 x 10-21 cm?) 
gives /~0-1, i.e. about one order of magnitude below the block dimensions, 
which is a reasonable value, 

The activation energy for volume self-diffusion in lead is 27 kcal (g atom)! 
according to Novick (1951), and 25-7 kcal (gatom) according to recent measure- 
ments made by Okkerse (1954). The mean value of the two is in very good 
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agreement with the value of H(=26-4kcal(gatom)-') obtained in the present 
work ($3.6). (Buffington’s and Cohen’s (1952) observation that self-diffusion 
in alpha-iron is accelerated if the metal is subject to creep could readily be explained 
if, as is assumed to be the case, vacancies are generated in the creep process.) 


4.3. The Role of Recovery and Strain Hardening 


Cottrell and Aytekin (1950) have shown convincingly that high temperature 
creep must be regarded as resulting from simultaneous hardening and recovery 
under stress, so that according to -whether the creep rate is decreasing, constant, 
or increasing, the rate of hardening is greater, equal, or less than the rate of 
recovery. ‘The condition for equilibrium creep is then (using the notation of 
equations (8) and (10)): 


which defines the shear rate dy/dt, and hence the tensile strain rate (equation (10)). 
In polycrystalline lead subject to creep at 22°c under a constant stress of 112 kg cm? 
Kennedy (1955) found the activation energies of equilibrium creep and recovery 
to be identical, as would be expected to be the case on the basis of Cottrell’s and 
Aytekin’s generalization. 

Dealing first with the rate of recovery d7/ét the assumption will be made, 
in accordance with well-known experimental evidence of the enhanced activity 
in grain boundary zones during creep, that recovery occurs foremost at grain 
boundaries which are sinks for dislocations and vacancies. Now it can be 
shown by a method used by McLean (1956) that under conditions of steady creep 
at stresses as used in the present work a dislocation could penetrate a boundary 
only in special cases, for instance, tilt boundaries with a ‘tilt’ angle of less than 
approximately 3°. Such a mode of loss of dislocations from grains would be 
unimportant in pratice. In any case, as it would result in the transfer of a disloca- 
tion to another grain, rather than the annihilation of the dislocation, recovery 
would not, in effect, take place except if the dislocation passed out of the metal 
at the specimen surface. Since we assume the rate of generation of dislocations 
to be equal to the rate of loss in equilibrium flow, such a mechanism would imply 
a marked dependence of the creep rate on the shape and dimensions of the 
specimen. ‘This is not, in general, observed. Similarly, McLean’s (1952) 
proposal, that the continual accumulation of dislocations in subgrains or polygon 
walls could be regarded as the recovery mechanism whereby a ‘removal’ of 
dislocations occurred in aluminium during creep, can be considered valid at best 
in the stage of transient creep, for it implies progressive hardening, which is 
irreconcileable with the steady-state condition (equation (16)). We conclude 
that grain boundary migration, recrystallization, etc., in so far as they are not 
integral parts of processes resulting in the loss of dislocations, cannot determine 
the equilibrium creep rate, and assume that recovery takes place essentially by 
cross-slip in such a way that dislocations of opposite signs mutually annihilate. 
Such a process is not inhibited by geometrical factors such as the magnitude of 
the tilt between adjacent grains, as the stress between attracting dislocations can 
reach the theoretical shear strength of the metal. 

An example of the dissolution of dislocation loops initiated by cross-slip 
of the screw components is shown in figure 10. ‘T'wo dislocation loops of 
opposite signs, each belonging to a group originating from a common source, 
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lie in parallel slip planes separated by the distance AA’. The screw components 
AD, BC and A’D’. B’C’ can-move in the planes AA’D’D and BB’C’C and will 
coalesce as shown for one set AD and A’D’, annihilating over the length PQ. 
P and Q then move into alignment with AA’ and DD’ respectively. BC and B’C’ 
are similarly annihilated. (Jogs are not shownin figure 10). We are therefore 
left with two rectangular edge dislocations AA’B’B and CC’D’D, the movement 
of which is not impeded by jogs. If AB is positive, i.e. the plane of extra atoms 
lies above AB, as indicated in the figure, then the movement of AA’B’B (by 
‘pencil glide’, Nye 1949) into the adjacent grain boundary would result in removing 
a sheet of atoms of area ABB’A’ from the grain surface. The process can thus 
lead to the accumulation of vacancies near grain boundaries (Greenwood et al. 
1954, Feltham 1953) or, in the case of uegative dislocations, to the accumulation 
of interstitial atoms with the associated increased local stresses. ‘The latter 


Figure 10. Mutual annihilation of the screw components of the dislocation loops 
ABCD and A’B’C’'D’ by cross slip. 


may then be reduced by recrystallization, cross-slip across the boundary, etc. 
The initiation of the recovery process by screw dislocations containing jogs 
would require an activation energy as given by equation (14), since the initial 
intensity of interaction between dislocations is characterized by the internal 
stress which, as will be shown below, is of the same order as the applied shear 
stress r. On account of the closer approach of the dislocations at later stages of 
the process the activation energy is then reduced, so that the rate of approach 
increases. Hence the rate of initiation, which is the slowest process, determines 
the rate at which dislocations are lost from these groups. Ifn* dislocations belong 
to each group, the rate is defined by dn*/dt. If cross-slip of this type were initiated 
simultaneously in m of the n* dislocations, and if each dislocation contained only 
one jog, then dn*/dt would be given by m(RT/h) exp[—(H—gqv)/RT]. If, as 
must be assumed in general, each screw dislocation contains several jogs which 
are not simultaneously activated, we write 


dn* |dt =o(RT/h) exp [—(H—qo)/kT], Vesa (17) 
where « = m/s, s being of the same order as the number of jogs per screw dislocation. 
A reasonable estimate would be 0:1<«%<10. We now have to consider the 
hardening during the equilibrium flow, We assume that about half of the 
dislocations in the pile-ups formed on applying the load are dispersed during the 
stage of the transient flow (Stroh 1953), which leads to a more uniform distribu- 
tion of dislocations throughout the grains and to a levelling of the internal stress 
peaks. Such a distribution provides the prerequisite to fine slip (i.e. slip too 
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fine to be observable by ordinary optical methods). The theory of this type of 
slip (Mott 1953) will therefore be used to obtain d7/dy (equation (16)). 


4.4. The Equation of the Equilibrium Flow 


We begin by considering a grain in the form of a cube of side D=2L in which 
the density of active slip sources is N. he (internal) shear strain due the 
operation of the ND® sources is then 


yint = —(ND*)(bn*/D)=—ND*bn*, —s_..... sss (18) 
The distance between adjacent groups is of order D/ND*, and the mean of 
this and D, namely (ND)~1, if taken as the mean distance between any given 
group and all others, gives for the internal stress the relation 
meg Gh ND oan (19) 
Noting that if m* is reduced by the escape of dislocations the internal strain is 
reduced but a plastic shear due to slip is introduced such that 


y= —dying I 7 ies (20) 
we obtain from equations (17), (18) and (19) on substitution into equation (16) 
(using the ‘sinh’ to replace ‘} exp’ to allow for small values of go/RT): 
de/dt=Aexp(—HA/kT)sinh(qo/RT) __...... (21) 
with 
AZCON DRY aaa (22) 
An estimate of can be obtained by considering a cubical grain of side D = 10-* cm, 
with one active slip system, as in deriving equation (18). If the slip planes are 
about 1p apart, each having originated at one source, then the crystal contains 
100 sources, i.e. for a unit cube we have N=108. This estimate is identical with 
that made by Mott (1953) in dealing with fine slip. With this value of N, taking 
Rijn O35 10% (ce, 7 =300°%);, b=3-5:% 10% and a= 1:25, the expenmentally 
determined and the theoretically derived values of A (equation (21)) are in good 
agreement (table 2). 


4.5. The Transient Flow 


There is a considerable amount of evidence in support of Mott’s (1953) 
derivation of the equation of the transient flow at high temperatures (equations (2) 
and (3)) (e.g. Feltham 1954), and his method is here adopted with a difference 
however, in the interpretation of the details of the mechanism. 

In terms of the parameters previously defined, Mott’s analysis yields 

B2=(3IND7b)\(a4/0 2am dt.) cae (23) 
where @ is the coefficient of linear werk hardening d7/dy (obtainable from equations 
(18)-(20) and equal to G/27N1?L3?), and 7, = Gb/l,, where | = L/n*. 

Owing to the partial dispersion of the dislocations in the pile-ups (§ 4.3) 2* 
will be rather less than m (equation (12)). ‘The fact that the ratio of the total 
transient strain to the initial strain due to the instantaneous extension ¢tr/e; 
is of order unity (table 1) indicates that up to one half of the dislocations may 
be lost in this stage of the flow. Hence we shall take n*—60 in the subsequent 
calculation. From equations (17), (22) and (23): 


¢€ 2 : 
p3=3 GE = E (3) A| exp (- ar) sinh on Or, (24) 
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As far as the activation energy and its stress-dependent part is concerned 
the agreement between experimental values and those predicted by equation (24) 
has been considered in §3.4, and was found to be good. It therefore 
remains only to consider the factor By, where Bo? =3(7,/0)?A. On writing 
(7,/0)? =47?b?N L(n*), obtained from equation (23) et seg. we have 


Be 12h LAG) a ne (25) 


On substituting into equation (25) the theoretically determined values of 4 
(table 2), and n* and Nas given above (i.e. 60 and 108 cm-3 respectively), very good 
agreement between the theoretically determined and observed values of Bo is 
obtained (table 2), 


§ 5. Discussion 


The magnitude of 4 (equation (22)) obtained with various pure metals in 
high temperature creep (above about 4 Tmeit K) varies over the range 10°-10" sec—!, 
Considerable variability is to be expected in view of its functional form; it is 
also liable to considerable error due to comparatively small errors in the estimation 
of Hand q. In fact, from the point of view of assessing creep theories the para- 
meter q is of greater significance than A. 

As to the stress dependence of q, data obtained with stresses covering a 4:1 
range (e.g. Tyte 1938, 1939, McVetty 1943) show conclusively that, on inter- 
preting the equilibrium creep rate by means of equation (21), q is independent of 
the applied stress. 

In relation to its temperature dependence, Smith’s (1941) data on the creep 
of lead (99-999°) obtained over a temperature range exceeding and including 
the one used in the present work, suggested to the present author that g could 
be regarded as_ essentially temperature independent. Such an assumption 
was found to lead to satisfactory results also in earlier work on the creep of gamma- 
iron in the range 0-70 =< L/Tmeit <0-87, with g measured in approximately the 
middle of the range (Feltham 1953). However, it is clearly apparent from the 
work of Tyte (1938, 1939) on lead and tin, and from creep results obtained with 
aluminium and other metals by Kauzmann (1941) as well as by Dorn (1956) 
that the temperature dependence of q cannot, in general, be neglected. This 
was also surmised by Mott (1956). The observed temperature dependence of g 
invariably shows an increase of q with temperature (Novick and Machlin 1947, 
Fastov 1950). Kauzmann suggested the relation g=4q, exp(g7T), where g, and £ 
were characteristic of the particular metal considered. Over narrow ranges of 
the temperature the relation q=  T may be applicable in some cases, thus leading 
to an apparent temperature independence of the stress-dependent part of the 
activation energy (Dorn 1956). The data in table 3, as well as the parallelism 
between the temperature dependence of g in zinc and the subgrain dimensions 
in aluminium subject to creep at a constant strain rate (figure 11) suggest a depen-. 
dence of q on the dimensions of intragranular substructure which, in the 
equilibrium flow, is determined primarily by the temperature. (Some evidence 
on this point has been obtained by Dorn (1956).) A detailed study of the 
dependence of g on temperature, crystal structure, and on the presence of other 
elements and phases would be particularly valuable. 
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‘Table 3 

q 1B Tbe. Reference 
Al (99-99%) 80 0-57 Dorn 1956 
Al-alloy RR59 (precip. hardened) 5 0-46+ Johnson & Frost 1952 
AgBr (single crystal) 94 0-86T From data of Christy 1954 
AgBr 7) 0-86t+ From data of Christy 1954 
Cu--3°%, Ag (precip. hardened) 3 0-40+ From data of Olds 1954 
Pb (99-999%) 60 0-55+ From data of Smith 1941 
Pb (99-99%) 75 0-56+ This paper. 
Sn (99-9%) 5 0-58 From data of Tyte 1938 
Zn (99-99%) 64 0-55+ Cottrell and Aytekin 1950 
Zn (99-99%) (single crystal) 2500 0-55 Cottrell and Aytekin 1950 
Zn (99-999°%,) (single crystal) 20500, 0-43 From data of Read and Tyndall 


1946 


7 Denotes the mean temperature if a range of temperatures is covered. gq in 
eal (g atom) “/kg cm; TJ, Typ in °K. 
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Figure 11. The dependence of the cell dimensions in aluminium, and of g in tin on 
the absolute temperature, the melting point Ty, in each case referring to the res- 
pective metal. (Al, Wood and Rachinger 1949, Sn, Tyte 1938.) 
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Abstract. Nleasurements of magnetic viscosity in equiaxed isotropic and 
anisotropic Alcomax III specimens have been made; the anisotropy was induced 
by cooling the material, from the single phase region, ina magnetic field of 4000 Oe. 
The results are discussed in terms of the concept of the thermal activation of 
irreversible domain boundary wall movements. Comparisons of the results 
of measurements on anisotropic and isotropic specimens are in reasonable 
agreement with theoretical predictions. 


§ 1. INTRODUCTION 


OR a number of ferromagnetic materials the intensity of magnetization does 

not instantaneously acquire its equilibrium value when the applied magnetic 

field is suddenly changed. ‘The time dependence of magnetization may 
be due to eddy current effects or to ‘reversible’ or ‘irreversible’ magnetic 
viscosity. In general, eddy current effects are only of importance for relatively 
short periods of time (<1sec) after a change in magnetic field. Reversible 
magnetic viscosity is a consequence of ionic diffusion in the crystalline lattice 
and has a temperature dependence characteristic of diffusion processes (Snoek 
1947). It is generally accepted that irreversible magnetic viscosity is due to 
the influence of thermal agitation on the domain processes responsible for 
magnetization. The influence of thermal agitation has been considered by the 
authors (Street and Woolley 1949, Street, Woolley and Smith 1952) in terms of 
the energy required to activate irreversible domain processes, and it follows that 
the time dependence of the intensity of magnetization is given by 


Kia=sing-pconsts 2. oy 9) yniveeas (1) 


S is a constant, the value of which depends on the material of the specimen, 
the point of measurement on the hysteresis cycle, the temperature of measure- 
ment and the demagnetizing factor of the specimen; ¢ is the time interval which 
has elapsed after the sudden change in applied field. ‘The results of experiments 
on irreversible magnetic viscosity are in good agreement with equation (1). 
An alternative approach has been given by Néel (1950, 1951) in which it is assumed 
a priori that the effect of thermal agitation may be represented by a ‘fictitious’ 
field H;(t) which is then shown to be a linear function of Int; the associated 
variation of intensity of magnetization is then 

It) = aeebl(Digecomst. © ae on ee (2) 
where yirr is the irreversible differential susceptibility at the point of measurement 
on the hysteresis cycle. The formal connection between the two approaches 
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is derived from equations (1) and (2) from which A;(t)=(S/yirr) Int. It can be | 
shown that 
BES ea (3) 
Xirr q 

where 7 is the absolute temperature of the specimen and g is a constant, related 
to the volume of material involved in a single activation process. For example, 
if the specimen consists of a collection of identical non-interacting single domain 
ellipsoidal particles aligned with the major axes along the direction of the field, 
q=vJ where v is the volume of each ellipsoid and.J/g is the spontaneous magnetiza- 
tion appropriate to the temperature of measurement. Experimental observation 
shows that for certain magnetic materials, in particular Alnico, q is largely 
independent of the point of measurement on the hysteresis cycle and of the 
temperature over a wide range (Street, Woolley and Smith 1952). . 

Magnetometric methods of measurement have usually been employed in 
investigations of magnetic viscosity, imposing limitations on the physical form 
of the specimens and on the maximum applied magnetic field, as the latter must 
necessarily be derived from solenoids. The present communication is concerned 
with magnetic viscosity in isotropic and anisotropic Alcomax III, specimens of 
which may be conveniently cast into block form but not into the long thin cylinders 
suitable for magnetometric investigation. In addition the coercivity of such 
specimens may rise to 800 Oe necessitating saturating fields of 4000 Oe or greater. 
It was therefore necessary to develop new techniques of measurement of magnetic 
viscosity. The first part of this paper is concerned with descriptions and the 
testing of these techniques. 


§ 2. METHOD aND APPARATUS 


The principle of the method is to measure the time variation of the e.m.f. 
E(t) induced in a coil wound round the specimen, held between the poles of an 
electromagnet, with a steady magnetic field H applied to the specimen. From 
equation (1) 

dl(t) 4nNAS 


E(i)=—4nNA = (4) 


where N is the number of turns on the coil, A the cross-sectional area of the 
specimen, tis the time which has elapsed since the magnetic field H was established 
and the value of S depends inter alia on the effective demagnetization coefficient 
of the specimen; a measure of this is the drop in magnetic potential across the 
contacts between the faces of the specimen and the pole faces of the electromagnet. 
If E(t) is sufficiently large it may be measured directly on a recording potentio- 
meter, or alternatively E(t) may be amplified by means of a galvanometer amplifier 
(see Simpson and Tredgold 1953). ‘The magnetic potential drops at the junctions 
were effectively reduced to zero by careful machining of the faces of the specimens 
and the pole tips. The condition for zero magnetic potential drop at the junctions 
was tested by the method adopted for a similar purpose in precision permeameters 
(see for example Mee and Street 1954). The specimens were thus operated 
under closed magnetic circuit conditions, with zero demagnetization factor, 
and the constant S of equation (4) is written S,. 


tq is defined by the relation AF — —qAH where AE is the average change of activation 
energy of the domain processes consequent upon an increase AH in applied field. 
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Equation (4) is only applicable to an idealized situation in which it is assumed 
that instantaneous changes of applied field are possible. The origin of the time t 
is the instant at which the field is changed instantaneously. In the case described 
above the speed at which field changes may be made is limited by the time constant 
of the electromagnet and its associated circuit. When the magnetic field differs 
from its final steady value by less than an amount determined by the characteristics 
of the material, magnetic viscosity will proceed as indicated by equation (1) 
with the time origin at ¢), determined by the time constant of the magnet and the 
characteristics of the specimen. ‘Thus equation (4) becomes 


4nNAS, 
ae es ae ST ny i NN MN Cher Yan Ju" yia yay (5 ) 


Determinations of the magnetic viscosity parameter q discussed in §1 were 
made using equation (3). There are difficulties associated with the ballistic 
measurement of yirr involved in (3) in that for materials exhibiting magnetic 
viscosity the measured values depend on the time constant of the instrument 
used to determine the flux linking a search coil wound on the specimen (Street, 
Woolley and Smith 1952). These difficulties were overcome satisfactorily 
in the work described here by measuring the flux linkage with a Grassot flux 
meter having a time constant of several minutes. 


E(t)=- 


§ 3. EXPERIMENTAL TESTS OF THE METHOD 


The accuracy and performance of the method described above were checked 
by making measurements on specimens for which the magnetic viscosity para- 
meters could also be determined by standard magnetometric techniques. Suitable 
specimens of Alnico 3-5cm long and 0-6cm in diameter were used, and for the 
electromagnet measurements the plane ends were machined flat and parallel. 
Single specimens surrounded by a coil of 6000 turns were then placed in the gap 
of an electromagnet; the e.m.f. induced in the coil was recorded directly on 
a recording potentiometer. ‘Typical results, showing 1/E(t) plotted as a function 
of t, are given in figure 1, and are in agreement with the form predicted by (5). 
The specimens were then carefully ground into the form of ellipsoids, and 


0-16 


0:12} 


1/E(Q (arbitrary units) 


0-04 
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Figure 1. Typical curves showing the variation of 1/E (t) as a function of time for rod 
specimens of Alnico. (a) without and (5) with a block of Alcomax also held in the 
magnet gap. 
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magnetometer measurements of the magnetic viscosity were made by means of | 
a fluxgate (Street, Woolley and Smith 1952). The values of S, and g/kT for | 
the electromagnet method of measurement, obtained from the results given in 
figure 1, are 19-5 gauss and 0-59 Oe~ respectively which are in good agreement | 
with the corresponding values 19-8 gauss and 0-61 Oe~! respectively determined | 
by the magnetometer method. The values of t, for the small diameter rod 
specimens of Alnico were generally appreciably smaller than the f, values obtained 
in the measurements of Alcomax block specimens having greater cross-sectional 
areas. ‘l’here are two reasons for this, firstly the time constant of the electro- 
magnet and circuit varies with the cross section of the specimen in the gap and 
secondly differences in fy values arise due to the different magnetic viscosity 
parameters. ‘T’he effect of the variation in the time constant of the magnet was 
simply demonstrated as follows. Two sets of measurements were made of the | 
time dependence of E(t) for an Alnico rod, firstly alone in the gap of the magnet 
and secondly with a block of Alcomax also included between the poles of the 
magnet. ‘The two sets of results are given in figure 1, from which the increased 
value of the intercept ¢), due to the effect of the Alcomax, is immediately obvious. | 
Within the limits of experimental error the slopes of the two lines are equal. 


| 
| 


§ 4. SPECIMENS | 

The specimens used were of Alcomax III having a nominal weight percentage | 
composition 24Co, 13-5 Ni, 8 Al, 3Cu, 0-8Nb, remainder Fe. Alcomax III | 
is one of a group of high coercivity alloys in which optimum permanent magnet | 
properties may be developed by suitable heat treatment. At temperatures of — 
1250°c the material is in equilibrium in a single phase state but at temperatures 
below about 700°c the equilibrium state is at least two phase. ‘The single 
phase state may be almost entirely retained by rapid cooling from 1250°c and the 
degree of precipitation may be progressively increased by maintaining the 
temperature at about 600°c for several hours. 

Blocks of Alcomax III of dimensions 3-7em x 3-3cm x 0-92cm were cast 
and ground with accurately flat and parallel faces. The specimens were given 
two types of initial heat treatment: (a) Heated to 1250°c for 20 minutes and then 
allowed to cool in a magnetic field of 4000 Oe applied parallel to the longest 
dimension of the block. This type of treatment develops uniaxial anisotropy 
in the magnetic characteristics of the material. (6) Heated to 1250°c for 20 minutes 
and then allowed to cool in the same surroundings as specimens treated in (a) 
but with zero applied magnetic field. 

The specimens were subsequently heat treated by tempering them for 
increasing periods of time at 560°c. To ensure that the anisotropic and isotropic 
materials were tempered identically, heat treatment was carried out on pairs of 
specimens, one specimen prepared as in (a), the other as in (4). 


§ 5. RESULTS 
(a) Anisotropic Alcomax ITI, 
Measurements of the magnetic viscosity parameters were made on samples, 
after various degrees of tempering, with the measuring field applied parallel and 


perpendicular to the preferred axis (i.e. the direction of the field applied during 
cooling from 1250°c), Magnetic viscosity effects were always apparent in the 
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measurements made with the field parallel to the preferred axis but were 
immeasurably small in the perpendicular direction. (It should be noted from 
figure 4 that measurements were made only on specimens which were reasonably 
well developed, having coercivities greater than 250Oe). The sensitivity of 
the apparatus was such that values of Sp in equation (5) greater than 1-5 gauss 
could be detected. ‘Thus in all cases S, for measurements made perpendicular 
to the preferred axis was less than 1:5 gauss. The magnitude of irreversible 
magnetic viscosity effects is dependent on the number of irreversible domain 
processes occurring in a material: ‘Thus the above observation is consistent 
with the view that for anisotropic materials, magnetization proceeds by irreversible 
domain processes with the field applied along the preferred axis but by reversible 
rotational processes when the applied field is perpendicular to the preferred 
direction. 

Figure 2 shows a typical set of results of 1/E(t) plotted against t, with applied 
field H as a variable parameter, using an anisotropic specimen of Alcomax III. 
From these curves S,) may be calculated using equation (5) and the variation of S) 
as a function of H is shown in figure 3; also shown on this figure are the associated 
values of yirr determined experimentally, and g, calculated from equation (3). 
The observed variation of g with applied field is relatively small; the variation 
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Figure 2. Typical curves showing the time variation of 1/E(t) wit. applied field H as 
parameter, using anisotropic Alcomax II!. (Arbitrary origin of time scale.) Number 
of turns on search coil=7500. 
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Figure 3. Variation of So, xj;,, and g/kT as functions of applied field H for anisotropic 
Alcomax III at temperature 293°K. Values of S, determined from results shown in 


figure 2. 
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of q/kT in figure 3 is partly due to the difficulty of obtaining the values of So 
and yirr under the same conditions for a given specimen. ‘This is a difficulty 


which applies in all cases when the intensity of magnetization J is a function 
both of applied field H and time ¢, and has already been discussed (Street, Woolley 
and Smith 1952), A similar difficulty applies to the determination of the hysteresis 
loop and hence the coercivity H of a material showing magnetic viscosity. For 
this reason Hy, the value of H at which the maximum in the (So, H) curve occurs, 
has been used as the magnetic field parameter in presenting the results. In 
general it has been found that Hy, ‘is : 
The curves marked (a) in figure 4, in which S and q are plotted as functions 
of Hm, show the results obtained for anisotropic Alcomax III at various stages of 
tempering at 560°c. Similar measurements were also made on specimens of 
Alcomax III which had been cooled from the melt in such a way as to induce 


columnar growth of the crystallites.t The results obtained were very similar 
to those shown in figure 4, curves (a). 


g 
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2 
100 


0 
300 500 700 100 300 500 
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Figure 4. Variation of So and g/kT as functions of H,,, for (a) anisotropic Aleomax ITI and 
(6) isotropic Alcomax III. 
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(5) Isotropic Alcomax ITT. 


The same sequence of measurements as described above was carried out 
using isotropic Alcomax III. Again for a specimen of given heat treatment, the 
value of qg varied little with applied field and the maximum of So occurred at 


Ay with Hm=H,.. The variation of Sy and q for specimens of various heat 


treatments as functions of Hm are shown in the curves labelled (5) in figure 4. 


It was possible to ‘ over-age’ specimens of anisotropic and isotropic Alcomax ITI 
by heating at temperatures greater than 600°c and this treatment resulted in 
a rapid decrease of coercivity. With over-aged specimens (H,.~180 Oe) the 
induced e.m.f. E(t) was not a simple smoothly decreasing function of time: 
random fluctuations of e.m.f., characteristic of Barkhausen discontinuities, 
were superimposed on the 1/(t—t)) variation (equation (5)), Barkhausen 
discontinuities were also observed for specimens in the very early stages of 


precipitation. Such specimens were produced by increasing the rate of cooling 
from 1250°c, with and without a ma i 
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were carried out but from the results obtained it is apparent that a significant 
number of discontinuous changes of magnetization occur in volumes of material 
V=10-° cm. 

§$ 6. DiscussIon 


The mechanism responsible for the production of high coercivity in Alnico- 
type alloys and the explanation of magnetic viscosity in terms of this mechanism 
have already been discussed in detail (Phillips, Street and Woolley 1954). Briefly, 
it is supposed that the precipitate .developed by tempering is coherent with the 
matrix if the precipitate nuclei are not too large (Geisler 1949, 1951 a, 1953). 
As the precipitate has a tetragonal structure, the crystal anisotropy in the precipi- 
tate will be different from that of the matrix. Also localized regions of large 
stress will be produced in the vicinity of the precipitate nuclei. Although there 
is no general agreement as to the most important mechanism involved (Geisler 
1949, 1951a, 1953, Heidenreich and Nesbitt 1952, Nesbitt and Williams 1955), 
it is clear that local deviation of the spontaneous magnetization vector J, away 
from the crystallographic axes of easy magnetization of the matrix will be produced. 
Thus localized regions for which div Js40 will be created by precipitation. 
The regions of non-zero divergence occur in associated pairs of positive and 
negative divergence so that div J, over macroscopic regions of the specimen is 
always zero. Each region of non-zero divergence thus acts as a unipole. Néel 
(1946) has shown that the free energy of such a system may be decreased if the 
regions of non-zero divergence are intersected by a domain boundary wall. 
The sign of the divergence depends on the direction of J, in the surrounding 
matrix and thus if a 180° boundary wall intersects a region of non-zero divergence 
it then becomes a magnetic dipole having a lower energy than the unipole. The 
precipitate nuclei thus stabilize or anchor the domain boundary walls. For 
boundary wall movements to occur, magnetostatic energy must be supplied by 
the external field, the energy required to release the walls from the anchored 
positions being equal to the difference in free energy between the dipolar and the 
unipolar distributions. ‘The critical field required is taken as the coercive field. 

Investigations have been made by Geisler (1951b) and Heidenreich and 
Nesbitt (1952) of the physical form of the precipitate in Alnico-type materials. 
It has been shown that the precipitate is in the form of plates having their planes 
parallel to the (100) planes of the matrix. The application of a magnetic field 
during cooling from 1250°c of materials similar to Alcomax III inhibits the 
formation of precipitate nuclei parallel to some of the (100) planes. For example, 
with the field applied along the [001] direction precipitate nuclei having planes 
parallel to the (100) and (010) planes are developed, no nuclei having planes 
parallel to the (001) plane are produced. Geisler (1951b) has also shown that 
in Alcomax III precipitate growth may be inhibited, as described above, by the 
internal demagnetizing field, due to spontaneous magnetization, even when the 
external applied field is zero. ‘Thus the differences in the structure of the 
precipitate of the anisotropic and isotropic Alcomax III are: in 

(a) Anisotropic Alcomax III. Precipitate occurs in plates containing (100) 
planes most nearly parallel to the direction of magnetic field applied during 
cooling. Kas 
(b) Isotropic Alcomax III. Precipitate occurs in plates containing the (100) 
planes most nearly parallel to the local direction of the spontaneous magnetization 
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vector during cooling. Since Alcomax III is equiaxed, i.e. there is a random 
distribution of the crystal axes of the crystallites, the planes of the plates of the 
precipitate will be oriented at random. ! 

Alnico of nominal weight percentage composition Fe 54, Al 10, Ni 18, Co 12, 
Cu6 also exhibits precipitation in plate form, but in this case precipitation is 
little affected by magnetic fields. Thus plates of precipitate are formed parallel 
to all three (100) planes in a crystallite and in equiaxed material there will be 
a random distribution of plates of precipitate. Accepting the view that all the 
magnetic characteristics of high coercivity material are related to the form and 
effect of the precipitate nuclei it is to be expected that the magnetic viscosity 
behaviour of isotropic Alcomax III should be similar to that of Alnico. The 
observed variations of S, and q, Shown in figure 2 (curves (b)), are very similar 
in form to those of Alnico (cf. Phillips, Street and Woolley 1954). It has been 
shown that the observations of magnetic viscosity in Alnico may be qualitatively 
explained in terms of 180° boundary wall movements impeded by the effect of 
precipitate nuclei and this explanation may be directly applied to the case of 
isotropic Alcomax IIT. 

The influence of anisotropy on magnetic viscosity may be analysed in terms 
of the activation energy theory as follows. 

Consider the movement of a section of area A of a 180° boundary wall under 
the action of an applied magnetic field. Strictly it should be assumed that the 
boundary wall is deformable (Néel 1946) but for simplicity a plane boundary 
wall moving in a direction perpendicular to its plane will be considered here. 


Ey 


Ey=2{H+AH) J, cos px 


1 
Cc 


cos px 


1 
H 
O XL (X+AX) Xp _, 


Figure 5. Schematic diagram of the variation of domain wall energy as a one-dimensional 
function of position of the wall, x. 


The energy of the wall £,, will vary as a function of its position in a way 
similar to that shown schematically in figure 5. If the effective field acting H 


is inclined at an angle ¢ to the direction of the spontaneous magnetization vectors 
Js of the domains then the magnetostatic energy is 


Ey= —2HJ3xA cos d. 
The condition for equilibrium of the wall is that 


on ; 
ay \L£,, — 2H J 3xA cos $}=0 
and the critical field for irreversible displacement is 


pipes 1 OE y 
ce 2) 3A cos¢ “Ox maxe 
(OE,,/0%)max is the maximum of (0E,,/0x) and occurs at %3, the point of inflection 
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con the (E,,, x) curve. The equilibrium position of the wall, for effective field H, 
will be at x,, defined by (¢F,,/Ax),, =2Jsx,A cos oH. 

In order to activate a discontinuous change in intensity of magnetization 
sufficient energy is required to move the wall from x, to x,. The activation 
energy required in field H is cd—ab. If the applied field is increased to H+ AH 
the activation energy is reduced to cg—ef. Thus the change in activation energy 
produced by a field increment AH is 
AF = (cg — ef) — (cd — ab) = (ab — ef) — dg 

=[(Ew)2, — 2HJsAx, cos 4] — [(E£,),, + (OE, /0x), Ax, 

— 2(H + AH)J (x, + Ax,) cos 6] — 2AH AJ sx, cos b 
OE y \ 
te TE SE eis 
ax je 7 1 (6) 
ba | 


to the first order of small quantities. Ax, is the reversible movement of the 
boundary wall, which occurs when the field increases from H to H+AH, and 
determines the reversible susceptibility yrey of the material. For the alloys 
considered here yrey < yirr and thus the second term of equation (6) may be assumed 
zero. Hence 


> — 2AH/ (x,—x,)A cosd— ( 


AE= —2J sv cos¢AH 
where v= A(x,—x,)=volume through which the boundary wall must move 
before an irreversible change in magnetization occurs. 

Suppose that the specimen contains N regions of average volume 0 = A(x. — x) 
distributed so that N, lie in boundary walls separating domains for which the 
spontaneous magnetization vectors are inclined at angles between ¢ and ¢+4d¢, 
with respect to the direction of measurement. Then N,=n,sind¢d¢, where 
n,=number per unit solid angle. The total change in activation energy for the 
whole assembly is 

2 AE=— 2 2JvN,AH cos ¢ 


r/ 


-/2 
= —2J v\H n,cos sin d df. 


For isotropic Alcomax III n, is a constant=n, independent of ¢. ‘The average 
decrease in activation energy per unit increase in applied field is, by definition, 
g and hence 
YyAB — 2@ |" cospsing dp 
Yiso = 2 SS See 
eo NA [isin ¢ Ds 


eee 

In the case of anisotropic Alcomax III n, will not be independent of 4; the 
spontaneous magnetization vectors will lie along the [100] directions which are 
nearest to the direction of the field applied during cooling. If the specimen 
contains N crystallites oriented crystallographically at random then the number 
of [100], [010] and [001] directions making angles between ¢ and $+d¢ with 
respect toa fixed direction OX is 3Nsin¢ df= —3Ndx where «=cos $ (Hoselitz 
and McCaig 1949). Of these the number which are nearest [100] etc. directions is 


W=3Nf(a) da 
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where the function f(x) has the following values : 
T>a>1/4/2: f(«)=1 
I[/2>a>1/4/3: f(a)=1- (4/17) cos {a(1 — a?)-12} — F(a) 
1//3>a>0: f(a) =0. 


Thus similarly to the isotropic case: 


216 | aflcde 


2J sv | ‘i ada + ee aF(a)de.| 
[ faa ea F(x)dz| 


The integrals involving F(x) may be evaluated graphically and hence 
Janis = 2.) 3 x 0-831 and the ratio Ganis/Giso = 1-66 assuming that @ is the same for 
the two materials. Qualitatively the results shown in figure 4 are in agreement 
with the theoretical prediction that Janis > iso (for constant Hm). It is plausible 
to assume that when both isotropic and anisotropic materials have been developed 
to have maximum Hy (and H) the volumes @ are of optimum size, determined 
only by the metallurgical properties of the material. For example, the optimum 
size of 6 may be reached when the precipitate nuclei have developed to a maximum 
size beyond which coherence between precipitate and matrix breaks down. 
It is, therefore, reasonable to compare the theoretical prediction given above 
with the experimentally observed values of q in the region of maximum Hm. 
In this region the ratio Ganis/Giso has values between 1-5 and 2:0 which compare 
as well as can be expected with the predicted value of 1-66. 


as precipitation proceeds is required for any attempt to explain the observed 
variation of So as a function of Hy. Such information is not at present available. 
Qualitatively figure 4 shows obvious differences in the (So, Hm) curves for aniso- 
tropic and isotropic materials. For isotropic Alcomax II] maximum |S, occurs 
at low values of Am and the maximum value of Hy is reached considerably later 
in progressive heat treatment. The (So, Hm) curve is similar in form to those 
previously observed for the isotropic materials Alnico, FeNiAl, Fe,NiAl, PtCo ete. 
(Phillips, Street and Woolley 1954). For anisotropic Alecomax III and also for 
Columax, maximum Sp occurs at almost the Same time as maximum Hy. tas 


possible that the curves (a) and (b) of figure 4 are characteristic of anisotropic and 
isotropic materials respectively, 
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Changes in Domain Structure accompanying Reduction in 
Depth of a Single Crystal of Silicon Iron 


By L. F. BATES ann A. HART} 
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Abstract. Bitter patterns reveal marked changes in the domain structure of a 
Néel-cut crystal of silicon-iron when the crystal dimension perpendicular to a 
(110) plane is sufficiently reduced, and suggest the formation of a new structure 
with an energy comparable with that of the normal Néel type. Such changes in 


the domain configuration must be accompanied by corresponding changes in 
magnetic properties. 


$ 1. INTRODUCTION 


Nan earlier publication (Bates and Hart 1956) Bitter patterns observed on 
I the (011) face of a Néel-cut crystal (figure 1) magnetized in a [011] direction 

were reported. ‘These powder pattern experiments combined with others 
described by Bates and Neale (1950), Bates and Mee (1952), showed that for 
a single crystal with a (011) plane roughly of dimensions 1-0 cm by 0-6 cm, 
the depth L of the crystal in the [011] direction perpendicular to the (011) plane 
did not affect the type of domain structure in the specimen, at least in the range 


Figure 1. Domain structure in a Néel block. 


of depths 0:6 cm to 0-065 cm. The structure deduced from the patterns approxi- 
mated to that first proposed by Néel (1944) (figure 1), but was characterized on 
the (011) surfaces by the familiar ‘lace’ patterns (Bates and Mee 1952). The 


on the same specimen in the range 
, which are markedly different from 


t Now at Post Office Research Station, Dollis Hill, London, N.W.2. 
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§ 2. EXPERIMENTAL ARRANGEMENT AND RESULTS 


The patterns were observed on the (011) plane of a specimen of 3-8°%, 
silicon—iron of dimensions 1:25 cm by 0:58 cm. The depth of the specimen L 
perpendicular to the (011) plane was initially 0-065 cm, but during the course 
of the experiments it was reduced by successive mechanical and electrolytic 
polishings to 0-025cm. During the observations the ends of the specimen 
were held in light contact with the pole faces of an electromagnet. The surface 
under observation was always electrolytically polished, and the patterns were 
viewed through a metallurgical microscope with bright field illumination. Before 
observation of the patterns the specimen was first put into a cyclic state by 
reversing the magnetizing field some twenty times. 

Figure 2 (Plate) shows some ‘normal’ lace patterns recorded when the 
specimen depth was 0-065 cm. The magnetizing field was applied parallel to 
the long axis of the specimen—.e. parallel to the [011] direction. The alternate 
light and dark bands of the pattern run at right angles to this long axis, and are 
thus parallel to a [100] direction; the effective field was approximately 10 Oe. 
When the specimen depth was reduced to 0-06 cm the bands of the pattern 
remain parallel to each other but were now inclined at a small angle (about 5°) 
to the [100] direction, the effective field being unchanged. 

Increasing the field caused the bands to become parallel to the [100] direction, 
but reduction of the field after reaching a high value was always accompanied 
by a deviation of the bands from that direction. ‘The observed angular deviations 
became larger as the specimen depth was further reduced, until at a depth of 
0-035 cm the bands of the pattern in a low field ran at an angle of nearly 30° to 
their usual [100] direction, as in figure 3 (Plate). It is emphasized at this point 
that the specimen on which these patterns were recorded had its main surfaces 
ground to within 0-25° of (011) planes, and that its long axis was less than 1° 
from a true [011] direction. 

At a depth of 0-035 cm, and in an effective magnetic field of about 10 Oe, 
the characteristic bands of the lace pattern were present on isolated sections of 
the surface only. Over the rest of the specimen they were replaced by a series 
of lines approximately parallel to each other and parallel to the long axis of the 
specimen, i.e. these lines were perpendicular to the bands of the original lace 
pattern. A photograph of these new patterns is given in figure 4 (Plate), and 
comparison with figure Z shows what marked changes have occurred. Incidentally, 
figure 4 was obtained with a small field applied normal to the specimen surface, 
in order to accentuate alternate lines of the pattern and to make them more easily 
visible. 

The lines of the new pattern appear to be less rigidly restricted to a particular 
crystal direction than do most simple line patterns which have previously been 
reported. ‘This characteristic is most obvious in the transition regions between 
the new patterns and the isolated islands of lace pattern, figure 6 (Plate). There 
appears to be complete continuity between the two types of pattern, and to 
maintain this continuity some pattern lines must turn through angles of up 
ie Ue 

As the applied field was increased the lines broadened and assumed a chain-like 
appearance as in figure 5. Further increase in field caused the chains to become 
wider, and finally in fields greater than 200 Oe there was a reversion to normal 
lace patterns running parallel to the [100] direction. 
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In the presence of a small field normal to the plane of the specimen, as already 
mentioned, alternate lines of the new pattern were accentuated, figure 4, and 
reversal of the normal field caused the usual interchange of light and heavy 
deposits. A larger normal field caused alternate lines of the original pattern to- 
appeai as ‘chains’. ‘The line and chain deposits exchanged positions on reversal 
of the normal field. At still smaller specimen depths the regions over which 
normal lace patterns could be seen were even more restricted, and at 0-025 cm 
the whole specimen was characterized by the new chain pattern. 


§ 3. PRoposeD DoMAIN STRUCTURE 


The changes in the patterns as the specimen depth was reduced indicate that 
the transition, between lace patterns and the new ones, is a gradual one closely 
related to the depth of the specimen. A structure which accounts for the patterns 
observed in the thinnest specimens, representing the culmination of the transition, 
will now be studied. This structure holds strictly for zero field and is shown 
in figure 7. 


[100] 


Figure 7. Domain structure in a thin specimen. 


The bulk of the specimen is still occupied by domains magnetized alternately 
along the [010] and [001] directions but the walls between domains are in the 
(100) rather than the (011) planes. This is possible since the requirement that 
the normal component of magnetization across the boundary must be continuous 
is satisfied by any one of the zone of planes having the [011] as zone axis. Flux 
closure at the (011) surface is achieved by domains of triangular cross section 
running the whole length of the specimen and magnetized alternately in the [100] 
and [100] directions. Using this model the lines of the low-field pattern represent 
intersections on the (O11) plane of boundaries such as AA’ in figure 7, 

As the applied field is increased the component of the main domain magnetiza- 
tion perpendicular to the (O11) plane decreases, and the need for complete flux 
closure via the triangular closure domains may be relaxed sufficiently to allow 


a shrinking of the closure domains, accompanied by the appearance of strips of 
free poles between closure domains. 


to the ‘chain’ pattern, and that this 
normal lace pattern. 


The effects of both large and small normal fields on the patterns can be 
explained by reference to figure 7. A large normal field causes a rotation of the 
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main domain magnetization vectors, neighbouring domains suffering respectively 
an increase and a decrease in their components of magnetization perpendicular 
to the (011) plane. By virtue of their reduced normal component alternate 
domains will then be able to approach the (011) surface via a free pole (chain) 
structure, while their neighbours will still retain the closure domain system. 
Alternate lines and chains are, in fact, observed under these conditions. Also, 
when a strong normal field is applied to a specimen exhibiting the chain pattern, 
alternate chains are suppressed. As might be expected from the foregoing 
argument, increasing the magnetizing field parallel to the [011] causes a reduction 
in the component of magnetization normal to the (011), and therefore allows the 
suppressed chains to reappear. 


§$ 4. ENERGY CONSIDERATIONS 


The excess energy of the proposed structure, comprising the anisotropy 
energy of the closure domains and the wall energy of the main domains, may be 
minimized to obtain an estimate of the equilibrium domain spacing. The analysis 
is similar to that of Néel for his original structure and will not be reproduced 
here. It is emphasized that the theoretical calculations approximate most closely 
to the experimental cases in low fields, and that in higher fields, where the patterns 
indicate that a considerable fraction of the main domains approach the surface 
by way of a structure involving free poles, the calculations are limited in the 
same manner as are those of Néel when the p domains of figure 1 are replaced 
by lace patterns. 

The calculations show that at all depths the equilibrium domain spacing of 
the new structure is roughly 30°, greater, at 5 Oe, than the corresponding spacing 
in the Néel structure, and that it remains greater up to fields near 200Oe. The 
volume of the new type of closure domains at all field strengths is less than the 
volume of the corresponding q domains of the Néel structure, figure 1, while 
the excess energy of the new domain structure is less than that of the old structure 
in all fields up to 300 Oe. ‘Thus the so-called ‘normal’ lace pattern should only 
occur at fields greater than 300 Oe while at all fields less than this the new pattern 
should be observed. This result is supported qualitatively by the patterns 
recorded on the thinner specimens, but not by those on the thicker ones. This 
leads us to the conclusion that in the above-mentioned calculations an energy 
term has been ignored which is sufficiently important to influence the energy 
balance between the two structures, making the normal lace structure more 
favourable at all fields for the thicker specimens. ‘The ratio of the excess energy 
of the domain structure (wall energy of main domains plus anisotropy energy 
of closure domains) to the anisotropy energy in the bulk of the specimen increases 
with (depth)-!? as the depth decreases. At a depth of 0-04 cm, in an effective 
field of 2 Oe, the difference between the excess energies of the two types of domain 
structure represents 8°, of the bulk anisotropy energy, but at greater depths it 
will become considerably smaller. It seems that only in thin specimens is the 
gain in energy associated with the adoption of the new structure large enough 
to outweigh the energy term(s) which cause the lace structure to be favoured in 
thicker specimens at fields less than 300 Oe. 

In any event, the gradual change in the patterns and the fact that structures 
such as those indicated by the patterns of figure 6 can exist, indicate that the 
energies of the two structures are so nearly equal as to require very refined 
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calculation to decide which is the more favourable. When calculations involving 
the largest energy terms give such similar results, smaller energy terms—for 
example that associated with the magnetostrictive strain energy of the domain 
configuration—which are difficult to assess, may be expected to play a big part. 


§ 5. DIscUSSION AND CONCLUSIONS 


The calculations mentioned in the previous section indicate that the domain 
structure proposed for thin specimens can be energetically preferable to the 
normal Néel structure. The obvious indications that all factors effecting the 
transition from one structure to the other have not been included in the calculations 
make it unprofitable to use energy considerations to explain the dependence of 
the exact form of the structure on the specimen depth. All that can be said is 
that there appears to be complete flux closure between the two structures, and 
that the transition from one to the other is gradual and closely dependent on 
specimen depth. 

Lace patterns deviating from the [100] direction were previously reported 
by Bates (1954) for iron single crystals and polycrystalline specimens of grain- 
oriented silicon-iron. Dijkstra and Martius (1953) reported patterns very 
similar to those of figure 4 on grain-oriented silicon-iron polycrystalline material, 
subjected to stress. The lines in their patterns showed the same tendency to 
change direction, and the structure presented here is similar to the one proposed 
by them. 

The change in domain structure reported in this paper is dependent on the 
increasing ratio of surface to volume energy attendant on the decrease in size 
of the specimen used. That such a change in the balance of energy can cause 
large changes in the observed magnetic characteristics is obvious in the two 
extreme cases represented respectively by single-domain particles and films. 
While the changes in magnetic properties accompanying the above change in 
domain structure may not be as pronounced as in the multi-domain to single- 
domain transition, they may still be important. The change in susceptibility 
of a Néel-cut crystal as the scale of its domain structure alters has already been 
calculated (Lee 1953, Bates and Hart 1956) and shown to be significant. Equally, 
changes in the type of the domain structure existing in a specimen will affect 
properties such as the susceptibility, coercivity, etc. 
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Abstract. The results are described of paramagnetic resonance experiments on 
some complex cyanides of the iron group. The form of the spin Hamiltonian 
is found and the values of the parameters are measured. Potassium chromi- 
cyanide and potassium vanadocyanide (configuration 3d), diluted with the iso- 
morphous diamagnetic salts, have effective spin 3/2 with an electronic splitting of 
rhombic symmetry. ‘The g-value is closely isotropic at 1-992, and the hyperfine 
structure is also isotropic. Potassium ferricyanide and potassium mangani- 
cyanide (configuration 3d°), diluted with the isomorphous diamagnetic salt, have 
effective spin } with anisotropic g-values between 0-6 and 2:6. The mangani- 
cyanide also exhibits an anisotropic hyperfine structure. The behaviour of 
undiluted potassium chromicyanide and potassium ferricyanide suggests that there 
is appreciable exchange interaction between neighbouring paramagnetic complexes. 


§ 1. INTRODUCTION 


-y N a first approximation the paramagnetism of salts of the iron (3d) transition 
group is due only to the electronic spin, the orbital moment being ‘ quenched’ 
by the crystalline electric field. The effective value of the spin S may be 

deduced from susceptibility measurements, and for most hydrated salts the 

values agree with those predicted on the basis of Russell-Saunders coupling for a 

configuration d”, for which S=}3n or $(10—n), whichever is the smaller. In 

particular, a value S=5/2 is obtained for the d® configuration, a half-closed shell 
for which L=O in the free ion. Effects of the crystalline electric field are then 
very small, and the susceptibility of most salts of the 3d° ions, Mn?* and Fe?*, is 
notable for the very small anisotropy and the accuracy with which Curie’s law is 
followed (apart from exchange effects in magnetically concentrated salts). ‘The 
compound potassium ferricyanide K,Fe (CN), has long been recognized as an 
exception; the anisotropy of the susceptibility of a single crystal was observed 
long ago by Grailich and von Lang (1858) who showed that the susceptibility 
was greatest along the a-axis and least along the c-axis. Also the susceptibility 

departs markedly from Curie’s law (Jackson 1933, 1938, Masson 1947, Guha 1951) 

and its magnitude is nearer to that expected for a spin S= 1/2 than that for S=5/2. 
An explanation of this behaviour was first put forward by Pauling (1931) on 

the basis of covalent binding of the Fe®* ion to the surrounding cyanide groups, 
and Van Vleck (1935) has shown that the same result is obtained by the use of 
molecular bond orbitals or by exceptionally large crystalline electric fields. For 
an octahedral complex the result is, effectively, that only three 3d orbital levels are 
available to accommodate the magnetic electrons, instead of five. ‘The electrons 
go into these three levels in accordance with a modified form of Hund’s rule, that 
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the spin multiplicity has the maximum value consistent with the Pauli exclusion | 
principle when only three orbitals are available. The effective value of Sis then | 
In or $(6—mn), whichever is the smaller, just as for an atomic p-shell. The | 
experimental evidence from susceptibility measurements is in agreement with this 
for the complex cyanides of the iron group (Kotani 1949); in particular, com- 
pounds with the d® configuration are diamagnetic (or have a small temperature 
independent paramagnetism) and compounds of d” with m greater than 6 are 
generally unstable. 

In an early survey of paramagnetic resonance, Bagguley, Bleaney, Griffiths, 
Penrose and Plumpton (1948) showed that the spectrum of a powder of K,Fe(CN), 
was very different from that of a ferric compound with ‘ionic’ binding. In view 
of the detailed information which resonance measurements were expected to 
yield, it was decided to make a general survey of the complex cyanides of the iron 
group using single crystals. The results of this work, some of which have been 
briefly reported earlier, are presented in this paper. ‘The theoretical aspects, 
based on the theory of the covalent XY, complex of Stevens (1953), are considered 
in the following paper (Bleaney and O’Brien 1956). 

Since the immediate surroundings of the paramagnetic ion are carbon and 
nitrogen atoms with small or zero nuclear moments, it should be possible to 
obtain narrower lines on dilution than in hydrated salts (see Bowers 1952). This 
reduced line width was realized in compounds of 3d? ions and was utilized in the 
determination of the nuclear spins of Cr and *°V; the results have already been 
published (Bowers 1952, Baker and Bleaney 1952) and will only be summarized 
here. In the 3d° cyanides the minimum line width attained on dilution was 
considerably greater; since these ions have very anisotropic g-values, this is 
probably due to variation of the crystalline electric field in different parts of the 
crystal. In the concentrated salts the line widths indicate the presence of 
considerable exchange forces, as will be discussed in § 5. 

The complex cyanides which have been studied are those of the ions 3d* 
(S= 3/2) and 3d°(S=1/2). The 3d‘ ion (e.g. Ti?*) forms no stable salt, while the 
3d? and 3d? ions do not have Kramers degeneracy (‘S=1) and the levels are so 
split up that one would not anticipate any observable transitions at centimetre 
wavelengths. It was verified that no spectrum could be observed from the 3d? ion 
Mn** in K;Mn(CN),. Both the divalent and the trivalent ions of d? and d> have 
been studied, the salts used being K,V(CN),.3H,O and K;Cr(CN), for d3, and 
K,Mn(CN),.3H,0 and K;Fe(CN), for d°. The isomorphous salts of the 
configuration 3d°, which are diamagnetic, have been used as diluents; these salts 
are K,Fe(CN),.3H,O and K,Co(CN),. Where diluted salts are mentioned 
below, these diluents should be assumed, except in one case where an alternative is 
specified. The apparatus used for all measurements was the standard type 
described by Bleaney and Stevens (1953) with radiation at 0-3 and 0-8cem-_. 
Experiments were carried cut at constant frequency and variable magnetic field, 
using single crystals at various temperatures. In the d? cyanides resonance can be 
observed at room temperature, but in the d5 cyanides the spin-lattice relaxation 
time is very short and liquid hydrogen temperatures are required 


§ 2. CRYSTALLOGRAPHY 


The salts under review fall into two isomorphous series (see Bowers and Owen 
1955), whose magnetic behaviour is rather similar. In each cese the unit cell 
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contains only two distinct magnetic complexes, each comprising a metal ion M 
surrounded by a nearly regular octahedron of six CN groups; the two complexes 
differ only in the different orientation of their magnetic axes. 

The salts of trivalent ions, general formula K;M’(CN),, are grown from 
aqueous solution to which (except for Fe and Co) KCN is added. With this 
precaution no difficulty is found in growing crystals of the required size, upto }cm 
cube. ‘The morphology of the crystals is pseudo-orthorhombic (see Groth 1906), 
and for convenience we shall give the direction cosines of the relevant axes relative 
to the ortho-rhombic axes a, b, c, though the unit cell has been shown to be mono- 
clinic (Barkhatov 1942, Barkhatov and Zhdanov 1942). This work shows that 
each of the two cyanide octahedra has a two-fold axis along the c axis; the four-fold 
axis normal to the c axis makes an angle of 27° with the 6 axis, and the two inequiva- 
lent octahedra transform into each other by reflection in the ac plane. The 
direction cosines of the axes (x, 8, y) of the two octahedra are 


o B y 
a 0-45 — 0-63 0-63 
b + 0-89 0232 + 0-32 
c 0 0-71 Ou 1 


The divalent metal ions form salts of the formula K,M’’(CN),.3H,O and are 
grown from aqueous solution where, even with considerable excess KCN, all 
except the diamagnetic ferrocyanide are rather unstable. No large crystals 
except of the latter could be grown, but, by using air-free water and a vacuum 
desiccator technique by which the crystals could be grown in a few hours, mixed 
crystals of the ferrocyanide with about 1°, of the required paramagnetic salt were 
obtained as plates about 4mm square and tmm thick. The morphology and 
crystal structure are given respectively by Groth (1906) and Pospelov and Zhdanov 
(1947). ‘There are two types of crystal; one is monoclinic, pseudo-tetragonal, 
with lattice constants a=c=9-34A, b=16-86A, B=90° +5’, four molecules in unit 
cell and space group C,,°; the other is tetragonal with constants a=b=9-374, 
c= 33-69A, and space group C,,°. This has eight molecules in its unit cell, which 
essentially comprises two unit cells of the monoclinic type contiguous in their 
ac planes but with one rotated through 90° from the other; thus the unit cell is 
twice as large in one dimension. The monoclinic type shows a tendency to form 
90° twins in the ac plane. The crystals grow in flat rectangular plates parallel to 
the ac plane, thus having well developed 010 faces. The other principal faces are 
110 and 011 which form the edges of the plates, so that there is no way of distin- 
guishing between the a and ¢ axes by visual inspection. 

The x-ray data on the monoclinic type show that all the cyanide octahedra 
have the same orientation; one axis of the octahedron points along the 6 axis, and 
the other two make angles of 18° with the a and c axes. ‘The direction cosines of 
the octahedral axes «, 8, y with respect to the monoclinic axes (taking the mono- 
clinic angle as 90°) are as follows 


od B W 
a 0 0-95 —0-31 
b 1 0 0 

0 0-31 0:95 
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Magnetically two complexes are found, as expected with C,, symmetry, one 
derived from the other by reflecton in the ac plane; this shows that there must be 
distortions of the cyanide octahedra not revealed by the x-ray analysis. Also, 
crystals which are obviously twinned exhibit four distinct magnetic complexes 
instead of two. ‘Twins of the tetragonal type, involving 90° rotation about the 
6 axis, would show the same number of magnetic complexes as untwinned crystals, 
since the tetragonal variety has 90° rotational symmetry about this axis. Hence 
the untwinned crystais, on which the resonance data reported below were obtained, 
must be of the monoclinic variety. 


§ 3. ExperRIMENTAL RESULTS ON 3d? COMPLEXES 

Itis found that the paramagnetic resonance spectra of the complexes K;Cr(CN), 
and K,V(CN),.3H,O can be interpreted in terms of the spin Hamiltonian : 

A = BH .g.S+ D{S?—4 S(S+1)}+ E(S2—S,)+AS0. 2.2... (1) 

Here B is the Bohr magneton, H the applied magnetic field, g the spectroscopic 
splitting factor; S (the effective spin) is 3/2, as one would expect for three unpaired 
electrons; D represents the effect of an initial splitting due to fields of axial 
symmetry, / represents the departure from this axial symmetry, and the last term 
represents the interaction between the electrons and the magnetic moment of the 
nucleus which has nuclear spin J. he directions of the magnetic axes (x, y, 2) 
were determined experimentally and were chosen in such a Way as to make the 
sign of E the same as that of D. 

The term in A is much smaller than the others, and first these latter may be 
considered by themselves. When H is applied along the z axis, they give rise to 
four energy levels between which transitions occur at : 

M= 3/2<-+1/2 G=hv—2D+3E?D/(hv)2 
M= 1/2<+—1/2 G=hp —3E?/hv 
M= —1/2<~> —3/2 G=hv+2D-3E?D/(hv)? | 
where G is g,BH, and hy is a quantum of the microwave radiation. The corres- 
ponding formulae (all correct to the third order) for the x and y directions may be 
obtained by replacing D by — }(D $ 3E) and E by —3(£ + D), (upper signs for the 
x direction). 

The effect of the term in A is to split each of these three transitions into 2/ + 1 
components. In the first approximation these are equally spaced with separation 
A, but there are small second order effects which depend upon the relative sign of 
D and A and so permit the relative signs to be found (Bleaney 1951). The overall 
width Av of the hyperfine structure of the transition (M)(<+M — 1) is 

I|[24 + A(2M—1)/hy] bs 
Hence Av is greatest or least for the 3/2<->1/2 transition depending on whether A is 
positive or negative respectively. Also equations (2) show that, when H is applied 
along the axis, the 3/2<->1/2 transition occurs in the lowest or highest field depend- 
ing upon whether D is positive or negative respectively. Hence the relative signs of 
A and D may be determined by finding whether Av is greater for the low field line 
or for the high field one. The actual sign of D may be found in the following way. 
As the temperature falls the upper levels (which in strong magnetic fields corres- 
pond to positive values of M) have a declining population, and the intensity of the 
3/2<-->1/2 transition is reduced relative to that of the — 1/2<—> — 3/2 transition. 


—— 


ss) we — 
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Hence the transitions giving rise to the outer lines in the spectrum may be identified 
by observing their relative intensity as a function of temperature, and the sign of D 
is then determined. It may be remarked that even at high temperatures the two 
transitions may not have the same intensity: when H is applied along the z axis 
the fractional difference in the intensities may have any value up to approximately 
4|E|/G, the actual value depending upon the orientation of the radio-frequency 
magnetic field. 
3.1. Potassium Chromicyanide, Dilute 

‘The spectrum of potassium chromicyanide was examined at 20°K using radia- 
tion of wave number about 0-77cm~! in dilute crystals containing between 0-1 
and 1°, chromicyanide. ‘The spectrum observed is due to two magnetically 
similar but differently oriented complexes in unit cell. The separation between 
the two outer lines of each complex has an extreme value (from which D, E are 
determined) along each of its three principal magnetic axes x, y, z, and these 
axes were located by examining the angular variation of the spectrum. ‘Their 
direction cosines with respect to the crystallographic axes a, b, care givenin table 1. 
The value of g was found by comparing the position of the central line with that of 
the resonance line of diphenyl trinitrophenyl hydrazil (g=2-0036), and applying 
the correction for the second order shift indicated by equation (2). ‘The results 
are given in table 1, and show that the three principal g-values are nearly equal. 
The stated error arises in the determination of the position of the central line, and 
in the correction for the second order shift (this correction is quite large, amounting 
to 0-021 in the x direction). 


Table 1. Summary of Results for 3d? Complexes 


Paramagnetic salt KCr(EN); K3Cr(CN), K,V(CN), . 3H,0 
Diluent K,Co(CN)6g K,Mn(CN), K,Fe(CN), . 3H,O 
D (cm) 0:0831+0-0010 +0-0538+0-0010 —()-0264+ 0-0004 
E (cm) -+0-:0108+0:0010 +0-0120+0-0010 —(0)-0072 + 0-0004 
Principal axes a y z x y z BY y z 
Direction ¢ 0-104 9 0-994 0) 0 | 0-707 0:523 0-470 
cosines b +0:994 0 70-104 +0-996 70-087 0 0 se Oooo) E10) 37/337 
c 0 1 0, 0-087 0:996 0 0-707 —0:523 —0-470 
g-value 1-993 1-991, 1:991 1-992 1-995 1-993 1-9919 1-9920 1-9920 
Probable 
error in g + 0-001 + 0-002 + 0:0006 
PAG Ops = Citta) (®8Cr) (+-) 14:74+0°5 (IV) —55:54+0°3 
(PON) = 211 a ORS 
Nuclear spin C2 Cre sai (2), I=7/2 
CS) N=(- 
Note : The sign of A for ®*Cr was not directly determined : it is inferred from the fact 


that the nuclear moment is known to be negative, whereas that of °'V is positive. 


In surroundings of rhombic symmetry the energy levels of K;Mn(CN), 
(where the Mn’” is in a d‘ state) would all be split into singlets, and no resonance 
spectrum would be expected at centimetre wavelengths ; none was found over the 
temperature range 12 to 290°K. The susceptibility measurements of Cooke and 
Duffus (1955) show that the ground state must be a singlet, in a field of 
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H kilogauss this acquires only a small induced moment of order (0-004 H)8. “Chus 
this salt should act asa suitable diluent for the chromicyanide, since at low tempera- 
tures the induced moments on the Mn ions would only give a small shift in the 
resonance field of the Cr ion, while at higher temperatures (~100°K), where the 
susceptibility measurements indicate that other levels are being populated in the 
manganese complex, a small broadening of the Cr lines would be expected. These 
expectations were confirmed, and the results using manganicyanide as diluent are 
also given in table 1. The principal difference from the previous results using 
cobalticyanide as diluent is the smaller value of the splitting constant D. 


3.2. Potassium Vanadocyanide, Dilute 


The spectrum of potassium vanadocyanide was examined at 90°K using radia- 
tion of about 0-8 cm™ in crystals which probably contained between 0-1 and 5°, 
vanadocyanide. ‘The exact quantity could not be controlled because of the rapid 
oxidation of the salt in solution. The untwinned crystals exhibited two magnetic- 
ally similar but differently oriented complexes in unit cell; the principal axes are 
given in table 1, together with the values of the parameters g, D and E, determined 
in the same way as for the chromicyanide. As the value of D is much smaller 
than in the chromicyanide the correction to the g-value due to the second order 
shift is much smaller, and the g-value is seen to be isotropic within experimental 
error. ‘The sign of D was found to be negative. 


§ 4. EXPERIMENTAL RESULTS ON 3d5 COMPLEXES 


It is found that the paramagnetic resonance spectra of each of the complexes, 
K;Fe(CN), and K,Mn(CN),.3H,O, can be interpreted in terms of a spin 


Hamiltonian : 


WH =BH.g.84+S8.A.1. 


Here the effective spin S = 1/2, as would be expected fora d® octahedral complex 
with covalent binding. Both the spectroscopic splitting factor g and the hyperfine 
constant A are anisotropic and must be considered as tensors (with the same axes). 
The spectrum consists of a single electronic transition from each paramagnetic 
complex which, in the case of the manganese salt (100°% 5>Mn), is split into six 
components corresponding to the known nuclear spin (J= 5/2). 


4.1. Potassium Ferricyanide, Dilute 


The spectrum of diluted potassium ferricyanide was examined at 20°K using 
radiation of 0-3 and 0-8 cm in crystals containing 0-1 to 1% of ferricyanide in 
potassium cobalticyanide. As in the chromicyanide there are two magnetically 
similar but differently oriented complexes in unit cell. The directions of their 
principal axes and the values of g along these axes are given in table 2 ; the z axis 
of each ion coincides with the crystallographic c axis, and the x, y axes lie in the 
ab plane. The spectra of the two ions are identical along the a and b axes and, of 
course, along the c axis. 

The only stable odd isotope of iron is °’Fe, natural abundance 2-2°/, and no 
hyperfine structure could be resolved. Thisis not surprising, because the smallest 
line half width obtained was about 30 gauss, which is larger than the splitting 
anticipated for any hyperfine structure (compare Bleaney and Trenam 1954) 
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4.2. Potassium Manganocyanide, Dilute 


The spectrum of potassium manganocyanide was examined at 12°k using 
radiation of both 0-3 cm and 0-8 cm in crystals probably containing between 
Q-1 and 5°, manganicyanide (like the vanadocyanide, this oxidizes rapidly in 
solution). ‘The untwinned crystals exhibit two magnetically similar but differently 
oriented complexes in unit cell. ‘The principal axes, found by examination of the 
spectrum in a number of planes, are given in table 2, together with the g-values. 
The values of g,, and g,, were measured directly, but, as the available fields were not 
high enough, the value of g. was measured by extrapolation. 

The hyperfine structure is only resolved when the temperature is reduced to 
about 12°x. It comprises six nearly equally spaced lines. The values of the 
hyperfine structure constants 4, and 4,, were measured directly and A, by extra- 
polation in a plane containing the z axis. The values are given intable 2. As far 
as could be detected the principal axes of the A tensor were the same as those of the 
g tensor. 


Table 2. Summary of Results for 3d> Complexes 


Paramagnetic salt K3;Fe(CN)¢ K,Mn(CN), . 3H,O 
Diluent K3Co(CN), K,Fe(CN), . 3H.O 
Principal axes SE y m5 a y z 
Direction cosines a 0-866 0-500 i) 0-864 0-410 0-295 

b +0:500 70-866 0 =rei() 11\() Seta ()) 42 ete 599 

c 0 0 1 0-495 —0-:807 —0-322 
g BSS 2:10 0-91; DEO 22 So 2 O09 

ste) =U) este (2) Damemete (20011 +0:008 +0:-008 +0-10 

| A | (10-4 cm7) 84:5 46:5 104 


a 0)e5) Sees) se 0) 


At 12°K the lines reached a minimum half width in the x direction of 13 gauss 
at half intensity. As the crystal is rotated the lines move to higher fields and 
become broader; the actual breadth, however, was difficult to estimate because 
of the hyperfine structure and the decreasing signal strength. A similar behaviour 
is found in the diluted ferricyanide. 

In no direction was there any sign of small lines between the six main hyperfine 
lines which might be attributed to interaction with a nuclear electric quadrupole 
moment, but as the lines were so broad there was little chance of seeing them even 
if they were present. Inthe most favourable direction, near the x axis, they would 
have been resolved only if their intensity had been greater than one hundredth of 
the main lines. 


§ 5, MEASUREMENTS ON UNDILUTED SALTS 


Large crystals of the undiluted salts could only be grown for the more stable 
compounds K,Cr(CN), and K,Fe(CN),, and the results will be summarized 
separately. 


5.1. Potassium Chromicyanide 


The spectrum of a single crystal of K,;Cr(CN), consisted of just one broad line 
whose centre was nearly isotropic in position. In one direction the position of the 
centre was measured as accurately as possible at two wavelengths and, assuming 
that any displacement is inversely proportional to v as given by equations (2) for 
the dilute salts, the true g-value was estimated to be 1-998 + 0-008. 
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‘The width and shape of the line were very anisotropic. ‘The root mean square 
width h was computed from the lines observed ina number of directions at 0-3 cnr 
and the values are givenin table 3. The variation is roughly the same as the separa- 
tion between the two outer lines of the resolved triplet in the dilute salt, and suggests 
that we are dealing with an unresolved triplet. This is supported by the fact 
that the narrowest line is obtained in an intermediate direction corresponding to 
the angle where the overall separation of the triplet would be a minimum, and here h 
is of the same order of magnitude as would be expected from magnetic interaction 
alone. If the observed variations in h were entirely due to an unresolved triplet 
structure, it would correspond to splitting parameters of the order D~0-045 cm—! ; 
£=0-013cm™!. These are not far from the values expected from extrapolation 
of the results obtained in the dilute salts, if we assume the variation with diluent 
to be linear in the atomic number (Mn is one, and Co three units beyond Cr). 

If D were as large as this, however, one would expect the line shape to be that 
ofan unresolved triplet, whereas the observed shape (see figure) is too peaked in the 
centre and too extended in the wings. This suggests that there is also appreciable 
exchange interaction between neighbouring complexes. 


Absorption (arbitrary units) 


3 
HT (ke) 
Line shapes in broadest and narrowest directions in an undiluted crystal of K,Cr(CN),. 


Table 3. Root Mean Square Line Widths in undiluted K;Cr(CN) 


6 


a@ axis b axis € axis 
R.M.S. width (ke) 0°75 0-24 0-70 
R.M.S. width (cm-) 0-070 0-022 0-065 


5.2. Potassium Ferricyanide 


The spectrum of undiluted K;Fe(CN), was examined at 20° by Bleaney and 
Ingram (1952), but further measurements have revealed that the behaviour js 
much more complex than was thought. The principal features are summarized 
below. 

(a) Attempts to measure g-values. 


Only one resonance line is observed in any direction and hence the principal 
axes of its g-tensor should coincide with the crystallographic axes a, b,c. Attempts 
to measure the g-values yielded variable results, the spread being considerably 
greater than would be expected from the difficulty in locating the position of 


Paramagnetic Resonance in some Complex Cyanides: I 1213 


maximum absorption ona rather broad line. If this maximum corresponds to the 
centre of the line, the g-value calculated therefrom for a given axis (say the a axis) 
depends on the orientation of the oscillatory magnetic field. This is illustrated in 
table 4, where the resonance results are given in the first two lines. 


Table 4. Apparent g-values for K,Fe(CN), 


@ axis b axis c axis 
Hy. along ¢ axis 2-36 Zi — 
Hy, normal to ¢ axis soi 239 0-94 
Extrapolated from 
Jackson (1938) 2:20+ 0:02 2:28+ 0-01 0:95+ 0:01 
From susceptibility 
at He temperatures 2:21+ 0:04 2:28+ 0:04 0-98 + 0-02 


‘The measurements for the a and 6 axes were made at about 0-8 cm~1, that for 
the c axis (which needs rather a large magnetic field) at about 0-24cm—!. A striking 
feature of the results is that in the ad plane, the directions of maximum and mini- 
mum g values are interchanged according to the orientation of the oscillatory 
field H,,, even though H,, is always normal to the steady field Hj. A second 
anomalous effect was obtained by making measurements with H,, in a fixed direc- 
tion in the ad plane, and measuring the value of H) at which maximum absorption 
occurred as the steady field was rotatedinthe ab plane. Using radiation of 0-3 cm7! 
normal values of Hp, similar to those given in table 4, were obtained when the 
steady field was normal to H,,, but as the angle between H, and H,, diminished the 
value of H, went to abnormally high or low values depending on whether for normal 
behaviour it should be rising or falling as the angle approached zero. As the 
magnet was rotated through the zero angle a discontinuity in the value of H) for 
maximum absorption occurred. By repeating the experiment with different 
orientations of H,, relative to the a, 6 axes it was verified that the anomalous 
behaviour occurred always as the direction of Hy approached that of H,,. 

In view of these anomalies, little significance can be attached to the g values 
derived from the resonance measurements, though these appear to be roughly 
the same as those calculated from susceptibility measurements. ‘These are also 
given in table 4 : the third set is calculated from the measurements of Jackson 
(1938) which extended down to 14°x, after allowing for the temperature inde- 
pendent paramagnetism; the fourth set gives the values found by McKim and 
Wolf (1956) from measurements down to 1°x. ‘The g-values are close to those 
measured along the crystallographic axes in the dilute salt (2:29, 2-17 and 0-91; 
respectively), except that the values for the a and 6 axes are interchanged. 


(b) Measurement of line width, 

The half width of the line at half intensity was measured by a point-by-point 
plot of the lines, as described by Bagguley, Bleaney et al. (1948). ‘The values ob- 
tained lay between 1 and 2kc, whereas that expected from purely magnetic 
interaction between the ions is much smaller (~0-2kc). This excess line width is 
not due to rapid spin—attice relaxation as it does not decrease on lowering the tem- 
perature from 20°k, while it does decrease on diluting the salt with a diamagnetic 
compound. ‘The excess width must therefore be due to anisotropic exchange 
interaction (isotropic exchange would narrow the lines, not broaden them). 
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Theoretically, the quantity of greatest interest is the root mean square line width, 
and an attempt has been made (Baker and Bleaney 1955) to relate this to the Weiss 
constant of the powder and hence obtain the magnitude of the exchange interaction. 
The r.m.s. line widths used were obtained from unpublished work of Bleaney and 
Ingram, but subsequent measurements have shown that the line width for a given 
direction depends on the orientation of the oscillatory magnetic field. For 
instance, values differing by a factor 2 have been obtained for the 5 axis, according 
to whether 7, was along or perpendicular to the c axis. 

Theoretical analysis of the effects to be expected in a concentrated salt when 
anisotropic exchange is present is very complicated, but a simple model of two 
interacting ions illustrates how some of the observed effects may arise. With 
effective spin 1/2 for each ion, the energy levels split into a singlet and a triplet, 
transitions being allowed only within the triplet if the two ions are identical. When 
the exchange is anisotropic this triplet is split like the ground state of a Ni2+ ion 
ina rhombic field, and the two strongly allowed transitions are displaced above and 
below the normal position for an unsplit triplet. The relative intensity of these 
two lines depends on the orientation of the oscillatory field; thus if the steady field 
is along the 2 axis, one line will be the stronger when H.,, 1s along the x axis, and the 
other will be the stronger when it is along the y axis. Also, if the steady and 
oscillatory magnetic fields are parallel, resonance absorption would be observed at a 
field largely determined by the splitting of the triplet, that is, by the anisotropic 
exchange interaction. In a concentrated salt the energy levels will be blurred by 
interaction with a number of neighbours, but the effects outlined above would still 
be expected. Thus the line width is increased through the splitting of the two 
resonance lines, and though these are not resolved, the position of maximum 
absorption may be shifted and depend on the orientation of H,,. The presence of 
strong exchange interaction would also explain why two resonance lines due to 
differently oriented ions were not observed, through a mechanism similar to that 
proposed for copper sulphate (Bagguley, Griffiths and Pryce 1948). 

Though no detailed quantitative conclusions about the exchange interaction 
can be drawn from these results, it seems that there must be such interaction with 
considerable anisotropy (of the order 0-1 cm) to explain the anomalous resonance 
behaviour. ‘This is supported by the measurements of McKim and Wolf (1956), 
which show that the anisotropic exchange is an appreciable fraction of the isotropic 
exchange interaction. Sucha result is not surprising, for the following reason. A 
simple theory of exchange interaction leads to a cosine coupling (‘isotropic ex- 
change’) between the real electronic spins; the ground state wave functions of 
the ferricyanide ion (see Bleaney and O’Brien 1956) are a mixture of several orbital 
wave functions with different orientations of the electron spin, and a simple 
cosine coupling between these spins leads to an anisotropic exchange interaction 
when expressed in terms of the ‘ effective spin’ used to describe the doublet ground 
state. An anisotropic coupling between the real spins, as might arise from 


‘super-exchange’, would of course also lead to an anisotropic coupling between 
the effective spins. 


nee i 
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Abstract. The theory of Stevens for covalent XY, complexes is developed for 
the cases of d? and d> with low symmetry, and compared with the magnetic 
resonance results of the preceding paper. The effect of the coupling to the 
doublet states on the spin Hamiltonian constants for the d® complexes is found 
to be small compared with that of coupling to the quartet states, although the 
latter are probably further removed energetically. In the d° complexes it is 
shown that the relation between the g-values and the susceptibility does not 
depend on the orientation of the principal axes of the g tensor relative to the 
complex; the principal values of the susceptibility of K,Fe(CN), are calculated 
from the g-values and compared with earlier experimental determinations, the 
value of the spin-orbit coupling being adjusted to give the best fit. The observed 
hyperfine constants for K,Mn(CN),3H,O are compared with the theoretical 
expressions and can be explained with reasonable values of the parameters, 
The orbital g-factor k is found to be 0-87 for the ferricyanide and 0-74 for the 
manganocyanide. An appendix discusses the conditions under which hyperfine 
terms of low symmetry can appear in the spin Hamiltonian, and the effect they 
may have on the observed spectrum. 


§ 1. InrRopUcTION 

HE complex cyanides of the iron group show a magnetic behaviour that 
| is markedly different from that of the hydrated ions. here are stable 
hydrated ions with anything from none to ten d-electrons, and the suscepti- 
bility and paramagnetic resonance results show that the ground state has the 
spin and orbital angular momentum predicted by Hund’s rule, with the degeneracy 
in the orbital levels partly lifted by the asymmetry of the surroundings. The 
cyanides with octahedral complexes M(CN), are not stable with more than 
six d-electrons, and their spins and orbital angular momenta can be predicted 
on a modified Hund’s rule, in which the orbital degeneracy of the d-shell is 
reduced from five to three. Pauling (1931) proposed that the spin of the ground 
state of a complex should be taken as the criterion of whether the complex is 
covalently bonded or not, those complexes behaving like the cyanides being 
covalent. This was based on the assumption that the bonding energy is always 
overwhelmingly large compared with the coulomb interactions between the 
d-electrons of the central ion which tend to cause obedience to Hund’s rule, 
and Van Vleck (1935) showed that the same effect could be produced on a crystal 

field theory if the field were large enough. 
The effect of a perturbation of cubic symmetry, whether treated on a crystal 
field or a bonding model, is to split the states of a d-electron into two sets, the 
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de and dy manifolds, and the strength of the perturbation is given by the 
magnitude of the splitting K. The de and dy manifolds belong to the two 
irreducible representations of the cubic group, T, and E (Mulliken’s notation), 
and their wave functions have the same angular variations as the expressions 


The dy wave functions are those with lobes pointing towards the ligands, and 
have the higher energy on any reasonable bonding or crystal field model. They 
have the right symmetry to form o-bonds with the ligands, while the de orbitals 
can form z-bonds. 

If there are several d-electrons the cubic perturbation will have to compete 
with the coulomb interactions between them; if K is very large the electrons 
will fill the de levels before going into the dy levels, while large coulomb 
interactions will tend to keep all the spins parallel by allowing only one electron 
in each level. ‘he behaviour of the hydrated ions of the iron group corresponds 
to K being smaller than the coulomb interactions and that of the complex cyanides 
to K being larger. The observed spins of the ground states of the cyanides 
require only that AK just predominates over the coulomb interactions, and a 
detailed investigation of the theory of the paramagnetic resonance spectrum 
of the chromicyanide ion has been made to find the relative sizes of the two 
effects. 

Stevens (1953) has shown that in the explanation of the properties of an 
octahedral covalent complex the formation of weak z-bonds between the central 
ion and the ligands must be considered. ‘The effects of such bonding appear 
in the matrix elements of the orbital angular momentum, the spin-orbit coupling 
and the hyperfine interaction. Each orbital in the de manifold is replaced by 
a linear combination of de orbitals on the central atom and z-orbitals on the 
ligands, this linear combination having the same transformation properties under 
the rotations and reflections of the cubic symmetry group. 

The matrices of orbital angular momentum and spin-orbit coupling in these 
molecular orbitals will have the same transformation properties as the matrices 
in the de orbitals, and hence the matrix elements can conveniently be represented 
as de matrix elements multiplied by some factor. For instance, in a complex of 
cubic symmetry, the operator L operating in the manifold of molecular orbitals 
transforming like de orbitals can be replaced by the operator kL operating in 
the de manifold. The factor k has been called the orbital g factor, and k <1 for 
any reasonable value of the overlap between the different atomic orbitals. In a 
similar way the spin-orbit coupling 


(& 
T= > sn (ora V) x p;-S; 
Fl] 


operating in the manifold of molecular orbitals is replaced by ¢’=1,.s; operating 
in the de manifold, where ¢’ should not be very different from ¢, the spin-orbit 
coupling constant for the de atomic orbitals. Both k and ¢’ will be treated as 
parameters to be determined, though these substitutions are strictly correct only 
for cubic symmetry. With lower symmetry more parameters should be 
introduced, but there is then insufficient experimental evidence to determine 
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them all, and we shall approximate by using the forms appropriate to cubic 
symmetry. 

The z-bonding can have the effect of introducing an additional hyperfine 
structure into the spectrum if the ligands contain nuclei with magnetic moments 
(Griffiths, Owen and Ward 1953), but this is not observed in the complex 
cyanides because carbon and nitrogen have zero or very small nuclear moments. 
The spreading of the wave function of the magnetic electrons has the effect of 
reducing the electron density on the central ion, and consequently of reducing 
the magnitude of the hyperfine structure due to the nucleus of the central ion. 
The expressions for the hyperfine structure all contain the quantity <7r-), the 
average value of 7-* in the radial wave function of the de electrons, a quantity 
which can only be estimated rather approximately. Hence the reduction may 
be taken as affecting only <r~*), whose value will be regarded as a parameter 
determined from the experimental data. 

The ions in which an orbital g-factor k should be most readily determined 
are those in which the orbital angular momentum is not completely quenched 
by the cubic field. Of these those with the configuration de® are stable and have 
a Kramers doublet for their ground state in which resonance can be observed. 
Observations have been made on two complexes with this configuration, the 
ferricyanide and manganocyanide complexes. Both these complexes have a 
very low symmetry, and it will be shown that, as long as the approximation is 
made that the molecular orbitals are those appropriate to cubic symmetry, the 
expressions for the principal values of g and the susceptibility do not depend 
on the orientation of the g-tensor reiative to the cubic axes. The expressions 
for the hyperfine constants, on the other hand, do depend on this orientation, 
because the interaction between the electron spin magnetic moment and the 
nuclear magnetic moment is not a function only of the angle between the two 
moments, but depends also on the distribution of spin density. Calculations 
have been carried out for some special cases and compared with the experimental 
results for the manganocyanide. 


§ 2. ‘THE THEORY OF THE OCTAHEDRAL d? COMPLEX 


In a free ion the configuration d? contains the quartet terms 4F and #P and 
a number of doublet terms; in a cubic field the ground state is always a spin 
quartet, whatever the size of K, so the perturbations of lowest order in the 
spin-orbit coupling and magnetic moment will be through the other quartet 
States, and initially the doublet states will be neglected. The arrangement of 
the energy levels of the quartet states for various sizes of K and the coulomb 
interaction is shown in figure 1. An important feature of this scheme is that 
each of the states “A, and #T, occurs only once. This means that the specifications 
of these states as products of single electron states do not depend on the relative 
sizes of K and the coulomb interactions. 

Orbital angular momentum belongs to the irreducible representation T', of 
the cubic group, and since the product Tx A, transforms like T, the angular 
momentum couples the ground state only to the state *T,. Since the ground 
state and the state “I, are both derived from the term 4F they both have the 
same total angular momentum, and the operators U|; and &,1,.s; can be 
replaced by Land L.S. With this simplification the terms in the Hamiltonian 
producing a second-order perturbation in the ground state are BL and 12’L.S, 
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and when these perturbations are put in the form of the usual spin Hamiltonian 
constants (see equation (1) of the preceding paper) they give: 
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Here the three parameters V’,, V,, and V, that have been introduced represen 
small distortions from the cubic symmetry that split the orbital triplet 4T’, into 
three states with energies K+V, etc. The orbital g-factor k is introduced to 
allow for the effect of charge transfer on the angular momentum, and the effect 
on the spin— orbit coupling is represented by the use of ¢’ instead of ¢. These 
expressions hold for distortions of any symmetry as long as V,/K is small, but 
if the distortion causes admixing of the state 4A, with #T, or cae the effect of 


spin-spin interaction (Pryce 1950) may make an Aapreanle contribution to Der, 
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Figure 1. Schematic representation of the energy levels of the quartet states of the 
configuration d® under a perturbation of cubic symmetry. C characterizes the 
coulomb interaction (given by the 4F—*P splitting in the free ion); K is the cubic 


splitting. 


The effect on the ground state of interaction with the doublet states has 
been calculated only for the case where K is very large, when the configuration 
is simply (de)?. It turns out that the spin Hamiltonian parameters g, D, E are 
only affected through high order perturbation processes; the change in the 
value of g is of the order 10%. Also with approximately axial symmetry, the 
value of D is negative. The observed departure of g from the free spin value 
is of order 10-2, and in the chromicyanide a positive value of D is found; hence 
the effect of the quartet states in perturbing the ground state must be more 
important than that of the doublet states, and the latter will be neglected. 


§ 3. COMPARISON WITH EXPERIMENTAL DaTA ON d? 


3.1. The Chromicyanide Complex 


Since g is almost isotropic, we consider first the difference of its mean value 
from the free spin value, which amounts to 0-010 + 0-002. From equation (1) 
if V,,/K is neglected, k is taken as 1 and 2’ as 260 cm7! (the value of ¢ for the 
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free 1on), the value of K is found to be 70000 cm-1. This value is about 
three times as large as that for the hydrated ion. The anisotropy in g calculated 
from equation (2) is approximately 0-002, which is of the same order as the 
experimental error. 


3.2. The Vanadocyanide Complex 


The treatment of the vanadocyanide ion follows that of the chromicyanide 
1on very closely. The spectroscopic data show that in V2+ the spin-orbit 
coupling constant ¢ is 155 cm, and with the experimental values of the 
constants in the spin Hamiltonian this leads to K244000cm—. This 
difference in K between isoelectronic divalent and trivalent ions is similar to 
that found in hydrated ions (Owen 1955). 

Owing to the small value of D the anisotropy in g predicted by equation (2) is 
less than 0-001, which is hardly outside the experimental error in the measurement 
of g. Hence no detailed check of equation (2) is possible for either d3 complex. 


§S 4. ‘THEORY OF THE OCTAHEDRAL d®> CoMPLEX 


The ground state of a free ion with the configuration d® is given by Hund’s 
rule as °S, and there are many higher terms of spin multiplicity four and two. 
By the introduction of K some of the quartet and doublet terms are lowered in 
energy while the °S term is unaltered. If K is very much larger than the coulomb 
interactions the °S term is no longer the ground state; the ground term must 
belong to the configuration (de)’, and the only term in this configuration is of 
the type *T',. Since the d° configuration contains altogether ten states belonging 
to this representation, for intermediate values of K these states will be mixed 
and their magnetic properties will depend on K and the coulomb interactions 
in a complicated manner. Because so few of the term values in the 3d° ions, 
Fe?+ and Mn?+, are known it has not seemed worth while to set up the secular 
equation for the energy levels in terms of K and the coulomb integrals; the 
problem will be treated as if K is overwhelmingly large. 


4.1. The g-values 


By the exclusion of all the configurations except (de)° the problem is reduced 
to that of a single hole in the de shell, which can be treated in exactly the same 
way as a single electron with a negative spin-orbit coupling coefficient. Both 
the ferricyanide and manganocyanide complexes have low symmetry in the 
crystal, so we shall consider the effect of operating on the de orbital wave functions 
with a perturbation V that is subject to no symmetry restrictions. It will be 
assumed that the orbitals are those appropriate to cubic symmetry, so that there 
is a single orbital g-factor k which appears in all the matrix elements of angular 
momentum. 

V will be defined by its eigenvalues and by its eigenstates, which are the 
following linear combinations of molecular orbitals 


|a)=L,|ay )+h,|yz) +l, ]2x) 
3) lala) Lely) ela) (3) 
[c= ley >t+halyz)+L,,|2x) . 

These states must be orthogonal and normalized, so the set of coefficients, / 


a . i . . . . i? 
must behave like the direction cosines of one set of cartesian axes with respect 
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to another set. ‘The states can be labelled in the right order for both sets of 
axes to be right-handed. Now let L,’, L,’', L.’ be the angular momentum 
operators with respect to the cubic axes. 

Since 

(xy | L,'|ys) = (ys | L, |ax) = (ax | L,' |xy) sik 
{yz |L,’ |xy)= (ex | L,’ |yz)= (xy |L,' | 2x) = -tk 
and all the other angular momentum matrix elements are zero we have 
{a| L,’ |b) =1kl,, = — (6 | L,' |a) 
(b| L,' | ¢)=tkL, = =e | L,"|b) 
<c | L,’ |a) =1kl,, = — (a| L;’|c) 
WRETE 7 1S\%, yor 2. 

The principal axes of the g tensor will make some arbitrary angles with the 
cubic axes, and the transformation from one set of axes to the other can be made 
by the set of direction cosines A;,._ The angular momentum operators transform 
like vectors, so, if L,, L,, and L, are these operators referred to the g tensor axes, 
they are given by the equations L;=,,L,’ (in which the summation convention 
is assumed). ‘lhe matrix elements of these operators are, therefore, given by the 
equations 

(a|L,; |b) =tkA,,1,, = — (6 | L,;|@) 

{b|L, | c)=tkd,,L,, = —<e|L;| 5) 

(¢ | £,|4@)=tkA;1,= — (a|£; | c)s 
These can be simplified by identifying the two sets of direction cosines, when 
they become 

{a|L, |b) =1k6,, = — (b|L; |@) 

(Bl 2, | C=thoj=—46| LB) = aatarere, (4) 

(c | L,|a)=1k6,,= — (a|L,| ©) 
where j is x, y or z and 6,,, is equal to one when j is x and zero when 7 is not x. 
Thus the matrices of the angular momentum operators within the set of eigen- 
states of V can be made independent of the form of V by a suitable choice of 
axes. 

A unique axis can now be defined by diagonalizing L,. ‘The appropriate 
states for this diagonalization are a, b, =(b+1c)/1/2 and b_=(b—ic)/,/2. The 
matrices of the perturbation #’=V+'L.S are then: 


at Dies Wes 
at A Cie 0 
ber Wali? wal BO) tae 4(B—C) 
b- 0 KB=C) BEC) —¥e' 
Who (5) 
a b_* Da 
a A —C//2 0 
b+ |—UJy2 (B+C)+30 i(B—C) 
Bi gain i(B=C) \(B+C)-30 
2M 
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where A, B and C are the eigenvalues of V. All the eigenstates are Kramers 
doublets, and the ground states can conveniently be written: 


[+m)= [sin«|a+)+cosa|b,-)]cos6+sin 0 | aa (6) 


|—m) = —[sina«| a~)—cos«|b_*+)]cos6+sin@|b,+) 


The g-values are then found by operating within this doublet with the magnetic 

moment operator, RL + 2S, and this gives: 
g.= 2 cos? 6 [sin? « —(1 +) cos? a] + 2 sin? 6[k — 1] ] 

(2,+8,) = — 2 cos? 6 [sin? a + 4/2k cosa sin «] | (7) 
3(£,—%,) =2 sin 26 [cos « + (k/ 4/2) sin «] j 

The identification of the states | + m) is chosen so that, with 6 =0, the matrices 
of (kL, +2S,) and (kL,+2S,) in |+m) are the same multiple of the Pauli 
matrices o, and o,; that is g, and g, have the same sign. For a given value 
of «, this fixes the sign of g.. Experimentally, the signs of g,, g, and g, are not 
determined, so two interpretations are possible for a given set, corresponding 
to alternative sets of states | +m) and |+m’), which have different values of «, 
6, k according as the sign of g, is assumed to be positive or negative. All the 
other possible sign differences can be produced by altering the phase factors 
and identification of the states |+m) or {+m'). By altering the identification 
of the different principal axes with the x, y and x axes defined here, solutions 
for a given set of g values with different values of 6 and x can be found that 
correspond to the same physical ground states; the parameter that does not 
vary with the choice of axes is k, the value of which can be used to label the two 
possible different states. Thus for a given set of g values, all the possibilities 
have been considered when solutions corresponding to two different values of k 
have been found. 


4.2. The Hyperfine Structure 


The hyperfine structure constants are taken to be those appropriate to the 
atomic orbitals apart from a reduction in the effective value of <r), as described 
in $1. With this assumption the constants can be calculated by the method of 
equivalent operators (Abragam and Pryce 1951), the operator r operating in a 
manifold of eigenstates of angular momentum being replaced by the operator L. 
‘The operators to be used are then 


N,=2A[L, +(e =K)Ss ie] #{LA(L 2 S) a (Le ° S)L.}] 


with P=2yBB,,(r-*), N,, and N,, having a similar form. « is the term inserted 
to allow for small admixtures of s electron wave functions to the ground state. 

The matrices of L and § in the ground states have already been found, and 
they have been shown to be independent of the relative orientation of the axes 
of the g tensor and the cubic axes; the product terms like L.(L.S) involve the 
matrix elements of L between de and dy and these depend on the orientation. 
Because of this the general case, with arbitrary orientation, has not been 
considered, but the formulae have been derived for two particular orientations 


of the principal axis, ene or other of which is nearly that found in potassium 
manganicyanide. 
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The constants for which formulae will be quoted are those for the following 
hyperfine interaction: 


A elet AS tS Bosal, Fede ol Les, | 


veh) Uae 
er Bolo s a Sete) ir CZ gle: los 5 d5) C, mee) me 1s Ae) 
PSO Sede, Aol GMI din eer te ernie ih Monty (8) 


This is a convenient form of the most general interaction that is linear in $ and I 
(see Appendix). 

With the 2 axis of the g tensor along a cubic axis, and with the x and y axes 
each making an angle 8 with a cubic axis, the constants are given by: 


1 Dan Sy eee 
7p A: = eee] = 2 = Sewers = sin 2a + eae 
z if i /A/ Zz 2, 


ee eO 
+ sin a(a + 


WA 
Ss 


oh i eee eb oss Kos 
Pp (A, + A,)= —cos? 0 E sin? «+ Te 2a — 3 sin® | 
3 ates (9) 

- = sind cos 46 | 
I 1 1 17 
a BS ain? Se ine : | 
gp (Az A,)= 5 sin 2 28) 5 COs & Taf sin 2+ 0052 | | 
- a = sin? sin 48 | 


All the other hyperfine structure constants are zero. 

With the z axis along a trigonal axis of the cubic system, and with the w axis 
making an angle ¢ with the projection of a cubic axis on the xy plane, the constants 
are given by: 


sp A.=cos* | Zsinta— 2 costa. sy 8in dat 5008 2. || 
+sin? 6 E a6 5 | | 
zp (4s + Ay) = cos? E 7 ag sin 2x+ 5 sin’ x | : 
1 eae 1 
ee =Az)= sin2[ — = -ysina— 50a +x eos. | mG 
aoe 2 5 008 34[21/2sin? 4 + sin 202 sin 2— y/2cos a3] | dial 
Le + sin 34[2/2sin?6 + sin 26(2sina— /2.cos}] | 
ee Cig= + F cos 34[2/2 pinto agi 26{2 sin x — 4/2 cos «}] | 
aa On= sin 3912/2 sin? @—sin 202 sin — \/2.cos «}] | 


2 M=- 


NX 
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§ 5. g-VALUES AND SUSCEPTIBILITY OF K,Fe(CN), 


Since no hyperfine structure is observed in potassium ferricyanide, the data 
which have to be fitted are the g-values of the ground state and the susceptibility. 
We begin by demonstrating in a simple manner that the observed g-values cannot 
be fitted using the strong crystal field model, without any 7-bonding. The 
formulae for the g-values would then be just those obtained by putting the normal 
orbital g-factor (k= 1) in the expressions (7) and it is then easy to show that the 
following relations hold: 


IW of oy Vo : 
ACH £y) pa eet ey) = te = (11) 


4(2tan@ “sive ~sitta oy cose ee ee 
Hence both the unknown constants 6 and « are determined by the ratios of the 
g-values, and on inserting the observed values for the diluted salt Bie Oey 
§,= —2:10, g,=—0-915 one obtains cota=1-00, tan@=—0-028. However, 
these values of the constants, which give the right anisotropy, lead to the following 
g-values: g,= —2:55, g, = —2:28, g,= —1-00, which are all about 8% too large. 
This is the nearest approach of the theory to the correct values; different values 
of the parameters can be used to obtain a fit with two of the observed principal 
g-values, but then a large discrepancy is obtained with the remaining g-values. 
Again, if we assume that g. is positive, but the other g-values are negative, and 
fit the anisotropy, then the calculated g-values are 21°, too high. 

When a single orbital g-factor k is introduced, so that the theory contains 
an extra adjustable parameter, the observed g-values of the ground state can be 
used to determine the three unknowns «, @andk. If all the g-values are assumed 
to be negative, these parameters are found to have the values 


cota=1-004,, tan @= — 0-028, k=0-37, 
so that the values of « and @ are not markedly different from those obtained 


above, and the reduction in the orbital g-factor from unity is not very great. 
For the alternative of g. positive, and the other g-values negative, the values 


cot a= 0-417, tan 6 = — ()-040, k=0-56 


are required, with a very substantial reduction in the orbital g-factor. While 
there are no a priori reasons for ruling out such a low value of k, it turns out 
that the susceptibility cannot be fitted at all well, and even an approximate fit 
requires an excessively low value of the spin-orbit coupling. Because of the 
low value of k, it also leads to values of the susceptibility at high temperatures 
which are considerably smaller than those observed. This alternative will 
therefore be rejected. 

In calculating the susceptibility of the concentrated salt we are faced by the 
difficulty that values of the principal g-values and the directions of the principal 
axes are known only for the dilute salt. In the concentrated salt only the values 
of g along the pseudo-orthorhombic axes a, b, c are known; however, for both 
ions in unit cell the x axis coincides with the c axis, while the a and db axes bisect 
the angles between the respective x and y axes of the two ions. The observed 
g-values in the concentrated salt do not differ greatiy from those in the dilute 
salt, and we shall calculate the susceptibility from parameters based on the latter. 

Calculation of the susceptibility requires diagonalization of the energy 
matrices (5), since the ground doublet has a considerable temperature independent 
paramagnetism and at room temperature two excited doublets have appreciable 
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population. Since @ is very small and « is very close to 45°, the energy levels are 
found to be + @’/4/2, —f’/4/2and —@’, using a good approximation to diagonalize 
the matrices, where the amount by which the states are not exactly normalized 
or orthogonal is of the order sin?@ or approximately 10-%. 

The susceptibility along a principal axis is conveniently specified by the 
value of p*, the square of the Bohr magneton number, defined by the relations 


_ _ Node 
xa" ET 


SiG peta © US iaaes: (13) 


The values of p,,*, etc. are found by standard methods, and may be expressed in 
the form 


*39w) + (0-028 + 0-70w)y — 6-:09wd}(1+y+8)1 
5-97w) + 0-048y — 5-97w8i(1+y +68) 
8 + 8-76w) + (0-530 — 8-76w)y + 0-0475}(1+y+8)1 
Where w= —kT/C’, y=exp(—1/2/w), 8=exp[—(1+/2)/4/2w]. These formulae 
refer to the principal axes of the individual ions, and for the pseudo-orthorhombic 
axes of the crystal 


Pa =(GP2 t+ 4P,") Po =P" + EP,"), Pe’ =P” 
since the v and y axes make an angle of 30° with the a and 6 axes respectively. 

‘The formulae involve one undetermined parameter, w= —kT/C’ where @’ is 
the ettective value of the spin-orbit coupling for a single hole in the (de) sub-shell. 
The best fit that can be obtained with the experimental values of the susceptibility 
is shown in figure 2, where the full lines indicate the calculated variation of p” 
for each of the a, b, c axes, and the experimental points are taken from the data 
of Jackson (1938) and Masson (1947). Earlier results of Jackson (1933) are in 
close agreement with these values, but later results of Guha (1951) are considerably 
(10 to 20%) lower. Guha’s work involves separate measurements of the 
anisotropy and of the absolute susceptibility in one direction only, and the 
anisotropy observed by him agrees with the other experiments much more 
closely than the absolute values (the position is rather similar in copper acetate). 
In view of the excellent agreement between the two quite independent deter- 
minations by Jackson and the third by Masson, we have discarded the results 
of Guha. Figure 2 shows that the calculated results do not anywhere differ 
from the experimental results by more than a few per cent, if a value of 
—400°K = —278cm~ is taken for ¢’. This is considerably smaller than the 
value of ¢ for a free Fe?* ion, which is estimated as about 625°k=435 cm"! 
(the difference of sign arises because we are dealing with a hole in the (de) shell). 
Thus the apparent reduction in the spin-orbit coupling (¢’/¢=0-64) is rather 
greater than that in the orbital g-factor (k= 0-87). 

The experimental behaviour of the susceptibility for the @ and 6 axes is 
rather unusual, showing a reversal in the sign of the anisotropy in the ab plane 
at about 70°K. We have verified that this reversal is real by suspending a crystal 
with the ¢ axis vertical in a horizontal magnetic field when it was found that the 
a axis sets parallel to the field at 90°x, but at 20°k the 6 axis sets along the field. 
In a dilute crystal the a axis sets parallel to the field at all temperatures. ‘These 
results suggest that there is a small change in the crystal field with temperature 
in the concentrated salt; either a rotation of the principal axes of each ion in 
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the ab plane, or a reversal in the sign of the rhombic field for each ion, would 
explain the observed behaviour of the susceptibility. The rhombic anisotropy 
arises from the non-zero value of tan, but the value of —0-028 required to fit 
the observed anisotropy in the dilute salt is so small that a very slight change in 


0 100 200 300 400 
T (°K) 


Figure 2. p? (square of the Bohr magneton number) for K3Fe(CN), as a function of the 
temperature. The full curves are calculated from the theory (a, b, c axes in 
descending order). The points are from experimental data of Jackson, except 
the three points at 300°, 350° and 400°x, which are from empirical equaticns of 
Masson. 


the crystal field could reverse the sign of the anisotropy. This would not alter 
the calculations of the susceptibility materially; the mean of the susceptibility 
for the x and y axes (which is also the mean for the a and } axes) 1s practically 
independent of the value of tan@ when it is so small. 


§ 6. ‘THE g-VaLuEs AND HyPERFINE STRUCTURE OF K,(Mn, Fe)(CN),,3H,O 


Potassium manganocyanide is isomorphous with potassium ferrocyanide, 
whose structure has been partly determined by Pospelov and Zdanov (1947). 
The symmetry is monoclinic, with the a and c axes equal in length and inclined 
at an angle of 90°+5’. There are four inequivalent cyanide octahedra in the 
unit cell, but they all have the same orientation, with one axis pointing along the 
b axis of the crystal. Magnetically there are two inequivalent ions in unit cell, 
which transform into each other by a reflection in the ac plane. he g-values 
of these ions, measured on the diluted salt, as reported in the previous Paper, 
are given in the table. 

As was explained in § 4, any set of g-values for which the signs are not known 
can be interpreted in two ways: if two of the g-values are assumed to have the 
same sign then the set corresponds to different distortions of the complex 
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according as the third g-value is positive or negative. The two interpretations 
are characterized by different values of k, and for this set of g-values these are 
0-93 and 0-74. k=0-74 corresponds to the greater overall splitting of the orbital 
levels by the distortion, about 500 cm~, 

Because the angle of the crystal is so close to a right angle it was found to be 
impossible to distinguish between the a and c axes; hence there is an ambiguity 
in assigning the magnetic axes to the axes of the octahedron, and the two possible 
ways of doing so must both be considered. ‘The experimental results were fitted 
to a spin Hamiltonian of the form “=8H.g.S+S.A.I with the assumption 
that the tensors A and g both have the same principal axes. The principal values 
of A and g are given in the table below. 


axis Cm A(i0-*tem=>}) 
(1) 2-624+ 0-008 84-5+0°5 
(11) 2:182+ 0-008 46:5+0°5 
(111) 0-63 + 0-10 104+ 20 


With this labelling of the axes of the g tensor their positions relative to the 
axes of the octahedron can be specified; either the axis (ii) lies about 10° off a 
trigonal axis, with 3f = 7/2 if Ox is identified with the axis (i), or the axis (i) lies 
about 12° off an octahedral axis with B=25°. 

The two possible values of k together with the two possible orientations 
allow for the construction of four possible sets of hyperfine structure constants. 
These were calculated with the assumptions that cos48=0, 36=7/2, and that 
all the B;; and C;,; are negligible. The set of three equations for A,, A, and A, 
then contains only the two parameters Y and x, and a graphical method was 
adopted for finding whether there are any possible solutions. It was found 
that, with k=0-93, there is no pair of values of Y and « with which 4,, A, and A, 
can all be fitted within the experimental error. With k=0-74 the equations 
can be solved with either of the orientations, the values of the parameters being: 


(1) Yetragonal:axis: «7 /y=0-006,cm™, F =0-011, 
(2) Trigonal axis: «P/y=0-007,cm—, A=0-013, 


Here x is replaced by xA/y where y is the nuclear g factor (y=1-38 for Mn). 

The quantity xV/y has been found to vary very little between the ions in 
the 3d group that have been studied by the method of paramagnetic resonance 
(see Bleaney and Stevens 1953) and it probably does not depend much on the 
surroundings of the ion. he average value is 0-006 cm™ for ions surrounded 
by water molecules, and it appears to be rather less in the vanadocyanide and 
chromicyanide complexes, in which almost the whole hyperfine structure is 
due to this term. The quantity <(7~*) can be estimated from the spin-orbit 
coupling constant by Goudsmit’s formula, as is usually done in optical spectro- 
scopy. The spin-orbit coupling constant for Mn?* has been estimated as 
300 cm~ by interpolation in the isoelectronic series and in the series of manganese 
ions with different degrees of ionization; the value quoted by Kotani (1949) 
appears to be in error. With this value of the spin-orbit coupling we find that 
2yBB,,<r-*) =0-016 cm. YF would be less than this by a normalizing factor 
of which the best estimate is probably to put it equal tok. ‘Thus both pairs of 
values of «P/y and F are quite reasonable. 
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An attempt has been made to find out whether the experimental results 
enable one to distinguish between the near-tetragonal and near-trigonal distortions. 
Using the values of 6, « and 7 obtained above, the extra terms in the hyperfine 
interaction tensor (8) were calculated. In the ‘tetragonal’ case (equation (9)) 
C,,, is found to be 0-001 cm, and in the other case (equation (10)) B,. = 0-003 cm~, 
C= 09-0005 cm, B.,,=C-.,=9. Using these values a theoretical plot of the 
quantity Rg? (see Appendix) against /,? was made in each case, and compared 
with an experimental determination of these quantities. Unfortunately, the 
latter extended only over part of the range as it was not possible to make 
measurements in directions where the g-value was very low. Both the theoretical 
plots (which are based on the extrapolated value of A for axis (iii)) deviate little 
from the straight line through the experimental points. The scatter on these 
points is such that the ‘trigonal’ case (which has the greater curvature) cannot 
be excluded, though the fit with the ‘tetragonal’ case is appreciably better. 


APPENDIX 
The Magnetic Hyperfine Structure in a Spin Hamiltonian of low Symmetry 


In calculating the hyperfine interaction in the manganocyanide complex it 
was found necessary, because of the low symmetry, to introduce into the spin 
Hamiltonian some terms of the form S,t,,. The effects of such terms and the 
conditions under which they are allowed will be considered in this section. 

The general spin Hamiltonian for a spin of a half, neglecting the quadrupole 
term and the direct effect of the field on the nucleus, is H =BH.g.$+S8.A.1. 
Here g and A are tensors, H is a vector and § and I are operators that transform 
like vectors. It is convenient to write this in the form 4 = Pett, S, + A,,SL, 
with the use of the summation convention. &j 18 a Symmetric tensor, and the 
Hamiltonian is usually referred to its principal axes thus: 


LLC BX ert S;, om Ay Sl, 
k 


If S were the operator representing a real spin, S$ and I would commute, and 4 
would be a symmetric tensor. If § represents an effective spin the term A,,S,1, 
is replacing another of the form N.I where N is the hyperfine structure operator 
(Abragam and Pryce 1951) 


1.—s, . 3(r,.8,)r 8 
N= 2788, >, | st + tals # Fras | 


k k 3 


The matrix elements of this operator in the ground doublet are not necessarily 
multiples of the matrix elements of real spin, but any 2x2 matrix can be 
expressed as a linear combination of the Pauli matrices, so we may write 
N,=A,,S;, Aj, is a tensor and it is sometimes convenient to write it as the 
sum of its symmetric and antisymmetric parts: A,,,= By,+ C,,, with By=Bya 
and C,,= —C\,. 

The spin Hamiltonian must conform to the total symmetry about the ion 
in the crystal, and if the symmetry is high the number of independent constants 
may be very small. Under the rotations and reflections of the point groups 
symmetric tensors transform like the coefficients of a central quadric. Because 
of this B,, and &, are different from zero only if there is a linear combination 


containing «,«,, which is invariant under all the transformations of the symmetry 
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group. The invariance of a form such as x2+y? requires that B,,= B yy and 
80x =8yy While if there is no combination of xy, yz and sw that is invariant the 
principal axes of both tensors are coincident, and their positions are determined 
by the symmetry. An antisymmetrical tensor transforms like a vector product ; 
the coefiicient C,, is different from zero only if there is an invariant linear 
combination containing €y,.,. €,,, is zero unless A, and vy are all different, 
+1 if they are in the same cyclic order as the coordinate axes taken right- 
handedly, and —1 if they are in the opposite order; it is invariant under 
rotation, and changes sign under reflection and inversion. 

Using this method it can be shown that under cubic symmetry the 
spin Hamiltonian must take the form with complete rotational symmetry : 
H =g8H.S+AS.1. Under any group containing an axis of threefold or 
higher symmetry the spin Hamiltonian takes the axial form that is usually written 

H = 9 PH,S,+g P(H,S,+H,S,) + AyS,L,+ A(S,1,+ S,L,) + C(S,1, — S15) 
where C is zero if there is inversion symmetry or a plane of reflection containing 
the axis. 

It is of interest to see what the energy levels of this general Hamiltonian are 
like. ‘The magnetic field along a general direction can be represented as: 
H,=1,H, 1l,=1. It the term H.g.S is diagonalized the eigenstates can be 
represented as |+ ) and |—) and if the hyperfine splitting is small compared 
with the difference between |+ ) and |— ) only the terms diagonal in these states 
are important. ‘These are: 


; 1 
(£|#|t)= £he8Ht 55D [hei Aadl 


Aye 


7] 


where g= {l,?g,2}42. By a suitable choice of axes for J this can be put in the form 
CEI |+ >= +he8H+4RI, with R°s°=)> 9,¢,4,,4,,11,. We thus see that, 


A, Uy ¥ 
at least to first order in A, the appearance of the spectrum with a strong 
field in any direction is not altered by the presence of cross terms in the spin 
Hamiltonian. ‘The spectrum consists of 2/+1 equally spaced levels, of overall 
separation R, and it is only the variation of R with direction that depends on 
which of the A,, are different from zero. 

In the spin Hamiltonian for a great many ions the principal axes of the 
tensors g and A coincide, so that A,,=6,,4, say; then R’g?=g¢71?. ‘Thus a 
plot of R’g? against one of the squared direction cosines, /,?, in any plane con- 
taining the axis p is a straight line, as originally shown by Pryce (1949), and 
such a plot is often made in order to extrapolate the hyperfine constants to axes 
along which resonance cannot be observed. Such a plot would clearly not 


give a straight line if coefficients of the type A,,, are appreciable. 


pv 


REFERENCES 


ApracaM, A., and Pryce, M. H. L., 1951, Proc. Roy. Soc. A, 205, 135. 

BLEANEY, B., and Stevens, K. W. H., 1953, Rep. Progr. Phys., 16, 108 (London : Physical 
Society). 

Grirritus, J. H. E., Owen, J., and Warp, I. M., 1953, Proc. Roy. Soc. A, 219, 526. 

Guna, B. C., 1951, Proc. Roy. Soc. A, 206, 353. 7 

Jackson, L. C., 1933, Proc. Roy. Soc. A, 140, 695; 1938, Proc. Phys. Soc., 50, 707. 

Koranl, M., 1949, 7. Phys. Soc. Japan, 4, 293. 


1230 B. Bleaney and M. C. M. O’Brien 


Masson, H., 1947, C. R. Acad. Sci., Paris, 224, 1277. 

OweEN, J., 1955, Proc. Roy. Soc. A, 227, 183. 

PauLING, L., 1931, 7. Amer. Chem. Soc., 53, 1367. 

PospELov, V. A., and Zpanov, G. S., 1947, Z. fiz. khim. SSSR., 21, 405, Structure Reports, 
11, 421. 

Pryce, M. H. L., 1949, Nature, Lond., 164, 117; 1950, Phys. Rev., 80, 1107. 

STEVENS; K. W. H., 1953, Proc. Roy. Soc. A, 219, 542. 

VAN VLECK, J. H., 1935, ¥. Chem. Phys., 3, 807. 


The Susceptibility and Magnetic Specific Heat of 
Potassium Ferricyanide at Low Temperatures 
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Abstract. ‘Vhe temperature variation of the susceptibility of single crystals of 
potassium ferricyanide has been measured between 20° and 1°k, using an a.c. 
mutual inductance method. The results of measurements along each of the three 
crystalline axes were fitted to expressions of the form 


abit 
Xe 7 aa se 


and values of A, and A.. deduced. It was found that the effect of higher order 
terms was very small. The magnetic specific heat was measured at 1-:05°k 
using the relaxation method. 

An attempt was made to relate the values of A to the measured specific heat 
and paramagnetic resonance line width, on the basis of exchange interaction with 
n equivalent nearest neighbours. It was found, however, that only approximate 
agreement could be obtained, and this with the rather small value of n= 2, 


§ 1. INTRODUCTION 


ECENT experiments on the line shape obtained in the paramagnetic resonance 
spectrum of potassium ferricyanide have shown that there is considerable 
exchange interaction between the paramagnetic ions (Bleaney and Ingram 

1952, Baker, Bleaney and Bowers 1956). ‘The purpose of the measurements 
described here was to investigate the effect of this interaction on the susceptibility, 
and to see if there was a simple relationship between the variation of susceptibility 
with temperature, the magnetic specific heat, and the paramagnetic resonance 
line width. 


§ 2. THE MEASUREMENTS 


Potassium ferricyanide grows in monoclinic, pseudo-orthorhombic crystals, 
whose morphology has been described by Groth (1906). Measurements of the 
susceptibility were made along the three principal axes, using samples cut from 
the same single crystal, and also on a finely crushed powder. ‘The apparatus 
and method used have been described elsewhere (Benzie and Cooke 1950). 

“ Measurements were made of the mutual inductance M of a coil system surrounding 
the specimen and the results plotted as a function of 1/7. In all cases smooth 
curves were obtained, which tended to straight lines at high temperatures. By 
extrapolating these lines, the value of M corresponding to 1/T=0, Mp say, 
could be found for each experiment. This quantity, which represented the 
inductance of the empty coil plus the effect of temperature independent con- 
tributions from the specimen, was then subtracted from each measured value of 
M. The differences M—M, obtained in this way were directly proportional 
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to the temperature dependent part of the susceptibility of the specimen y,, the | 


constant of proportionality depending only on the characteristics of the coil. 
‘The value of this constant was determined in a subsidiary experiment using a 


sphere of chromic alum. 

Measurements of the magnetic specific heat were made by the paramagnetic 
relaxation method due to Casimir and du Pré (1938). The same apparatus 
was used as that for the previous susceptibility measurements. ‘The method 
consists in measuring the isothermal susceptibility y, and the adiabatic suscep- 
tibility ys in a steady field of a few hundred gauss. The magnetic specific heat 
in zero field can then be calculated from these quantities by means of a simple 
thermodynamic formula. 


§ 3. RESULTS 


In order to estimate the effect of the exchange interaction on the susceptibility 
the results were fitted to expressions of the form 


Ne Ae) Ab 
(xn)e= 3 (14 = eee ee (1) 


where x denotes one of the principal axes of the crystal. ‘To determine the 
coefhcients in this series the product (x,,),,7 was evaluated for each set of measure- 
ments and the results plotted as a function of 1/T. The four graphs obtained 
are shown in the figure. 
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The susceptibility of potassium ferricyanide. 1: baxis; 2: q axis; 3: powdered sample; 
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For the measurements along both the a and 6 axes this plot yielded a straight 
line within the limits of accuracy of measurement. This implies that, for the 
susceptibility in these directions, the third and higher order terms in (1) are 
small at temperatures above 1°k. From the intercepts and slopes of the two 
straight lines, values of A,, A,, A, and A, were obtained. Along the c axis small 
deviations from a straight line were observed at the lowest temperatures. These 
were interpreted as due to the term in A,, and an approximate value for A, was 
determined. ‘The measurements-on a powder again gave a good straight line. 
This was not inconsistent with the c axis measurement, for the deviation in that 
direction was small, and as the value of 4, was also small, in an average for the three 
directions the deviation would be beyond the limit of detection. 

The values of A and A obtained are given in table 1. From the results in the 
three principal directions the corresponding values for the powder could be 
computed using the relations 
NgAg tApAp +AA, 

Ag tag, 

These are also included in the table for comparison with the directly measured 
quantities. ‘The agreement is very satisfactory. 

In order to measure the specific heat by the relaxation method it is necessary 
to find the adiabatic susceptibility ys using a measuring frequency whose period 
is less than the spin lattice relaxation time 7, at the particular temperature. 
For this substance it was found, however, that 7, was so short at all but the lowest 
temperatures, that with the highest available frequency (900c/s), ys could only 
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Table 1 
A (per mole) A (Jackson) A (°K) A (°K)? 
ad axis 0-460+ 0-02 0-455 —(0:175+ 0-02) <0:01 
5 axis 0-490+ 0-02 0-490 —(0:190+ 0:02) <0:01 
c axis 0-088 + 0-004 0-0845 =(0°255 +:0-02) +0:03+ 0:01 
Powder measured 0°370+0-02 — — (0-200 + 0-02) <0:01 
Powder calculated 0-350+0-02 — —(0-190+ 0-02) <0:01 


be determined at 1-05°K, and hence only one specific heat measurement could 
be made. The value of the specific heat constant b=CT?/R obtained was 
b=0-:04+0-01. For the greatest accuracy of measurement, the applied, steady 
field must be such that the ratio (y»— xs)/xs 1S approximately unity (Benzie and 
Cooke 1950). he field required for this depends on the quantity CT?/A, which 
for potassium ferricyanide is so large that even with the strongest field available 
(~1kc) the ratio (yp—xs)/xs was only about }. This accounts for a rather 
large error in the measurement. In calculating the value of 6 allowance was 
made for the deviation of the susceptibility from that for an ideal paramagnetic, 
using the experimentally determined coefficients in equation (1). 


§ 4. Discussion 


We can compare our values of A with those obtained by extrapolating the 
measurements made by Jackson (1938) in the range 20° to 14°k. At such tempera- 
tures the effects of both exchange interaction and. excited states are small, and 


a good estimate of the Curie constants of the ground doublet can be obtained by 


extrapolating his values of y7 to T=0°K. ‘The values obtained in this way are 
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shown in table 1, and it will be seen that they are in excellent agreement with our 


results. 
In order to compare the observed values of A with the results of line width and 


specific heat measurements, we must consider in more detail the interactions 


between the different magnetic ions in the crystal. For the simplest case of | 


isolated pairs of identical ions, with effective spins S and S’=$, we can write the 
interaction Hamiltonian in the form “%;,,=SKS’ (Kramers 1930) where K is 
a tensor which includes both magnetic and exchange energies. Referred to the 
principal axes of this tensor, the spin Hamiltonian in a magnetic field H is then 
HA = PHg(S+S’')4+ K,S,S,' + K,S,S, + 8,8, 
(Baker and Bleaney 1955). Ina concentrated crystal we must consider the effect 
of several neighbours, the number depending on the variation of K with the distance 
between the ions. 

For this salt it is known from x-ray data (Pospelov and Zhdanov 1947) that 
there are two types of inequivalent ions per unit cell. On the other hand, para- 
magnetic resonance measurements have indicated that the two kinds are almost 
identical magnetically, since all ions have one axis in common with the c axis 
of the crystal, and only a small anisotropy in the plane at right angles. If we 
neglect this anistropy and assume that the magnetic axes of all the ions coincide 
with those of the crystal, we can write down simple expressions for the Weiss 
constants, specific heat and mean square line widths in terms of the tensors 
characterizing the interactions between isolated pairs of ions, using the methods 
developed by Van Vleck (1937, 1948). If there are n; similar ions for which the 
interaction with a given ion can be represented by a tensor with components 
Kee, then, in a direction x which is one of the magnetic axes of the crystal, the 
susceptibility is given to a second approximation by 


A 1 ; 1 A A 
ee ee, yn. (2) es Bist a 
(xr) x 4p E RT MiKo +O (zs) | ails E =e | . 


‘The expressions for higher order terms in 1/T are extremely complicated (Daniels. 
1953) but itis reasonable to assume that the series converges rapidly at temperatures 
which are high compared with A.,. 

The interactions also give rise to a specific heat anomaly, which at high 
temperatures (kT >K) is proportional to 1/T?. In this region the specific heat 
is given by 

Cle 1 
ee = 3220p > PS N{ KO Kg). 


4 #,Y=da, b,c 
The effect of the interactions on the mean square width h,” of the line observed 
in paramagnetic resonance is given in terms of the K’s by the formula 


9 ; ; 
(es cae 16 2 n[K 2” = AWA zi GN) te Ky. 


Simplified forms of these expressions were given by Baker and Bleaney (1955) 
who made the assumption that only the interaction with the nearest neighbours 
was appreciable, and that the axes of K coincided with those of the ions. Under 
these conditions it is possible to deduce the principal values of K from the measure- 
ments of A,, A, and A, if the number of nearest neighbours n is known. The 
values of CT?/R and h, etc. can then be calculated and compared with the measured 
values. The results of the calculation for n=2, 4, 6 are shown in table 2. 
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Recent work (Baker, Bleaney and Bowers 1956) has shown that the line widths 
obtained depend on both the direction and frequency of the oscillatory magnetic 
field used to induce the transitions. For this reason only approximate values 
are given in the table. It will be seen, however, that for none of the values of 
is there agreement between the calculated and measured line widths. For 
CT?/R the disagreement is least if we take n=2, but this seems rather unlikely 
in view of the fact that there are six ferric ions almost equidistant from any one 
site. It is clear, therefore, that the simplifying assumption is not justified, and 
either the axes of the different K tensors are not the same, or interactions between 
other than the nearest neighbours are appreciable. 


Table 2 
Calculated Measured 
n au 4 6 

i, (em) 0-24 0-12 0-08 — 
he (cia) 0-047 0-033 0-028 ~0:1 
Ky (cm) 0-26 Oaks 0-09 _ 
hy (cm) 0-026 0-018 0-015 ~0-1 
Ky (em) 0-36 0-18 0-12 — 
A (ema) 0-073 0-051 0-042 ~0-1 
b=CT?/R_ 0-033 0-0165 0-011 0-044 0-01 


In the more general case the measurable quantities CT?/R, x, and h, etc. 
are independent, and values for n,; and K“ cannot be deduced from these measure- 
ments alone. The only way of proceeding with the problem would be to obtain 
further information about the different interaction tensors, by observing 
paramagnetic resonance in a specimen in which some of the magnetic ions had 
been replaced by diamagnetic ones. In such a semi-dilute specimen it is some- 
times possible to resolve the spectra arising from the interaction between different 
pairs of ions, and from these it is possible to deduce the principal axes as well 
as some of the components of the K tensors. Measurements of this type have 
been made on other substances (Baker and Bleaney 1955, Griffiths and Partridge, 
private communication). . 

It is evident from the work described in this paper that there is no simple 
explanation of the interaction effects in concentrated potassium ferricyanide. 
The values of A,,, A,, A, etc. and CT?/R have been measured, but the interpretation 
of the results must await further resonance experiments. Preliminary 
measurements on semi-dilute crystals have shown that the spectrum contains 
a very large number of lines, but these have not yet been analysed. 
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An Experimental Investigation of Characteristic Electron Energy Losses 
in Solids 


By G. W. JULL+ 


Imperial College, London 
Communicated by D. Gabor ; MS. received 13th Fuly 1956 


Abstract. ‘Vhe characteristic electron energy losses in a number of materials 
have been studied experimentally, with a view to elucidating their origin. The 
sharp losses of 14-6 ev in Al and 10-0 ev in Mg do not appear in their oxide spectra, 
while the broad bands in Be and Si are similar to those of their oxides. The 
mean free path for the 14-6ev loss process in Al was found to be 260 A for 
10 kev electrons. This strong line is weakened by preparing the film in a number 
of thin layers, of 20-50 A each, isolated from one another by some foreign 
material. ‘This observation suggests that the 14-6ev loss may well be due to 
collective excitation, and that boundary layers play an important role in 
determining the intensity of characteristic losses. 


§ 1. INTRODUCTION 


HARACTERISTIC energy losses of medium energy electrons in thin 

films have been the subject of many investigations in recent years. 

This interest has been largely stimulated by the suggestion of Bohm 
and Pines (1952) that excitation of collective oscillations could account for the 
discrete losses suffered by kilovolt-energy electrons in aluminium and beryllium, 
as first observed by Ruthemann (1941). ‘The calculated losses were in good 
agreement with those observed at 14-7 ev in Al and at 18-9ev in Be, assuming 
all the valence electrons were free. Moreover, the mean free path calculated by 
Bohm and Pines for this process was in agreement with the value estimated by 
Lang (1948) for 7-6 kev electrons in Al. ‘These early transmission measurements 
have been extended by Moéllenstedt (1949), Marton and Leder (1954) and 
Watanabe (1954) to studies of the losses of 25-40 kev electrons in a wide range 
of solids. In general their observations show that the loss spectra for metals 
are more complex than found by Ruthemann and Lang. For most metals 
several loss-lines were observed, and it is difficult to decide whether collective 
excitation or single electron interband transitions is the correct interpretation 
for a particular loss. It has been suggested by Pines (1955), Gabor (1956) and 
Ferrell (1956) that at least one line in the energy loss spectrum of each metal 
may be due to collective excitation. Wolff (1953) has noted that in some metals 
interband transitions will broaden and displace the observed collective loss 
from its free electron value. But insufficient knowledge of the band structure 
for most metals has delayed a detailed theory of the role played by interband 
transitions in determining the characteristic loss spectra—either as the dominant 
loss mechanism or by modifying collective losses. 

While for the most part the experiments do not provide evidence supporting 
either the single electron excitation or collective interpretation, several observa- 
tions appear to favour one rather than the other. Marton and Leder (1954) have 

+ Now with the Defence Research Board, Ottawa, Canada. 
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noted the similarity between the loss spectrum of certain metals and their 
compounds, and suggested single electron excitation as the loss mechanism 
in these metals. On the other hand a collective interpretation is favoured by 
several recent observations. The most clear-cut is the observation by Watanabe 
(1956) on the angular dependence of energy losses in certain metals. ‘This result 
appears to give experimental confirmation of the plasma wave dispersion law 
for losses in Al, Mg and Be. ‘The second by Gabor and Jull (1955) is the 
observation of a non-linear increase in loss intensity with film thickness for 
certain losses in gold. Such an effect, which cannot be explained on a single 
electron excitation basis, appears to indicate that the scattering cross section 
of collective modes in thin films (less than about 30A thickness) is far less 
than might be expected from observations in thicker films. 

One striking feature of the experiments, which has made interpretation more 
difficult, is the disagreement between various workers. For some metals no 
two investigators find the same spectra. Several likely causes for these dis- 
crepancies are the effect of surface contamination, and the fact that many of 
the losses are rather weak and difficult to detect. Usually films have been 
prepared by evaporation, and later transferred to the spectrograph for analysis, 
a procedure which will result in specimen surface contamination, particularly 
in the case of easily oxidized metals. And for the majority of investigations 
the recording of the spectra has been done photographically, which makes it 
difficult to determine absolute loss intensities. 

We have attempted to overcome these error sources by constructing an 
apparatus in which specimen films can be prepared and analysed in the same 
vacuum, and the spectra then recorded electrometrically. The analyser used 
was a new type of helical electrostatic spectrometer which was well suited for 
such energy loss investigation and will be described in detail elsewhere. Using 
8-12 kev primary electrons, measurements have been made on the losses in 
a number of solids, many of which were previously investigated only at higher 
primary energies of 25-40kev. Some properties of these losses have been 
further studied in an attempt to determine their origin. The effect of chemical 
combination for metals showing either sharp or broad main losses in their spectra 
has been studied. An investigation was made on the losses observed in aluminium 
for various film thicknesses, with particular reference to the intensity of the 
14-6ev loss. These experiments are of the same type previously reported for 
gold, and the results are similar. They are discussed below with reference to 
the recent theory of Gabor (1956) on collective oscillation in thin metal films. 


§ 2. APPARATUS 


The velocity analyser used was an electrostatic spectrometer in which the 
electrons follow helical trajectories. It was first described by Gabor (1951) 
in his investigation of the imaging properties of an electron beam which follows 
a helix under the influence of an electrostatic field. The simplest form of field 
which will result in helical electron trajectories is a cylindrical one’ 


b=) (1-In -) xe (1) 


where dy is the potential on the helical axis of radius ry. By choosing the diametral 
pitch of the helix (linear pitch divided by 27) equal to the radius ry, Gabor has 
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shown that gaussian image-formation can be obtained. A trajectory starting 
from a point on the helical axis will return to it after a rotation of 254° (7/2) 
around the central axis. It has also been shown that the dispersion 7 of the 
beam in the analyser is 


Payer a, © ee ee ee (2) 


where «€ is the energy loss fraction. 

For this system the focusing is two-dimensional while the chromatic shift 
is in the direction of the axis. This may be compared with the case of launching 
the beam into the field at right angles to the cylindrical axis, for which the focusing 
is in one direction only, and electrons of different initial energy are spread out 
radially. 

The spectrometer is illustrated in figure 1. A finely collimated electron beam 


HELICAL SPECTROMETER 


OBJECT CAPSULE 


ROTATABLE CONE-SHAPED ELECTROOE— 


/ / 
SCREENED COLLECTOR - FINAL ANOOE~ — GUN CATHODE ANDO GRID 


INNER CYLINDRICAL ELECTRODE 


Figure 1. Helical focusing velocity spectrometer. 


of 8-12 kev energy, incident on the specimen film, was subsequently decelerated 
to 1-6kev standard energy before entering the analyser. ‘The beam followed a 
helical trajectory around the central axis and after a revolution around the axis 
of 254° fell on a screened collector lying along a meridian plane. ‘The collected 
currents were amplified using an electrometer valve capable of measuring currents 
down to 10-4amp. With entrance and collector slit widths of 25 pw, and a 
radius ry of 1:74 cm, an energy resolution of 1-lev was obtained with 1-6 kev 
standard energy electrons. This was sufficient to resolve the fine structure in 
the energy loss spectrum of all metals. The useful angular aperture of the 


spectrometer was of the order of 5 x 107°. 
2N-2 
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A number of specimen films could be prepared and analysed without breaking 
the vacuum. ‘This was convenient for rapid analysis of several specimens and, 
more important, necessary in order to reduce surface contamination of easily 
oxidized metals. Before a series of runs, 200-mesh electron microscope grids 
were covered with substrates, and mounted on a cone-shaped specimen electrode. 
Up to 12 grids were thus available for use at any time in the vacuum. A specimen 
film was prepared by evaporating the material vertically on to a grid, from 
evaporators positioned below the cone. ‘The cone could then be rotated from 
outside the chamber, until the desired specimen film was accurately centred on 
the axis of the spectrometer electron gun, and the spectral analysis begun 
immediately. ‘lo complete the system, a rotatable glass disc was mounted halfway 
between the specimen cone and the evaporator, so arranged that the evaporated 
material deposited only on a small area of the disc and one specimen grid at a 
time. ‘The thickness of the metal specimen film was determined by measuring 
the thickness of the metal deposited on the glass disc by a Tolansky interfero- 
meter method, and dividing by 4. Specimen film thicknesses could be measured 
to the nearest 20A. ‘The spectrometer and the related equipment were all 
mounted in a large vacuum chamber designed by Ausburn (1952) for use in an 
earlier investigation of helical systems. 


§ 3. Loss SpecTRA oF METALS AND OXIDES 


The majority of the solids investigated were evaporated on carbon substrates 
prepared by the method of Bradley (1954). Because of their high mechanical 
strength they can be made as thin as 504, resulting in a high transparency for 
kilovolt electrons. Moreover, their loss spectrum is regular (Gabor and Jull 1955) 
and very similar to that of the hydrocarbon contamination which grows on the 
specimen film as a result of electron bombardment. Fortunately, the growth 
of contamination is somewhat limited in transmission experiments by the heating 
of the thin film by the electron beam (Ennos 1954). This composite backing of 
carbon and contamination shows losses of 5-5 ev and 23 ev which form the general 
scattering background for the metal losses. As Ruthemann (1948) pointed out, 
a loss peak on a rising background will show a slightly higher value than the 
correct one, and on a decreasing background it will appear lower. This correction 
has been made for these results as far as is possible—it is of the order of only a 
few tenths of an electron volt for lines which are sharp relative to the back- 
ground bands. 

‘Table 1 lists the losses observed in metals in the present investigation, which 
are divided into A and B type losses. 


Table 1. Electron Energy Losses (ev) 


Material A-type B-type ho 
Al 14:6 29-2 43-8 58-4 7:30 7:0 20°5 - 15:9 
Mg 10:0 20:3 11-0 
Be 190 40-0 59-5 18:8 
Si 17:1 34-0 16-9 
ee 23:0 46-0 Dia) 235 
Ag 23°8 44-8 S08! 6-8 14-3 9-0 


Au 24:0 47-0 aS lowe? 9-0 
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The A-type losses arise from the dominant loss process in each metal, while 
the B-type are less pronounced. ‘The energy loss spectra for Al, Mg, Be and Si 
are illustrated in figures 2, 3, 4 and 5. There is general agreement between our 
A-type losses and those reported by other workers. Some discrepancies exist 
between our work and that of others for the B-type losses, with one additional 
loss reported in Be, Si (Marton and Leder 1954) and Mg (Kleinn 1954). For 
Ag and Au some authors do not find any of the losses below 20 ev, while others 
report only one (Marton, Leder and Mendlowitz 1955).+ 
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Figure 2. Energy loss spectra of 10 kev elec- Figure 3. Energy loss spectra of 10 kev elec- 
trons in aluminium. A, 220A film. trons in (A) Mg and (B) MgO. 
B, 3704 film. 
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The half-height widths of the A-type losses vary considerably from metal to 
metal and are shown in table 2, as multiples of the primary beam width. 


TVable 2. Half-widths of A-type Losses. (Primary half-width = 1.) 


Metal A loss (ev) Half-width 
Al 14:6 1-1 
Meg 10-0 1:1 
Be 19-0 6:2 
Si 7 4-1 
GC 24-0 9-4 
Ag 23°8 10-0 
Au 24-0 9-4 


Observations were made also on Al,O;, MgO, BeO and SiO). ‘The first 
three were prepared by allowing the metal films to oxidize completely in air, 


+ This review covers the recent experimental investigations of characteristic losses most 
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and quartz films were prepared by direct evaporation. ‘The observed losses are 
presented in table 3, along with the results of other authors. ‘The spectra of 
MgO and BeO are shown in figures 3 and 4. For Al,O; we find reasonable 
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Figure 4. Energy loss spectra of 10 kev Figure 5. Energy loss spectra of 10 kev 
electrons in (A) Be and (B) BeO electrons in (A) Si and (B) SiO.. 


Table 3. Energy Losses in Oxides (ev) 


Oxide Present Author Other Workers 

Al,O3 23:0 46-0 22°3 45:52 (Ruthemann 1948) 

MgO a0) a0) Bass AS oe) 45-0 (Watanabe 1954) 

BeO 6:5 23-0 45 Se © Ass DIS S9/ (Watanabe 1954) 

SiO, 5-2 Les} 5-4 19-4 (Marton and Leder 
1954) 


agreement with other reported values but the MgO and BeO spectra are quite 
different than previously reported. The loss of 11-4ev found by Watanabe in 
MgO was observed in several of our partially oxidized films of magnesium. 

The spectra of Al and Mg do not bear any relation to their oxide spectra, 
while the losses observed for Be and Si are similar to the main losses observed 
for their oxides—the only difference being that the main oxide loss is shifted 
by 4 ev (Be) and 4-2 ev (Si) and is slightly broader. Marton and Leder (1954) 
first noted this similarity for Si and SiO, along with several other metals, quoting 


also the results of Watanabe (1954) for Mg and MgO. Our results for Mg and 
MgO do not confirm this similarity. 


§ 4. ‘THE VARIATION OF THE Loss SPECTRUM WITH FILM 'THICKNESS 


To determine the mean free path for the Al 14-6ev line a study was made 
of the intensity of losses observed in films of different thicknesses. For single 
electron collisions, the probability of exciting a loss increases with the distance 
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travelled by a primary electron in the solid. In a thickness dx, the probability 
of the electron losing one quantum is dv/A where \ is the mean free path for the 
process. ‘Then the probability p(x) that one electron will lose N quanta in a 
thickness x can be shown to be 


(x)= Cs os af —a|A 
Py (x) N | r e ee iotcrsnc (3) 


By comparing the area under a loss peak with the area under another for the 
same film, and knowing the film’ thickness, the mean free path can be obtained 
from equation (3). This comparison has been made for 220 and 3704 films 
(figure 2) and the averaged value of the mean free path found to be 260A for 
10kev primary electrons. This result is consistent with the value of 1804 
for 7-6kev electrons estimated by Lang (1948) and the value of about 600A 
for 30key electrons found by Blackstock, Ritchie and Birkhoff (1955) using a 
method of comparison similar to ours. Marton et al. (1955) have compared the 
number of lines observed in Al by various authors and conclude that for 30 kev 
electrons, the mean free path for this process must be less than 100A, in 
disagreement with our results. 

For very thin films a new effect was observed—a very low intensity, if any, 
of the 14-6ev line in films less than 30A thickness. One explanation which 
might be suggested is that the oxide surface layer and the substrate result in a 
sufficiently strong scattering background effectively to mask the pure aluminium 
lines. Experiments were then performed to reduce this possibility and also to 
study the spectrum of metals in films built up of thin isolated layers. It was 
found that separating layers of carbonaceous contamination or other material 
were sufficient to make each layer independent of the others, and ‘stratified’ 
films of this type were built up to several hundred a.u. total thickness. Observa- 
tions using this type of film were reported for Au (Gabor and Jull 1955). In 
these experiments with gold layers of 25-304 thickness each, separated by 
carbon contamination layers of some 10—20A thickness, only a very weak 
loss line of 16-1ev can be seen in films of as much as 170A aggregate gold 
thickness. This spectrum was compared with the spectrum of 110A gold 
film ona carbon backing which shows the 16:1 ev loss at least an order of magnitude 
stronger. (Since the prominent broad gold loss at 24-0 ev lies on top of the carbon 
maximum, it is difficult to detect any difference in this loss peak between a 
stratified and an unstratified film.) 

The experiments with gold exclude the possibility of oxides affecting the 
spectrum, but the losses for gold which were weak in the stratified films are 
somewhat broader and less pronounced than the main losses in aluminium. 
Experiments with aluminium show that the strong 14-6ev line is similarly 
weakened by building up the film of sufficiently thin layers. Moreover, all 
materials which were used as dividing layers appeared effective. ‘The apparatus 
was provided with two evaporators and stratified films of the constituent materials 
could be built up by rapid alternate evaporation. Films of Al, with Au as a 
separating layer, were built up of various thicknesses and numbers of layers ; 
figure 6 shows the spectrum of two such films. Curve A is that for 5 Al layers 
of 1104 aggregate thickness separated by 4 thin Au layers. The only structure 
in the spectrum is a broad low maximum from 5 to 8 ev, a broad loss from 14:5 
to 15 ev, as well as maxima at 23 ev and 45ev. Curve B is the spectrum of two 
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Al layers of 120A total thickness separated by one 304A gold layer. Only 
a very weak 14-6 ev line appears. By way of comparison, figure 7 is the spectrum 
of a uniform Al film of 110A thickness, on to which have been evaporated 
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Figure 6. Energy loss spectra of 10 kev Figure 7. Energy loss spectra of 
electrons in stratified aluminium 10 key electrons in a continuous 
films with gold as separating layers. aluminium film with gold as a 
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aggregate thickness separated by 4 aluminium film. B, 1104 
gold layers of about 404 total aluminium film with gold sur- 
thickness. B, 2 layers of aluminium face layers of 200 A aggregate 
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arated by a 304 gold layer. 


ELECTRON INTENSITY 
Yn WwW bh UH N wo © 


Oo - 


Ke) 20 30 40 50 
ELECTRON ENERGY LOSS(e volts) 


Figure 8. Energy loss spectrum of 10 kev electrons in a stratified aluminium film with 
S10, as separating layers. 4 layers of aluminium with an aggregate thickness of 
200 A, separated by SiO, layers of about 50 4 aggregate thickness. 


thin gold layers to a total thickness of 200A. In spite of the scattering in the 
gold surface layer the 14-6 ev line comes through very strongly, in sharp contrast 
to the Al stratified film spectra with gold as a separating layer. A similar effect 
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resulted when SiO, was used as a separating layer as shown in figure 8. In all 
cases it appears that the interaction of the primary electrons with the 14-6 ev 
loss mechanism has been appreciably modified by dividing up the Al into thin 
layers of perhaps 50A and less, with a separating material. 


§ 5. Discussion 


Our observed losses lend support to the suggestion of Pines (1955) that 
collective excitation could account for the A-type losses in Al, Mg, Be, Si and C. 
For a metal behaving as a free electron gas of density n, the collective loss hw» 
is given by 3-74x10-'\/nev; and the computed values (assuming all the 
valence electrons are free) are listed in table 1. As Pines has pointed out, the 
agreement is good between the calculated and observed losses in Al, Mg and Be 
—metals which would be expected to show free electron gas-like behaviour. 
Moreover, this agreement extends also to Si and C—solids with filled zones. 
This is possible for, as noted by Pines, the energy in a quantum of collective 
peaked, is greater than band separations for many solids, hence the usual 
distinctions between insulators and metals may not be generally applicable 
when considering collective excitation. Any collective losses in such metals 
as Ag and Au will be more difficult to identify tentatively, as interaction of the 
valence electrons with inner electrons can be expected to displace the free electron 
plasma loss. 

Some of the observed properties of the losses show only that the observations 
are not irreconcilable with a collective interpretation. ‘This is evident when 
comparing the spectrum of a metal with that of its oxide. The fact that the 
sharp lines observed in Al and Mg do not appear in their respective oxide spectra 
is as one would expect assuming free electron-like collective behaviour. On the 
other hand, while the observations on the similarity of the spectra of Be and BeO, 
and Si and SiO,, may favour individual electron excitation, a collective interpre- 
tation cannot be ruled out for the losses in these solids. Clearly the conduction 
electrons cannot be responsible for losses in insulators but collective-like 
behaviour of core electrons might be expected in some cases as suggested by 
Gabor (1953, unpublished) and Pines (1953).: A separation of losses of different 
origin does not appear possible by simply comparing the spectra of a metal and 
its oxide. 

One possibility which might be considered in determining the origin of the 
losses is the observed value of the mean free path. Pines (1953) has determined 
the mean free path A for collective excitation to be 


haymv? 
a a 4 
47ne? In (kev/wp) 4) 


where v is the velocity of the incident electrons and 2, as before, is taken as the 
number of valence electrons. k, is the cut-off wave number for collective 
oscillations and has been given by Pines (1955) as 


ip 1/2 
eens (2) pos & (5) 
0 


where &, is the wave number of an electron at the top of the Fermi level, ds is 
the Bohr radius, and 7, is the interelectronic spacing, defined by 


n= (477°)-1. Ro eed (6) 
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For the 14-6ev line in Al, ke=0-89x108cm— and, with 10 kev electrons, 
A=235 A. This is within 10°, of the measured value, representing good 
agreement. ‘I'he measurement of the mean free path cannot, however, be 
considered a sensitive test for the loss origin as pointed out by Marton ef ai. 
(1955) as both individual electron and collective excitation will result in mean 
free paths of the same order. 

There still remain the observations on the initial non-linear rise in collision 
cross section for losses in thin stratified films of Au and Al. Clearly these could 
not be interpreted by single electron excitation, which one would expect to 
depend only on the aggregate metal thickness and not its structure. Nor can the 
results be accounted for by the Bohm—Pines collective excitation model, These 
authors have treated the excitation of plasma waves as an inelastic process in 
an extended medium, resulting in the same type of scattering cross section as 
would arise from individual electron excitation. The only model which appears 
appropriate to explain the results is that proposed by Gabor (1956‘. Gabor 
has recognized that for the interpretation of collective losses in thin films—as 
used in all experiments—representation of the incident electron beam as a 
plane monochromatic wave is not sufficient. For such films the interaction 
time 7 depends only on the duration of the incident wave train, defined by the 
thermal velocity spread of the beam electrons, passing through the film. Moreover, 
for films in which the lateral grain size is greater than the geometrical coherent 
beam width (incoherent illumination) it was found that the interaction probability 
will be greater than the case for which the grains are coherently illuminated. 
As defined by Gabor the coherent beam width is given by half the electron 
wavelength A., divided by the angle subtended at the film by the image of the hot 
cathode. For 10 kev electrons and a collimation of the order of 10-3-10~4 radians 
this gives coherence widths of 50-500 A. Examination of electron micrographs 
and diffraction diagrams (Gabor and Jull 1955) shows that for the Au films used 
the grain size was greater than this range of coherent widths. Then for this case 
of incoherent illumination, Gabor has calculated the first-order interaction 
probability P ast 


c a a 
P=5-8 x 10-4 (<) (wpt)O (=. «| Saar (7) 

where a is the thickness of the film and a, =7v/w,, 18 a measure of film thickness 
in which an individual electron will ‘see’ only one half-cycle of collective 
oscillation wp. Ag is the wavelength corresponding to the cut-off wave number Re. 
QO(a,/Ac, a/a,) illustrated in figure 9 (after Gabor), is determined by the 
Summation of the contribution to the interaction probability of the individual 
excited modes. This O-function does exhibit a marked departure from linearity 
—rising slowly at first, more rapidly at a thickness a,, and finally reaching an 
asymptotic value after overshooting it slightly at 2a,. Neglecting 2nd and higher 
order transitions in very thin films, this O-function alone determines the rise 
in interaction probability with increasing film thickness, since the interaction 
time is now independent of film thickness. 

Gabor has made a comparison of the observations reported for Au, and the 
predicted non-linear increase in P. Since for these very thin films only first-order 


on i  oercen a numerical error in Gabor’s eqn. 36. For coherent illumination the factor 
ISS Ome 
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transitions are important, it is valid to compare the observations directly with 
the expected effect predicted by the Q-function. It was shown, however, that the 
observed non-linearity is too strong to be explained by the theory. The dis- 
crepancy, which lies outside experimental inaccuracies, can only be explained 
by assuming that the effective thickness of such thin layers is less than the nominal 
thickness, as regards collective oscillation. In conclusion Gabor has suggested 
that disturbed surface layers of several atomic layers would serve as the actual 
boundaries of collective waves in metal films: the results could then be readily 
explained. 


0 5 Ro) 15 20 2.5 3.0 
0/an 


Figure 9. The collision probability function Q, as a function of the thickness and cut-off 
wavelength A, (after Gabor). 


A better comparison with this theory would be expected for Al, for which 
the sharp loss tentatively identified with collective oscillation is the dominant 
inelastic process in the forward direction. ‘lable 4 presents the ratio of the 
intensities observed for continuous films and films built up of thin layers. Also 
listed is the expected relative effect based on Gabor’s theory. For the loss of 
14-6 ev in Al and 10 kev electrons a4,=82 A. ‘The cut-off wavelength predicted 
by Pines (1955) and confirmed by Watanabe (1956) is 7a.u. The calculated 
relative intensities were taken for a,/}A-=23 from the O-function (figure 9). 


Table 4. Comparison of the Observed and Calculated Relative Intensities 
for Stratified and Continuous Aluminium Films 


Observed Calculated 
Stratified Film Continuous Film Relative Relative Corrected 
intensity I, ispuraey Ih, Relative 
No. of Total Thickness I‘continuous) J (continuous) — Effect 
Layers Thickness (A) I (stratified) J (stratified) for Oxide 
5 110 110 23 4-2 Very large 
2} 120 110 6 1-4 2. 
4 200 180 6 ev 3 


As for Au, there is still a stronger non-linearity than is predicted by the 
O-function. For Al the presence of the oxidized surface layer must be considered ; 
this would result in an actual thickness of perhaps 20A less than the measured 
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thickness. For this reduced thickness the predicted effect is also shown in table 4 
—still not sufficient to account for the measured effect. If one assumes, as Gabor 
has done for Au, that disturbed boundary layers of several atomic layers are 
responsible for reducing the thickness for collective oscillations by another | 
15—20 A, the results can be accounted for. 

In conclusion, these experiments do undoubtedly show that the initial increase 
in P is non-linear, although the observations always show a stronger effect than 
can be accounted for by Gabor’s theory. The theory predicts that the 
non-linearity will be observed up to thicknesses of the order of a_; this suggests 
operating with higher primary energies, and consequently greater values of a,, 
for which the importance of the surface layers will be negligible. In the present 
experiments with 10kev electrons in Al, a,=82A, but if 100kev electrons 
were used a,=230A and a more exact determination of the non-linear effect 
could be made. 
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Abstract. An investigation is made of the general problem of calculating the 
momentum distribution of electrons in solids. As a preliminary illustration 
the Kronig—Penney one-dimensional model is considered and momentum 
eigenfunctions are obtained for the limiting case of a delta-function potential. 

The three-dimensional problem is then formulated and the methods are 
applied to metallic lithium. A procedure for calculating momentum eigen- 
functions for conduction electrons is given for the case in which the wave functions 
are of the simple form given by Seitz. The calculation of the momentum 
distribution function is then discussed in detail and finally the shape of the 
Compton profile in x-ray scattering is obtained. The results are in good agree- 
ment with previous calculations based on the Thomas—Fermi approximation 
but the predicted broadening of the Compton line is considerably less than that 
obtained in the experiments of Kappeler. The effect of using a more refined 
wave function is investigated but it appears unlikely that the discrepancy can be 
resolved in this way. 


§ 1. INTRODUCTION 


N part I of this series (March 1954) attention was drawn to experimental 

results giving the shape of the Compton profile in x-ray scattering from 

metallic lithium and beryllium. ‘The very marked broadening found by 
Kappeler (1936) and Dumond (1933) respectively for these two metals presents 
an interesting theoretical problem which ought to yield information about the 
accuracy and general validity of present theoretical treatments of metals. It 
should be understood here that the broadening referred to above is that found by 
comparing the experimental half-widths for these metals with the theoretical 
half-widths for the corresponding isolated atoms which can be found from 
a paper by Duncanson and Coulson (1945). ‘The half-width of the Compton 
profile is increased by some 350°, according to Kappeler for Li whilst for Be the 
increase is about 160°, from the experimental results of Dumond. 

In I the theoretical results were obtained by using the ‘Thomas—Fermi 
approximation to calculate the momentum distribution and whilst it was possible 
in this way to demonstrate conclusively that one would expect a marked broadening 
of the Compton line by binding atoms in a crystal the results left much to be 
desired from a quantitative point of view. Surprisingly enough, this was 
particularly so for Li, in which case a broadening of 100°, was anticipated, much 


less than Kappeler found experimentally, 
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In this paper we take up the general problem of calculating the momentum 
distribution of electrons in solids. We shall first of all deal with a one-dimensional 
case, using the Kronig—Penney model to illustrate the methods we shall employ. 
‘This is considered in § 2 where we also discuss the relation of our work to that of 
Slater, who alone seems to have given any attention to the sort of problem we 
meet here. ‘Then in §3 the general three-dimensional problem is considered 
and a practical application of the results is made for Li. In §4 we discuss the 
method of finding the momentum distribution function which is needed in the 
calculation of the shape of the Compton profile. The calculations are carried 
out explicitly for Li and the Compton profile obtained. In §5 we discuss the 
connection between the present results and those obtained previously using the 
‘Thomas—Fermi approximation and make a comparison with experiment, while 
in § 6 we briefly consider the effect of refining the wave functions we have used. 


§ 2. MOMENTUM EIGENFUNCTIONS IN ONE-DIMENSIONAL PROBLEMS 


We begin by considering a general one-dimensional periodic potential. 
We are interested in solutions of the Schrédinger equation of the Bloch form 


pil X) = (x) Exp (kx) 0 (1) 
where the function w,(x) is periodic with the period of the potential. Since Uy, 
is periodic we can expand it in a Fourier series and write 


ee) 


2min: 
u,= > Pn XP ( ~~) eae (2) 


r~=— 0 


“ 2 
be= > vUn,eXp i (a+ =") «| Bees (3) 


n=— eo 


and thus we have 


where a is the fundamental periodicity, that is 
U,(x + a) =U;,(x). 

The physical interpretation of equation (3) is now clear. Each term in 
the expansion of y, is an eigenfunction of the momentum with eigenvalue 
p=k+2nn/a.t In other words, in equation (3) we have the expansion of the 
space wave function in terms of eigenfunctions of momentum and by the usual 
quantuin mechanical interpretation it follows that when the wave function 
defined by equation (3) is suitably normalized the coefficients U,, are such that 
|v,,, |? gives the probability that an electron with wave number & shall have 
a momentum k+27n/a. (For a completely free electron, for example, vp, 
will be equal to unity and all other coefficients will be identically zero.) The 
coefhcients v,,, thus define the momentum eigenfunction for the particular 
electron described by the wave number k and show us that there js a finite 
probability of finding any one of an infinite number of discrete values for the 
momentum. Although the idea of associating a momentum eigenfunction 
with any particular electron is familiar, by analogy with atomic and molecular 
theory, there is another way of looking at the problem for solids which, as Slater 
has emphasized, is particularly convenient. Here we have the case when a band 
is described in terms of a continuous range of wave numbers (or wave vectors 
in the three-dimensional case) and whilst for a particular value of k the momentum 
eigenfunction is defined only at discrete points in momentum space, if we now 


t Atomic units are used throughout this paper. 
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consider all the values of & within a band we can regard the separate momentum 
eigenfunctions as building up a continuous function which gives us complete 
information about all the wave functions within the band and which can con- 
veniently be referred to as the momentum eigenfunction of the band. 

The problem of finding the coefficients v, , which constitute the momentum 
eigenfunction can be approached in either of two ways. The first, and usually 
the more straightforward, is to start from the space wave function #,(x) and 
transform it into momentum space, whilst the second is to set up appropriate 
equations for the momentum eigenfunctions and to solve them directly. In 
this paper we shall be concerned solely with the first method. 

Thus we assume %,(x) or u,(x) to be known. If we multiply equation (2) 
by exp (— 277mx/a) and integrate over a fundamental period we obtain 


1 4 — 2rimx 
= oa ; u)(&) exp ("| Che a an Tie ces (4) 


Use of Kronig—Penney Delta- Function Potential 


We shall illustrate the methods used in this paper by considering the 
one-dimensional periodic potential first proposed by Kronig and Penney (1931). 
Even this potential does not lead to simple wave functions in general and therefore 
in the application which follows we shall deal only with the case when the potential 
hills become infinitely high and infinitely thin, that is we deal with a periodic 
sequence of delta-functions. ‘The consequences of such a model have been 
discussed in great detail by Hutner and Saxon (1949). 


In this case we may write 


u,(x)= Cexp[1(—k+8)x]+Dexp[z(—Rk-B)x]  ....... (5) 
where £?=2E, E being the energy corresponding to the wave number R, and 
= 1—exp[—z(k-)a] 


1—exp[—2z(k+ B)a] 
Further, if we require that 


5 “LL 7b 
ae ||, Pr dade | | ax | =f 


which then ensures (Slater 1934) that 


> | Oak le = 1 


Wt 


ect=5| pesos la a Ab rete (6) 


2|.1—coskacos Ba+ M ‘(cos ka—cos fa)? 
Here, M is related to 8 by the equation 
(M sin B/B)+cos B=cos P 
where we have put Ba=B, pa=ka+2nm=P.t+ It can then be shown after 
somewhat lengthy calculation starting from equation (4) that 
4M*sin B 
enn P= [sin B(1 + M/B*)—(M/B) cos[B]B?-— P20 (7) 

Using this expression we can plot out the momentum eigenfunctions for all the 
energy bands. In figure 1 we illustrate the result represented in equation (7) 


we find 


+ Our notation differs slightly from that of Kronig and Penney. In particular our W/ 
corresponds to their P. 
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by plotting |w,,, |? for various special cases. Curves 1-3 show |z,,; |? for the 
first three bands assuming (following Kronig and Penney) that M=37/2. It is 
of interest to compare these curves with those obtained by Slater (1952, fig. 4) 
in his discussion of the one-dimensional Mathieu problem; some similarity is 
evident. ‘The general effect of varying M can be seen fairly readily. If we make 
M large, then as Kronig and Penney pointed out, the regions of allowed energies 
contract eventually into points defined by B=7, 27, 37, etc. We show in curves 
4—6 the results for the first three ‘bands’ in the limit M— oo. It is easy to verify 
that these are just the momentum eigenfunctions for the first three levels in a 
square well potential. The opposite limit /—~0 leads to the free electron case. 
We illustrate the effect of diminishing M by plotting the momentum eigenfunction 
for the first band, taking M = 37/20, in curve 7. Already we have a close approxi- 
mation to a free electron case, with |v,,,|? practically constant and very near to 
unity and then suddenly dropping to zero. The results for higher bands in all 
cases are quite illuminating but in the interests of brevity will not be discussed 
further. 


Vingl? 


Figure 1. Momentum eigenfunctions for Kronig—Penney delta-function potential. 
Curves 1-3 : first three ‘ bands’ for M= 37/2; curves 4-6: first three ‘ bands’ for 
M=©0; curve 7: first band for M=37/20. 


§ 3. FORMULATION FOR GENERAL THREE-DIMENSIONAL CASE 
In order to calculate the momentum eigenfunctions we shall suppose that we 
know the space wave function y,(r) describing a valence electron in a state defined 
by the wave vector k. According to Bloch’s theorem we may write 
Wich) =wryexp(ck.r) | a ee (8) 
where u,(r) is periodic with the period of the lattice, This may, therefore, be 
expanded in a triple Fourier series, making use of the reciprocal lattice. If 
b,, b,, by are the basic vectors in the reciprocal lattice and G is a vector defined by 
G=2n(gib; Fesbs-re,b,) ee (9) 
where g1, 25, 23 are integers, then we have 
u(r) =" “> PvelexpGGir)p) een ee (10) 


It follows that 
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which is again an expansion in eigenfunctions of momentum. As in the one- 
dimensional case it therefore follows that vg, is the momentum eigenfunction 
for the electron in state k, or as before by allowing k to run over all values within 
a band we can consider the continuous function which is thereby formed as the 
momentum eigenfunction of the band. 

For any particular vector, G’ say, we find vg, by multiplying both sides of 
equation (10) by exp(—/G’.r) and integrating over a unit cell of volume V. 
In this way we obtain 


Uek= a | Ar Exp (= 7Guet dt weaenent: (12) 


¥ unit cell 
For this to give the momentum eigenfunction directly, the space wave function 
must be normalized so that 


Vea ee ey ee (13) 


~ unit cell 
3.1. Application to Seitz Wave Function 


We now apply equation (12) to Li, where we shall suppose it is sufficiently 
accurate to use the simple wave function due to Seitz (1935). We shall look more 
closely into this approximation later. This wave function can be written in the 
form 

w(r)=ul(riexpi@ksr) =  seeeee (14) 
Since the function u(r) is determined using the sphere approximation we shall 
expect to take the integration in equation (12) not over the cellular polyhedron 
but over the sphere of equal volume. We can now use Bauer’s expansion for 
a plane wave in an infinite series of spherical waves, namely 


exp(—1G.r)= > (2+ 1)(—i))P,(cos@f(Gr) ses. (15) 


where 6 is the angle between r and G and the functions f,(Gr) are defined by 


1/2 


£(Gr)= (se) Inaa(Gn), 


J denoting a Bessel function in the usual notation. Performing the integration 


over angles we find 
1 


UG V 


eC 4 en ae (16) 


0 

where f,(Gr) =sin Gr/Gr, and r, is the radius of the atomic sphere. ‘This is the 
formula we have used to calculate the momentum eigenfunctions for Li. It is 
clear that the integral is not in fact dependent on k because of the special type 
of wave function used and this, of course, leads to considerable simplification. 
Having calculated the momentum eigenfunction for a particular electron in 
the band we then know it for all other electrons. 


3.2. Evaluation of Momentum Eigenfunctions 


In order to obtain the momentum eigenfunctions we need to enumerate the 
vectors in the reciprocal lattice. For a body-centred cubic lattice we have 
|b, |=|b.]=|bs;| and hence 

G=0-957(Syi teint sis) tt eee (17) 
(see, for example, Parmenter 1952), where i,, i, and i; are mutually orthegonal 
unit vectors and g, +g,+g, is an even integer. ‘The formula (16) clearly involves 
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only the lengths of these vectors, which are shown in the table. The evaluation 
of the integral can then be carried out and in this way the results shown in the table 
have been obtained. 


Momentum Eigenfunction for Lithium 


G NG UGk | UGk [2 

0) 1 —()-947 0-897 
hogs 12 +-0-0442 0-00195 
1-914 6 0-124 0-0154 
2°344 24 ~0-0366 0-00134 
2:707 1 — Oi O136 0-000185 
3-026 24 —0-0130 0-000169 
Sesls 8 +-0:00786 0-0000618 
3°58] 48 +0:0247 0-000609 
3-828 6 + 0-0285 0-000811 
4-060 24 0-0214 0-000457 
4-280 24 + 0-00929 0-0000863 
4-489 24 —(0-00156 0-00000244 


A number of comments are worth making in connection with the table. 
First of all, from a computational point of view, we found it useful to obtain Dor 
for the longer reciprocal lattice vectors by fitting a relatively simple analytical 
form to the Seitz wave function. This procedure is desirable from a practical 
point of view as the integrand oscillates rapidly, making the usual methods of 
numerical integration laborious to apply. The analytical form adopted is 


Uo(7) = 1-899[3-547 exp (—2-26r) —r exp(— 076587), 0-271 -s0n 


at 18 
rug(r) = 0-1446r? — 1-8636r + 1-1670 , 1-80 <r <r, i (18) 


and the first expression is shown in figure 2 together with the Seitz wave function. 
It is doubtless possible to obtain a somewhat better fit by readjusting parameters 
but this is adequate for our purposes. For r> 1-80, the analytical form and the 
Seitz function are indistinguishable to graphical accuracy. Secondly, we see 


Figure 2. Comparison of analytical wave function with Seitz function. 


Note, Author’s correction: the figures on each of these scales should read () 0-5 
Lie eeete instead of 0,1,2.... ye 


immediately from the table why a straightforward expansion of the wave function 
in plane waves is not very useful from a practical point of view, as has often been 
noted, This is because of the slow convergence of the Ugx'S—although Vok 
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is very much larger than any other vg,, nevertheless, many of the higher values 
are of the same order of magnitude. It should also be remembered that there is 
a number ng of reciprocal lattice vectors with the same length G and we show 
these numbers also in the table. 

The values of |vg, |? are also illuminating. We see that the probability of 
finding an electron of wave vector k with momentum k is 0-897, very much larger 
of course than the probability of finding any higher value. If we began with 
a suitably normalized wave function with the correct symmetry of the lattice 
then we should have the relation 

= 


simply expressing the fact that the probability of finding the electron with one 
of its infinite number of possible discrete values of the momentum is unity. 
If we form this sum numerically from the results given in the table we find 


> | ex Pil. 
The deviation from unity appears, therefore, to have arisen chiefly because of the 
sphere approximation employed, although the possibility of small errors arising 
from the fitted functions (18) cannot be entirely excluded. We do not believe 
that our essential results will be in any way seriously affected by these 
approximations. 


i 2s een a cme (19) 


Finally, whilst dealing with the momentum eigenfunctions, it is interesting 
to examine the way in which the detailed form of the Seitz wave function is built 
up from the expansion in plane waves. ‘To do this, we could go back to equation 
(10), insert the appropriate vg, values and see how u,(r) is obtained. However, 
we calculated the vg, results from a spherically symmetrical wave function and 


Figure 3. [Illustration of approximation to Seitz function obtained from plane wave 
expansion. Curve 1 : Seitz wave function ; curve2: 1 plane wave (G=0); curve 3: 
13 plane waves (G=0, 1-353); curve.4: 19 plane waves (G=0, 1:353, 1-914); 
curve 5: 43 plane waves (G=0, 1°353, 1-914, 2:344). x: value at orizin with 213 
plane waves. 
20-2 
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thus it seems more appropriate to average u,(r) in equation (10) over angles. 
This amounts to replacing the plane wave exp(?G.r) by fo(G7). Thus we see 
that the first term is simply 
Vor to(9) = Von = — 0-947, 

We show in figure 3 the way in which we approach the Seitz function as we add 
further terms. Curve 5 shows the result when we include all reciprocal lattice 
vectors up to G=2:344, corresponding to the inclusion of 43 plane waves. It 
can be seen that we have a totally inadequate approximation to the Seitz function 
which is shown for comparison. If we add in all the plane waves corresponding 
to values of G recorded in the table, 213 in all, the value of uw) at the origin (indicated 
by a cross in figure 3) is still less than half of the Seitz value. ‘These results 
demonstrate very forcibly the need for modifying the method of expanding in 
plane waves and for the introduction by Herring (1940) of the orthogonalized 
plane wave method. 


§ 4. CALCULATION OF MOMENTUM DISTRIBUTION FUNCTION 


The momentum eigenfunctions are not themselves sufficient to enable us to 
calculate the required shape of the Compton line. We must now proceed to 
find the momentum distribution function /(p) which is such that /(p)dp gives 
the probability of finding an electron with momentum of magnitude between 
p and p+ dp. 

First of all, we have the result that the number of states per unit volume of k 
space per unit volume of metal is 1/873. Also, for every vector k lying inside the 
Fermi surface, which we take to be a sphere of radius ky (=0-589), we obtain 
an allowed value of the momentum by forming the sum of k and any vector G, 
as can be seen from equation (11). For a given vector G in the reciprocal lattice, 
we have thus momentum vectors whose heads lie within a sphere of radius k, 
around the reciprocal lattice point and are distributed with uniform density. 
Further, because of the simple form of the wave function we have adopted, 
the momentum eigenfunction is constant throughout this sphere. Hence we 
find the probability of an electron lying between p and p + dp, apart from a normal- 
izing factor, by multiplying the square of the modulus of the momentum 
eigenfunction by the volume of occupied momentum space for each vector G 
and summing over all G. 

In order to illustrate the way in which the spheres in momentum space begin 
to overlap we show in figure 4(a@) the spheres corresponding to the first seven 
values of G given in the table. ‘I'he diagram is schematic only, as we have taken 
the vectors G as being in the same direction. It should be noted that there is 
a region of momentum space between ky and the second sphere which is entirely 
unoccupied. ‘This is, of course, a consequence of the metallic nature of lithium. 
For a particular sphere whose centre is the head of the vector G, the volume 
cut off between spheres of radi p and p + dp (see figure 4 (4)) is 


iN fed eon ee] 
7 rea Dar ip ay a ip. nicto (20) 
We can now write down immediately the momentum distribution function 
I(p) for the range 0<p<k,, ‘The result is 
2 47p2d. 
ji =. | Dox | P P 
(PP = ah] 


or I(p) = 13-2p? 
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Figure + (a). Diagram (to scale) illustrating system of overlapping spheres in momentum 
space. 


Figure +(5). Diagram showing notation used in equation (20) for volume of occupied 
momentum space. 


whereas the free electron result is simply 

Ip) = 3p?/ky? = 14-7p?. 
Continuing in this way we build up the function /(p) for higher values of the 
momentum p. 

It should be noted that, so far, we have only considered the conduction electrons. 
We must now take account of the contribution from the Is electrons. This can 
be conveniently obtained from the work of Duncanson and Coulson (1945) and 
may be written 
a26°p* 

11(P)= 3 a 3 
mp? ales 2) 
From these two distributions we form the total momentum distribution function 
by taking two-thirds of /,,(p) and adding it to one-third of the momentum distribu- 
tion function for the conduction electrons, and the final result is shown in curve 1 
of figure 5. For comparison the result obtained in I by means of the ‘Thomas— 
Fermi approximation is shown in curve 2. 

Knowing the momentum distribution function we can now compute the 
Compton profile. ‘This can be conveniently written in the following form 
applicable for all scattering angles and all incident wavelengths (Duncanson and 
Coulson 1945): 


20-00 «Lo eee (21) 


17° 1p) 
Si aN aes |e geen, arate ARN Mh I ee Jif 
(= 35) 4 (22) 
The results obtained for J(q) by numerical integration are shown in curve 1 of 
figure 6, whilst curve 2 represents the results of the Thomas—Fermi approximation. 
The half-width of the profile is a convenient quantity to use for comparison with 
experiment and the value is found to be 1-0 atomic unit. 
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Figure 5. Momentum distribution function. Curve 1 : all electrons, present calculation; 
curve 2: all electrons, Thomas—Fermi calculation. 
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Figure 6. Compton profile. Curve 1: all electrons, present calculation; curve 2: all 
electrons, Thomas—Fermi calculation. 


§ 5. Discussion 


From figures 5 and 6 it will be seen that there is quite reasonable agreement 
between the present calculations and those reported in I. In particular the 
half-widths are 1:1 and 1:0 respectively from I and the treatment given here. 
However, as was emphasized in I, these values are much less than that given by 
Kappeler (2°6). It is clear from our work that in order to obtain a result in 
agreement with Kappeler’s the value of I(p) at the peak, corresponding to p = ky, 
must be very markedly reduced, and thus a bigger contribution to I(p) must come 
at larger momenta. From our work it is clear that the magnitude of J(p) at 
p=k, is determined by the momentum eigenfunction of an electron at the Fermi 
surface, and it is certainly here that we might expect the Seitz wave function 


to be least accurate. For this reason we shall consider in § 6 the use of a refined 
wave function due to Kohn. 
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§ 6. ErrectT oF REFINING WavE FUNCTIONS 


It is now known, especially from the work of Kohn (1954), that the value of 
the square of the modulus of the wave function at the nucleus for a conduction 
electron at the Fermi surface (which is required in the calculation of the nuclear 
magnetic resonance shift discovered by Knight (1949)) is very considerably 
less than that for an electron in the lowest state k=(). The simple Seitz function 
(14), of course, leads to no variation over the band. It seemed desirable, therefore, 
to examine the effect on our previous results of using a wave function which is 
more accurate than the Seitz function at the Fermi surface. 

As was first proposed by Bardeen (1938), it is possible to improve the Seitz 
wave function by using an expansion in a power series in k, and this appears to 
be still useful at the Fermi surface (Kohn 1954). We have, therefore, examined 
the wave function 


nt) = _N (up + ik, P, + Ribot boPoexp(iker) eee (23) 


where P,=cos(k.r), P,=${3 cos?(k, r)—1}, (k, r) denotes the angle between 
k and r and wp, do, ¢, and ¢, are radial functions, tables of which have been made 
available to us by Professor Kohn. 

We shall find that it will not be necessary to calculate the momentum 
eigenfunctions from the wave function (23) for a general vector G although this 
in fact is possible, if very laborious. As we have already noted, the most important 
region is the central sphere of momentum space, corresponding to G=0, and 
particularly the neighbourhood of the Fermi surface. Making the sphere 
approximation as usual we find, by making use of equations (12), (15) and (23) 
and the orthogonality properties of the Legendre polynomials, 


a 2 | (ig + R°by)dr- emee 


Evaluating the various integrals numerically we find that vg, varies insignificantly 
over the occupied part of the band. ‘Thus, at least on the basis of this wave 
function, the result obtained from the simple Seitz wave function seems well 
substantiated. Undoubtedly, if we were now to repeat the calculations for other 
values of G we should find some variation of vg, with k in general. But it seems 
clear from our work that such modifications will make only minor changes in the 
final result for the Compton profile, and we have not proceeded further. 


§ 7. CONCLUSION 


From the present work it would therefore appear that a real discrepancy 
exists between theory and experiment. We cannot, of course, be completely 
certain of the accuracy of our results at the Fermi surface, which is a very important 
region, but calculations using the wave function (23) entirely support the con- 
clusions reached on the basis of the simpler function (14) as well as the results 
obtained from the Thomas—Fermi calculations of I. The possibility that changes 
in the shape of the Fermi surface can markedly alter the results should not be 
entirely discounted, although we do not believe this to be likely. What does 
seem clear from the present investigation is that further experimental work along 
the lines of that carried out by Dumond (1933) and Kappeler (1936) would be of 
very considerable interest. 
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Ageing of the Dielectric Properties of Barium Titanate Ceramics 


By K. W. PLESSNER 
British Dielectric Research Ltd., 38 Wood Lane, London, W.12 


Communicated by F. B. Birks; MS. received 7th May 1956 and in revised form 18th Fune 1956 


Abstract. The permittivity and power factor of ceramic barium titanate and 
barium titanate solid solutions have been measured as a function of time, starting 
from the time of cooling the material through the Curie point. Both parameters 
decrease linearly with logt over periods extending to several years. A theory 
is proposed which postulates that a large contribution is made to the permittivity 
by the motion of domain walls, and that the domain walls are gradually moved 
to more stable and less polarizable states by thermal agitation. A wide distribution 
of activation energies, reflecting the random character of obstacles to domain 
wall motion in a ceramic, yields the logt law. Domain walls moving over 
low-energy humps are considered responsible for the power factor decay. 


§ 1. INTRODUCTION 


HE gradual diminution with time of the permittivity of barium titanate 

type ceramics has been known for some years. ‘This ‘ageing’ effect starts 

when the ceramic is cooled through the Curie point, proceeds rapidly at 
first and continues at a gradually diminishing rate for a period of months or 
years. The ageing cycle can be repeated by heating the ceramic above its Curie 
point for ashort time. ‘The effect is, therefore, connected with the ferroelectric 
nature of Ba’TiO,, and a number of authors have attributed ageing to the gradual 
rearrangement of domains into more stable configurations (Bogoroditskil and 
Verbitskaya 1952, Novosiltsev et al. 1952). Mason (1955) has given a detailed 
theory of the ageing of the piezoelectric properties of Ba~Pb and Ba—Pb-Ca 
titanates, which will be discussed below. 

The present paper describes measurements of the ageing of Ba'T10, ceramics 
of reasonable purity. ‘The results show that the permittivity decreases linearly 
with logt, where ¢ is the time, over several decades.t Such a logt relation had 
been suggested earlier by Marks (1948). A theory is developed in this paper, 
in which a log? relationship is derived from a very wide distribution of the 
activation energies governing the motion of domain walls. An analogous 
mechanism has been proposed by Street and Woolley (1949) to account for the 
phenomenon of magnetic viscosity in permanent magnet materials. 


§ 2. EXPERIMENTAL 


The specimens used were in the form of small discs. ‘The BaTiO; specimen 
was prepared from a particularly pure grade of titanate made by a chemical 
precipitation process (Burger and Margolis 1953), the ceramic having been fired 
at 1500°c. Other ceramic specimens were prepared from commercial grade 
materials. 


+ A paper by M. McQuarrie and W. R. Buessem (Bull. Amer, Ceram. Soc., 1955, 34, 402) 
has just come to the author’s notice, in which similar results are described. 
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For the ageing tests, the specimens were heated to at least 20°c above their 
Curie point and then plunged into a copper thermostat whose temperature was 
controlled to within about +0-1°c by a mercury contact thermometer. Measure- 
ments of capacitance and power factor were taken after five minutes from the 
time of cooling and at suitable time intervals thereafter. 

The capacitance was measured with an accuracy to approximately +0-15°% 
at I kc/s. ‘The voltage applied was rather less than 0-5v representing a stress 
of about 2-5vem~!. It was found necessary to apply this voltage continuously 
to the specimens to obtain consistent readings. 


§ 3. "THEORETICAL 
3.1. Permittivity 

The permittivity of ceramic BaTiO, between room temperature and about 
90°C is usually around 1500, while the permittivities in the a and c directions of 
the tetragonal single crystal are about 4500 and 300 respectively. For a clamped 
single crystal these permittivities are expected to be reduced by a factor of up 
to ten (Devonshire 1951), but no direct experimental data on this are available. 
In a ceramic the randomly oriented grains and the domains within the grains 
may be considered as effectively clamping one another, and the average permit- 
tivity of randomly oriented free grains (3100) may, therefore, be reduced to as 
little as 300 when the grains are combined to form a dense ceramic. The observed 
value of 1500 may, therefore, include a large contribution from the motion of 
domain walls under the influence of the external applied field. For example, 
with a field of 1vcm™ a fraction of only about 10-> of all domains would need 
to be reoriented to give a net polarization equivalent to a permittivity of 1500. 
Kittel (1951) has shown how plausible values of mass, restoring force and total 
area of domain walls may be combined to account for the observed permittivity. 

Consider a diagram such as figure 1, in which the potential energy of a certain 
area of domain wall is plotted against its position. There is a chance of the wall 
being caught in the metastable position A when the thermal transformation to 
the ferroelectric state occurs, and it then requires an activation energy E to pass 
into the stable position B. At A the restoring force for a small applied electric 
field is relatively small, at B it is very much greater. It is therefore suggested 
that the wall will contribute to the polarization while at A, but not appreciably 
at B. he analysis of such a system was carried out by Street and Woolley 
(1949) in connection with the phenomenon of magnetic viscosity. They 


vom 

25 

3 A 

wd 

a UO 

ise} 

i: 

S 

a 

<2 

GS 

Qa 

B ser 
Distance 


Figure 1. The potential energy of a domain wall as a function of position. 


Ageing of Barium Titanate 1263 


demonstrated that by postulating a very wide distribution of activation energies E 
a logarithmic increase of magnetic induction with time could be derived. By 
an analogous argument an equation for the time decrease of permittivity can be 
arrived at: 


SS REST Goth Te AG) how, (1) 


where ¢) and S are constants, 7 is the absolute temperature and f¢ the time. 

The minimum range over which the activation energies must be spread in 
order to yield the logt law over a sufficient time interval can be estimated from 
the theory. Assuming a natural frequency of oscillation of the domain walls 
of 10°sect (Kittel 1951) the range extends from 0-4 to 1-0 ev. 


3.2. Power Factor 

Ceramic BaTiO; usually has a power factor of 0-01 at frequencies between 

50 c/s and 10 Mc/s, and the power factor then rises steeply towards an absorption 
region in the 1000 Mc/s range (Powles and Jackson 1949). The power factor 
at the lower frequencies is, undoubtedly, associated with the ferroelectric nature 
of the ceramic, since it drops to a much lower value above the Curie temperature. 
It may therefore be associated with ‘jumps’ of domain walls over low-energy 
barriers, as shown in figure 1 at C. Frohlich (1949) has shown that this mechanism 
leads to a relaxation effect of the Debye type at a frequency given approximately 
by vexp(—H/RT). Only a moderate distribution of H values is required to 
account for the observed spread in relaxation times (0-125 to 0-45 ev if v = 10° sec) 
and these values of activation energy would suitably complete the distribution 
indicated above for the ageing of the permittivity. In view of the random 
character assumed for the potential energy diagram, it is quite possible to have 
a low barrier on one side and a high potential barrier on the other side of some 
wells and a domain wall caught in such an arrangement will contribute to the 
power factor until it passes over the higher barrier to become inactive. The 
drop in power factor accompanying the ageing of € is, therefore, suitably explained. 
§ 4. RESULTS 


4 


The ageing of a sample of reasonably pure BaTiO, is shown in figure 2 for 
three temperatures. Owing to the phase transitions at about 10°c and —70°c 
it is not possible to carry out ageing tests at lower temperatures without altering 
the domain configuration which exists between 30° and 100°c. Hence the 
prediction of equation (1) that the slope of the («, log¢) curve should vary as 
the absolute temperature cannot be checked accurately. ‘The values of the 
slope are 46, 56 (average over the curve) and 70 for the three temperatures 29-5, 
65 and 100°c. These increase rather more rapidly than the absolute temperature. 

The same sample, after ageing at 29-5°c for three months, was subjected to 
a d.c. field of 10kvcm~ for a period of 1 hour. After removing this field the 
permittivity and power factor were again measured as a function of time, the 
results being shown in figure 3. A logarithmic law with a low slope holds. 

Amongst a large number of different ceramic compositions based on BaTiO, 
which were studied, a few gave a more pronounced ageing effect than pure 
BaTiO,. A sample containing 90%, BaTiO3, 10% SrTiO, and an addition of 
approximately 0:5°/, MgF, was tested over a period of several years, the plot of 
permittivity and tand against time being shown in figure 4. Figure 5 gives 
plots of tand against frequency before (curve I) and after (curve IT) ageing. 
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Figure 2. Ageing of the permittivity (a) and tan § (l) of the same sample of BaTiO, at 
three different temperatures. 
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Figure 3. Ageing after the temporary application of a d.c. field of 10 kv cm! to a well-aged 
sample of BaTiO, (temperature 29-5°c), 
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Figure +. Ageing at room temperature of a specimen containing 90°% BaTiOs;, 10°% SrTiO; 
+0:59% MegF.. 


0-03 


tan 6 


00! 


Frequency (c/s) 


Figure 5. Loss tangent as a function of frequency before and after ageing for a specimen 
containing 90°, BaTiOs, 10° SrTiO,+0:5°% MgFy». 
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Figure 6. Ageing of a typical capacitor ceramic containing BaTiO; and CaZrO;. 
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As a third example, ageing curves for a commercial capacitor ceramic are 
shown in figure 6. ‘This material, consisting of BaTiO, and CaZrO,, has a broad 
maximum at about 50°c in its permittivity-temperature curve instead of a sharp 
peak. It will be seen that ageing takes place at temperatures above that of the 
maximum permittivity, and so the material remains at least partially ferroelectric 
above this temperature. ‘The rate of ageing, expressed as a percentage of the 
initial permittivity, is much the same as for pure BaTiO,;. The curves are no 
longer straight lines for this material, possibly due to a certain amount of 
inhomogeneity of composition. 


§ 5. Discussion 


The results show that a logarithmic law is followed with reasonable accuracy 
for the decrease in permittivity with time. Neither an exponential decay nor a 
law of the type «—e,=B/(1+ At) could be fitted. 

Referring to figure 3, it will be seen that when BaTiO, has been polarized 
by the temporary application of a d.c. field the permittivity is raised slightly and 
a new ageing cycle starts, the rate of fall of permittivity being small. It is thought 
that, due to the action of the field, arrays of anti-parallel domains are converted 
into single domains, which remain so when the field is removed and give the 
observed remanent polarization. ‘The degree of mechanical clamping of the 
larger single domains is very much less than that of narrow strips polarized in 
opposite directions and therefore an increase in the permittivity due to the 
material within the domains takes place. "This apparently outweighs the decrease 
caused by the elimination of a certain area of domain walls. A similar explanation 
has been given by Drougard and Young (1954) to account for the increase in 
permittivity on polarization of a single crystal of BaTiO;. The slow rate of 
ageing is presumably due to only a small number of domain boundaries of the 
stable type having been disturbed by the applied field. 

A quantitative theory of ageing has been put forward by Mason (1955), and 
this will now be considered briefly. By a formal treatment involving a generalized 
enthalpy function, Mason connects the permittivity as well as the piezoelectric 
and elastic constants with the permanent polarization Py of the ceramic, 
attributing the ageing of all three to a decrease in P). The constants connecting 
these parameters with P, are determined empirically. The ageing of P, is 
visualized as due to the relaxation of stresses, set up during cooling through the 
Curie point either with a polarizing field applied, in which case Po is a property 
of the ceramic as a whole, or without a polarizing field, in which case Po applies. 
to individual grains, the average over the ceramic being zero. In the relaxation 
of stresses, domain walls move in steps of one lattice unit, the motion being 
governed by an activation energy of 19kcalmole-!. Since the stress js ae 
portional to the square of the distance of the domain wall from its equilibrium 
position, the position of the wall is determined by a relation B/(1+ At), and the 
ageing of permittivity etc. follow a similar relation €—€9=B/(1+Al), « being 
the fully aged value. 

Our experimental results cannot be fitted to an equation of this form, but 
Mason’s results can be fitted reasonably well to a logt law, the slope of the lines 
being very similar to that of ours. Also, Mason’s 25°c and 70°c figures fall on 
lines with slopes differing only by a factor of 1-3. No activation energy can be 
derived from the (e, log) plot. : 
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Mason gives no physical explanation of the dependence of permittivity and 
elastic constant on Py, but the mechanism proposed here to explain the decrease 
in permittivity can be extended to cover the increase in Young’s modulus. The 
motion of domain walls in metastable positions not only contributes to the 
polarization under an applied field, but also to the strain under an applied stress 
owing to the different lengths of the c and a crystal axes. As the domain walls 
acquire more stable positions, their contribution to the elasticity decreases and 
Young’s modulus increases as is observed in practice. 

The two different laws arise from the different types of domain wall motion 
considered. Mason visualizes a potential periodic in the lattice parameter, of 
amplitude 19 kcal mole“!, and the walls move over many periods before relieving 
the stress and coming to rest. In our model the potential is of a more random 
nature, the more widely-spaced obstacles being due to impurities, dislocations 
and differential strains left after the crystal structure change. A small scale 
periodic potential of height about 2 kcal mole! may well be superimposed on 
this, the figure of 2 kcal mole! having been obtained by Merz (1954) from single 
crystal switching times. The domain walls, in our view, would move in single 
jumps over distances which could vary from a few lattice spacings to one or two 
microns, 

Some evidence of the volume swept out in discontinuous steps may be obtained 
from noise measurements (Kibblewhite 1955). Although the average volume 
corresponding to the noise pulses is only calculated by Kibblewhite for his single 
crystal, the data given enable a volume of 10~1° to 10°-11cm3 to be estimated for 
a Ba—Pb titanate ceramic. If the jumps only extended one lattice distance 
(4x 10-$ cm), the domains would have to be 0-5 to 0-1 mm in lateral extent, 
which is much larger than the normal grain size in a ceramic. If the jumps cover 
a distance of 1p, however, the lateral domain size is only 3 to 104, which 
corresponds more closely to normal ceramic grains. 


§ 6. CONCLUSIONS 


A logarithmic law is found to hold for the decay of permittivity with time for 
several types of high permittivity ceramic. A simple exponential decay or a 
bi-molecular law of the type B/(1+ At) does not describe the results over the 
three or more powers of 10 in time over which measurements have been made. 

The simplest mechanism describing the logarithmic decay is that initially 
proposed by Street and Woolley (1949) to account for ferromagnetic * viscosity’. 
It involves the consideration of domain boundaries left in metastable equilibrium 
which decay by virtue of thermal activation. A wide distribution of activation 
energies yields the logarithmic decay law. 

This hypothesis implies that an appreciable fraction of the permittivity is 
due to domain boundary movement and this might be tested by other means. 
A microhysteresis effect is postulated for some of the domain boundaries to 
account for the observed power factor. ‘The decay of power factor with time 
then follows from the mechanism envisaged for permittivity ageing. 
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A Pulse Method for Measurement of Hall Coefficient at Low 
Temperatures: Some Results on Indium Antimonide 
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Abstract. A pulse method has been developed for the measurement of Hall 
coefhcients in high resistivity semiconductors. This technique is specially 
useful at low temperatures since it greatly reduces heating of the specimens. 

Measurements have been made overt the range 90°K-1-4°K on several p-type 
indium antimonide samples of different impurity concentration. From the 
variation of Hall coefficient with temperature the energy gap between the impurity 
levels and the valence band has been estimated. The results are consistent with 
the empirical formula of Pearson and Bardeen (1949) connecting the energy gap 
with impurity concentration in p-type silicon. 


§1. THE PuLsE METHOD 
1.1. Introduction 


E have developed a pulse method for measuring the Hall coefficient of 

semiconductors. This method is particularly useful at low 

temperatures in those cases where the resistivity of the specimen 
becomes very high. In such cases a continuous current of sufficient magnitude 
to give a reasonable Hall voltage would generate too much heat within the 
specimen. It is usually necessary to limit the mean power dissipated to, at most, 
a few milliwatts. 

The Hall voltage developed across a specimen is given by V = RHz/t where R 
is the Hall coefficient of the material, H the magnetic field, 7 the current through 
the specimen and f the thickness of the sample in the direction of the field. If P 
is the power generated in the specimen by the current, V oc RH(Po/t)'* where o 
is the conductivity of the material. "Taking R= 1/ne and o=ney, where n, e and jz 
are the concentration, charge and mobility of the carriers, we obtain 

yo = (E)" Pie 
tli \ne 
When making measurements at low temperatures the power generated must be 
kept small and, furthermore, conduction will usually be taking place in the 
impurity band where the mobility is low. Hence we shall only be able to obtain 
small values of Hall voltage, which it would require very delicate apparatus to 
measure. With the pulse method described below this difficulty is avoided and, 
though slightly less accurate than conventional methods, sensitive galvanometers 
are not required and random errors due to temperature fluctuations during 
measurement are eliminated. With this technique it is possible to make measure- 
ments at liquid helium temperatures on specimens with a Hall mobility as low 


as 2cm?(voltsec)t. 
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1.2. The Pulse System 


A block diagram of the arrangement we have used is shown in figure 1. ‘The 
pulses of current are derived from a dry battery which is connected to the specimen 
through a high speed relay driven by a multivibrator. The pulses were of 


SPECIMEN 


| 

| 

CARPENTER RELAY | 
5 m/s PULSE | 
O+S—2 secs | 

| 

| 


REPETITION RATE FILTER 


BATTERY, VOLTAGE 
CONTROL & REVERSING 
SWITCH 


BALANCING 
POTENTIOMETER 
10k — SOOk 


MULTIVIBRATOR AND 
CATHODE FOLLOWER 


CALIBRATION VOLTAGES 
Imvy TO 100 mv 


o.c. 
OSCILLOSCOPE 


D.C. i 
AMPLIFIER 
GAIN =50 

| 
| 


Figure 1. Pulse method for measuring Hall coefficient. 


5 milliseconds duration with a repetition rate of about one per second. This 
low repetition rate keeps the total heat generated in the specimen small. 

Between the relay and the specimen is a filter, shown in detail in figure 2. 
This filter serves a dual purpose: firstly, to measure the current and, secondly, 
to balance the impedance of the system with respect to earth (see below). R, is 
an accurate 1 k{ resistor in series with one lead; the voltage drop across this is 
measured on a cathode-ray oscilloscope and gives the current flowing through 
the specimen during the pulse. 


TO SPECIMEN 


| fe) fe) fo} 
i Cpa ecle C\ 
TO CRO. 
FOR CURRENT MEASUREMENT 


Figure 2. Details of filter. 


The use of a pulse technique raises difficulties not met with in normal d.c. 
measurements, because the high-frequency components of the pulse can cause 
coupling between the current and Hall voltage leads. This gives rise to voltage 
output pulses when no Hall voltage is being generated in the specimen. This 
coupling is reduced to a minimum when the impedance of the system is balanced 
with respect to earth. ‘his is done by adjustment of VR,. The condensers 
C, and C,, by eliminating the higher frequency components of the pulse, prevent 


Measurement of Hall Coefficient 1271 


residual unbalance due to the intercapacitance of the leads. The time constant 
of this RC network is short and the distortion of the pulse it produces is scarcely 
noticeable on the oscilloscope (see figure 3, Plate), 

The contacts to the specimen are arranged as shown in figure 1. Three 
Hall voltage probes are used: the two on the right-hand side of the specimen 
are connected to a potentiometer of resistance high compared with the resistance 
between these probes, allowing one to balance out the ohmic voltage produced 
because the Hall probes are not exactly opposite each other. The potentiometer 
and VR, (figure 2) are adjusted alternately until zero output voltage is obtaincd 
in the absence of a magnetic field. (The two right-hand probes are also used 
to measure the voltage drop in the material during resistivity experiments.) 
It is known that the Hall voltage follows the current almost instantaneously 
(Barlow 1955), and a voltage pulse of the same form as the current pulse 1s. 
obtained from the voltage probes. This pulse is fed through a d.c. amplifier, 
whose input is balanced symmetrically with respect to earth, on to the Y plates 
of the oscilloscope. ‘The use of a d.c. amplifier simplifies calibration (see below). 
The time base of the oscilloscope 1s synchronized by a pulse from the multivibrator. 

To calibrate the arrangement known d.c. voltages of the same order of 
magnitude as the Hall voltage can be fed on to the amplifier and the resulting 
deflection of the oscilloscope trace measured. ‘The usual values of Hall voltage 
and current through the specimen are taken with the current and magnetic field 
ineither direction. With our d.c. amplifier the minimum Hall voltage measurable 
is about 250 microvolts with an error of about 10°. In practice we find that we 
cannot balance the system sufficiently with the filter described above if the 
resistance of the specimen is more than about 510° ohms. This gives an 
upper limit to the resistance of a sample which we can measure. 

An important advantage of the pulse method is that measurements are very 
quickly made. This greatly reduces the tedium of making a large series of 
measurements. ‘This speed of measurement is also important at low temperatures 
since the temperature is less likely to vary while the measurement is being carried 
out. 


1.3. The Cryostat 


The specimen is mounted on a ceramic jig in a copper calorimeter which can 
be immersed in liquid helium. The jig is supported from a ground cone at the 
top of the apparatus enabling the specimen to be rotated in the calorimeter. 
Temperatures below 4:2°K are obtained by boiling liquid helium under reduced 
pressure in the usual way; temperatures between 4-2°K and 30°K are obtained 
by means of our desorption system described elsewhere (Rose-Innes and Broom 
1956). With our arrangement it is not possible to stabilize temperatures above 
30°K and measurements in this region are made as the calorimeter warms up to 
the temperature of liquid oxygen, but, as this takes about an hour, errors due to 
temperature drift are quite small. 

Below 4-2°x the temperatures are calculated from the vapour pressure of the 
liquid helium and above 4:2°k a helium gas thermometer, attached to the 
calorimeter, is used. 

The calorimeter is filled to a few millimetres pressure of helium gas to maintain 


thermal contact with the specimen. 
ia? 
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§ 2. EXPERIMENTS ON p-T'YPE InSb 


2.1. Specimens 


Specimens were cut from single crystals grown by the Kyropoulus method 
from zone refined material. The dimensions were about 1 cm by 2 mm by | mm. | 
Current was passed through the specimen by spring contacts pressing against — 
the ends of the specimen which were copper plated. Potential contacts consisted 
of 0-003 in. platinum wire pressed against the sides of the specimen and welded 
on by discharging a condenser through the contact. 

The samples measured, and the estimated value of the impurity concentration 
of donors and acceptors, are givenin the table. For sample A these concentrations 
were estimated from the Conwell-Weisskopf formula for impurity scattering 
using the measured value of the mobility. No information was available on 
sample B but from our measurements of Hall coefficient and resistivity the 
impurity concentration must lie somewhere between the limits shown in the 


p-type InSb Samples Measured 


Sample Form Na+Np (cm?) Na (cm) H (Oe) 
A Single crystal 3:5 x 10#6+.50% IES a OLE 750 
B Single crystal 4-6 « 101% — 2160 
C Single crystal DANO Tal ORS 2200 
D Single crystal ore lOre ox HOEY 1550 
; atti ey Ae (Nts 0 PAO AIS 4480 below 7°K 
E Poly-crystal AX NOt Oe 390 5< 110) 1000 above 7° 


H is the value of magnetic field at which Ry was measured. 


table. Samples Cand D were so strongly p-type that it was assumed that the con- 
centration of donors Np was small compared with that of acceptors, so we estimated 
N, directly from the Hall coefficient at 90°K. Sample E was polycrystalline, but 
is included because it is the purest specimen we have obtained so far. ‘The 
purity was estimated from a knowledge of the segregation coefficients in the zone 
refining process and the variation of Hall coefficient along the refined ingot.+ 


2.2. Hall Coefficient 


Figure 4 shows our results for the specimens listed in the table. It was 
impossible to carry the results on sample A to below 11°k because the specimen 
cracked at this temperature. Sample B shows clearly the form associated with 
impurity band conduction (Hung 1950, Fritzsche and Lark-Horowitz 1955), 
with approximately the same Hall coefficient at high and low temperature. ‘The 
more impure samples C and D have the Hall maximum at a higher temperature, 
and the value of the Hall coefficient is smaller on the low temperature side of 
the maximum. (This is not very clear on the graph because of the cramped 
scale at high temperatures but, in fact, there is no change in the Hall coefficient 
between 90 and 150°K.) We used this high temperature value to estimate the 
acceptor concentration. 

Calculation of the height of the Fermi level (Shockley 1950) shows that 
these two samples are approaching degeneracy below about 40°K. Sample C 
was measured with a magnetic field of 2200 oersteds while D was measured at 


is li This method is due to Mr. J. T. Edmond and Dr. F. A. Cunnell of this laboratory. 
The specimens and the above data were kindly supplied by Dr. F. A. Cunnell, 
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1550 oersteds and the dependence of Ry upon field may account for the curves 
crossing over. 

The sample E, though purer than the other specimens, was polycrystalline 
and showed two effects not observed in the other specimens. Firstly, there are 
two distinct slopes in the Hall coefficient curve above 10°k and, secondly, the 


T (°k) 


R, (cm? coulomb”) 


10 ee 
| 2 
10/7’ (7 in’k) 


Figure 4. Variation of Hall coefficient with temperature. 


3 


variation of Hall coefficient with magnetic field at 90°k was found to be very 
large, the value of R, decreasing from 3660 cm? coulomb! at 100 oersteds 
to 1900 cm® coulomb! at 2000 oersteds. A similar effect is discussed by 
Willardson, Harman and Beer (1954) for the case of germanium, and they have 
attributed it to the presence of a small number of ‘light’ holes (see also Hrostowski, 
Morin, Geballe and Wheatley 1955). 


2.3. Activation Energy of Acceptors 


We have estimated the activation energy of the acceptors from the slope 
of the Hall coefficient curve on the high temperature side of the maximum, and 
in figure 5 this is plotted against the concentration of acceptors Ny. ‘The most 
reliable values, those from samples A and D, have been used to calculate the 
constants in the empirical equation used by Pearson and Bardeen (1949) for 
p-type silicon, 

€4 =< aN 1 


where e, is the activation energy at an acceptor concentration N,, ¢€) is the 
activation energy at infinite dilution and « is a constant. The curve of this 
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equation is drawn in figure 5 and is a reasonable fit with the points from the other 
three specimens (the activation energy of specimen E was taken from the mean 


o Our results 
Do RP 


4 HMGW 


lo'’* 105 Jo'® lo!” 
Na (cm) 


Figure 5. Variation of impurity energy gap with acceptor concentration. RP, Rolin and 
Petford (1955); HMGW, Hrostowski, Morin, Geballe and Wheatley (1955). 


value of the slope of the Hall coefficient curve). We obtain the value e, = 0-010 ev 
and, substituting this value in the hydrogen model approximation for impurities 
and taking the dielectric constant to be 16, obtain a value of 0-19 me for the average 
effective mass for holes. This is in reasonable agreement with the value 0-18 me 
obtained by Dresselhaus, Kip and Wagoner (1955) from cyclotron resonance 
measurements. 

The greatest error is due to the uncertainty in the value of N,. Other errors 
could be due to a variation in «, with the type of impurity present and in the 
degree of compensation of donors and acceptors. 


2.4. Electrical Resistivity 


The resistivity of the samples was measured with a conventional potentiometer 
arrangement and the results are shown in figure 6. All specimens exhibit 
impurity band conduction as shown by the smaller slope of the curves at low 
temperatures, below the maximum in the Hall curve. 


§ 3. CONCLUSIONS 


The pulse technique has been found to be a quick and simple method of 
measuring Hall coefficients in high resistance semiconductors over a wide range 
of resistivity and temperature. Given uniform specimens with a mobility not 
less than 2 cm? (volt sec)! an error of less than 5°/, can be obtained. 

The activation energy has been calculated from the variation of Hall coefficient 
with temperature obtained by this method and the results have been found to 
fit the equation of Pearson and Bardeen connecting activation energy with 
impurity concentration. 
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T (°k) 


Resistivity (ohm cm) 


3 


10/7 (Tin) * 


Figure 6. ‘Temperature variation of resistivity. 
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Martensitic Transformations 
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Abstract. Some results of the theory of plane surface dislocations required for 
the analysis of martensite crystallography are derived. In their subsequent 
application, the surface dislocation forming the boundary between the phases is 
assumed to correspond to one parallel array of like dislocations of arbitrary Burgers 
vector moving in an arbitrary plane, and the Burgers vector and plane are assumed 
given. It is also assumed that the relative pure lattice strain of the phases is 
quite general, and given. Using these data, the theory is applied to deduce the 
habit plane, shape deformation and orientation relationship occurring. ‘The 
relative shape deformation is an invariant plane strain. ‘The method enables 
the effect of different assumptions about the Burgers vector, plane of motion, 
and lattice pure strain to be easily examined. The method is compared with 
other treatments to which it is essentially equivalent. ‘The use of the surface 
dislocation theory, however, simplifies some of the analysis. The relation of the 
method to analyses assuming a finely twinned product is also discussed. 


§ 1. INTRODUCTION 


HEN an array of dislocation lines in two dimensions is considered 

as an entity, with its internal structure smoothed out, the idea of a 

surface dislocation arises (Bilby 1955}). An elementary example is 
the plane array of edge dislocations forming a simple tilt boundary between two 
identical lattices. ‘The general surface dislocation describes the boundary 
between two different lattices, and is thus appropriate for the discussion of 
martensitic transformations, where one phase grows at the expense of the other 
by the regular motion of an interface between them (Bilby and Christian 1955). 
Characteristically, in martensitic transformations, the product phase forms as 
lenticular plates within the parent. ‘The plane of the plates (called the habit plane) 
bears a definite orientation with respect to each phase, and the material within 
the plate suffers a shape deformation which is, at least approximately, an invariant 
plane strain (see for example, the review by Bilby and Christian 1955). In §§ 3, 4 
and 5 of this paper the theory of plane surface dislocations is applied to deduce 
the habit plane, shape deformation and orientation relationship occurring in 
a given transformation. For this analysis certain results of the theory of surface 
dislocations are required; these are given in §2. Finally, in §6 the method is 
compared with other treatments of this problem. 


i Now at Associated Electrical Industries Research Laboratories, Aldermaston, Berks. 
Rela ine relevant §§ 4-7 of this paper form a preliminary account of a study carried out 
in collaboration with Messrs. R. Bullough and E. Smith. 
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§ 2. PROPERTIES OF SURFACE DISLOCATIONS 


The properties of a surface dislocation are most conveniently derived by 
considering it as a limiting case of a three-dimensional continuous distribution 
of dislocations (Bilby 1955, Bilby, Bullough and Smith 1955). Its properties 
are analogous to those of a current sheet in electromagnetic theory, or a vortex 
sheet in hydrodynamics. Let ®,, X, X, be a set of orthogonal unit vectors defining 
a system of orthogonal cartesian coordinates, and let x=.x,x, be any vector. 
Except where it is explicitly stated otherwise, all components of vectors and 
representations of deformations will refer to this cartesian system. Consider 
a plane surface with unit normal v=v,x, and let two lattices with bases a,*), a/° 
be generated on the positive and negative sides of the normal v by homogeneous 
deformation of some third reference lattice. Let the representations of these 
deformations in the cartesian system x, be D,,‘”, D,© so that any vector x= xx, 
becomes, in the two regions, x(*+) and x” respectively, where 


BS Dee) eu Nal) 8 ak ee (1) 


Here, as elsewhere in this paper, indices occurring twice in any formula are to 
be summed over the values 1, 2, 3. Equation (1) means, in fact, that if the bases 
a‘, a are chosen to be those produced from x, by the deformations, then, in 
the (+) region, 
xa Sx, DE ae © Se eee (2) 
and in the (—) region 
Xa xeon et (Ve eee (3) 

the notation x,—a,~ indicating that the deformation carries x, to a,‘?, x, to a“ 
and x, to a. Then it has been shown by Bilby, Bullough and Smith (Bilby 
1955) that the dislocation content of this plane boundary between the lattices is 
specified by B,;, where 

Be =epPilg  hg l t aes (4) 
B,,x, is the resultant Burgers vector of dislocation lines cutting unit length of 
a line in the boundary perpendicular to the x; direction.t Here €;,, vanishes 
unless j, k, / are all different and has the value + 1 or —1 according asj, k, / is an 
even or odd permutation of the numbers 1, 2, 3. The matrices E,,~ and E,° 
are the reciprocals of D,,“~ and D,, respectively. In the present work matrices 
will be represented by capital letters, either in italics with explicit ordered suffixes 
indicating rows and columns respectively, or in heavy type. ‘The transpose of 
a matrix will be indicated by a prime, and its reciprocal by the superscript — 1. 
Similarly, vectors will be written as small letters, either in italics with an explicit 
suffix, or in heavy type as column vectors n or row vectors n’. ‘Thus the relation 
between D and E™ may be written EYD™ = DME =T where I is the unit 
matrix, or DPE, = ED, =68,;,, where 6,;,= lift =k and vanishes otherwise. 
It is convenient to take the (—) lattice as the reference lattice, and this will be 
done throughout. Thus D?=I or D,,=6,,._ If, in fact, the points of the (—) 
lattice are referred to the cartesian basis x,, the components of (—) lattice vectors, 
although no longer necessarily rational, are identical with the cartesian coordinates 


+ For simplicity of exposition, it is often convenient to talk of the surface dislocation 
as if it were resolved into discrete sets of dislocation lines. In fact, of course, the analysis 
deals only with a continuous distribution and its resultant densities for circuits about 
various vectors drawn in the surface. 
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of their end points. ‘lhe orthonormal basis in the (— ) lattice will also be chosen 
so that it lies along the principal axes of the deformation D,,~. Thus, in a 
matrix rotation, 


DO=]RP ME =] PIR ee” Pee (5) 
where 
ey 0 0 
P= | 0 Cou (6) 
(0) 0 e 


is a diagonal matrix, and R is an orthogonal matrix representing a general rigid 
body rotation. The reciprocal R-! of R is equal to its transpose R’. 

The relation (4) may be expressed in a slightly different form. Let p be any 
unit vector in the boundary plane. ‘Then a unit vector w in the boundary and 
normal to p has components w,=€,,,v,p, and the resultant Burgers vector of 
dislocation lines cut by p is B,,zw,x,;. Then 


= ej LE? sol, Je jmn’mP n 7 
=(E,0-2,)0nkoe niet ane (7) 


SINCE €54)€jmn = (SxmOin — Okndim) and v,p,,=0. 

As the martensitic transformation occurs the product grows at the expence 
of the parent by the sideways motion of the surface dislocation forming the 
boundary between them. ‘The surface dislocation moves into the parent leaving 
the product in its wake. ‘Thus the surface dislocation must be one which can 
readily move without changing its form. The mobility of dislocation boundaries 
has been discussed by Read (1954) and Smith (private communication); a full 
treatment is complicated and will not be given here. It is clear, however, that 
if a surface dislocation corresponding to one parallel array of like dislocations 
moves so that the individual motion of each dislocation is glissile, it will be readily 
mobile. Let the dislocations lie parallel to the unit vector n,X, in the reference 
lattice and have Burgers vectors parallel to the unit vector Lx, of this lattice; 
then they move in the plane of unit normal m,X, in this lattice so that 


lana 0 a eee (8) 


Such a surface dislocation is called a simple glissile surface dislocation, and it will 
be assumed here that the boundary between the two transforming phases is of 
this type. Should the theory of the crystallography of martensitic transforma- 
tions thus developed prove inadequate, more complicated assumptions may be 
required. 

Consider now the motion of such a simple glissile surface dislocation and, 
for simplicity, let it move into the reference lattice (the (—) lattice) in which the 
quantities /,, m; and n, are defined. In discussing a martensitic transformation 
in this way, therefore, the parent phase must be taken as the reference 
lattice, since it is this phase which is steadily consumed. For such a surface 
dislocation, if different unit vectors p‘ are chosen in the boundary the 
corresponding Burgers vectors b™ given by (7) may be written #l and (7) becomes 


tL = (PAR — Tp, 


Clearly ¢«°=0 when p™ is parallel to n. 
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In the region swept out by the surface dislocation, the material undergoes 
a change of shape due to the slip occurring, and at the same time undergoes a 
further shape change because, in this region, the (—) lattice deforms into the 
(+) lattice. Thus, as has been emphasized (Bilby 1955), not only is there a 
discontinuity of /attice strain across a surface dislocation, but also a discontinuity 
of shape strain (Bilby and Christian 1955). The shape strain due to slip is readily 
calculated. For consider any vector u scribed in the parent phase. Write u 
in the form al+ dp”, where p is a unit vector such that v’p™=0. Then 
a=(v'u)/(v'l). As the surface dislocation passes, al is unchanged, but the ends 
of bp” suffer a relative displacement equal to the resultant Burgers vector of the 
dislocation distribution cut by bp. Thus, due to slip, the vector bp” becomes 
b(p\ + #1) and u becomes v where v=u+ bf. If m’u=0, p =n, “” =0 and 
v=u. If u increases by a factor c, so also does the increment v—u. Thus this 
increment is also proportional to m’u and v=Su where 

[Mihi Mealy Mal; 
S—I=g | ml, melo, Meal. aie LO) 
Myls, Moz, Mel 
and 
POST De | aaltrees (11) 

The slip shape strain is thus a simple shear of amount g on the plane m in the 
1 direction. As the surface dislocation passes, however, all vectors originally 
scribed in the reference lattice also suffer the lattice deformation RP. ‘Thus 
finally the scribed vector u becomes Fu where 


F=5RPSo. yr pl tind wees (12) 


F specifies the total shape deformation associated with the motion of the surface 
dislocation. 
Now let u be any unit vector p‘” lying in a plane parallel to that of the surface 
dislocation (a=0, b=1). Then, due to the slip alone, it becomes Sp“ 
where Sp = p + 21 
POR pee 7 A aces (13) 
by equation (9). Hence 
RPSpiVe=p © oe) eee (14) 
and so the shape deformation (12) applied to any vector lying in the plane whose 
normal is v leaves this vector invariant. ‘Thus F is an invariant plane strain 
with the plane whose normal is v as its invariant plane. ‘This result may be 
stated in a slightly different way. If two lattices deform into each other by the 
(shape and lattice) deformation RP, and are separated by a simple glissile surface 
dislocation, then (9) gives the distribution of dislocations that must be inserted 
between them in order that they may meet on a plane of contact without far- 
reaching stress. In particular, if the relative (lattice) deformation D of the two 
lattices is an invariant plane strain on the plane whose normal is v, then B,;=0, 
(Bilby and Smith, unpublished). For then £,=0,;+v,»; where a, is the 
displacement of all points at unit distance from the invariant plane. Therefore 


B= €j0¥ (Oy + VP) — my) 


=) FAR (15) 


Thus, no distribution of dislocations is required, because there is exact matching 
of the two lattices on this plane. 
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§ 3. THE Hair PLANE OF THE ‘TRANSFORMATION 


It is first necessary to determine the vector n, lying parallel to the dislocatiom 
lines. From (9), with p®™=n, #%=0, 
R’n= Pn, Ran Po =) eee (16) 


and hence, since P is diagonal, 


n(l—P?)n=00 | a ee eee (17) 
or 
n,?(1 — e,7) + 1,2(1 — e,”) + m32(1 —e,7)=0.  ...... (18) 
Since n lies inm, 
1 My Ryans 0 eer (13) 
and, since |ni|—s 4, 
Me Ne) feo he el a eee a (20) 


Provided that P and m satisfy certain conditions (18), (19) and (20) determine 
four real vectors +n and +n®. ‘The first condition is that the quantities 1 — e,?, 
1—e,?, 1—e,? should not all have the same sign. ‘This means that P must leave 
some cone of lines unchanged in length, and so must form an invariant line strain 
if combined with a suitable rotation. It has already been noted that, with the 
intuitive choices for P, all known martensitic transformations apparently conform 
to this requirement (Bilby and Christian 1955), and it is possible that the condition 
may be one restricting the choice of P. The second condition is that 
my>(1 — e,%)(1 — e5”) + ms?(1 — e3?)(1 — e,”) + mg*(1 — e,”)(1 — es”) <0. 
ie aie (21) 
‘This is the condition that the plane (19) should intersect the cone (18) in two real 
lines (distinct or coincident). Given P, it restricts the choice of the slip plane m. 
v may now be determined as follows.f One at least of v,, vz, vgis not zero. Assume 
that v;40 and write g,= v;/v3, 7=1, 2, 3, so that v=v,(q,, ga, 1). If, in fact v3 =0, 
it is necessary to define alternative g; by dividing by a non-zero v,.. The resulting 
modification in the analysis is obtained by a suitable permutation of the com- 
ponents of the vectors p™, p® chosen below. 
Multiplying the equation (14) by its transpose gives 


p's P*Sp\? =p pe 0 eee (22) 
where, explicitly, S’P?S = A and, 
3 
A= 2 Cn (SO: + Mle Spi + mjlae)} nae eee (23) 
In (21), choose p™ =p =7,[0, 1, —q,]. Then 
h? P + 2h{lse3"qo — peo") + (€52—1)gp2+e.2-1=0 ...... (24) 
where 
3 
Be Diliek oa) aa ees A eee ee (25) 
=1 
and 
k= (msde). a ie ae (26) 


Multiply (9) on the left by n’P2, then 
fn‘ P21 = n’(PR’ — P2)p™, 
But, from (16) 
n’PR’=n/RR’ =n’ 
tSee note added in proof at end of paper. 
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thus 
en Plan Pp ai ace (27) 


Now take p®=p®=v,[q,, —q,, 0]; then by (11), 2 =g(vym,—v,m,). Also, 
since n’v=0), g, may be eliminated by using the relation 


1491 + oqo + nz = 0. sede (25) 
Substitution of p= p® in (27) then gives 
hQ = qon3(1 — e5”) —n2(1 — ey) +++ (29) 
where 
= eet a eee (30) 
k=1 
Elimination of between (29) and (24) leads to a quadratic equation for gp: 
Bigs eM gg Lg = 0 st (31) 
where 
Ly =NiAN,P+2T,Q-—(Q2/m,)} nae ae (32) 
—4M=NjNaP+(Nalg+Nols)O ~~ scnees (33) 
and 
N,,=n)(1 —e,,”) Raw it 
Te Ra. 3 ee ae 


where the summation convention is not used in (32) and (34). The habit plane 
normal is determined by (28) and (31). If —f is substituted for n in (30) and 
(32)-(34), the constants L,, and M are unchanged. MHence, of the four real 
vectors +n, +n® determined by (18)-(20) only two, say n, n® lead to distinct 
values for v. Each of these, however, leads to two values for v because either root 
of (31) may be taken for g,. ‘Thus, in general, if P, 1 and m are given, there are 
four distinct values for v, the habit plane normal (the possible choices for vz 
merely reverse the sense of these four vectors). Of course, for special P, land m, 
there may be degeneracy or crystallographic equivalence of some of these solutions. 
Similarly, if 1 changes sign, L; and M are unaffected, so that the v values 
are also unchanged. ‘The slip shear, however, changes sign, as is evident from 
the expression for g, which follows at once from (26) and (29): 
_ Gonts\ bs) Wales) 
z O(msq2 — m2) 
If m changes sign, n and v are unaffected, but g changes sign. Of course, 
if 1 and m both change sign, g does not. The sign of g is unaffected if n changes 
sign, so that, given 1 and m, there is one g for each habit plane v. 


§ 4. THE TOTAL SHAPE DEFORMATION 

As has been shown, the total shape deformation F, given by (13), is an invariant 
plane strain. Since S is given by (10) and (35), only Ris unknown. It may be 
found as follows.+ For any unit vector scribed in the habit plane, (14) gives 

PSpan pe. Pee (36) 

That is, the application of PS merely causes the vector to undergo a rotation 
exactly opposite to that produced by applying R to it. Now it is easily shown that 

+ A similar method has also been used in a recent paper (Lieberman, Wechsler and 


Read 1955). 
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if R is a right-hand rotation through an angle @ about a unit vector @, and r®, r®), 
are any two vectors, 
(r@) — R’r®) x (r® — R’r)) 
(r??— Rr?) (FOR Pr), © 
Hence @ and « may be found by choosing any two vectors in the habit plane and 
using (36). Convenient choices are r®=n, for which, by (16), R’r=Pn; 
and r®?=y xn for which Sr® =r® + 9(m’r®)1, by (13) and (11). In terms of a. 
and @ the matrix elements of R are 


[tan (6/2) ]o— bee (5) 


Rij =9,; 008 8 + a,0,(1—cos0)—€,,,0,5in8. ss a ee (38) 


When F is known quantities associated with the shape deformation and which 
can be determined experimentally are readily calculated. A convenient measure 
of the magnitude of F is the angle y between v and Fv. This is given by 


cos y= (v' Fy) Fv) = ee a eee (39) 


‘The matrix R determined by (37) is unique (if 0 <@<2z7), and does not depend 
on the sign of vorn. Thus, since for given v there is a unique g, there is a unique 
S by (10). Thus, given P, | and m, for each habit plane v there is one total shape 
deformation F. 


§ 5. "THE ORIENTATION RELATIONSHIP 


In this section a convenient notation for describing changes of basis in general 
lattices is used. All quantities associated with the same basis are denoted by the 
same letter. The basis a,, aj, a; of the direct lattice is written as a column vector 
and enclosed in square brackets [a]; that of the reciprocal lattice, al, a?, a3, 
as a row vector in round brackets (a). Components in the direct lattice are 
written as row vectors a’, and of the reciprocal lattice as column vectors a. 
Matrices connecting two bases a, b are written (A|B), with the reciprocal (BJA). 
The standard transformation formulae then follow merely by keeping the same 
letters adjacent. Thus if [b] =(BJ/A)[a] then (b)=(a)(AJB), b’ =a'(A|B) and 
b=(B|A)a. 

The reference bases used in this analysis are the orthogonal unit set x, chosen in 
the parent phase and the set a, in the product generated from x, by the lattice 
deformation D,,> of equation (2). In the notation of this section, and dropping 
the + superscript, 

[x] > [a] = (A]X) [x]. 


The rows of (A|X) are the components of the basis vectors [a] of the product in 
their final orientation with respect to the basis [x] in the parent. Any vector of the 
direct lattice a’[a] has components in the [X] system given by 


x =al(AIX) (41) 
where 
Alyx) ,=D,. or (A|X)=D'=PR’ ..,... (42) 
Also, x’[x] has components a’ in the [a] system where 
a= x'(XA) ah eo Tel aiguowene (43) 


(41) and (43) specify the orientation relationship for directions; thus the angle 
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between x’[X] and a’[a] is that between x’[X] and a/(A|X)[%]. Because [%] is an 
orthogonal unit basis, this angle is 
cos {(6,,'a*(A|X),2)/(8,;a'x)(8,,a"(A|X),fa™(A|[X),,2)}. 
Here explicit indices have been introduced, using superscripts for columns and 
subscripts for rows, and 5,; is the metric of [x]. For planes, the relations analogous 
to (41) and (43) are 
KR=(X(A)Q esa ans (44) a (AIR IKe ees (45) 
These give the components x in the reciprocal lattice (x) of the parent, of the 
vector (a)a of the reciprocal lattice of the product, and vice versa. Usually, the 
bases [x] and [a] will not be the conventional ones for the parent and product, 
since [x] is chosen so that P is diagonal and [a] is that generated from [x] by PR’. 
(The basis [a*] generated from [x] by -P alone is that usually derived intuitively, 
and relations similar to (42)-(45) but with (A]X) = P then may be used to specify 
the correspondence of vectors and planes). Suppose that the conventional 
reference bases for parent and product are [¢] and [d] respectively, and that 
lel —CIM I], code - (46) [aqj=(DIA)lal cae (47) 
then the relations analogous to (42)-(45) specifying the orientation relationship 
between vectors and planes indexed with respect to the bases [c] and [d] are as 
follows. ‘The product direct lattice vector d’[d] has components c’ with respect 
to the parent basis [¢] where 


C= d(DIAVAIXIOC) oe 4) ame (48) 

and similarly, 
di Sc'(CDOUXIAAID) nm => Se © are (49) 
c=(C|IX)(XJA(AID)d nn. (50) 
d=(DIA\(A[X)(X|C). an. (51) 


In calculating the angles between vectors and planes in the [¢] and [d] represen- 
tations, the appropriate metrics ¢,,, c’, d,;, d’ must, of course, be used. 


§ 6. COMPARISON WITH OTHER ANALYSEST 


Recent analyses of the crystallography of martensitic transformations have 
been reviewed by Bilby and Christian (1955). The use of the theory of surface 
dislocations focuses attention on the structure of the interface. ‘The present 
treatment is thus most closely related to the matching method (Irank 1953, 
Bilby and Frank, unpublished{). It is also essentially equivalent to treatments 
which resolve the deformation connecting the initial and final states into 
(hypothetical) sequences (Bowles and Mackenzie 1954a, b and Mackenzie and 
Bowles 1954, to be referred to as BM, and Wechsler, Lieberman and Read 1954 
and Lieberman, Wechsler and Read 1955, to be referred to as WLR). In the 
present analysis there is no shape deformation of the interface. ‘This is also the 
assumption of the WLR theory. On the other hand, in the BM theory a uniform 
shape dilatation of the interface is allowed, and provides an extra degree of 
freedom giving the theory an additional flexibility. Similar flexibility could be 
introduced into the surface dislocation treatment by relaxing the requirement 
that the interface be of the simple glissile type. ‘The BM hypothesis is to restrict 

+ Comparison of recent papers by J. W. Christian (7. Ivst. Met., 1956, 84, 386) 
which have appeared since the present work was submitted will be given elsewhere. 

{ Reported in part at the Symposium on Martensite, Congress of the International 
Union of Crystallography, Paris 1954. 
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the vectors 1 and m (to correspond to a twinning direction and a twinning plane 
of the product) and to choose the dilatation to give the best agreement between 
the observed and calculated habit planes. The present treatment affords a 
convenient method of varying 1 and m while retaining the interface with no shape 
deformation (as also does the prism matching method). This procedure is 
facilitated by the simple parametric solution obtained for the habit plane in the 
general case. ‘This simplicity is partly due to the fact that although all the 
deformations are occurring in the interface as it moves, the surface dislocation 
method here adopted, where the parent is the reference lattice, leads naturally 
to these deformations being taken formally in a certain order. This order 
is different from that used in the other theories, and considerably simplifies the 
analysis. Of course, by changing the reference lattice, the formal order can be 
altered. 

At the present time no satisfactory explanation is afforded by any of the theories 
of why the habit plane sometimes varies with small composition changes of the 
phases (for example in the iron-carbon alloys) or with the mode of formation 
(by cold-work, or by cooling, for example). A number of criteria suggest them- 
selves as a possible basis for this selection, and can be quickly examined with the 
present solution. ‘Thus it is to be expected, as emphasized in the prism matching 
method (see Bilby and Christian 1955), that both I, and the vector PI to which it 
corresponds in the product, will be vectors associated with the modes of slip 
or twinning in both phases, although not perhaps the normal ones. Similar 
remarks apply tothe planem. Again the magnitude of g (equation (35)) measures 
the density of dislocations in the interface, and so transformation habits with 
small g may be favoured. Similarly, habits with small total shape deformations, 
for example as specified by the y of (39) may be preferred. Another possibility, 
of course, is that the initial stages of the transformation may determine the habit ; 
to examine this, however, a more detailed model of the nucleation stage than is 
yet available is required. 

Finally, there is evidence that in some transformations the adjustment of shape 
deformation is achieved by alternating twinning on a fine scale in the product. 
‘This situation may be brought readily within the scope of the present treatment. 
it is only necessary to determine, in any given case, the equivalent slip direction 1. 
Let the material on the (+) side of the surface dislocation consist of coherent 
alternating regions H and K, which are generated from that on the (—) side by 
the shape deformations D,,, DB, respectively. ‘Thus, in the two regions a vector 
x= x,x, of the cartesian system ®, becomes Xy, Xx: 


X++x,=DiExXi w © bntetg abe (52) 


and the relative deformation expressed in the x, system is 
Xq> xX; =D,Di kgm «1 Wy eines (54) 
The deformations D,, and D, may be resolved as follows: 
Dy, =Ry Qy, De Re@e 8 ee (55) 
Ra Ry =Rp | aw 1 eee (56) 


were Q,, Q, are symmetric (not necessarily diagonal) and Ry, Rx, Ry are 
orthogonal matrices. 
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The unit normal m=m,x, to the plane in the parent from which the plane of 
coherence in the product is generated is assumed to be given. If m*/|m*| is 
the unit normal to this plane of coherence then 

m¥=mDet=mDet lk cies (G7) 

Since D,, Dx produce coherent regions of the same structure differently 
oriented, det (D,,D,~') = 1 and D, Dj," is thus a simple shear on the plane whose 
normal is m*. Let 1* be a vector along the direction of shear. The vector | 
from which I* is generated is the required unit vector along the equivalent slip 
direction in the parent, and 

=Del=Del .  —— *niwwes (58) 

Two methods of procedure are now available according to the information 
assumed about the relative orientation of the regions H and K. In one type of 
analysis (e.g. Lieberman, Wechsler and Read 1955) it is assumed that Qy and 
Q, are known explicitly (from the correspondences for the H, K regions) and 
R, is calculated by considering the effect of Q,, @, on vectors which are to lie 
ultimately in the common boundary. ‘Thus 

D, (3D, — Q@,, 1R, a, jo Nelo; jeeme: (59) 
may be calculated explicitly. However, the form of Dy, -'™D, is also known in 
terms of i, m and the twinning shear s. For 

(D, Dy *),,—5,=9(G%m,*) [1] [m*{ we. (60) 
and hence 
(D3 *Dx),—5,=sm [| iim* |. we ee (61) 
By comparison of (59) and (61), A;=s/,/|1* ||m* |, and hence /,= 4,/| A|, and so s 
are easily found. An explicit expression for s can be obtained at once by noting 
that D,D,,? carries the vector m* to (D,D,-!)m*. Thus 
eh sa a ook errr * (62) 


where cos @ is the scalar product of (D,~1)’m with D,D,,(D,,")’m divided by the 
product of the moduli of these vectors: 
m! Qu 2m 1/2 
ars (ae ioe ma) 
If the product is a stack of fine twins, and the fraction of material of type K 
is x, then x,s and the g of the present analysis are related by 


(ete ay Oe eS 3K (64) 

It is to be noted that, if Qy, Q, are given, (57) and (58) imply the conditions 
V(Qx2-Qy7)l=0 ne ees (65) 
ni os ae) 0M UU cae (66) 


restricting m and I. - 
In a more general discussion Mackenzie and Bowles (1954) obtain an explicit 
expression for D, 1D, in terms of @,, andm only. ‘The basis x, becomes in the 
region H the set H,=(Dy);,x;; thus the bases P, P, of the BM analysis may be 
identified with x ,,H, respectively, and the BM quantities M and h with the present 
Q,, andm. This means that x, is chosen so that Qy is diagonal, as required in 
$3. In twins of the first kind (an analogous development may be given for 
Type II twins) the structure in the K region is related to that in the H region by 
PROC PES SOC. xX Lx, 12——B 2Q 
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reflection in the plane with normal m*. Let K,=(K|H),H, be the reflection 
of H, inm*. ‘Then K, is generated from the same basis y, in the parent, where 
y,=(y|x)/x;, and BM show that if (y|x)/ represents a symmetry operation, 
it must be a reflection in the plane with normalm. ‘Thus the relative deformation 
of the two twins is given by 

H,->%,= (2 |y) 25> (% |») Ky = Ly) AK Bs" 


the matrix (x | y)(K |H) is easily calculated in terms of m and Q,. In fact, 


(P,S*P,)ig= (Dy 'Dy)i5= [(x | y)(K |H)];, po eee (67) 
=§.4 20m  ¢ - eee Seeley (68) 

where 
Deas (Q,,?m),/(m’Q,;, 2m) Myo, ie Rees (69) 


The matrix (P,S"P,) given by (68) and (69) is the twinning shear in BM’s equation 
(7.8). The direction of shear is thus parallel to the vector uA, which is generated 
from the vector vx, In fact, this is true with 2, given by (69) even when x, 
is not chosen so that @,, is diagonal. BM also give an expression for the magnitude 
of the twinning shear. This is easily seen to be identical with (63) by using the 
relation 
QO s(P SP) MLSE) ieee (70) 

which follows from (67). 

Finally, it may be remarked that although the above discussion is given for 
a twinned product, composite products not composed of twin-related structures 
are possible in principle and analogous developments may be given for them. 

The application of the present theory to discuss the crystallography of 
particular transformations will be carried out in subsequent papers. 
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MS. received 4th May 1956, and in final form 14th August 1956 


Abstract. When electric fields of about 10°vcm~ are applied to solid dielectrics 
the mechanical pressures developed between the electrodes are considerable. 
The manner in which this mechanical pressure may have influenced the 
measurements must be considered when interpreting experimental investigations 
of intrinsic electric strength. With many potassium chloride crystals it is shown 
that deformation of the crystal structure may be caused by application of the 
voltage before electrical breakdown takes place. The result of this is to increase 
appreciably the electric strengths relative to the values obtained from undeformed 
specimens. Information is given in the paper about the magnitude of the electric 
field in which structural deformation first takes place and about the subsequent 
behaviour of specimens in which structural defects have been introduced by the 
application of electric fields. 


§ 1. INTRODUCTION 


HE spread in values of electric strength obtained from apparently similar 

specimens of alkali halide crystals is very many times greater than is the 

value expected from the known measurement errors, which generally do 
not exceed about +10°. It is necessary to know the causes of the spread before 
any satisfactory interpretation can be given to investigations of intrinsic electric 
strength using these materials. 

Calderwood, Cooper and Wallace (1953) have shown that mechanical 
deformation causes an increase in the average electric strength of potassium 
chloride and also that a suitable annealing treatment will reduce the average 
electric strength of deformed specimens. On the basis of this result they suggested 
that the wide spread in values of electric strength obtained from apparently 
similar specimens was due mainly to variations in the density of dislocations and 
other lattice defects which may be introduced during the preparation and handling 
of the specimens, and which may scatter conduction electrons and thus increase 
the electric strength. The ability of these materials to resist plastic deformation 
is not great. 

More recently, Cooper and Wallace (1953) have demonstrated that there 
exists another possible cause of deformation. It is the mechanical pressure 
developed by the attraction between the electric charges appearing on the surfaces 
of the crystals when electric fields somewhat less than the breakdown field are 
applied. It is possible, therefore, that the electric strength of a specimen changes 
during the measurement and in a manner determined by its mechanical properties. 
The mechanical properties of apparently similar alkali halide crystals are known 
to vary appreciably (Boas and Schmidt 1950). ‘Therefore, it is possible that the 

2 Q2 
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phenomenon of neld induced strains provides an explanation of the wide spread 
observed in values of electric strength even when the strains produced during 
the preparation are removed by heat treatment and when, subsequently, great 
care is taken in the handling of the specimens. ‘The purpose of the present note 
is to give information about the magnitude of the electric field in which mechanical 
deformation first commences and about the subsequent behaviour of specimens 
in which strains have been induced by the electric field. The experiments to 
be described were all performed with KCl, but there is no reason to expect 
qualitatively different behaviour from other alkali halide crystals. 


§ 2. ‘THE ELECTRIC STRESS REQUIRED TO PRODUCE INTERNAL STRAIN 


‘The method of investigation used at room temperature was similar to that 
described by Cooper and Wallace (1953). The photo-elastic method was used 
to detect birefringence caused by the development of internal strains and the 
electric field was applied in the form of 1:50 microsecond impulses of successively 
increasing amplitude. When each impulse was applied the highly stressed 
region of the specimen was observed through a microscope and a sudden, 
permanent increase in the amount of light transmitted through the optical 
system indicated the onset of slip and the production within the crystal lattice 


of internal strain. 
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Figure 1. Relation between electric strength and (electric stress)? to induce stress. 
Birefringence in [100] specimens of KCI. 


In figure 1 values of electric strength are plotted against the electric stress 
required to induce stress birefringence, i.e. (Egy)yj,. in each group of twenty 
specimens. The electric field was applied in a [100] crystallographic direction. 
Each of this group of specimens was initially free from any strain that could be 
detected by inspection in a polarizing microscope, but despite this evidence of 
uniformity very considerable spread existed in the values of breakdown strength 


and also in the values of electric stress at which stress birefrin 


gence was first 
detected. 


Eight of the specimens broke down before stress birefringence was detected 
and their electric strengths extended from 0:61 mvcm- to 0-85 mv cma. lhe 
average value was 0-70 Mvcem~, The information obtained from this experiment 
is summarized in the table along with similar information obtained using specimens 
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in which the electric field was applied in the [110] direction, and in the [111] 
direction, Anisotropy of electric strength is clearly exhibited by KCl. This 
result is contrary to what is generally believed about the electric strengths of the 
alkali halides but the evidence of isotropy appears to consist only of sparse results 
obtained by Davisson and von Hippel (1940) using NaCl at room temperature. 


Table. Electric Strength and Electric Stress to induce Stress Birefringence 


THEOL 
(1) (2) (3) (4) (5) 
(2) (>) (c) 
[100] 20 0:96 1-34 0-61 0-68-1-07 0-61—-0°85 (8 specimens) 
[110] 19 1-26 fe.) 0-90 0°75-1-22 none 
lal 24 1:19 HSS 0-82 0-80-1 -06 0:82-0:94 (2 specimens) 


(1) ‘Type of specimen, (2) total number of specimens, (3) electric strength (mv cm7), 
{ 7) average, (b) maximum, (c) minimum, (4) range of values of electric stress at which stress 
birefringence was first observed (Mv cm~4), (5) range of electric stress (MV cm~) and 
number of specimens in which breakdown occurred before stress birefringence was observed. 


§ 3. EFFECT OF TEMPERATURE 

‘The apparatus used at room temperature enabled stress birefringence in 
the specimens to be detected the instant any deformation occurred. Consequently, 
there can be no doubt that the applied electric field was responsible for the 
observed effects and that the strains were not introduced accidentally by handling 
the specimens, but no satisfactory results were obtained using this apparatus at 
other temperatures. Nevertheless, an adequate assessment was obtained, by the 
following method, of the possible effects of temperature on the magnitude of 
the electric fields required to induce strains. ‘The conventional electrode system 
and procedures for measuring electric strength were used (Calderwood, Cooper 
and Wallace 1953) but instead of applying a series of impulses until the specimen 
broke down only one impulse was applied to each specimen. ‘The amplitude of 
each impulse was adjusted to yield the desired field strength and a subsequent 
inspection in a polarizing microscope revealed whether or not the impulse had 
strained the specimen. Five or six specimens were tested at each value of field 
strength. It was necessary to take precautions to ensure that no strains were 
produced by the thermal shock which occurred when a specimen was placed in 
an ambient at a temperature different from that of the room. Observations were 
made at 220°c and at —195°c. In the former case the specimen and its holder 
were heated together from room temperature and were allowed to cool again 
before removing the specimen. At —195°c the specimen was slowly lowered 
through the temperature gradient existing for seven or eight inches above the 
level of the liquid nitrogen used as ambient at —195°c. When the specimen 
was lowered too rapidly it caused vigorous boiling on entering the liquid and 
absence of this effect denoted a suitable lowering speed. 

There was very little effect of temperature on the value of electric stress with 
which internal strains were first produced. Using (100) specimens it ranged 
from 0-6Mvcm~ at 220°c to 0-7 mvcm~! at —195°c and with (111) specimens 
the corresponding values were respectively 0-7 Mv cm and 0-80 mv cm™. 


§ 4, Work HARDENING 


Since an electric discharge rather than a mechanical failure was always 
responsible for breakdown, it follows that some process within the crystal must 
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set a limit to the increase in electric strength that can occur once the electric 
field has exceeded the value required to initiate deformation, This process 
seems to be connected with the phenomenon of work hardening, the presence 
of which was demonstrated in the following manner. " 
The change in light transmitted through the system of crossed polaroids 
and specimen was measured after each impulse was applied by at ee a 
photomultiplier tube to the eyepiece of the microscope. Measurements re 
made using fifteen (111) specimens of KCl. ‘There was appreciable quantitative 
variation in the behaviour of the specimens but, in general, three patterns were 
observed and these were characterized by the curves (a), (b) and (c) shown in 
figure 2. In this diagram the total photomultiplier meter deflection was obtained 


(Electric Stress)? (mv cm-!)" 


60 80 120 


40 
Light Transmitted (arbitrary units) 


Figure 2. Work hardening of KCl during application of voltage. The arrows denote 
breakdown. 


by adding the deflection caused by a particular value of electric stress to the sum 
of all previous deflections. ‘The curves qualitatively represent the mechanical 
stress-strain relationships for the crystals. Work hardening is clearly demon- 
strated in curves (6) and (c) and the highest values of electric strength were 
obtained from those specimens exhibiting the pronounced effect shown in curve (c). 
A group of specimens broke down very soon after the onset of stress birefringence 
and their behaviour is illustrated in curve (a). These specimens obviously 
suffered the least deformation and they had the lowest values of electric strength. 
A small number of specimens exhibited the rather anomalous behaviour illustrated 
in curve (d), where it is seen that a very large increase in light transmission followed 
each impulse right up to breakdown. As previously mentioned, very great 
spread existed amongst the values of electric stress required to initiate deformation. 
‘There was no correlation observed between this electric stress and the subsequent 
behaviour of annealed specimens, but if a specimen was purposely strained by 
mishandling, it behaved in the manner illustrated by curve (e). Pronounced work 
hardening occurred, the value of electric stress required to initiate deformation 
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was high as was also the ultimate breakdown strength. At present the state of 
knowledge about plastic flow and the mechanical strength of crystals is in a 
state of flux and therefore any interpretation of the results described above is 
uncertain. According to current ideas the shear strength of a crystal is determined 
by the properties of dislocations which are considered to multiply and interact 
under the influence of a mechanical force and it is to this interaction that work 
hardening is attributed. From the above experiment it appears that a strained 
crystal, which contains more dislocations than does a crystal in which no strains 
can be detected, requires a greater force to cause plastic deformation than does 
a strain free crystal and it possesses a higher electric strength than does the latter 
type of crystal. From this it may be inferred that variations in the initial density 
of dislocations are likely to exist even in annealed crystals which appear in a 
polarizing microscope to be similar and free from internal strains because such 
crystals have been shown to vary appreciably in mechanical strength. 


§ 5. CONCLUSIONS 


The experiments leave no doubt about the occurrence in many cases of 
structural changes which produce an increase in electric strength and occur 
during the application of voltage to the specimen. One purpose of investigations 
of this kind is to provide data for comparison with theoretical predictions which 
are based on the assumption of a perfect crystal structure. No method exists 
of allowing quantitatively for the influence of strains on electric strength and 
therefore statements of maximum of average experimental values of electric 
strength are of little value for this purpose. The present experiments support 
the suggestion (Calderwood, Cooper and Wallace 1953) that the significant 
value of electric strength lies amongst the lower values and certainly is not the 
maximum value as was believed in the past. 

Only the measurements made with the (100) specimens yielded values of 
electric strength that were not influenced by field induced strains. ‘These values 
extended through a range of about 20°% below the lowest value of electric stress 
that was found necessary to initiate deformation. ‘This spread is greater than 
the known random errors and it may be asked why any field induced strains 
were ever observed with the (100) specimens? ‘There are two probable reasons 
forthis: First, the presence of inherent differences in the structure of the specimens 
and hence in their electric strength as discussed above and, second, the influence 
of time lags in breakdown. In many cases the time lag in breakdown may exceed 
3 microseconds (Cooper and Grossart 1956) and this is enough to allow the 
voltage of a 1/50 microsecond impulse to decay sufficiently to make the application 
necessary of further impulses of greater amplitude, despite the fact that the field 
strength produced at the peak of the first impulse may have been sufficient to 
cause breakdown if it had been sustained for a longer period. 
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Delayed Fracture of Sintered Alumina 


By S. PEARSON 


Royal Aircraft Establishment, Farnborough, Hants. 


Communicated by L. G. Carpenter; MS. received 31st May 1956 


Abstract. ‘Vhe strength of sintered alumina, when tested in the normal atmosphere, 
is shown to depend on the time for which the stress is applied. When stressed in 
bending under constant load, the average time to fracture increases from 1 sec 
to 10° sec when the stress is reduced by about 22°,. This delayed fracture can 
be largely eliminated by heat treating and testing in a vacuum. The vacuum 
heat treatment does not change the strength of the material permanently since 
the delayed fracture effect reappears when the material is again exposed to the 
atmosphere. It is concluded that the effect is due to attack of the stressed material 
by constituents of the atmosphere. 


§ 1. INTRODUCTION 


T has been shown that the strength of mineral glass and of various vitreous 

porcelains tested in the normal atmosphere depends on the time for which 

the stress is applied (Holland and Turner 1940, Preston 1942, Baker and 
Preston 1946). Preston found that the average time required to fracture soda- 
lime-silica glass in bending under constant load increased from 10~? to 10* seconds 
when the stress was reduced 1n the ratio 3:1. It has also been shown (Baker and 
Preston 1946, Gurney and Pearson 1949) that for mineral glass the effect is due 
to attack by constituents of the atmosphere (water vapour and carbon dioxide) 
and that the effect is negligible for glass tested im vacuo after prior vacuum heat 
treatment. Ways in which atmospheric attack can lead to delayed fracture have 
been discussed by Orowan (1944) and Gurney (1947). 

It was considered by Gurney and Pearson (1949) that the delayed fracture 
in glass is due to attack of the highly stressed material at the end of Griffith 
cracks by constituents of the atmosphere derived either directly from the gaseous 
phase or from atmospheric constituents contained in the surface layers of the 
glass. The very high stresses developed in the material at the end of the cracks 
will alter the effective equilibrium with the atmosphere and so lead to change 
in strength. If this explanation is correct a delayed fracture should be obtained 
for all brittle materials which will react with the constituents of the atmosphere 
when stressed and the effect should not be confined to vitreous materials. It was 
considered likely that the stresses developed locally in brittle materials would be 
so great that practically all such materials would react with constituents of the 
atmosphere when stressed and, consequently, it was decided to investigate the 
delayed fracture in a brittle polycrystalline material which has very good resistance 
to chemical attack when stress free. Sintered alumina was chosen as a material 


which fulfilled these requirements. 
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§ 2. MATERIAL 


‘The material used was sintered alumina for which the makers gave the 
following approximate composition : Al,O; «98°99, —Fe,O,2- Gl 
SiO, +°0-1%, alkalies > 0-5%, Cu, Vi, Ca,’Mg, trace or “absent.” it swas 
received in the form of 200 rods, each 9in. long by approximately } in. diameter. 
The density of the rods was determined by weighing and measuring, and the 
mean density was found to be 3-66, with a standard deviation of 0-042. The 
density of single crystal alumina is 4:0 and the maximum density normally 
obtained for sintered material is 3:8—3-85. A sample from one of the rods was 
sectioned in the transverse and longitudinal directions and examined under the 
polarizing microscope. ‘The grain size was reasonably uniform with a mean 
grain diameter of about 20. ‘The grains showed some preferred crystallographic 
orientation, presumably due to the extrusion process used in the manufacture of 
the rods. 


§ 3. EXPERIMENTS 


Delayed fracture experiments were made in the normal laboratory atmosphere 
and afterwards experiments were made to see if the delayed fracture effect could 
be eliminated or reduced by vacuum heat treatment. The 200 test pieces were 
allocated to the different test conditions according to tables of random numbers. 


3.1. Apparatus 


The apparatus used has been described previously (Gurney and Pearson 
1949). Briefly the rods were tested in four point bending in flexible metal tubes. 
The tubes were open to atmosphere for the tests at normal atmospheric pressure, 
and were coupled up six at a time to a vacuum pumping system for the tests 
in vacuo. ‘The vacuum pumps were kept running continuously during the 
experiments. The time to fracture was recorded automatically. Preliminary 


heating was done in electrically heated furnaces placed over the flexible metal 
tubes. 


3.2. Experiments in Normal Atmosphere with no prior Vacuum Heat Treatment 


Ten rods were loaded to failure in the normal atmosphere at a constant rate 
of increase of stress of about 30000lbin min. The mean failing stress in 
bending for the rods was 29 300 lbin- with a coefficient of variation of 14-1°.. 
Delayed fracture tests were then made in which a series of constant loads was 
applied to the rods and the times to fracture were recorded. Twelve tests were 
made at each stress and the median times to fracture are represented by triangles 
in the figure. 


3.3. Experiments at a Pressure of less than 10-5 mm Hg 
after prior Vacuum Heat Treatment 


For this series of experiments the rods were first heated to 350°c de LOG for 
48 hours in a vacuum of less than 10-> mm Hg. They were then allowed to cool 
and the furnaces were removed. A series of constant stresses was then applied 
to the rods, and the times to fracture were recorded, the pressure being maintained 
at less than 10-> mm Hg by continuous evacuation. ‘Twelve tests were made at 
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each stress and, as few delayed fractures occurred, all the results are shown in 
the figure. The corresponding median points are represented by squares. 
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Delayed Fracture of Sintered Alumina. A. Median points for experiments at atmospheric 
pressure with no prior vacuum heat treatment (12 tests at each stress). B. Median 
points for experiments at atmospheric pressure after prior vacuum heat treatment 
(6 tests at each stress). C. Median points and, C’, results of individual tests for 
experiments at pressure of <(.10->mm Hg after prior vacuum heat treatment (12 
tests at each stress). DJ. Number denotes number of specimens breaking during 
application of load. E. Number denotes number of specimens which did not break. 


3.4. Experiments in Normal Atmosphere after prior Vacuum Heat Treatment 


This series of experiments was made to see if the strength of the alumina was 
changed permanently by the vacuum heat treatment, or if the change in strength 
was reversible. Rods were heat treated at 350°c + 10°c for 48 hours in a vacuum 
of less than 10-° mm Hg as in the previous series of vacuum experiments. ‘They 
were then allowed to cool, removed from the apparatus and allowed to stand in 
the normal laboratory atmosphere for at least 24 hours. A series of delayed 
fracture tests was then made on the rods in the normal atmosphere. Six rods 
were tested at each stress and the median times to fracture are represented by 
crosses in the figure. It will be seen that the crosses are scattered about the 
curve for the rods which had not been heat treated. 


§ 4, DiIscussION OF RESULTS 


The experimental results (see figure) show that the strength of the sintered 
alumina when tested in the normal atmosphere depends on the time for which 
the stress is applied, the average time to fracture increasing from 1 sec to 10° sec 
when the stress is reduced in the ratio 1-3:1. ‘The comparable ratio for soda- 
lime-silica glass and for lead glass is about 2:1, for silica glass 1-7:1 and for 
vitreous porcelain 1-4:1. As was found for glass the delayed fracture effect can 
be largely eliminated by heat treating and testing in a vacuum. It is shown, 
however, that the vacuum heat treatment itself does not change the strength of 
the material since the delayed fracture curve for rods stored and tested in the 
normal atmosphere after vacuum heat treatment is not appreciably different 
from the curve for untreated material. 


1296 SS. Pearson 


‘The results obtained in the experiments therefore support the hypothesis 
that the delayed fracture in brittle materials is due to attack of the highly stressed. 


material at the end of Griffith cracks by constituents of the atmosphere derived 
either directly from the gaseous phase or from atmospheric constituents contained 
in the surface layers of the materials. Since delayed fracture occurs in a poly- 
crystalline material as well as in the vitreous materials previously tested it seems 
evident that the effect is connected with the brittleness of the materials, i.e. the 
ability to develop very high stresses in the material at the sharp ends of cracks, 
rather than with atomic rearrangement in the vitreous materials under stress, 
as has been suggested (Murgatroyd 1944, Kontorova 1946, Saibel 1947, Taylor 
1947, Cox 1948). It seems probable that all brittle materials will show a delayed 
fracture effect, the magnitude of the effect depending on the resistance of the 
stressed material to attack by the surrounding atmosphere. 


§ 5. CONCLUSIONS 


1. ‘The strength of the sintered alumina, when tested in the normal atmosphere, 
depends on the time for which the stress is applied, the average time to fracture 
increasing from 1 sec to 10% sec when the stress is reduced in the ratio 1:3: 1. 


2. The delayed fracture effect can be largely eliminated by heat treating and 
testing in a vacuum, and it seems that it is due to attack of the stressed material 
by constituents of the atmosphere. 


3. It is suggested that all brittle materials will show a delayed fracture effect, 
the magnitude of the effect depending on the resistance of the stressed material 
to attack by the surrounding atmosphere. 
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A Theoretical Study of Pentavalent Phosphorus 


By-C, CARTER 


Physics Department, University College London 


Communicated by H. S.-W. Massey; MS. received 22nd May 1956 


Abstract. Molecular orbital calculations have been made for the molecule 
PH, assuming a bipyramidal model. The calculations confirm the conclusion 
of Craig, Maccoll, Nyholm, Orgel and Sutton that a free atom 3d atomic orbital 
of phosphorus 1s much too diffuse to give a good description of molecular binding. 
The reasons for this are discussed. 


$ 1. INTRODUCTION 


HE elements of the second short period differ from those of the first short 

period in that they can form compounds in which they have valence 8— V, 

as well as those with their normal valence V. Thus, phosphorus forms 
compounds PF, and PF;, whilst nitrogen forms only NF,._ A qualitative explana- 
tion of this behaviour can be given in terms of d-orbital hybridisation. ‘The 
norma! configuration of phosphorus (3s)?(3p)? is trivalent, but by promotion of 
a 3s electron to 3d, a pentavalent configuration (3s)(3p)3(3d) is possible. The 
observed bipyramidal form of PF, can be explained by suitable hybridization of 
the five valence orbitals. However, nitrogen has a normal trivalent configuration 
(2s)?(2p)? and promotion of the 2s electron to 3d is energetically more difficult. 

In a recent study of chemical bonds involving d orbitals, Craig, Maccoll, 
Nyholm, Orgel and Sutton (1954) have attempted a semi-quantitative study of 
d-orbital hybridization in PCl, and SF, using atomic orbitals defined by Slater’s 
rules and taking the overlap integral as a criterion of bond strength. In both 
cases, they found that the Slater 3d atomic orbital is much too diffuse to hybridize 
effectively with the 3s and 3p atomic orbitals. ‘This result suggests either that 
d-orbital hydridization does not take place or else that it is a very bad approximation 
to use free atomic 3d orbitals in forming a molecular wave function. 

Craig et al. suggest reasons why the d atomic orbital might be contracted 
by the peripheral atoms when a molecule is formed but, in the absence of a quantita- 
tive study, it is not possible to decide if these reasons are valid. Presumably, it 
would be possible to perform valence bond calculations in which the energy is 
minimized with respect to a variable parameter in the 3d atomic orbital, but 
they would be complicated by the need to include ionic configurations. 

In this paper we attempt to throw light on the problem by indirect but more 
tractable calculations in which the molecule PH, is treated by an approximate 
molecular orbital method. PH; is apparently unstable but it is the simplest 
molecule to treat theoretically. Later, we hope to investigate the molecule PF; 
similarly and perhaps discover whether one should expect PF; to be more stable 


than PH;. 
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§ 2. MoLecuLaR ORBITAL WAVE FUNCTIONS FOR PH, 


The usual method of forming a molecular orbital wave function 1s to represent 
it as a linear combination of atomic orbital wave functions (LCAO). For molecules. 
of high symmetry, however, it is possible to approximate the molecular orbital 
(mo) by the first term of a harmonic series about the centre of the molecule as. 
origin. The radial wave functions may then be calculated by the S.C.F. method 
in the same way as for atoms. Buckingham, Massey and Tibbs (1941) showed 
that this method predicts some properties of methane quite satisfactorily. Carter 
(1956) has investigated the method in more detail and discussed the effect of 
including higher terms in the harmonic series for the Mo. ‘The single term 
approximation appears to give bond lengths quite accurately, but it fails to give 
quantitative binding energies. 

The exact Mo electron configuration of the ground state of PH; is 

(L4y (24) P(249"P(2E)3 Ay PS Ag" PSEA). 


In the single harmonic term approximation this becomes (Carter 1955) 


(1s)*(2s)°(2p)*(3s)*(3p)(441')?. 

The correspondence is unambiguous except in the case of the 4A,’ orbital in 
which the 3d.2 and 4s terms are likely to be of about the same importance. Best 
results would be obtained by taking a linear combination of d and s terms, but 
this course was not followed since it would complicate the calculations considerably 
and would destroy the simple relation between molecular orbitals and atomic 
orbitals. 

Instead, we first solved the Hartree S.C.F. equations approximately for 
PH;°* with an argon-like electron configuration, taking the P-H bond length 
r9=2-70 a.u. The Hartree equations were then solved for a 3d and a 4s electron 


in the unperturbed field of PH,?*. These equations are 
d?P(3d) 2 25 ZZiry <6 7} 
tapas | 107+ 7 V2+ 4 eer ee aewer ese ~ és |P(3d) =0 | 
d2P (4 DFigs -. Spee ee te I eee Gly 
— + | 107+ sn) —44 | P(4s) =0 


where Z(r)/r is the field due to the P nucleus and the electrons in PH,2+ and 

VAST rg’, foror <7, 

SP Oi Or eet ee (2) 

The V;, terms represent the effective potential field due to the five H nuclei 
arranged bipyramidally (figure 1). The terms V, and V, in the 3d equation arise 
from the angular dependence of the 3d wave function. 3€ 1S approximately 
equal to the binding energy of the outer electron in PH,+. The 3d equation 
was solved both with and without the non-central potential terms V, and V,. 
The values of ¢ obtained were 


€3, (omitting V, and V,)=0-50 
en =(55 
€34 (including V, and V,)=0-62. 
We conclude therefore that, in contrast to Ca*, a 3d electron in PH,+ is more 


tightly bound than a 4s electron, the tighter binding being largely due to the 
non-central interaction of the electron with the five protons. 
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Figure 1. The bipyramidal model assumed for PH;. The polar bond lengths P-H,, 
P-H,, have been taken equal to the equatorial bond lengths P-H;, P-H,, P—-H;. 


With the above calculations on PH;* as a guide, the 4A,’ orbitals in PH, 
were taken as 3d.2 since, as in the atomic case, the relative binding of a 3d electron 
over a 4s is likely to increase with increasing number of electrons. ‘This choice 
is further justified in that the error caused by omitting the s component is partially 
cancelled by the omission of the d component in the 3A,’ orbital. 

The calculated S.C.F. wave functions for PH, are drawn in figure 2. For 
comparison, wave functions for pentavalent phosphorus have been calculated and 
are also shown in figure 2. It can be seen that the 3d atomic orbital is very 
extended, as predicted by Slater’s rules. 

In view of the approximate nature of the calculations, only rough 
self-consistency was aimed at but, on the scale of the figure, the self-consistent 
wave functions would differ insignificantly from those drawn. 
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Figure 2. Radial wave functions for (a) pentavalent phosphorus with configuration 
; (3s)(3p)2(3d), and (6) PH; with configuration (3s)*(3p)6(3d)?. 
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§ 3. DIscussION 


The wave functions for PH, and pentavalent phosphorus cannot be compared 
directly since the one are molecular orbitals and the other atomic orbitals. 
However, if we form LCAO MO’s by combining the phosphorus ao’s with hydrogen 
A4o’s, we see that any MO containing the phosphorus 3d wave function of figure 2 (a) 
would be too diffuse to correspond to the 3d mo of figure 2(b). This confirms 
the conclusion reached by Craig et al., but we are now in a position to offer a 
physical explanation of the formation of a pentavalent compound. All that 
is required is an examination of the physical causes which make the 3d wave 
function in PH; more compact than that in phosphorus. 

The chief cause appears to be the attraction due to the hydrogen atoms, 
which expands the 3s, 3p wave functions and contracts the 3d function so that in 
each case the maximum moves closer toy=ry. ‘This is simply an electronegative 
effect, in which the attractive force due to the five protons outweighs the repulsion 
due to the five extra electrons, and might be expected to be larger when the 
hydrogen atoms are replaced by more electronegative ligands. ‘This effect is 
accentuated by the electron pairing. ‘The single 3d electron in phosphorus is 
strongly screened from the nuclear charge by the inner electrons, but one 3d 
electron in PH, is only slightly screened by the other one. ‘This means that 
a 3d electron is more strongly attracted towards the centre in PH; than in phos- 
phorus, and is accordingly more compact. The effect is cumulative since a 
contraction of the 3d electron cloud reduces the screening caused by the inner 
electrons and hence causes a further contraction. 


§ 4. CONCLUSION 


It seems probable that d hybridization does occur in both pentavalent 
phosphorus and hexavalent sulphur. ‘The 3d atomic orbital is, however, much 
contracted during molecular formation and when making calculations with 
molecular wave functions involving atomic orbitals it is not satisfactory to use 
a free atom 3d orbital. Whether the valence bond or molecular orbital method 
is employed it is desirable to include a variable parameter in the 3d wave function 
as well as the variable coefhicients normally used. It seems likely that the 
inadequacy of the Slater 3d orbital is a major reason for the poor results obtained 
by Duncan (1952) in his Lcao Mo treatment of SF,. 
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The Orientation of the Structure of 6-6 Nylon Fibres 
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Abstract. ‘The optical and x-ray diffraction properties of a model fibre have 
been considered. The fibre is assumed to consist of an assemblage of structural 
units to which simple optical and crystalline properties have been assigned. 
It is further assumed that the random orientation of units in the undrawn fibre 
is modified by drawing according to a simple geometrical pattern. Good 
agreement has been found between the observed variation of the birefringence 
with drawing, and the variation calculated from the model, and between some of 
the observed changes with drawing of the x-ray diffraction pattern, and the 
corresponding changes shown by the model. 


§ 1. INTRODUCTION 


HE production of a fibre of 6-6 nylon consists essentially of two processes. 

Firstly, the chip polymer is melted and extruded through a small hole 

to give the material the required form. After solidification, the fibre is 
extended or drawn far beyond its elastic limit to several times its spun length in 
order to give it the stiffness required in a textile fibre. We are concerned in this 
paper with what happens to the fine structure of the material during the second 
process. 

X-ray examination shows 6-6 nylon to be a largely crystalline material, of which 
part is amorphous. Systematic study of the effect of large extensions upon 
the birefringence and x-ray diffraction patterns of crystalline fibres began with 
the work of Kratky and his colleagues on cellulose and similar materials. 
Calculations have been given based upon model fibres, assumed to consist 
variously of crystallite cylinders, prisms or leaves embedded in an amorphous 
matrix. A calculation of the change with fibre extension of the intensity distribu- 
tion in a Debye—Scherrer ring was initiated by Kratky (1933), but his work falls 
short of a full treatment of the problem which will be considered here. 

The expressions given by Kuhn and Griin (1942) for the birefringence of 
a crystalline fibre are the foundations upon which the present work is based. 
The assumptions embodied in their model are extended in the present work to 
permit the calculation of the intensity distribution in a Debye—Scherrer ring due 
to a set of paratropic planes. 


§ 2. "TREATMENT OF BIREFRINGENCE 
We shall summarise the treatment of birefringence given by Kuhn and Grin, 
and compare the results of their calculation with some experimental work under- 
taken for us by Mr. S. C. Simmensf. 
+ Now at British Cotton Industries Research Association, Didsbury, Manchester. 
PROC. PHYS. SOC. LXIX, I2—B 2R 
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Following Kuhn and Griin, we assume the model fibre to be cylindrical 
and to consist of an assemblage of structural units with optical polarizability 6, 
along the axis of the unit and 6, in a plane perpendicular to this direction. ‘lhe 
units are assumed to be randomly oriented in three-dimensional space when the 
fibre is in the undrawn state. ‘The number dG of units per unit volume with 
axes inclined at an angle f to the fibre axis is equal to }G'sin Bdf, where G is 
the number density of the units. 

We choose rectangular cartesian axes x, y, 2, within the fibre, with the z axis 
parallel to the fibre axis. We assume that the direction of the axis of a structural 
unit which is defined by the line joining the points (x, y,, 2) and (x9, Vo, %4) before 
drawing will change to that of the line joining the two points (x,/4/A, v,/\/A, Az) 
and (x9/4/A, Ve/+/A, A%_) after drawing. ‘To understand the relevance of the 
transformed coordinates, we note that, under the assumption of no change in 
volume, a piece of the fibre of length LZ and radius r before drawing, has length 
AL and radius r/\/A after drawing to a ratio of A. It is easily shown that the 
number dG of units inclined at an angle § to the fibre axis after the extension is 
given by 

GA? sin BdB 
1avetjeass2 ee o 


Further, it may be shown that at this draw ratio the birefringence of the system 
is given by 


dG= 


2G 
An(A) = Onl) [wal 21 Ope Co yh lll wees (2) 
where 
f(Q)= 23+1 — 3A8tant4/(A3— 1) 
E 2(A3 — 1) 2(A3 — Lye 
and n(A) is the mean refractive index at an extension of A. The birefringence is 
assumed to be small compared with (A). Since f(A) 1 as A> 00, we may write 


An je An oiAyaat 2 Terr eee (3) 
where An(oo), the maximum attainable birefringence, contains the factors 
G, 5,;—6, and [n(A)+2]*. The first two factors cannot at present be measured 
independently. The last arises because we have used the Lorentz—Lorenz 
equation for obtaining the refractive index from the optical polarizability. There 
is justification (Brown 1940) for using the simpler relation n2—1—=42Go where 
n is the refractive index, o the optical polarizability and G the number density 
of polarizable units. In this case we could obtain for An(A) the expression 


2nG 


An(A) = AD (Op=0,)/(A) i os ele ae (4) 
For 6-6 nylon, however, both [m?(A)+2]*/m(A) and 1/n(A) may be regarded as 


constants 1n this work. 

We proceed to compare equation (3) with some experimental results which 
were obtained by the following technique. Fibres were drawn to different 
ratios under a variety of conditions of speed and temperature. ‘The samples 
were allowed to relax for twenty-four hours after drawing. After this interval 
it was found that the birefringence remained sufficiently constant in time for 
measurements to be made, and that changes that occurred thereafter due to 
further relaxation could be entirely accounted for in terms of diameter change 
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After the period of relaxation the samples were mounted in liquid paraffin for 
examination under the microscope and their birefringence measured in sodium 
light with the use of a Berek compensator. To do this the diameter and 
retardation were measured at a number of points on each sample. On the basis 
of previously observed cross sections of similar samples, the assumption of 
circularity was made. 

In figure 1 we plot birefringence against draw ratio for one particular set of 
drawing conditions, together with a curve obtained with the use of equation (3), 
taking for An( oo) the value 0-073. This value was chosen to make the straightest 
parts of the corresponding curves of birefringence against diameter coincide as 
nearly as possible, as in figure 2. The curves for other drawing conditions showed 
similar agreement when small adjustments were made in the value of An(0o). 
Insufficient work has been done to establish any systematic variation of An(c) 
with drawing conditions. It seems, however, that equation (3) may be applied 
equally well to drawing which has taken place evenly over the whole length and 
to drawing that has taken place at a neck (Marshall and Thompson 1954). 
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Figure 1. The variation of birefringence Figure 2. The variation of birefringence 
with draw ratio. with diameter. 


We infer from this work that the maximum attainable birefringence of 6-6 
nylon is higher than the 0-06 quoted by, amongst others, Bunn and Garner (1947). 
Values of 0-068 have been observed by Mr. S. C. Simmens. When the experi- 
mental and theoretical results are compared in the manner described it will be 
seen that for higher draw ratios the experimental curves tend to fall below those 
obtained for the model fibre. One explanation could be that the manner of 
orientation may be in some way less ‘ perfect’ than that assumed. 


§ 3. X-ray DIFFRACTION PATTERNS 
It has been established by Bunn and Garner (1947) that the unit cell of 
6-6 nylon is triclinic, that the c axis becomes oriented towards the fibre axis when 
the fibre is drawn, and that the most prominent features of the x-ray diffraction 
pattern by transmission are the ring due to the (100) plane and that due to both 
2R-2 


i304 M. F. Culpin and K. W. Kemp 


the (110) and (010) planes. ‘The rings due to the last two unfortunately coincide. 
A pattern typical of the undrawn fibre is shown in figure 3 (i), whilst figures 3 (11) 
and (iii) show the progressive effect of drawing upon this pattern (Plate). 

We now invest our structural unit with crystalline properties and proceed 
to obtain an expression for the intensity of radiation at a point P on a Debye- 
Scherrer ring of the model fibre at any draw ratio A. We assume that each unit 
contains a set of equidistant crystal planes lying parallel to the unit axis (see figure 4) 
and that the unit axis is parallel to the c axis. It is supposed that there are 


Unit Axis 


Figure 4. The assumed crystalline form of a structural unit. 


many structural units associated with each unit axis direction and that the crystal 
planes of these units are uniformly distributed at all angles about this direction. 
‘The units have only one plane spacing: our model will, therefore, give rise to only 
one Debye-Scherrer ring, which will subtend at the fibre axis a cone with half 
angle 26 where sin@=pA/2h, A is the wavelength of the radiation, / the spacing 
of the planes and p is an integer. For the patterns shown in figure 3 the value of 
p is one. ‘Vhe way in which the calculated intensities change with draw ratio 
will be compared with the chief rings obtained from 6-6 nylon. 

To calculate the radiation intensities for the model we begin by considering 
the schema shown in figure 5. In this diagram Os lies along the fibre axis. 
Ow les along the direction of the x-ray beam and meets the photographic plate 


Fibre Axis 


Figure 5. Diagram to illustrate the formation of the x-ray difiraction pattern. 
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which is perpendicular to it at S. Oy is perpendicular to both Ow and Os. 
ST is parallel to Oz and P is the point at which we wish to calculate the intensity 
of radiation. TSP=v,. 

In the plane vOs, draw Oy’ such that yOy' =, and in the plane xOP draw 
Ow’ such that vOxr’=6@. It can be shown that x’ Oy’ =90°. Draw O2z’ perpen- 
dicular to the plane v’Oy’. This construction is shown in figure 5. 

All sets of crystal planes which contribute to the diffracted intensity at P 
have Os’ asanormal. We theréfore calculate the number density of structural 
units which have a set of planes perpendicular to Oz’. If we consider a unit 
whose axis is inclined at an angle 8 to Oz and for which the projection of this line 
on the wOy plane makes an angle ¢ with Ox, then the number density dG of such 
units in the undrawn state is given by dG=Gsin BdBdd/47 where 0 <8 <3z, 
and 0<¢<2z7. When the fibre is drawn to a draw ratio of A we obtain, in accord 
with equation (1), 

: GA3 sin B dB d 
dG= Fal +08— eee SIASBYEB dds ——-cabaek (5) 

The calculation which we have done to estimate the intensity of radiation 
may be most easily understood if we imagine that all the structural units in unit 
volume are taken and, without disturbing their orientation in space, are placed 
at the centre of a sphere. ‘The number of units which have a set of planes with 
normals which lie within a cone of half angle $}d8 around Oz’, as shown in figure 6, 
is equal to the number of units N(A, %) which have axes which cut the surface 
of the sphere of reference at points between the two (almost) great circles shown. 
We assume that the intensity of radiation at P is proportional to the number 
density /(A, u) of these points within the zone. Evidently, 

NA, ib) 
T(r, pb) = | a nn (6) 


ligure 6. The sphere of reference with the distribution of axes of the units which contri- 
bute to the intensity at P. 

An expression for I(A, is) may be obtained most easily by working with the 
coordinate axes x’, y’, 3’, of figure 5. The coordinates (f, ¢) of a unit referred to 
the original set of axes and the corresponding coordinates (’, ¢’) referred to the 
new set are related by the equations _ 

cos B = cos 0 cos x cos B’ + sin ys sin f’ sin f’ — sin cosy sin B’ cos ¢’. | 


(7) 


cos ¢sin 8 =cos @sin f’ cos ¢’ + sin @ cos fp". } 
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The Jacobian of (8, 4) with respect to (f’, ¢’) is, in the usual notation, given by 


os = = = B i [sin sin @ sin f’ cos ¢’ + cos ys sin f’ sin ¢’ — sin & cos 6 cos 6] 
e(B’, 6’) sin? 8 sing 


To obtain the number (A, %) of units having a set of planes with Oz’ as 
a normal we put f’ = }z, and integrate over all values of ¢’ from0 to 27. We have 
already dG = F(A, 8) dB d¢ so that in the new coordinate system 


dG = F(A,B’) ae a adBdb- | ee ieee (9) 
whence 
Pea a(f, ; : 
NO W=d8" | "FO, BY ace gn a [P= ni2] 
_ ; Zap Ae CTs dy. 
US ss mT) eal eA 1) ei) (= a eum Ze Ay 
where 


m=cos*@cos?y, «=24'+6€, 
€=arctan {[1 — cos? ¥(1 + sin? @)]/2 sin cos % sin 6}. 
‘his integral may be evaluated with the use of Jacobian elliptic functions, 
and, together with equation (6), gives 
GAPE[4/[(25/(6 + 1)], $77] 
I(A, p)= a a hues (11) 
where 


a=1+}(-1)(1+m), b=4a08—1\(1—m), 
E(k, ©) = i V(1—Rsin? ®)do, 
JQ 


The experimental work with which we compare the results of this calculation 
was undertaken for us by Miss B. R. Brown. X-ray diffraction patterns were 
obtained with copper Kz radiation from a series of nylon fibres which had been 
prepared by drawing parts of a single sample to different draw ratios. 
Exposures were such that the linear part of the exposure—density characteristic 
of the emulsion was used. This linearity was checked and found to be 
sufficiently exact for this work. The absolute levels of density of the rings 
obtained from the different drawn samples were compared by taking a back- 
reflection photograph from a nickel foil simultaneously with each fibre photograph, 
Owing to the smallness at low densities of the difference between the background 
and diffracted intensity of radiation, it was estimated that the absolute level of any 
one density distribution was not measured to better than LOD, 

In order to compare the theoretical results embodied in equation (11) with 
the experimental results, we assume that J(A, :) is proportional to the intensity of 
radiation and that that is proportional to the density of silver deposit on the 
photographic plate. Since the constants of proportionality are not known, 
we have the choice of two procedures. Firstly, we may choose an arbitrary 
value of G and a scaling factor which will ensure coincidence of the calculated 
and observed curves for A=1 for each Debye-Scherrer ring. The density 
scale is then fixed for the calculated and observed curves for all other values of 2, 
‘Thus we obtain the curves shown in figures 7 and 8. Secondly, since the absolute 
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level of the experimental curves is not accurately known, we may again select an 
arbitrary value of G, but then choose a different scaling factor for each value of A 
to ensure coincidence of the observed and calculated curves at y=90°. This has 
been done in figures 9 and 10. 

It may be seen from figure 7 that the observed curves for the (110) plus (010) 
ring lie above the calculated curves. It appears from figures 8 and 10 that the 
(100) plane as incorporated in our structural unit does not follow the model 
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value of draw ratio. 


1308 M. F. Culpin and K. W. Kemp 


deformation as closely as the (100) and (010) planes, for which the observed and 
calculated curves show good agreement. 


§ 4. DIscUSSION 


‘The structure of 6-6 nylon fibres as seen under the microscope and the effect 
of drawing upon this structure are illustrated by Langkammerer and Catlin 
(1948). ‘The structural units discussed in this paper may be considered to be 
intermediate in size between the spherulites and the crystal unit cell. We have 
not considered the relative proportions of crystalline and amorphous material, 
nor the question whether or not the crystallinity lies wholly within the spherulites. 
Again, the assumption that our structural units are not disrupted by the drawing 
process and that the amorphous regions contribute nothing to the birefringence 
are hardly justifiable. We merely wish to draw attention at this stage to the 
similarities between the behaviour of our simple model and that of the actual 
material. ‘These are sufficiently striking to merit consideration in any further 
study of the morphology of 6-6 nylon. 
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The Phase Adjustment of the Double Etalon 
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Abstract. When a double etalon is used in conjunction with a spectrograph, 
illumination from a continuous source produces heterochromatic fringes; these 
provide a convenient means of phase adjustment. The method offers special 
advantages for weak or ultra-violet lines. 


$1. THE PRINCIPLE OF THE METHOD 
wo Fabry-Perot etalons with spacings D and D’ in exactly integral ratio, 
so that the relation D’=mD (m=1, 2, ...) holds to an accuracy of a small 
fraction of a wavelength, could be used as a double etalon for light of any 
wavelength. ‘To make spacers to this accuracy would, however, be extremely 
laborious and also unnecessary. In practice the defect d defined by the relation 


Dep dT aoe Th se tae (1) 


may be a large number of wavelengths. ‘The values D, D’ and d in this equation 
are defined as optical distances in air. 

For any given wavelength of the light the fringe systems of the two etalons 
will then, in general, be out of step, and a ‘phase adjustment’ is required, 
consisting in a change of the path difference of one of the etalons by a fraction 
of a wavelength. ‘This is most conveniently achieved by a slight change of air 
pressure (Jackson and Kuhn 1938); the values of the air pressure for which the 
intensity passes through maxima and minima may be established by visual 
observation. 

While this method of phase adjustment has proved satisfactory for strong 
lines in the visible spectral range it becomes difficult or impossible for weaker 
lines or wavelengths outside the range of good visibility. In connection with 
recent work on isotope shifts in the spark line A4416A of cadmium (Kuhn and 
Ramsden 1956), a method of phase adjustment was developed using the hetero- 
chromatic fringes produced by white light in the focal plane of a spectrograph 
in series with a double etalon (Kuhn 1951). Since the method should facilitate 
the use of double etalons, especially outside the visible range, a brief description 
is given in the following, together with some remarks on the permissible upper 
limit for the value d. 

For light of wavelength A the fringes of the two etalons of spacings D and D’ 
coincide if the two relations 

2D cos¢=nar | 3 
2D' cosd=n'A=(mn+ A)A i) se a 


are simultaneously fulfilled for the angle, ¢ of the fringe in question, where n, 1’ 
and A are integral numbers. [rom (1) and (2) follows the relation 


Ba COs = MCN 4 Oder 1A CErtae: (3) 
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which shows that the order difference A for the two etalons is the same as the 
order of an ‘equivalent’ single etalon of spacing d. Phase coincidence of the 
double etalon occurs if A has an integral value. This can be strictly achieved 
for only one value of ¢, but if d is small enough a sufficiently close coincidence 
can be obtained for the whole range of ¢ covered by the fringe system. For 
this to be so, A should vary by only a small fraction of an order, perhaps by 1/20, 
depending on the reflectivity of the suppressor etalon. From (2) and (3) follows 


(Ap=A\iig=n)\=d/D. Vara) eee (4) 


where the sufhx o refers to the value of the order for the centre of the fringe 
pattern. Since 7) —7 is normally about 1 to 3, d will usually have to be restricted 
to values below about D/50. It is generally easy to make etalon spacers to an 
accuracy of this order. 

With a value of d of this order of magnitude, white light passing through the 
two etalons in series with a spectrograph will produce a sequence of well-resolved 
heterochromatic fringes, of the same appearance as those observed with a film 
of thickness d, bounded by partially reflecting surfaces. ‘The maxima mark the 
wavelengths for which the etalons are in phase. The width of the peaks, relative 
to their spacing, depends mainly on the reflectivity of the plates of the suppressor 
etalon, and their spacing in wavelengths 6A, or in wave numbers 5y, is given 


approximately by [6A/A| = [dv/v] = —A/2|d. 


§ 2. ‘THE EXPERIMENTAL PROCEDURE 


The slit of the spectrograph is illuminated simultaneously with white light 
and with light from the source emitting the spectral line to be investigated. The 
air pressure is then changed until one of the heterochromatic fringes coincides 
with the line. The phase adjustment is thus reduced from a setting for maximum 
or minimum intensity to the setting of a position, which is usually easier to make. 
‘The adjustment may, moreover, be easily checked at any time during an exposure, 
any systematic change noted and corrected by a slight adjustment of the pressure. 

For lines which are either so weak or of such a wavelength that visual setting 
is impossible, one exposure is sufficient for determining the fractional part of A 
by which ihe line is displaced from the fringes; the air pressure can then be 
changed by the amount necessary to establish phase coincidence. 

In these tests it is preferable for the light from the source of the line spectrum 
not to pass through the etalons. With external mounting this can be achieved 
either by means of a system of mirrors providing a by-pass for the light, or by the 
use of a subsidiary source. The figure shows an exposure of the heterochromatic 


fringes in coincidence with the line Cdit 44416 from a commercial cadmium 
lamp. 


dr 


4678 AN4416 
Phase adjustment for Cdrr A 4416. D=1-493 cm, m=2, d=0:033 cm. 
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The phase adjustment can also be made indirectly, by means of any suitably 
chosen visible line as reference line. The heterochromatic fringes offer a simple 
means of establishing the difference in the air pressures required to produce 
phase coincidence for either of two spectral lines. Once the relation with the 
line under investigation has been established by preliminary tests it is only 
necessary to adjust the phase coincidence for the reference line and then to change 
the pressure by the known amount. The frequent use of the source for adjustments 
is thus avoided; this is of advantage when the source contains rare substances 
or has a short life for other reasons. 

In accurate measurements with double etalons it is sometimes necessary to 
know the suppression ratio, i.e. the ratio of the intensity of the suppressed to 
that of the unsuppressed fringes. This can be determined by bringing the 
double etalon into phase coincidence with a line which possesses no structure 
and has a similar wavelength, such as one of the lines emitted by a mercury isotope 
lamp. ‘The mercury line (4358 proved very suitable for use with the Cd 
line A4416. 

Finally, a deliberate choice of the value of d can often be useful for reducing 
the intensity of very strong neighbouring lines which would otherwise cause 
stray light. Even with a chance value of d this action of the double etalon as 
interference filter is frequently very useful. 
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Abstract. Measurements have been made of the dynamic shear properties 
of four organic glasses at a frequency of 4 megacycles per second and over a wide 
temperature range covering the softening region. ‘The behaviour of the shear 
modulus is in accord with the chemical nature of these materials. Correlation 
of these results with measurements of the velocity of longitudinal waves at the 
same frequency suggests that there is a relaxation in the bulk modulus between 
the solid and liquid state, as has been reported by Kuhn and Vielhauer, but at 
a somewhat lower temperature than the relaxation in the shear modulus. 


§ 1. INTRODUCTION 

HE dynamic shear properties of two organic glasses at different temperatures 

and at frequencies between 10-4 c/s and 10* c/s have already been investigated 

(Benbow 1954). ‘The purpose of this work was to extend the frequency 

range covered in the ultrasonic region and the temperature into and beyond the 
transition region from the solid to the liquid state. 

The glasses used were 2’-hydroxy-2:4:4:6:5’-pentamethylflavan (Baker, 
Curtis and McOmie 1952), 2-phenyl-3-p-tolylindan-1l-one (Koelsch 1934) and 
sucrose octa-acetate. Sucrose octa-acetate is more brittle than the flavan 
compound at room temperature, with a viscosity of 10!2 poises at 20°c compared 
with 10* poises, and it can be expected to show more intermolecular association 
since it contains several polar groups. The indanone compound is a red glass 
and has a viscosity intermediate between that of sucrose octa-acetate and the 
fHavan compound at room temperature. Experiments were also carried out 
on pitch in order to observe the effect on mechanical behaviour of increasing 
molecular complexity. 

In order to investigate the shear properties, it was decided to adopt a pulse 
method described by Mason, Baker, McSkimin and Heiss (1949), in which shear 
waves were generated in a quartz bar and reflected from one face of the bar with 
and without a layer of the glass adhering to it. The phase change and reduction 
in amplitude of the reflected wave which results from the presence of the glass 
were measured and from these it was possible to calculate the shear modulus, 
using the theory developed by O’Neil (1949). ‘The measurements were carried 
out on the different glasses at a frequency of 4 megacycles per second and a wide 
temperature range was covered including, in one case, the transition from a solid 
of viscosity 10!° poises to a liquid of viscosity 10 poises. 

Since many of the glasses used so far have been transparent, it w 


INCE as hoped 
that it might be possible to obtain their elastic constants using the 


optical diffraction 
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method adopted by Schaefer and Bergmann (1948) for silicate glasses. It was 
found to be impossible, however, to obtain any diffraction effects due to the shear 
waves, and it was decided to use the optical diffraction effect merely to follow the 
variation with temperature of the velocity of the longitudinal waves. As far 
as possible, these results have been correlated with those obtained from the shear 
measurements to give values for the bulk modulus and Poisson’s ratio. 


§ 2, EXPERIMENTAL 


In their original experiments, Mason and co-workers obtained the shear 
impedance of several liquids at ultrasonic frequencies by measuring the change 
in amplitude and phase of the reflected pulse when a layer of liquid was placed 
on the end of a quartz rod on which the shear pulses were incident normally. 
They found, however, that the impedances were only about 10°, of that of the 
quartz so that the amplitude and phase were very little affected. ‘To enhance 
the effect, therefore, the shear waves were reflected at a low angle of incidence 
and it is this modification which has been used in these experiments. 

Two similar bars of transparent fused quartz (figure 1) were used and identical 
gold-sputtered Y-cut crystals (T) were attached to the ends of the bars with their 
diad axes parallel to the reflecting surface so that the shear would be in the plane 
of this surface. A melt adhesive M. 136 supplied by the B.B. Chemical Company 
was used to fix the crystals. The adhesive had the advantage that it remained 
solid up to 100°c and so transmitted the shear pulses in the temperature range 
required, but since it melts at 180°c, the crystals could easily be adjusted or 
removed. ‘The pulses were provided by a double-tetrode oscillator arranged 
to be self-pulsing and to give pulses of 10 microseconds length. 


UF ay 


Figure 1. Apparatus for shear measurements. Q, quartz bar; G, organic glass; 'T, 
transmitting and receiving crystals. 


For the reflection coefficient measurements one bar only was used, and the 
output from the receiving crystal was displayed on an oscilloscope and photo- 
graphed with and without the organic glass adhering to the reflecting surface. 
The ratio between the amplitudes of the first reflected pulse with and without 
the glass on the surface gave the reflection coefhcient. 

The change of phase produced in the reflected pulse when the reflecting 
surface was covered with glass was measured by a null method. Both bars 
were used and the connections to the crystals were arranged so that the received 
pulses with no glass on either bar balanced each other out. ‘he reflecting 
surface of one of the bars was then covered with the glass and an attenuator which 
did not alter the phase appreciably was used to equalize the amplitudes again. 
The pulses were brought into opposition again by inserting into the receiving 
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circuits different lengths of coaxial cable which would alter the phase by a known 
amount. In this way the phase change introduced by the glass could be directly 
determined and at best it was possible to make measurements to + 1°. 

The variation with temperature of the density of these glasses had been 
previously determined so that, as shown in the next section, the dynamic shear 
elasticities could be calculated from the measurements of the reflection coefhcient 
and phase change at different temperatures. 

The same oscillator was used in the diffraction experiments except that it was 
adjusted to give a continuous wave instead of pulses. ‘The vibrations from the 
quartz crystals vibrating in their fundamental thickness mode were transmitted 
to the organic glass in a silicate cell through a thin layer of oil. ‘The optical 
arrangement was the same as that adopted by Debye and Sears (1932) and Lucas 
and Biquard (1932) using a mercury vapour lamp fitted with a green filter to give 
a monochromatic beam of wavelength A=5461 A. 

The diffraction images produced by the ultrasonic ‘grating’ were 
photographed and the distance d, between the pth diffraction image and the 
direct image was measured. The frequency N of the longitudinal waves was 
determined with a wavemeter so that, knowing the focal length F of the lens 
focusing the pattern, thevelocity V of the waves could be calculated from the 
simple diffraction formula 
dy, 


sin 8 @ = ae wisitle ea <a (1) 


§ 3. 'THEORY 


It was shown by Mason and co-workers (1949) from the work of O’ Neil (1949) 
that, for the arrangement used in the shear measurements, the characteristic 
impedance to the shear waves of the liquid on the surface of the quartz was given 
by 

1— R*+27Rsin 0 


Z,,=Z,cos¢ 1 Ree Rea O.ClO DOO 2) 


where Z;, = impedance of liquid, Z, =impedance of quartz, ¢ = angle of incidence 
of shear waves on quartz—liquid boundary, 6= phase angle introduced by liquid 
and &= relative reduction in amplitude of the waves due to the liquid. 

In general, the impedance is a complex quantity and for shear waves is given 
by 

Z=|p(@ FIG") 2 ke © Te es ee (3) 

where p=density of medium, G’=real part of the complex shear modulus and 
G" =imaginary part of the complex modulus. 

‘The losses are negligibly small in quartz so that Z is areal quantity and hence 


the real and imaginary parts of the shear modulus of the organic glass can be 
obtained from (2) and (3). 


on. Zaicos's {a — R®)2— 4R2 sin? 6 7 
p aia | ty ite ca oe 

Gre Ze Cos? f | ARR?) sm 5 
p a Ae Saeed 0) Tia (5) 


Zo is known and ¢ in this experiment was 79°. p, R and 6 were determined 
experimentally so that both G’ and G” could be evaluated, 
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‘The real part of the velocity of the longitudinal waves in the material is given 


by 


Ve=((A FAG Gio sod of lew iees a (0) 
where K’ and G” are respectively the real parts of the dynamic bulk and shear 
moduli and p is the density of the medium. Since p and G’ have been evaluated, 
measurements of the velocity of the longitudinal waves make it possible to 
determine K’. 

The bulk and shear moduli are related to each other through Poisson’s ratio 
whose real part v is given by 
3K 2G 
vere | a or (7) 


§ 4. RESULTS 

he results for the shear experiments with the flavan compound are shown 
in figure 2, where the relative reduction in amplitude and the phase shift of the 
reflected waves produced by the presence of the glass on the quartz are plotted 
against temperature. ‘The rapid rise in the amplitude ratio and the peak in the 
phase shift curve are associated with the softening of the material. The curves 
for the other materials are similar except that the peak is somewhat broader for 
the tolylindanone compound and still more so for the sucrose octa-acetate and 
pitch. ‘There is a corresponding spread of the temperature range over which the 
amplitude ratio has its most rapid rate of rise and this rate is considerably less 
in the case of sucrose octa-acetate and pitch. The peaks in the phase shift 
curves all occur at temperatures where the viscosity, as measured by a simple 
Couette type of viscometer, is of the order of 1000 poises. 

In figure 3 the real parts of the shear moduli of the four substances at a 
frequency of 4 megacycles per second, calculated from the smoothed experimental 
results according to the theory given earlier, are shown plotted against tempera- 
ture. The relaxation of the modulus with temperature is most rapid in the flavan 
compound. In the solid state the modulus of the indanone compound is rather 
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Figure 2. Amplitude ratio and phase change versus temperature for 
2'-hydroxy-2 :4:4:6:5’-pentamethylflavan at 4 Mc/s. 
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more temperature dependent than that of the flavan compound but less so than 
that of sucrose octa-acetate. It is very temperature dependent in pitch and 
shows an almost continuous relaxation into the liquid state. It is of particular 
interest to observe that the shear elasticity of the flavan compound is still of the 
order of 10° dyncm-2 when it is a liquid of viscosity 10 poises. 


0 o 30 40 #SO c 0 6 
Temperature (°C) 

Figure 3. Real part of shear modulus versus temperature at 4 Mc/s for 1, 2’-hydroxy- 
2:4:4:6:5'-pentamethylflavan, 2, sucrose octa-acetate, 3, pitch, 4, 2-phenyl-3-p- 
tolylindan-1-one. 

Figure 4 shows the results obtained from the diffraction experiments for the 
velocity of longitudinal waves of frequency 4 megacycles per second in sucrose 
octa-acetate and the flavan compound. It was not possible to make any measure- 
ments for the latter in the region shown by the broken line because the diffraction 
images became too faint, and it was not possible to work at sufficiently high 
temperatures to observe diffraction effects in liquid sucrose octa-acetate. Since 
the flavan compound has been shown to be capable of supporting shear throughout 
the temperature range covered, the results shown in figure 4 do not allow of 
the direct determination of the real part of the bulk modulus from the velocity 
in the liquid state, but it can be determined since the real part of the shear modulus 
is known. 

Figure 5 shows the values for the flavan compound of the real part of the 
dynamic bulk modulus calculated 1n this way and the real part of the shear modulus 
both plotted against temperature, and it is seen that there is a relaxation in the 
bulk modulus as well as the shear modulus but at a somewhat lower temperature. 
This difference between the temperatures at which the relaxation processes occur 
will affect considerably the variation with temperature of Poisson’s ratio since 
the latter depends on both moduli. Its maximum value for an isotropic material 
is 0-5 which corresponds to the condition that the dimensional changes accom- 
panying an extensive load involve no volume change. ‘his condition only 
applies in a liquid where there are no rigid forces, so that it might be expected 
that the value would increase continuously towards 0-5 as the material softened. 
Figure 6, however, shows the values of the real part of Poisson’s ratio plotted 
against temperature for both sucrose octa-acetate and the flavan compound 
and it is seen that in the case of the flavan compound there is a marked decrease 


Elastic Properties of Organic Glasses at Ultrasonic Frequencies 1Sele 


with increasing temperature at first, which gives rise to a minimum before the 
ratio increases and tends towards the maximum value of 0:5. The effect is less 
marked in the sucrose octa-acetate. 


T at 
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Figure 4. Velocity of longitudinal waves 
versus temperature at 4 Mc/s in 
2’-hydroxy-2 : 4 : 4: 6 : 5’-penta- 
methylflavan and _ sucrose _ octa- 
acetate. 
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Figure 6. Real part of Poisson’s ratio 5’-pentamethylflavan at 4 Mc/s. 
at 4 Mc/s versus temperature for 
1, 2’-hydroxy-2 : 4: 4: 6: 5’-penta- 
methylflavan, 2, sucrose  octa- 
acetate. 


§ 5. DISCUSSION 


The trend of the earlier results (Crawford 1953) on the flavan compound 
would suggest that the relaxation time will be of the same order as the applied 
stress in the temperature region 40-50°c and this is, in fact, the region where the 
real part of the shear modulus begins to show appreciable relaxation. The 
small temperature dependence of the modulus at lowtemperatures is in agreement 
with the results at lower frequencies reported by Benbow (1954). 

The sucrose octa-acetate molecule contains several polar groups and is 
therefore likely to show some degree of association while pitch, which contains 
many such types of molecules, may be expected to show very marked association. 
The effect of this will be to give a distribution of relaxation times at a given tempera- 
ture rather than a single value as appears to be the case in the flavan compound 
which is not expected to show much association. It might be anticipated, therefore, 
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that the temperature region over which the maximum relaxation in the modulus 
occurs will be broadened according to this distribution and so it is not surprising 
that the modulus of sucrose octa-acetate does relax over a wider temperature 
range than that of the flavan compound, while that of the pitch relaxes over an 
even wider range. ‘The fact that the modulus of the indanone compound relaxes 
over a somewhat wider range than that of the flavan compound suggests that it 
might be slightly associated. 

A relaxation in the bulk modulus as well as the shear modulus was reported 
by Kuhn and Vielhauer (1953) in their work with a resin but at approximately 
the same temperature. [he apparent difference in temperatures at which the 
relaxations occur in the flavan compound and to a less extent in sucrose octa- 
acetate requires further investigation, but similar results have been observed 
in high polymers by Koppelmann (1955) and more recently in normal propyl 
alcohol by Lyon and Litovitz (1956). 

The behaviour is reasonable on the grounds that dynamic compression will 
introduce changes in the structural order of the medium which, in general, will 
lag behind the volume changes. These structural alterations will depend partly 
on the normal viscous properties of the material and partly on changes in orienta- 
tion of the molecules and the two effects may not have the same time dependence. 
To cover this behaviour, Frenkel (1946) introduced the concept of a deviation 
from equilibrium modulus in addition to the normal static modulus. ‘This will 
be a time-dependent quantity, but not necessarily in the same way as the shear 
modulus, so that it may relax in a different temperature range from the pure 
shear modulus. 

Where there is a distribution of relaxation times in both shear and compression, 
there may be overlap in the relaxation regions and thus the effect on Poisson’s 
ratio will be less marked. ‘This would seem to be the case in sucrose octa-acetate. 
It is hoped to extend the range of materials used and to carry out the experiments 
at higher frequencies with measurements of the velocity of the longitudinal 
waves throughout the softening region. 
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Abstract. Magnesium manganese ferrites containing less than 50°%, (mol) Fe,O, 
must contain tri- or tetravalent manganese if there is to be no oxygen deficiency. 
For some compositions this entails electronic conduction and ferromagnetic 
coupling between manganese ions of different valencies in the same type of 
lattice site. Reported magnetic data on a number of such ferrites show significant 
departures from the results to be expected with probable ionic distributions in 
the spinel lattice if all A sub-lattice spins were anti-parallel to all B sub-lattice 
spins. Existing theoretical work on the occurrence of angles between the spin 
directions of two different kinds of magnetic ions is applied to two groups of ions 
in one or both sub-lattices. The Mn?*+ and exchanging Mn?* ions are treated 
as one group, the other group consisting of the Fe*+ ions and any excess Mn?+ 
ions. In view of the necessary averaging assumptions the degree of agreement 
found between observed trends and those predicted by the theoretical treatment 
is satisfactory. The angles concept is here considered as a mathematical expression 
of average relative spin directions rather than as indicating a physical ordering 
of spins. ‘Thus other groupings might possibly show the same trends, the basic 
causes being unaltered. 


§ 1. INTRODUCTION 


IXED ferrites containing both magnesium and manganese have been 

found suitable for use in microwave components and in computer 

circuits (cf. Albers-Schoenberg 1954). In order to reduce the risk 
of lowered resistivity caused by electron transfer between ferrous and ferric ions, 
the compositions are always in practice made deficient in iron. In ferrites for 
microwave applications there is frequently an appreciable excess of MgO, in 
order still further to increase the resistivity. In the small cores required to 
exhibit rectangular hysteresis loops in magnetic storage systems the magnesium 
manganese ratio is usually relatively less, since this is found to result in less 
porosity and better hysteresis characteristics. 

The general chemical formula for such ferrites is Mg,Mn,Fe,O, with 
p+q+r=3, and, for the iron-deficient compositions considered here, r<2. 
When the manufacturing precautions have been such as to ensure that only 
ferric iron is present, some of the manganese must be trivalent or tetravalent if 
there is to be minimum oxygen deficiency. In ‘microwave’ ferrites containing 
more magnesium than is represented symbolically by (MgFe,0,), ,(Mg,MnO,),, 
p>1+q and there must always be some oxygen deficiency even though all the 
manganese is Mn'Y. However, for ‘square-loop’ ferrites of smaller relative 
magnesium content, firing in an atmosphere containing oxygen can ensure 
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complete oxygen compensation, the manganese valency then adjusting itself 
to the requisite value. When Mn ions of different valencies appear in the same 
type of crystal lattice site, lowered resistivity is to be expected. In this paper the 
electrical and magnetic properties reported by Economos (1954) for thirteen 
such square-loop ferrites are examined for evidence of the probable distribution 
of the various ions in the crystal lattice and of the relative strengths of their 


mutual interactions. 


§ 2. RANGE OF COMPOSITIONS STUDIED 


The ferrites of which the reported properties are to be discussed were all fired 
in flowing air at a temperature below that at which a reduction in saturation and 
remanent magnetization (attributable to the formation of ferrous iron) was found 
to set in. Hence the conditions mentioned in §1 seem to have been very fairly 
well observed. The compositions, expressed as mol. percentages of constituent 
oxides, lie in the ranges Fe,O,;25-3-40-3, MgO 25-6-40:6, MnO 26-6-44-1, 
where x has been inserted here to indicate the average manganese valency for 
no oxygen deficiency. From these percentages the corresponding values of 
the suffixes p, q in the chemical formula can readily be calculated, and also the 
oxygen deficiency s=(p + q—1)/2 which would result with Mn!" only. All these 
ferrites were found to be single-phased cubic spinels, with lattice parameter a 
varying from 8-43 to 8-47 A. 

Seven of the compositions contain less MgO than Fe,O3. They can, therefore, 
be represented as mixtures of MgFe,O,, MnFe,O, and Mn,O,, all of which 
compounds are known to exist. ‘The remaining six ferrites, with more magnesium 
and manganese than simple MgFe,0,-Mn;O, mixtures, but less magnesium 
than is represented by p=1, can be treated as mixtures of these two compounds 
and MgMn,Q,. The existence of the latter has not been established with 
certainty, but the formula provides a convenient symbol to show that with full 
oxygen content the extra manganese must be trivalent. 


§ 3. Tue System MgFe,0,—MnFe,0,—Mn,0, 

The composition formula for the seven ferrites in which the mol. pro- 
portion of MgO is less than that of FeO; (i.e. p<7/2) can be written as 
(MgFe,0,),(MnFe,0,),,(Mn;0,), with ptwts=1. Here w=jr—p and 
s=(q—4r+p)/3=(p+q-—1)/2, the amount of oxygen compensation. ‘The 
first two constituents are simple spinel ferrites for which the ionic distributions 
are well known (cf. Gorter 1954), while Mn,O, is a tetragonal spinel for which 
Goodenough and Loeb (1955) argue convincingly that there are two Mn** ions 
in the octahedral, B, sites and one Mn?* ion in the tetrahedral, A, site. In these 
mixtures we might then expect to find the A sites occupied in the proportions 
0-11 pMg?*, (0-89p+w)Fe?+ and s Mn?*, and the B sites in the proportions 
0:89 pMeg?+, (1-11p+w)Fe?+, wMn?+ and 2sMn**. If so, there should be 
increasing electron transfer between the Mn?* and Mn?* ions in B sites as w 
increases, so long as the latter remains less than 2s. Support is given to this 
proposed distribution by the reported resistivity values. ‘Those for the three 
compositions with w~ 0:2 are considerably lower than those for the four with 
w= 0-05, the values for both sets increasing as expected with larger content 
of MgFe,O,, for which p~ 10° ohmcm compared with 10° for Mn,Q,. 
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With this distribution we can estimate the probable net magnetic moment 
in Bohr magnetons 8 per formula unit at 0°K, assuming the simple model given 
by Néel (1948), with the spins of the magnetic ions in B sites all parallel to each 
other and anti-parallel to the spins of all those in A sites. For this purpose we 
know (Gorter 1954) that the Landé splitting factor g is 2 for the Fe3+ and Mn?+ 
ions, while Jonker and van Santen (1950) have given 1:99 for the Mn3+ ion. 
We thus find 58 for the saturation moment of both Fe?+ and Mn?+ and 48 for 
that of Mn’*. The suggested distribution then gives for the net moment per 
formula unit Mg,Mn,Fe,O, at 0°K, ng=3+2w—1-9p. For constant w this 
increases with decreasing p, and the same trend would be shown if the Mg ions 
were not distributed exactly as in MgFe,Q,. 

Study of the reported values of maximum flux density B,, at a constant 
magnetizing field of 25 oersteds (which in view of the coercivities of 1 or 
2 oersteds may reasonably be considered to saturate the material) shows that 
this general trend of variation with composition is followed fairly well at ordinary 
temperatures. However, for close comparison it is essential to relate theoretical 
and experimental values to the same temperature. In default of any other data 
we must, therefore, calculate an approximate value of the ratio of saturation 
intrinsic induction 47M, in gauss at room temperature to ng in units of B at 0°K, 
which should be reasonably valid over this relatively small range of compositions. 
Using the average value 8-454 of the lattice constant, and the mean of the 
percentage reductions of mg at room temperature for MgFe,O, and MnFe,0,, 
estimated from curves given by Jones and Roberts (1952) and Gorter (1954) 
respectively, this ratio is calculated as 1180. ‘The resulting theoretical values 
of 47M, at room temperature are given in table 1, together with the experimental 
figures estimated from Economos’ curves, and the percentage differences A of 
the latter from the former. 


Table 1 
Ferrite p q w s 47M, (gauss) NG) 
(MgFe,0 4) (MnFe,O,) (Mn;0,) theor. exptl. 
G 0:77 0-58 0-055 0-175 1945 1675 —13°9 
A 0-73 0-70 0-055 OAS 2035 1685 —17:2 
B 0-69 0-83 0-05 0-26 2110 IBS —17°8 
K 0-65 0-95 0:05 0:30 2200 1680 —23°6 
H 0:66 0-62 0-20 0-14 2530 1865 —26:3 
I 0-61 0-74 0-215 0-175 2680 1875 — 30-0 
iy Oz5/ 0-86 0-215 0-215 2770 1935 — 30-1 


In spite of the errors inherent in the methods of estimation and calculation, 
which include no allowance for possible porosity, there appears to be a definite 
trend in each set of compositions for a larger deficiency of magnetic moment 
relative to the theoretical value with increasing number (2s) of Mn?* ions. 
Moreover, the deficiencies are largest in the second set, with relatively fewer 
Mn?+ but considerably more Mn?* ions w together in B sites. Since the 
theoretical net moment is parallel to that of the B sub-lattice, all B spins being 
then assumed anti-parallel to all A spins, a natural inference is that in fact fewer 
B spins are absolutely parallel when Mn** ions are found in these sites, and fewer 
still when they are accompanied by Mn?* ions. ‘The former idea accords with the 
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contention of Goodenough and Loeb (1955) that the A-B anti-parallel interaction 
‘s much reduced when the B ion is Mn+, since the latter tends to form square 
covalent bonds with its oxygen neighbours. The second inference agrees with 
the theery of double exchange (Zener 1951), according to which the electron 
transfer between similarly situated ions of the same substance but different 
valencies leads to parallelism of their spins. 

The combination of these two effects thus leads to the idea of an angle between 
the spin directions of two groups of ions in the B sub-lattice, one consisting of 
the Fe+ ions subjected to a strong A-B interaction, the other comprising the 
Mn+ and Mn?+ ions undergoing double exchange and subjected to a weak 
A-B interaction. Distinguishing the total moments of these groups as M;; 
and M,,' respectively, and denoting by M, the grouped moment of the magnetic 
ions in A sites (Fe?+ and Mn?+, which on account of their similarity will be 
expected to have mutually parallel spins as im chess sub-lattice of MnFe,0,), 
the simplest geometrical representation of this idea 1s the symmetrical array 
shown in the figure. ‘This subdivision into two sub-lattices B1 and B2 is the 
arrangement suggested by Niessen (1953) for a ferrite having two kinds of 
magnetic ions in B sites, one kind being the same as the single type in A sites. 


| 2M, Mg 


Sublattice B1 


M,__ lattice 
A 


Sublattice B2 


Symmetrical arrangement of partial magnetic moments for two different groups of 1ons in 
the B spinel sub-lattice. 


The development of the molecular field treatment as indicated by Niessen 
is a lengthy process involving several averaging assumptions. ‘This has been 
carried out (Osmond 1956), using the fact that in the present instance all angles 
would be expected to vanish with Mj,’ (no Mn** ions). It is then found that the 
average relative strength of the anti-parallel B—B interactions for a small range 
of compositions varies directly as the number of magnetic A ions and inversely 
as the number of B ions of the same type. In both sets of compositions listed 
in table 1 the suggested number 0:89p+w-+s of magnetic A ions increases 
continuously while the number 1-11p + w of similar B ions decreases continuously. 
The latter would still be true if all the Mg ions were in B sites, while the number 
of A ions (all magnetic) would remain constant. ‘The modified Niessen treatment 
then predicts a continuous increase in the relative strength of the B—B’ interactions, 
hence in the size of the angles ¢ and ¢’ shown in the figure and in the relative 
reduction of the net moment. ‘Thus this method, regarded simply as a convenient 
mathematical tool for the estimation of the average effects of definite physical 


Angles between Spin Directions in Magnesium Manganese Ferrites 1323 


differences, does in this instance give qualitative agreement with the apparent 
trend of the reported magnetic measurements. At the same time the suggested 
1onic distribution fits the resistivity trends. 


§ 4. THE System MgMn,O,—MegFe,0,—Mn,0, 

In the six ferrites having a larger proportion of MgO than of Fe,O, we have 

1>p>r/2. The composition formula can then be expressed as 

(MgMn,0,),(MgFe,0,),(Mn;0,),, 

with k+/l+m=1. Here k=p—r/2, l=r/2, and m=(q+r—2p)/3=1—p. The 
2k Mn®~ ions associated with the first constituent might be expected to seek 
B sites as in Mn;O,. If so, the total of 2(m+k) Mn** ions in these sites might 
well lead to a tetragonal phase when the proportion of MgFe,O, is small; also 
the resistivity should be high, there being only one kind of manganese ion in 
each type of site. However, all the compositions in this group are reported to 
be single-phased cubic spinels. Moreover, the reported resistivities, increasing 
as expected with the content / of Mgle,O, and constant k, are lower for the pair 
of compositions with k ~ ()-3 then for the four with k= 0-12. The inference 
is that some of these 2k Mn®* ions are to be found in A sites as well as the 
m Mn?~ ions expected there. ‘This suggests that the MgMn,O, should here be 
treated like an inverse spinel Mn**{[MgMn?*]O, as in the known example of 
MegIn,O, (Barth and Posnjak 1932). 

On this basis we should expect to find the A sites to be occupied in the 
proportions 0-11/Mg?~, 0-89/Fe?*, mMn?* and kMn?*, and the B sites in the 
proportions (0-89/+k)Mg?*, 1-11/Fe?* and (2m+k)Mn?*. If the simple Néel 
law were then followed, the net moment per formula unit at 0°K would be 
ng=1-:1l+3m=1-1(1—k)+1-9m. ‘This value increases with increasing m, both 
for constant / and for constant k. The former trend is apparent from the 
reported values of 47M, but not the latter. However, no other distribution 
of the MgMn,O, constituent has been found to give better agreement, and none 
fits the resistivity trends so well. The reported values of 47Mg, those calculated 
from the theoretical formula, and the percentage differences of the former from 
the latter are given in table 2. 


Table 2 
Ferrite p q l k m 47/M, (gauss) NC 
(MgFe,0,) (MgMn,0,) (Mn;O0,) theor.  exptl. 
F 0:86 0-66 0-74 0-12 0-14 1455 1735 + 19-2 
O 0-82 0-78 0:70 0:12 0:18 1545 1675 | 8-4 
Cc 0:78 0-92 0-65 0:13 0-22 1620 1645 1-5 
i, 0:73 1-06 0-605 0-125 0:27 1740 1645 —5:5 
E 0:95 0-75 0-65 0-30 0-05 1020 1205 -+-18-1 
D 0-91 0-88 0-605 0-305 0-69 1105 1185 4-72 


The most striking feature of this table is that for all but one of the six ferrites 
the reported values of 47Msz are higher than those given by theory. However, 
for each set the relative excess decreases with increasing number (2m+k) of 
Mn?+ ions expected to be in B sites, becoming a deficit for the composition L 
in which this number is a maximum. ‘The apparent trend is thus in the same 
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sense as that shown by the first group of ferrites. Hence it could be described 
as the result of an increasing angle between the direction of the Mn** spins and 
that of the Fe®+ spins in B sites. As before, the physical idea underlying this 
mathematical concept is that the anti-parallel A-B interaction is weaker with 
Mn3+ than with Fe?+ ions in B sites. Again, measured values above the 
theoretical figures could be attributed to relatively large reductions in the total 
A sub-lattice moment. This can similarly be expressed as the result of angles 
between spins in this sub-lattice. In support of this idea we here expect to find 
k Mn?+ ions in A sites, unlikely to form strong covalent bonds, but likely to be 
coupled by double exchange with parallel spins to some or all of the m Mn?* 
ions also expected there. ‘Thus we can now picture groups of ions, of the same 
two types, in both sub-lattices. 

The symmetrical array of partial moments shown in the figure for two B 
sub-lattices can be extended to two A sub-lattices as well, with different angles, 
to give a geometrical representation of reduced net moments in both types of 
site. ‘The corresponding molecular field treatment has been carried out (Osmond 
1956) with the same averaging assumptions as in the previous case. It is then 
found that the average relative strength of the anti-parallel A—A’ interactions 
for a small range of compositions varies inversely as the number of A ions and 
directly as the number of B ions in the groups subjected to strongest A—B inter- 
actions (Fe?+ ion groups here). The average relative strength of the B—B’ 
interactions varies in the opposite way, as in the previous case. In both sets of 
compositions in table 2 the suggested number 1-11/ of Fe?* ions in B sites 
decreases continuously while the number (different in the two sets) of grouped 
Fe?+ and Mn2* ions in A sites changes little. Here also the same trend would 
be observed if all the Mg ions were in B sites. ‘The modified Niessen treatment 
then predicts a gradual increase in the relative strength of the B-B’ interactions 
and decrease in that of the A—A’ interactions, hence in the size of the angles and 
relative reductions of the net moments in the respective sub-lattices. Again 
this prediction qualitatively agrees with the apparent trend. In particular, when 
the number of ions of the Fe*+ group in A sites is greater than the number of 
similar B ions this treatment predicts that the reduction in the net B moment 
may well be greater than that in the net A moment. With the suggested 
distribution ferrite L is the only one with this preponderance of the A group, 
and it is also the only one with this apparent relative reduction of the anti-parallel 
net moments. However, this complete agreement is possibly rather fortuitous 
in view of the small number of compositions studied and the uncertainties of 
the actual ionic distribution. For instance, if all the Mg ions were in B sites 
the A group would be larger than the B group for all four ferrites of the first set, 
the relative preponderance increasing to a maximum for composition L. For 
both distributions, therefore, the apparent trends are fitted by this angles treatment. 


§ 5. CONCLUSION 


In this study of a limited range of iron-deficient magnesium manganese 
ferrites a degree of qualitative agreement has been found between the apparent 
trends of the variation with composition of room temperature measurements of 
saturation magnetization and those to be expected on two main theoretical 
assumptions. ‘These are (i) that the anti-parallel interactions between Fe?+ and 
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Mn** ions in different types of spinel lattice site are relatively weak, (ii) that 
ferromagnetic coupling by double exchange takes place between similarly 
situated Mn?* and Mn** ions. ‘The assumed ionic distributions in the lattice 
are consistent with electrical resistivity trends and known distributions in simpler 
compositions. In view of the uncertainties of the actual distributions and of the 
temperature variation of magnetic moments the fact that there is any agreement 
at all lends weight to these theoretical ideas. 

‘The reduction of the net moment of any sub-lattice containing Mn?* ions, 
predicted by these concepts, is conveniently described as caused by an angle 
between the spin directions of two dissimilar groups of ions one of which contains 
the Mn** ions. This idea of angles is used here as a mathematical tool for 
expressing reduced net moments at.room temperature, and not essentially as 
indicating a physical ordering of spins in equivalent crystallographic sub-lattices. 
The ionic grouping adopted, although the most obvious, is therefore not necessarily 
the only arrangement that would show the same trends by an angles treatment. 
In fact, itis shown in a paper to be presented by the author at the I.E.E. Convention 
on Ferrites that the theory of semi-covalent exchange (Goodenough and Loeb 
1955), which can account fully for the known magnetic properties of simple 
ferrites, can explain qualitatively the trends observed in these mixed ferrites 
without any specific anti-parallel A-A and B-—B interactions, which are the basis 
of the standard concept of angles. With this new idea of exchange, the effect of 
an isolated pair of double exchanging manganese ions in B sites is to make the 
spins of four Fe*~ ions less likely to be parallel to the net moment of this sub- 
lattice that those of all the other B ions, including the manganese ions, and to 
cause some departure from the complete parallelism of all A spins also. 
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Abstraci. Using a potential energy function derived from molecular spectra 
to describe the out-of-plane vibrations of a graphite crystal, the distribution 
function for these vibrations is calculated for an infinite, single layer. ‘This 
distribution function is different from certain other calculated distributions 
which use other types of potential energy function. The reason for this difference 
is analysed, and application is made to the contribution of these modes of vibration 
to the specific heat of graphite. 


§ 1. INTRODUCTION 


f CEN T experimental data on the specific heat of graphite at low temperatures 
(DeSorbo and Tyler 1953, 1956) has stimulated theoretical research on 
the determination of the lattice vibrations of this type of solid (Rosenstock 

1953, Newell 1955, 1956, Yoshimori and Kitano 1956, Komatsu and Nagamiya 
1951, Komatsu 1955). Determinations of the structure of graphite show that it 
is composed of layers of tightly packed carbon atoms. ‘The atoms within a layer 
are arranged in a hexagonal net and are separated from one another by a distance 
of 1-424. The parallel layers are separated by a distance of 3-35 A and are arranged 
so that the carbon atoms of every other layer are directly over one another, while 
the in-between layers are rotated around one of the atoms through an angle of 
sixty degrees relative to the layers above and below it. This structure gives 
rise to a substance of a high degree of anisotropy, and it is for this reason that the 
variation in the specific heat of graphite with temperature would be expected to 
differ somewhat from the dependence predicted by the simple Debye formula. 

Two methods are available to allow for the anisotropic nature of the graphite 
lattice. The first method (Komatsu and Nagamiya 1951, Komatsu 1955) 
involves a modification of the elastic model of Debye to take into account the 
layer-like structure of graphite. This method considers a graphite crystal as 
a system of thin, equally spaced elastic plates and allows for the coupling of the 
vibrations in each layer. Since this method pays no attention to the discrete 
nature of the graphite lattice, it has the same disadvantages as the conventional 
Debye treatment. Another more serious drawback to the method is that the 
distribution of vibrations must be obtained in terms of certain elastic constants 
which are difficult to determine from experimental data. 

The second method of approach to the vibrations of the graphite lattice uses 
the Born-von Karman method. In this method the discrete nature of the lattice 
is taken into account by solving the equations of motion for the individual carbon 
atoms. In order to apply the method a potential energy function must be chosen 
which allows the equations of motion to be solved and which is free of arbitrary 
constants that are not available from experimental data. In the past, workers 
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have tried to develop the potential function in terms of simple Hooke’s law 
forces between first, second and third nearest neighbours; but this method has 
the drawback that the force constants are not easily determined, nor always easily 
visualized. 

The present paper uses the Born-von Karman method and deals with 
the difficulties encountered by previous authors by the introduction of a potential 
function in which the various terms can be related to well-known properties of 
molecular bonds. The constants which appear in this potential function can 
be determined, to a good approximation, by the infra-red absorption spectra of 
compounds which are chemically similar to graphite. 

With a single layer it is easy to see that the in-plane and out-of-plane vibrations 
may be considered quite separately, and in this paper we are concerned solely 
with the out-of-plane vibrations of a single layer. The in-plane vibrations of 
a graphite lattice have already been discussed by Yoshimori and Kitano (1956). 
They use a potential function which involves the change in the length of the bond 
joining nearest neighbours and, in addition, a term involving the change in the 
angle between any two bonds joining an atom with any two of its nearest neighbours. 


§ 2. POTENTIAL ENERGY FUNCTION 


The potential energy function used in this work was developed by Coulson 
and Senent (1955 a) for the study of the out-of-plane vibrations of ethylene and 
aromatic molecules. Later it was used with success to determine the molecular 
deformation of overcrowded molecules (Coulson and Senent 1955 b). he 
Coulson—Senent potential function divides the potential energy of each ethylenic- 
type region into a term involving the torsion of the bond joining the two central 
carbon atoms and a flapping term involving the out-of-plane motion of the two 
pairs of attached atoms. (In the case of ethylene these atoms would be hydrogen, 
but in our case of an infinite layer of carbon atoms they would be carbon.) ‘To 
a first approximation the cross product terms are neglected. If this potential 
function is applied to a hexagonal net of bonds such as that of a layer of graphite, 
the potential energy for any one atom will involve three torsion terms for the 
bonds joining the atom with its first nearest neighbours and in addition three 
flapping terms involving the three pairs of nearest neighbours. In figure 1, for 
example, the energy associated with atom 5 and bond 5-6 is given by the formula 

V =$K,(21 + 82 + 86 — 325)? + 3 Ko(%— 2 — 24 + 3g)”. 

The first two terms are the lack-of-planarity terms while the last is the torsion 
term. The 2’s are the displacements of the various atoms from their undisturbed 
coplanar positions. K, and K, are obtained from the vibrational spectrum of 
benzene and their values are 0-1474 x 10° dyn cm™ and 0:0551 x 10° dyn cm™ 
respectively. The constant K, is probably a good value to use for graphite, but 
the value of K, is less certain, as it involves the out-of-plane motion of hydrogen 
atoms instead of carbon. However, the difference in the value of K, for hydrogen 
and carbon atoms is not expected to be large. 


§ 3. Equations oF MOorTIon 


The lattice of a single layer of graphite is illustrated in figure 1. ‘The equations 
of motion for the two atoms in the cell /, m (with coordinates 2,,,’ and 2,,,") are 


d*z “ az ¢ " 
Me tO, 0) Me + On =0 
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where M is the mass of a carbon atom, d?z,,,’/dt? is the second derivative of the 
vertical displacement of the single primed atom with respect to time, and O,,,' 
is the partial derivative of the potential function of the same atom with respect to 
the same displacement. 


Figure 1. Graphite lattice. 


If we use the cyclic boundary conditions of Born with 2N + 1 cells in each of 
the fundamental directions, the solutions of these equations are of the form 


; ra) vm 
Mz,,,, = A exp (iwt) exp E Gees ae eH) | 


see era xl ym 
M2," = B exp (wt) exp E bes + ING a 


with 7, m=—N, —(N-1),...,0,...,N and w=2z7v. Because of the cyclic 
boundary conditions the values of x and y are then restricted to x, y=0, 1,...N. 
Since N isa very large number, the discrete variables can be replaced by continuous 
ones which vary uniformly from 0 to 27. Substituting for 2’ and =” into the 
equations of motion leads to the secular equations 
(—Mw?+«)A+BB=0, BA+(—Mo%+a2)B=0 
where « and f are rather complicated functions of the variables x and y. The 
solution of these two simultaneous equations is given by (— Mw? +a)?= BB with 
a=9(3K,+2K,)+(3K, —2K,)G*(x, y) 

BB= 81K 2G%x, y) + 18K, K,[G%(2x, 2y) — G(x, »)] 

+ K,*(27 + G%(3x, 3y)+5G%(2x, 2y)—3G(x, y) 

—4G%(2x—y, x—2y)— G2(3x—2y, x— 3y)— G(2x—3y, 3x—y)] 


and 
G(x, y)=2cosx+2cosy+2cos(x—y) +3. 


In order to obtain the distribution of vibrations, the secular equations must 
be solved for w in terms of the variables x and y, treating the two branches 
separately. Figures 2 and 3 show plots of the contours of constant w for various 
values of the coordinates «andy. The distribution function, which is the number 
of vibrations contained in an interval of frequency between w and w+dw, is 
proportional to the area contained between the two contours w andw+dw. The 


constant of proportionality is the normalization factor which makes the total area 
equal to unity. 
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Figure 2. Contours of constant w*/wmax” Figure 3. Contours of constant w2/wmax? 
for lower branch. for upper branch. 


$4. RESULTS AND DISCUSSION 


The distribution function of the vibrations perpendicular to the plane of a 
layer of graphite for a Coulson—Senent type of potential function is shown in 
figure 4. There is a remarkable similarity between this diagram and the corres- 
ponding diagram (Coulson and Taylor 1952) for the distribution of energies of 
m-electrons in a single graphite layer. Formally, of course, the two problems 
have considerable similarity. This distribution had to be obtained by numerical 
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Figure 4. Distribution function for out-of-plane vibrations. 


integration because of the difficulty in solving the secular equations analytically. 
The general features of the distribution agree with the predictions of van Hove 
(1953) in that there are two singularities in the distribution corresponding to 
each of the saddle points in the wave surfaces shown in figures 2 and 3. It is 
interesting to note that the distribution approaches a constant value for small 
values of v/vmax- This result is not in agreement with the calculations of 
Rosenstock (1953), but this is not unexpected because the two models chosen 
to represent the force field in graphite differ considerably. However, Newell 
(1955, 1956) has discussed this type of result in relation to a distinction between 
valence forces and nearest-neighbour forces. In the former case the distribution 
function is constant for small values of v/vmax whereas in the latter the distribution 
approaches zero in a linear fashion for small values of v/vmax. The linear 
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dependence also results from a treatment of the out-of-plane vibrations in the 
Debyemanner. ‘This latter type of distribution function gives rise to a dependence 
of the low temperature heat capacity on the square of the temperature. On the 
other hand, the constant distribution gives a linear temperature dependence 
for the low temperature heat capacity. Recent literature does not indicate any 
linear dependence of the heat capacity on the temperature at low temperatures. 
This suggests that the interaction of the vibrations between the layers of graphite 
plays an important role in the determination of the functional relationship between 
the temperature and the heat capacity. Such a conclusion is not altogether 
unexpected, since we know that it is the low-frequency vibrations which contribute 
most significantly at low temperatures; and it is precisely these low-frequency 
vibrations which will be most sensitive to the inter-layer forces. It does seem 
probable, however, that apart from this low-frequency failure, our distribution 
function is substantially correct. Certainly an analogous situation is already 
known to exist in the electronic band structure of the z-electrons of one layer and 
of a complete three-dimensional crystal. 
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$ 1. INTRODUCTION 


F an electric field is applied capacitively to the surface of a crystal of extrinsic 

germanium, the current flow through the specimen which provides the 

induced charge is chiefly by means of majority carriers as these will pre- 
dominate in the conduction processes in the bulk. The resulting alteration 
in the concentration of majority carriers near the surface gives rise to an initial 
change in the surface conductance of the specimen which is completed in a time 
normally limited only by the constants of the circuit used to apply the field 
(e.g. 10°-* second). ‘The change in concentration of the majority carriers also 
leads to a non-equilibrium between the concentrations of charge carriers in the 
conduction band, the valence band and any electronic states on the surface and 
consequently if the electric field is maintained it is to be expected that further 
changes in surface conductance associated with a return to equilibrium will take 
place. 

Provided that the potential barrier at the surface of the germanium is well 
removed from the inversion layer condition, variations in the concentration of 
carriers in the minority carrier band will have a negligible influence on the surface 
conductance and consequently in these circumstances any changes which are 
observed subsequent to the initial conductance change can be associated with 
the return to equilibrium between the concentrations of carriers in the majority 
carrier band and surface states. Experimentally it has been found that in general 
the above charge redistribution takes place in two steps which can be attributed 
to two different types of surface states. For well-etched surfaces, the first step 
is approximately exponential in character and occupies a time of the order of 
100 microseconds, the surface conductance at the completion of this process 
being known as the quasi-stable conductance value. ‘This decay is considered 
to be due to the trapping action of ‘fast’ surface states and it is clear that 
measurements carried out for the conditions mentioned above under which 
only majority carriers play a significant part in the conductance changes observed 
can be used to obtain information concerning the densities and cross sections 
for majority carrier capture of these surface states. Experiments of this nature 
have been reported recently (Low 1956). In the course of interpreting the 
results obtained relationships between various surface parameters were employed 
for which no derivations were given. ‘The purpose of the present note is to 
supply these mathematical arguments. 
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§ 2. SuRFACE STATE DENSITIES 


For the conditions indicated above under which only one type of carrier 
need be considered, an experimental measurement of conductance over a period 
of a few hundreds of microseconds subsequent to the application of a field gives 
a result of the form shown in figure 1(a). ‘Three experimental quantities are 
obtained: the initial conductance change 6g, +g, the quasi-stable value dg, 
and the time constant associated with the decay which will be denoted by +r. 
For the sake of simplicity the following discussion will be carried out in terms 
of a positive charge induced on a p-type semiconductor. Also it will be assumed 
throughout that the changes in surface potential resulting from the application 
of the field are small compared with RT/e. 


Conduction Band 


Surface States 


Fermi Level 


Valence Band 


(4) 


Figure 1. 


If the surface density of charge induced on the specimen is 6Q; then a field 
effect mobility may be defined operationally by 
Og, + Of. 

aiery crea meee | 1 (1) 
(It is assumed that dg, and dg, are in units of conductance per square of surface.) 
This mobility can be used to find the amount of mobile charge present in the 
valence band which corresponds to a conductance change measured at any 
subsequent time. ‘Thus, when the quasi-stable state has been reached, the 
charge remaining untrapped is 

0OF= 08, h = ee (2) 
This charge can be related to the change in surface barrier height 6¢s by 


Sg CEs CSIR 


dO, 70: si Sinaia ee (3) 


($s gives the potential for a negative charge, see figure 1 (d).) 

The charge added to the surface states at any time subsequent to the application 
of the field is equal to e&,n;5f,; where the n; are the surface densities of various 
sets of states of different energies and the dfp,; are the changes (from their initial 
values) of the Fermi functions for holes corresponding to these states. Differen- 
tiation of the Fermi function shows that for small changes 


Of vs =fulni oh, OO (4) 
where d¢, is the change in potential of the states relative to their Fermi level 
in units of RT/e. When the quasi-stable state has been reached and the fast 
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surface states are in equilibrium with the valence band again, 54,=5¢4s. Con- 
sequently, the additional charge in the states is given by eee ny ‘2 This 
may be equated to the change in free charge in the valence bandireotiescondin 

to the difference between the initial and the quasi-stable conductance values, ae 


< tae 
e dds Lnifvifai = = Ae i a mee et eonen: (5) 
The use of equation (3) to eliminate 5¢, provides the relationship 
“cet fun a0? 
be ae 
dMivibos dds dg, evel er es (6) 


which, by plotting the quantities on the right-hand side against ds, may be used 
to obtain information concerning the energies and densities associated with 
the fast surface states. (dOx/dds can be calculated from ds so that experimentally 
it is necessary to measure dg, and dg, as functions of ds.) 


SURFACE STATE CROSS SECTIONS FOR Majority CARRIER CAPTURE 


2 4 
§ 3. 


On the assumption that only one set of surface states need be considered 
the time constant 7 measured experimentally can be related to the Gene 
cross sections of the states as follows (the subscript z will be dropped from the 
equations). The first step in the argument requires that the net rate of capture 
of holes by the surface states be calculated. By a method strictly analogous to 
that used by Shockley and Read (1952) when treating recombination in the bulk 
it can be shown that this rate is given by 


Ba ioe: 
U= T OP ca Oe.) i) ee i amar (7) 


where T is a constant whose reciprocal is equal to one-quarter of the product of 
the cross section of a trap and the thermal velocity of the holes, and where px 
and ps, are the concentrations of holes in the valence band at the surface during 
the measurement, and when the Fermi level passes through the surface states 
respectively. For equilibrium 

Inks =fppsy Fic Ovo O60 (8) 
so that for a small displacement 


nN 


U= 7 t(fnt ofn)(bs + 8Ps) — (fo + Sfp)P si} 


7 
= = {fndps+(PstPs)8fn} wet we (9) 


as 5fp= —Sfn. It will be assumed that the quasi-stable state corresponds to the 
equilibrium condition defined by equation (8), so that at any time before this 
state is reached the charge in the fast surface states is less than the value for 
equilibrium by an amount 

dO,= en dfn. epee: (10) 
As the charge in the valence band will be increased by 6Q, equation (9) can be 
rewritten 


ee (enh = + Ps+Pa,)0y ite (11) 
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Thus, the time constant associated with this capture process is given by 


ina dp. 
oe (exfn 56. +ps+Pu). ane (12) 


T 


The quantity 2 may be eliminated from equation (12) with the aid of 
equation (6). Further simplifications may be made by the use of the relations 


Ps=PoexP (ds), Psi =Po exp (=bo)) | Oy) ater (13) 
where py is the concentration of holes in the valence band in the bulk of the 


specimen and ¢y is the difference in energy between the states and the Fermi 
level when $s=0 (see figure 1(5)). It follows from these that 


dpsldbs=ps,  PulPs=exp(—to—$e) (14) 
so that equation (12) can finally be reduced to 
I L fog 1+exp(—¢o- $s) | i 
—= tas. . Pere 15 
w LT [dee i ioe j? Ip fe 
Thus, the surface state parameter T’ can now be written 
=T 4 = AF es ‘} to 15 exp (ds) np eeetere (16) 


and the cross section for majority carrier capture may be evaluated. 

One point which arises in connection with the use of the above equations 
concerns the form of the Fermi function appropriate to the fast surface states. 
It has been pointed out by Statz e¢ al. (1956) that the states in question are 
probably of the type which can accommodate one electron of either spin but 
not two electrons of opposite spin. In this case their occupancy is given by the 
function 

+ exp (by + $s) 
T+ bexp(dy+ $s) 
No matter which Fermi function is appropriate, it is clear that the probability 
of finding a hole in a state well above the Fermi level will closely approach unity. 
Thus, in this case equation (16) may be reduced to 


T=7(8g,/Sgot+1)poexp(gs)) tt ee es (18) 


Further, if the states lie below and again well removed in energy from the Fermi 
level the probability of occupancy by a hole will have an energy dependence 
which is given always approximately by the Boltzmann expression exp (¢o+ ds). 
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§ 1. INTRODUCTION 


N a semiconductor in which the. impurities at absolute zero of temperature 

have each two electrons (or holes) above that required for bonding, two 

activation energies to the conduction band arise corresponding to two levels 
below the conduction band. For two such levels the statistical treatment is 
formally different from that for two independent levels. This is because in the 
case of a doubly charged centre the number of states in one level is neither constant 
nor independent of the number of states in the other level and depends on whether 
the centre is neutral, singly ionized or doubly ionized. However, the total number 
of states altogether from both levels is constant and equal to twice the number 
of impurities. The problem can be treated in a manner analogous to that for 
singly charged centres by counting the states in such a way as to take into account 
the double degeneracy due to spin and applying the normal Fermi distribution 
function. Alternatively, a simpler way of counting the states can be used with 
occupation probabilities which already take account of spin degeneracy. A third 
method is the more fundamental one of finding the condition for minimum free 
energy of the electrons. All three methods will be found to give the same equation 
for the concentration of electrons in the conduction band as a function of 
temperature and impurity concentration. However only the first method is 
treated in detail here as it shows greater physical insight into the problem. Because 
the two levels considered are well separated from each other, the final results 
are not materially different from what would be obtained by considering two 
independent levels (caused by identical concentrations of two different impurities). 


§ 2. DERIVATION OF EQUATION FOR ELECTRON CONCENTRATION 


We consider two levels. ‘The upper one (that nearest to the conduction band) 
represents the energy of each of the two electrons on a neutral centre and the 
lower level the energy of the single electron on a singly ionized centre. 

N is the density of impurity centres, M), M,, M, that of neutral, singly 
ionized and doubly ionized impurity centres respectively, m that of electrons in 
the conduction band and n,, n, that of electrons in the upper and lower levels 
respectively. f,, f, are the Fermi functions at the upper and lower levels and 
N,, Nz are the density of states in the upper and lower levels. 

The statistics can be treated by the following method of counting states 
using the normal Fermi distribution function. A neutral centre carries two 
electrons of opposite spin, either of which can jump from the upper level to the 
conduction band (the other falling to the lower level) and may therefore be 
counted as providing two filled states at the upper level. A singly ionized centre 

2 T-2 
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can lose one electron from the lower level to the conduction band or it can accept 
another electron of opposite spin thus raising the energy of both electrons to 
the upper level. A singly ionized centre may therefore be counted as providing 
one empty state to the upper level and at the same time one filled state to the 
lower level. A doubly ionized centre can accept an electron of either spin which 
will go into the lower level and is therefore counted as providing two empty states 
at the lower level. Thus at the upper and lower levels we have respectively 
N,=2M,+™M, and n,=2M, | a) 
ee ee ror 
N,=M,+2M, and. m=M,. J 


The total number of states on both levels is thus 
2(M,+M,+ M,)=2N. 
The Fermi function at the upper level is therefore 
f ce! 2M) 
1 N, 2Mo+™M, 
and the Fermi function at the lower level is 
f Ny M, 
v2 WN; VR 
(The above equations give N,f.=N,(1 —f,), i.e. number of electrons on the 
lower level=number of holes on the upper level.) Now the total number of 
electrons in the conduction band is given by 


1=2M,+M=Mf, eee (4) 


and also by 


= ie OD ECE) GEe a ne ee (5) 


where D(E) is the density of states in the conduction band and f(£) is the Fermi | 


function. 
Combining equations (2), (3), (4) and (5) with the fact that N= My + M,+M,, 
the number of electrons is given by 


ON af meee 
n= ae - | 2 DDC E)dE 0 = eee (6) 


and in this equation 
: E,-¢ =i =f = Pa = 
f= [oo Gr) +1) oh [oF ) 1] 7 Lee Ger) +1] 


where Ey, E, and E, are the energies of the bottom of the conduction band, the 
upper and lower levels respectively and ¢ is the Fermi level, all measured from 
an arbitrary energy zero. 

Equation (6) may also be obtained by counting the states in a different way 
from relations (1) and by using the occupation probabilities given by Wilson 
(1953) viz. 


p E,-¢ —1 a = 
jie |2 exp ( ET ) +1] and f, = E exp (ar) +1 ‘ 


Wilson 1953, Appendix A.1, cases (iii) and (i1)). 
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At the first level we then count the number of states as N,’=M,+M, and 
the number of electrons on them as n,’=M,=N,f;'.. At the second level we 
count the states as N,’=M,+M, and the number of electrons as n,' = M, (as 
in the first method). Using these relations instead of relations (1) and corre- 
sponding changes in the other equations with f, changed to f,’ and f, to f,’ we 
obtain the result 
_ N2-f')1 =f’) 

l— fa hits 
This reduces to equation (6) on substitution for f,’ and fy’. 

An alternative treatment is to evaluate and minimize the free energy of the 
electrons. ‘This has been done generally by Landsberg (1952) for independent 
levels and has been applied to this case by R. Stratton (private communication) 
again yielding equation (6). 


nN 


= { 2D(E)f(E)dE. 


§ 3. SOLUTION OF EQuaTION (6) 


Equation (6) with substitution from equations (9) has been solved numerically 
for the case E,—F,=0-2ev, E,—E,=0-0lev and the ratio of the conduction 
to the free electron mass m*/m=1. The results are shown in figure 1. Here 
the relative electron concentration for the conduction band is plotted against 
reciprocal absolute temperature for various impurity concentrations. 


2 
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Figure 1. Variation of the degree of ionization with temperature for a semiconductor 
with helium-like levels at 0-01 ev and 0:2 ev below the conduction band in which 


m*/m=1. 


Under non-degenerate conditions (i.e. when Ey—¢>kRT) and when the two 
levels are well separated equation (6) reduces to the following cubic: 


x? + 2ax® —2a(1— B)x— a8 =0 


_n _ Ne ian _ Ne j Speed 
wan IN Bie ON A CRE 


Ne Ez E, i 27m* RT \ 3/2 
B= sees (ee) and Ne=2 (ae 


where 
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This equation is readily soluble in special cases. At lower temperatures in 
which n<WN we get 
n 2 
No io. 
and at higher temperatures in which n=>N we get 
Fe ee (9) 
N~ (1-f)[+ (1+ 88/1 — yp? — 1] 
These solutions apply to the upper three curves of figure (NOt Os 
and 10}8 centres cm~) which are non-degenerate. The rest of the curves are 
for the most part degenerate. 


§ 4. DiIscussION 
The two expressions (8) and (9) enable the variation of m with temperature 
to be traced. At low temperatures ionization of the first level takes place 
according to the equation 


E,-£ 
n= »/2N12Nel? exp( = ar) aceite (10) 


(differing by a factor 1/2 from the usual expression for hydrogen-like impurities) 
and approaches completion with 


N a 
n=N (1— sy exp : ) 


2Ne kT 
until n= N is reached. Ionization of the second level then begins according to 
the equation 
Ne By — E, 
n= N+ —-exp— (A) eyes 6) 
and approaches complete exhaustion (n=2N) with 
2N  E,—E 
=I oT 
n= ZIN (1 N. EXP pF ) 


It should be especially noted from equation (11) that ionization from the lower 
level occurs with an exponent twice the usual one. Hence to obtain the second 
ionization level from Hall coefficient measurement on samples with divalent 
impurities N must first be subtracted from the number of carriers given by the 
Hall coefficient and then half the normally derived slope activation energy taken. 

It will be noted that in the case of the two degenerate curves (NV = 107° and 10??), 
two regions corresponding to ionization of the first and then second level do not 
exist. Hence slopes at high and low temperatures are in such cases not directly 
meaningful. 

These considerations throw doubt on the conclusions drawn (second 
activation energies in particular) by Breckenridge and Hosler (1953) from their 
measurements on partially reduced rutile specimens which contain two ground 
‘impurity’ levels. (These authors incorrectly ascribe three ground levels to 
the ‘impurities ’.) 

Figure 2 where log n/N is plotted against N, shows that it becomes progressively 
more difficult to ionize electrons from impurities as the concentration of impurities 
is increased. At lower temperatures and for N> 1018 where the classical equation 
for semiconductors very nearly applies, n/N decreases roughly as N-!2. At 
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higher temperatures, the variation is not so great because of approaching 
exhaustion (i.e. m= N and n=2N). 


2 


> \ | | 1 
o* 0% 0807 0 OO 
Figure 2. Variation of the degree of ionization with impurity concentration. 


Because the two dependent levels arising out of the same impurity considered 
in this note are well separated, the results are in fact not materially different from 
conditions arising from two independent levels produced by identical concen- 
trations of two different impurities. If, however, the two dependent levels 
were close together, then the results would be different. In particular, in 
non-degenerate cases two distinct temperature ranges would not be present. 
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Solid Solution in the GaSb-InSb System 
By J. C. WOOLLEY, B. A. SMITH anp D. G. LEES 


Department of Physics, University of Nottingham 
Communicated by L. F. Bates; MS. received 3rd Fuly 1956 


C ONSIDERABLE amount of work has been carried out recently on crystal 
systems composed of two semiconducting materials of the type A'BY 
such as InSb, GaAs, GaP, etc. In all cases it appears possible to treat 
such mixtures as quasi-binary systems. The original work of this kind on 
semiconductors is that of Stéhr and Klemm (1939), who investigated the phase 
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diagram of the binary system Ge-Si and showed that complete solid solution 
was obtained throughout the whole range of alloys. It has since been shown 
that corresponding to the continuous range of solid solution in this system 
there occurs a continuous variation of the energy gap AE between those of pure 
Ge and Si, i.e. 0:69-1:03 ev (Levitas, Wang and Alexander 1954). As a result, 
mixtures of the A!!BY compounds are of interest, since a further extension of 
the range of available AE values may be possible. 

Shih and Peretti (1953) investigated the system InSb-InAs and obtained a 
degenerate eutectic diagram, the maximum extent of terminal solid solution 
being 2%. Similarly, Koster and Thoma (1955) investigated the systems 
InSb—GaSb, InSb-AlSb and GaSb~-AISb. In each case they reported degenerate 
eutectic diagrams without appreciable terminal solid solution. Folberth (1955) 
has investigated the systems InAs-InP and GaAs-GaP and for each has found 
complete solid solution throughout the whole of the range. ‘This results in 
ranges of energy gap AE of 0-33 to 1-28 ev in the case of InAs—InP and 1-45 to 
2:25 ev in the case of GaAs-GaP. Recently, Goryunova and Fedorova (1955) 
have investigated two alloys in each of the systems InSb—GaSb and InAs—GaAs. 
in the latter system, they did not obtain single phase alloys with the time of 
anneal used, but did notice some change in the form of the x-ray diffraction 
picture for the alloy as annealing proceeded. In the case of InSb—GaSb, in 
contrast with the results of Késter and Thoma, Goryunova and Fedorova found 
that the two alloys investigated became single phase after a considerable time of 
anneal at high temperature. 

Various suggestions have been put forward to give a general rule fitting 
these results; Baruch and Desse (1955) suggest that compounds having the 
group III] element common, e.g. InAs—InP, form a continuous range of solid 
solution, while compounds with the group V element common, e.g. InSb—GaSb, 
are immiscible in the solid phase. Such rules, however, never cover all the 
available experimental results. 

The work on the system GaSb—InSb described here has been carried out 
as a preliminary step in the more complete investigation of the crystallographic 
and electrical properties of the various systems mentioned above. This system 
was chosen for the first investigation because of the relative ease with which the 
component compounds can be obtained. 

Alloys containing 10, 20, 40, 50, 60, 80 and 90 molecular per cent GaSb 
were produced by weighing the appropriate amounts of GaSb and InSb, sealing 
under vacuum in quartz, heating to approximately 1000°c, quenching in water, 
and giving a preliminary short anneal. ‘The resulting ingots were then powdered 
and x-rayed using Cu Ka radiation. In every case it was found that the specimens 
were closer to the two-phase rather than the single-phase state, but that the 
x-ray photographs were not characteristic of a material consisting of two 
completely separate phases. Instead of sharp lines, broad bands were obtained, 
the higher and lower angle edges of the band in any particular case corresponding 
approximately to the positions of the equivalent lines in the photographs for 
GaSb and InSb respectively. The intensity distribution across such a band as 
measured by microphotometer is shown in figure 1(a). It would appear that 
a range of compositions is present, the two peaks in the distribution curve corre- 
sponding to GaSb with a little InSb in solution and InSb containing a little 
GaSb. 
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The alloys were then annealed in the powder form following the technique 
given by Stohr and Klemm, i.e. heating first at a temperature just below the 
melting temperature of the lower melting point component, and then slowly 
increasing the temperature as more solution occurred and hence the lower limit 
for melting increased. The results obtained on the 50-50 alloy are typical of 
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Figure 1. Profile of 422 line for 50% GaSb—50% InSb alloy after various periods of 
annealing; (a) after 18 hours at 480°c, (6) after 214 hours at 480°c and 120 hours at 
520°c, (c) after 214 hours at 480°c, 170 hours at 520°c and 260 hours at 540°c, (d) after 
214 hours at 480°c, 170 hours at 520°c and 910 hours at 540°c. 


the whole range. The alloy was annealed successively at 480°c, 520°c and 540°c 
for varying intervals of time. ‘The intensity distribution of the 422 line plotted 
as a function of Bragg angle is shown in figure 1 for photographs taken after 
stated times of anneal. It is seen that the original band slowly narrows and that 
after some 1300 hours anneal the material is practically single phase. 

Similar results were obtained with all the other alloys in this system. Each 
alloy was brought to the single phase state by appropriate annealing and then 
investigated by x-ray methods. In every case the zinc-blende structure was 
found to be retained, and the cell parameters a) were calculated. A graph of ay 
against molecular percentage of GaSb, including the results for pure GaSb 
and InSb, is shown in figure 2. It is seen that within the limits of experimental 
error there is a linear variation of lattice parameter with composition. 

In the case of the alloys containing 20, 50 and 80°, GaSb, x-ray measurements 
were made after the short preliminary anneal, and measurements made to find 
the effective values of lattice parameters corresponding to the high and low 
angle edges of the bands in each case. The values are plotted in figure 2. It is 
seen that the values of the parameter at the InSb edge of the band vary very 
little with composition, while those for the GaSb edge increase with increased 
InSb content. This would appear to indicate a more rapid diffusion of In into 
the GaSb lattice than for Ga into the InSb lattice. 
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One point of comparison with the Ge-Si system is the form of the X-ray 
photographs during the non-equilibrium stage of the anneal. ‘It would appear 
from the description by Stohr and Klemm that in the case of Ge-Si, x-ray lines 
were obtained corresponding to a two-phase system rather than to the band form 
described above, and that these lines moved together as the annealing proceeded, 
finally to coincide on the formation of a single phase. This is in contrast with 
the preceding results where at no time during the anneal were two independent 
sets of lines present. 
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Figure 2. Variation of lattice parameter dp as a function of composition; S.P., values for 
alloys annealed to single phase state ; Prelim., values after preliminary short anneal; 
G & F, results of Goryunova and Fedorova. 


A disadvantage of the above method of preparing the final specimens is the 
very long period of anneal required. In an attempt to reduce this period, various 
methods of preparing the initial alloys were tried. These included chill casting 
in a water-cooled copper mould, slow cooling from just below the solidus, and 
very slow cooling (approximately 1 degree per hour) through the liquidus~solidus 
range, but in no case was there any appreciable change in the form of the 
unannealed material. The annealing was also carried out with the specimen as 
a solid ingot, as a powder and as powder compressed into capsules. The last 
of these methods seemed to give some reduction in the required time of anneal, 
but even in this case the improvement was only small. 

It would appear from the present results that solid solution occurs throughout 
the whole range of the GaSb-InSb system and that the apparent eutectic form 
obtained by Késter and Thoma was due to insufficient annealing of the alloys 
concerned. Further work is being carried out to determine the complete phase 
diagram of the GaSb-InSb system and also to determine the variation of energy 
gap as a function of composition. Similar work is also being carried out on 
other mixed A!!BY systems and it is hoped to publish details later. 
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Mixed Monolayers of Barium and Calcium on Tungsten 


By I. BRODIE anp R. O. JENKINS 
Research Laboratories of The General Electric Co., Ltd., Wembley, Middx. 


MS. received 9th Fuly 1956 


T is well known that mono-molecular layers of adsorbed electropositive 

metals will increase the thermionic emission from the surface of tungsten 

(Becker 1929). There are several forms of practical cathode which have 
a continuously replenished monolayer of barium on tungsten as the source of 
emission, amonst them being the L-cathode (Lemmens, Jansen and Loogjes 
1950) and the impregnated barium aluminate cathode (Levi 1953). More 
recently (Levi 1955, Brodie and Jenkins 1956) it has been found that an impreg- 
nated cathode which contains barium aluminate and calcium oxide gives a 
significant increase in emission over the type containing barium aluminate only. 
The present writers have found that about 10°, (molecular proportions) of the 
evaporation product from the new type of cathode is calcium, the remainder 
being barium. ‘Thus it seemed possible that some of the increased emission 
obtained from these cathodes might be due at least in part to a mixed monolayer 
of barium and calcium on tungsten. 

Measurements on mixed monolayers have, therefore, been made. The 
procedure was as follows. A mixed vapour of barium and calcium was condensed 
on a tungsten wire which was held at a constant temperature. The saturated 
thermionic emission from this wire was measured as a function of the time the 
wire was exposed to the mixed vapour. ‘The usual form of Becker curve (Becker 
1929) in which the emission passes through a maximum when the monolayer 
is complete, was obtained provided that the temperature of the wire did not 
exceed 750°x. The non-existence of a clear maximum at higher wire temperatures 
was due to migration of the calcium which begins at about 750°K, barium migration 
only becoming significant at about 900°K. 

Two methods were used to estimate the fraction of the monolayer which was 
calcium. In the first method the barium evaporation rate was kept constant 
throughout a run so that the time for the barium alone to reach a monolayer was 
known. The difference between this time and the actual time a mixed vapour 
took to reach the monolayer condition gave the fraction of the layer which was 
calcium. In the second method, which gave good agreement with the first, 
the times for the calcium and barium to reach the monolayer condition were 
measured separately before operating the sources simultaneously. ‘The source 
of barium was a commercial getter consisting of a mixture of barium titanate and 
beryllium applied to a molybdenum strip, and the source of calcium was calcium 
oxide applied to a tantalum strip. The metal strips could be heated separately 
so that the rate of chemical reactions which produced the free barium and calcium 


could be controlled. 
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In figure 1 the value of the maximum (complete monolayer) emission obtained 
from the wire is plotted against the fraction of the layer that is calcium. ‘he 
maximum emission is obtained when about a quarter of the monolayer is calcium, 
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Figure 1. Monolayer emission from Figure 2. Work functionofa mixed 
a mixed layer of barium and monolayer of barium and 
calcium on tungsten at 750°K. calcium on tungsten. 


and is more than double that obtained from a barium monolayer and almost six 
times that from acalcium monolayer. If it is assumed that the changes in emission 
are due to changes in the work function of the surface only, then for the wire held 
at a given temperature T 
Ad =—kT In (Zrntetire! 1 Ba) 

where I, icture iS the value of monolayer emission from a mixture and J,, that 
from barium only. Figure 2 shows A¢ calculated in this way plotted against 
the fraction of calcium in the monolayer. 

There are several possible explanations for the increase in emission obtained 
from the optimum mixed monolayer. It may be that the calcium is preferentially 
adsorbed on those crystal planes on which barium is not easily adsorbed, or it 
may be that an actual mixed monolayer on certain crystal faces gives the increased 
emission. A powerful method for resolving this point would be the field emission 
microscope (Muller 1938, Benjamin and Jenkins 1942). 

Further investigations are being carried out on mixed monolayers of barium 
and strontium, and of strontium and calcium. 
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On the Bose-Einstein Liquid Model for *He-*He Solutions 


By B. K. AGARWALt 


Physics Department, University of Allahabad, India 


MS. recetved 17th April 1956 


spectrum, when modified to include the effect of distortion by the liquid 

state of the >He—*He mixture, leads to improved agreement with experimental 
data on the variation of lambda temperature with *He concentration. The 
generalized energy spectrum employed for this was E= Ap". It was found that 
it r is taken to be a function of #He concentration, the theoretical curve is in good 
agreement with the observations of Abraham, Weinstock and Osborne (1949) 
andof Daunt and Heer (1950), on the shift of lambda point due to*#He admixture. 
However, recent experiments by King and Fairbank (1953), Dokoupil e¢ al. 
(1954) and Dash and Taylor (1955) have shown that earlier observations were 
largely in error. ‘Therefore, the choice of the function 7 needs revision. It 
is seen that a function of the type 


| N a previous note (Agarwal 1956) it was shown that the form of the energy 


PIRVOT OM © oe Sees (1) 


where 7 is the value of r for perfect gas spectrum, and V,° and V,,° are the atomic 
volumes per atom of ?He and *He respectively, yields a slope of the lambda 
temperature against ?He concentration curve in very good agreement with the 
recent measurements. ‘The function 7, defined by equation (1), is independent 
of “He” <oncentration. Taking NV,9=37-6cm* and ONY ,°=27-6.em° 
(.V = Avogadro’s number) for the molar volumes of respective isotopes, we obtain 
for the theoretical shift of lambda temperature, at very low concentrations, 
a value of — 1-46 degrees per mole. ‘This may be favourably compared with the 
following experimental values: —1-47+0-03 degrees per mole due to Dash and 
Taylor (1955), —1:48 degrees per mole due to Dokoupil et al. (1954) and 
— 1-50 degrees per mole due to King and Fairbank (1953). ‘The table shows the 
values of lambda temperature of mixture 7, calculated according to the present 
model for three different concentrations together with those observed by Dash 
and Taylor (1955). ‘The agreement of the calculated values with those observed 
is almost within the experimental error. 


Table 1. Lambda Temperature of Mixture 


X(%) Dash & ‘Taylor Calculated 
Xe) (*k) 
SOn ty. 2:127+ 0-002 2°129 
6-004 0-2 2-096 + 0-002 2-095 
9-204 0-2 2-045 + 0-002 2-048 


For a further test of equation (1) the values of total vapour pressure of mixture 

p (=p3+p,) have been computed for two different strengths of solution of liquid 

3He in4He. According to the present model the expressions for partial vapour 
+Now at the Optics Institute, University of Rochester, N.Y. 
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pressures p; and p, of *He and *He respectively can be written as: 
Pals 


t(3r-+1) (Vo\ ( T\® 
Re cres | Cs — (F5) (=) on ieee. (2) 


yo 
Pa=Pa° exp | - A cs, “eee (3) 
died & 


Ve Ve Oo 9p NS 
Ps=PsCs exp| (1 . 73) C.+bk8") (7) C, 
z V. 0 3 6r 
+ bstC(3r)}? A (=) Cy+ td ya eee (4) 
ya 1 (Be 3) 
bi=P, Cr exp | (1 rh) C3 —b,€(3r) {14C, — CG, | 


1 Ge NG! . 
— $b3{C(3r 2 {1 +2C3— =| (=) ass 4 ee) SS Sei sercr (5) 


where C; = N3V3°/(N3V3° + NyV 4°), Cx= NV /(NgV 3° + Na V,"); Cis the Riemann 
zeta-function, p,° and p,° are the full vapour pressures of pure liquid *He and *He 
respectively, and b,, b, are given, following Kothari and Singh (1941), by 


1 2 1 
O= JBr+1 and b= (0 v7 43r ‘ 


\ 


The details of the derivation of above formulae are not included here as they 
easily follow from the original paper of Heer and Daunt (1951). 

In figure 1 we have plotted calculated values of total vapour pressure, p = p3 + Pa, 
against temperature for a 9-49°% solution. The experimental points included 
in the figure are Sommers’ (1952) unsmoothed data. ‘The curve computed from 


P (mmHg) 


Figure 1. Relation between total vapour pressure and temperature for a 9:49°% solution, 


HD, Heer and Daunt’s theory; BE, modified Bose-Einstein liquid model; 
S, Sommers’ unsmoothed data. 


the theory of Heer and Daunt (1951) has been also plotted for comparison. 
It is seen that for low temperatures the modified Bose-Einstein liquid model 
and Heer and Daunt’s theory both give values close to Sommers’ experimental 


points, while at higher temperatures the experimental points collect on the curve 
due to the modified Bose-Einstein liquid model. 
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Figure 2 shows the calculated values of total vapour pressure for a 20% 
mixture as a function of temperature (full curve) together with the curve derived 
from the unmodified theory of Heer and Daunt (dotted curve). The experimental 
points of Weinstock, Osborne and Abraham (1950) for a 20-3°%, mixture are 
indicated by circles. As the accuracy of experimental points below 1-6°k is 
rather limited, it may be noted that for T greater than 1:6°K the theoretical values 
agree very closely with the observed pressures. 


2 MG 20n 4 eer Se 
T (°K) 
Figure 2. The graph of log, p against temperature for a 20% mixture of *He in ‘He. 
HD, Heer and Daunt’s theory; BE, modified Bose—Einstein liquid model; 
WOA, Weinstock, Osborne and Abraham. 


Above 1-6°k, the instrumental error in the measurement of vapour pressure 


is only about +0-4°,. ‘This error is very small in comparison with the difference 
in the curves according to the present theory and the theory of Heer and Daunt 
(1951). 


In conclusion it may be said that the equation (1) is valid over a wide range of 
temperature and of ?He concentration. 

According to the present model other thermodynamic as well as transport 
properties of mixtures have been investigated. ‘Theoretical results are in excellent 
agreement with the experimental data. A detailed paper is to be published 


elsewhere. 
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Specific Heats of Fluid Argon near the Critical Point 


In the course of an investigation into the (p, V, T) relationships and specific 
heats of fluid argon near the critical point we have taken measurements ole, 
and Cy along the paths indicated by the vertical and horizontal lines of figure 1. 
(The only other systematic measurements of specific heat of fluid argon appear 
to have been those of Eucken and Hauck (1928), taken over a limited range of 
temperatures and pressures.) ; 

As will be seen, measurements of Cy were taken directly across the co-existence 
curve in certain cases. The variation of Cy with temperature then took the form 
characteristic of second-order transitions, with a sharp fall in specific heat at 
the intersection of the path line with the co-existence curve, as also shown 
by Pall and Maass (1938) for ethylene, by Hoge (1950) for oxygen and by 
Michels and Strijland (1952) for carbon dioxide. In this case the Ehrenfest 


relationship provided a convenient means of checking the internal consistency 
of our data. 
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Figure 1. 


No previous direct measurements of Cp appear to have been reported for 
any substance near its critical point. The present results show sharp peaks 
when Cy is plotted against temperature, the height of a particular peak being 
very great—corresponding to several hundred R—just above the critical pressure, 
and decreasing at higher pressures. In figure 2 four such curves are shown, 
of which one (taken at 40 atmospheres) corresponds to a pressure below the 
critical value. In this case Cp of course becomes infinite at the point of 
intersection of the two portions corresponding to the liquid and vapour phases. 
The other curves shown refer to pressures above the critical value where Cy 
presumably does not become infinite. Even at 90 atmospheres, however, 


nearly twice the critical pressure, Cp increases quite sharply by a factor of about 
five, to a maximum of at least 25R. 
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The relationship between the temperature of a given maximum and the 
pressure of the experiment is of interest. As can be seen in figure 2, these 
maxima can be located with fair precision, and as far as can be determined within 
our experimental accuracy, corresponding values of pressure and temperature 
thus obtained lie exactly on the extrapolation of the vaporization curve on the 
(p, T) diagram (see figure 3). 
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Figure 3. 


These data are relevant to the question of the nature of the critical phenomena 
as discussed, for example, by Mayer and Harrison (1938) and by Rice (1947). 
The value of a direct measurement of Cp is that it is sensitive, so to speak, 
right across the top of the co-existence curve. It is of interest to note, as pointed 
out to us by Dr. R. O. Davies, that the van der Waals equation predicts a 
maximum of about 5R in the curve of Cp—Cy against temperature if Cy is assumed 
constant, for a pressure of twice the critical value. ‘The calculations of Habgood 
and Schneider (1954), and of Michels et al. (1956), based on their respective 
(p, V, T) data for xenon, also imply the existence of such maxima as do the data 
of Hausen (1926) on the Joule—-Kelvin coefficients of air. In terms of the (p, 7) 
phase-equilibrium diagram of figure 3, the significant feature of these results 
is that they illustrate how sharply the extrapolated vaporization curve divides 
the fluid part of the field into liquid-like and vapour-like regions. 


We are grateful to Professor C. Domb for a discussion of this work. A full 
account of the investigation into the equation of state will be published by one 
of us at a later date. 


Department of Physics, G. O. JONES. 
Queen Mary College, P. A. WALKER. 
London. 


23rd July 1956. 
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Hole Injection at Metal—Semiconductor Point Contact 


In a recent paper, Gunn (1954) has discussed the theory of the 
metal-semiconductor contact, assuming a linear geometry. His theory can 
easily be extended to include the case of point contact with spherical geometry. 
This will be done subsequently, n-type semiconductor being assumed throughout. 

The point contact is assumed to be a metallic hemisphere of radius a, 
penetrating into the semiconductor. b is the radius of the boundary between 
the space charge region and the bulk of the semiconductor, and r is the distance 
from the centre of the contact (actually b—a<a). The potential distribution 
near the metal-semiconductor boundary is of the usual form; ¢n and ¢p are the 
quasi Fermi levels for electrons and holes in the semiconductor, ¢,, is the Fermi 
level at r= 0 (where dn=¢p=¢.,), and dm is the Fermi level in the metal. Here 
én=dp=¢m- p is constant and equal to dm over the region a<r<b, while ¢n 
is constant and equal to ¢,, over the region 6 <r < «0 (Shockley L951); 

The equations for the hole and electron current as well as those of continuity 
and Poisson can be readily written for the case of spherical symmetry. Using 
these equations and Gunn’s assumptions we obtain for the hole concentration in 
the region r>b 


pee epee | 
yee +2r7 Tr (P—Pw) [Ep =0 — nvcwan (1) 
where Ly=(Dytp)'” is the diffusion length for holes and the sufhx 0 refers to 
r=. With the transformation y=7(p—p.,) equation (1) becomes a linear 
equation with constant coefficients in y, Using the boundary conditions 
p—p.=0atr= co and p=p, at r=6 we readily obtain the solution for p: 


iD v\—1 ques 
p-P« =p. xP - i)(5) exp i suaret chon (2) 
=H Q} 


where © is the voltage applied to the contact (P=¢m—¢,,) and q the electronic 


charge. jpp the hole current entering the bulk of the semiconductor is given by 


; @ 
Jpb = qGDpp« (exp oa = 1) (Lp? == bet) allel (a take ne (3) 


The flow of electron current has to be considered in the region a<r<b. 
This is a spherical shell, its thickness b—a@ being very small compared with its 
radius a. Therefore, the flow of electron current in this region can be assumed to 
be linear, and may be expressed at r=6 as by Gunn (1954). 
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The injection ratio y for the extrinsic range can be expressed by y=6/(1 +0) 
where 


Ipb KkT ue ) re Zhe ee qt’ | q 
ae —1 (2) 4 2(Na— Na)-22( Ly) + 6-2) ex [ Ww _ 
job ies )a & Rn Nal epee Poser eas 


Here « is the dielectric constant of the semiconductor, ’ is the height of 
the potential barrier on the surface at equilibrium, Ng and N, are the donor and 
acceptor concentrations, F is’as defined by Gunn (1954), the remaining symbols 
having their usual significance. 

As can readily be seen from equation (4), a small change in the value of the 
barrier height ‘’ will cause an appreciable change in the value of y. On the other 
hand the value of ‘’ is insensitive’ to changes in y. Therefore, an attempt to 
calculate ‘’ from measurements of y would fail. 


Department of Physics, D. GERLICH. 
The Hebrew University, 
Jerusalem, Israel. 
20th June 1956; in final form 8th August 1956. 
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Time Lags in the Intrinsic Electric Breakdown of Solid Dielectrics 


Little is known about the time lags involved in the intrinsic breakdown of 
solid dielectrics. ‘The information reviewed by Whitehead (1951) suggested 
they probably are not greatly in excess of 107 second. Some recent measurements 
(Kawamura et al. 1954) with potassium chloride crystals are consistent with this 
but in other recent work (Inuishi et a/. 1952) rather longer time lags were observed. 
During investigations of the electric strength of ionic crystals when subjected 
to linearly rising voltage impulses, we were led to suspect appreciable time 
effects. Consequently, measurements were made of the time lag in the breakdown 
of various ionic crystals and also in polythene and polystyrene. 

The method of measurement consisted of applying to each specimen a series 
of 1:5000 microsecond impulses until it broke down. ‘The amplitude of each 
impulse exceeded that of the previous one by about 3°, and its waveform was 
displayed on a calibrated cathode-ray oscillograph and photographed. ‘The 
voltages at successive instants of time are constant to within 1% for about 
50 microseconds from the peak value of a 1:5000 microsecond impulse and, 
since this time is appreciably greater than the longest time lag observed, the 
voltage applied to the crystal may be considered constant from the peak of the 
wave until breakdown takes place. 

The methods of preparing specimens from ionic crystals and other experi- 
mental techniques were similar to those described by Calderwood, Cooper and 
Wallace (1953). The specimens were annealed and initially free from strains. 
Recessed specimens of polythene and polystyrene were moulded from sheet 

2 U-2 
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material by a method similar to that described by Austen and Pelzer (1946) 
and Oakes (1948). Graphite electrodes were applied to all of the specimens. 

In the case of ionic crystals measurements were made at — 195°c, +20°c and 
4220°c. ‘The results obtained with sodium chloride are illustrated in the figure 
and the behaviour of potassium chloride and of potassium bromide was sensibly 
thesame. The distribution of time lags at 20°c and at — 195°c may be represented 
by the equation 

n=n, exp(—t/T) 
where n is the number of specimens breaking down with time lags exceeding ¢ 
microseconds, m, is the total number of specimens tested, T is a constant of 
magnitude about 1 microsecond. 


i 
| Specimen at >30 
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(a) 64 specimens at +20°c ; (6) 53 specimens at —195°c ; (c) 34 specimens at +-220°c. 


At 220°c the time lags were grouped about 3 microseconds and the above 
formula does not represent the distribution. Also at this temperature the 
collapse of voltage across the specimens occurred over a period of about  micro- 
second, but at 20°c and —195°c this time could not be measured. : 

Measurements with polythene and polystyrene were made only at room 
temperature. Appreciable time lags were also observed with these materials 
and their distribution could be represented by the equation given above provided 
T was about 0-25 microsecond. 

The cause of the time lags is at present not known, but no correlation was 
observed between breakdown voltage and length of time lag, nor between electric 
strength and specimen thickness, and it is, therefore, unlikely that the phenomenon 
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can be attributed to spurious discharges at the electrodes or in the ambient. 
It is believed that breakdown at 220°c was influenced by thermal effects and at 
this temperature intrinsic breakdown did not occur. 

It is evident from the magnitude of the effect illustrated in the figure that the 
practice sometimes used of measuring intrinsic strength by applying a single 
linearly rising voltage impulse of a few microseconds duration may yield values 
of electric strength that are appreciably higher than the intrinsic strength because 
of the possible voltage overshoot. The existence of the above time lags provides 
an alternative explanation to ‘some of the impulse effects observed by Alger and 
von Hippel (1949) with KBr and attributed by them to space charge formation. 


The experiments described above were carried out in the Electrical 
Engineering Laboratories of Liverpool University. We wish to thank Mr. W. G. 
Oakes of the I.C.I. Research Laboratories, Winnington, for his assistance in 
arranging the supply of polythene sheet. 


Electrical Engineering Laboratories, R. COOPER. 
University of Manchester. D. 'T. GRrossart. 
4th May 1956; in final form 14th August 1956. 
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Slow Relaxation Phenomena in Junction Diodes 


Slow relaxation effects associated with germanium surfaces have been observed 
by measurements of surface conductance with transverse electric fields (Low 1955, 
Morrison 1956, Kingston and McWhorter 1956) of channel conductance in 
n—p-—n structures (Statz, Davis and de Mars 1955) and of surface recombination 
velocity with transverse fields (Many et al. 1956, Nixon and Banbury 1956). 

Similar effects have now been found by measurements of the reverse current 
of a germanium junction diode. ‘The experimental arrangement was as follows: 

The diode was made by the normal indium alloy process with a base of 
0-5 ohm cm n-type germanium. ‘lhe junction area was 0:2 cm? and the base 
thickness about 0-020 cm which is much smaller than the diffusion length in the 
bulk material. A ring-type base connection was made so that the surface opposite 
to the junction was exposed to the ambient atmosphere. ‘This surface was 
etched in CP.4. The dimensions of the diode ensured that a substantial pro- 
portion of the reverse current originated at the rear surface. ‘The diode was 
mounted so that each side was hermetically sealed from the other. ‘The junction 
side was kept in an atmosphere of dry nitrogen to minimize channel effects and 
on the other side the ambient atmosphere could be varied. Provision was made 
for illuminating that side through a window. 
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A battery was connected to apply a reverse voltage to the diode through a 
resistance and switch. The voltage developed across the resistance by the reverse 
current was applied to an oscilloscope through a compensating network which 
balanced out the steady state current. In this way only the variations of current 
were amplified and displayed. 

When a reverse bias voltage was applied it was found that the reverse current 
took several seconds to reach its final value. The magnitudes and decay times 
of these effects were dependent on the ambient atmosphere on the rear side. 
The normal hole storage decay, which has a duration of microseconds, was not 
observed on this time scale. Some of the oscillograms obtained are illustrated 
in the figure. None of the decays was found to be exponential. The steady 


Time (sec) 


% Variation of Reverse Current 


Variation of reverse current with time. 


state reverse current was also a function of the ambient atmosphere and variations 
up to 75% were observed. 

These effects could be considerably increased in magnitude when the diode 
was first illuminated and then the light was interrupted simultaneously with 
application of the reverse bias voltage. ‘The application of a forward current 
before switching gave spurious effects due to heating. 

The results are qualitatively explicable in terms of the usually accepted model 
of the germanium surface, with recombination centres at the germanium— 
germanium oxide interface and slow states associated with the oxide layer. he 
application of a reverse voltage decreases the carrier concentrations in the base 
which changes the surface barrier height (Garrett and Brattain 1955). ‘The 
duration of this change is controlled by the hole storage decay time. ‘There is 
then a slow variation in the barrier height as the slow states come into equilibrium. 
The reverse current is governed by the surface recombination velocity which is a 
function of the barrier height (Stevenson and Keyes 1954) so that the slow 
changes of barrier height result in variations of reverse current. ‘The increase of 
the effect with illumination is due to the increase in the change of the carrier 
concentrations. Variations with ambient may be explained by the dependence 
of the surface barrier height and the properties of the slow states on the ambient 
atmosphere (Bardeen and Brattain 1953, Kingston and McWhorter 1956). 


The author wishes to thank Dr. K. Hoselitz for his encouragement and advice 
and Mr. P. Moore for making the measurements. 


Mullard Research Laboratcries, T. B. WaTKINS. 


Salfords, Redhill, Surrey. 
28th September 1956. 
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CORRIGENDUM 
On the Theory of Plasma Waves, by F. Berz. (Proc. Phys. Soc. B, 1956, 
69, 939.) 
In equation (21) the second term on the right-hand side should have an additional 
factor exp (— 27). 


CONTENTS OF SECTION A 


Dr. B. H. Branspen, Dr. H. H. Rosertson and Dr. P. Swan. The Elastic 
Scattering of Neutrons by Tritons and *He : 


Mr. K. L. Katia and Dr. N. K. Sawa. Ionization Loss and the Range- Brey 
Relation for Low Energy Protons in Metals : : y : 


Dr. P. L. Marspen and Dr. G. A. Doran. The Nucleonic Component in Cosmic 
Ray Extensive Air Showers ; : . : 


Miss P. Roruwett, Mr. B. WabE and Mr. A. GoopINes. Directional Measure- 
ments on Extensive Air Showers , : 


Prof. D. R. Bates and Mr. T. J. M. Boyp. Inelastic Heavy Particle Collisions 
involving the Crossing of Potential Energy Curves: IV—lIonic Recombination 


Dr. A. K. Mann and Prof. E. W. Trrrerton. The Reactions ”C(y, ‘pe 
UB (p, y)2C and #C(y, 3x) at 17-63 Mev Excitation : 


Prof. H. Dincie. A Problem in Relativity Theory . - 4 4 . 
Prof. W. H. McCrea. A Problem in Relativity Theory: Reply to H. Dingle. 


Research Notes : 
Mr. H. R. Post. Many-Particle Systems: II . 


Dr. R. J. Extiotr, Mr. R. D. Lowpe and Dr. W. Meee On the 
Multiple Spin Wave Scattering of Neutrons in Ferromagnets ; 


Reviews of Books 

Contents of Section B . 

Subject Index, Section A, Vol. 69 . 5 : 4 : . c ° . 
Index of Authors (with Titles), Section A, Vol. 69 . : “ : ° 
Index to Reviews of Books, Section A, Vol. 69 5 ; : F 


PROC: 


PHYS. VOL. 69. PT. 12—B (L. F. BATES AND A. HART) 


Figure 2. L= 


Figure Ae fy 


0.065 cm 


Figure 3. L=0-035em 


0-lmm 


= 0-02cm See gS, Jor OES Omni 


O-tmm 


{oil] 


Crystal 
Axes 


Log} 


eee 
O-| mm 


Figure 6, £=0-035cm 


Figure 2. Normal lace patterns, H~10 Oe. 


Figure 3. ‘ Sloping’ lace patterns, H~10 Oe. 
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Lines of new pattern, H~10 Oe, small normal field. 


Figure 5. Chain patterns, H~30 Oe. 


Figure 6. Merging of two types of pattern, 1/7 ~ 30 Oe. 
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Figure 3. Hall voltage pulse, from sample A at 15°K. 
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